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Application of the Topological Gradient Method to Color Image Restoration∗
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Abstract. The aim of this paper is to generalize to color images the topological gradient method for the
restoration problem. First, we consider a simple extension from grey-level to color images, by
considering a channel by channel method. Then, as there should be some coupling between the
different channels, we propose considering a tensorial approach: the Di Zenzo gradient. We derive
an asymptotic expansion of this gradient with respect to the insertion of a small crack in the image,
and we propose a new algorithm based on the topological gradient for the color image restoration
problem. Finally, we illustrate these two approaches with numerical results.
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1. Introduction. The goal of this paper is to propose a new method for color image
restoration. This method is based on the topological gradient approach, which has been
introduced for topological optimization purposes [1, 3, 16, 17, 18, 20, 24, 26, 28, 33]. The
idea of topological optimization is to create a partition of a given domain (in our case, an
image), as one usually looks for an optimal design and its complement. A common way to
consider the restoration problem is to identify the edges of the image in order to preserve
them in the restoration process. Then, the image is smoothed elsewhere. For this reason,
topological shape optimization and image processing problems have common mathematical
methods, such as level set approaches, material properties optimization, or variational methods
[7, 13, 14, 25, 27, 29, 31, 37, 39, 40].

The basic idea is to adapt to color images the topological gradient approach applied to
diffusive image restoration [21] and the grey-level classification problem [8]. In these cases,
an optimal material distribution is obtained at the first iteration by considering topological
optimization tools for the detection of edges. More precisely, if we consider an open bounded
domain Ω ⊂ R

2 and j(Ω) = J(uΩ) as a cost function to be minimized, where uΩ is the solution
to a given partial differential equation (PDE) problem defined in Ω, the topological gradient
provides the derivative of the cost function with respect to the insertion of a small crack in
the domain. We then define an edge set by thresholding the topological gradient, and we then
consider only two values of the conductivity coefficient in the diffusion process: 0 (or a very
small value) on the edge set, and a constant (� 1) outside.
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†Laboratoire J. A. Dieudonné, Université de Nice Sophia Antipolis, 06108 Nice cedex 2, France (auroux@unice.fr).
‡ENIT-LAMSIN, Campus Universitaire, BP.37, 1002 Le Belvédère, Tunis, Tunisia (lamia.belaid@esstt.rnu.tn,

badreddine.rjaibi@lamsin.rnu.tn).

153

http://www.siam.org/journals/siims/3-2/72101.html
mailto:auroux@unice.fr
mailto:lamia.belaid@esstt.rnu.tn
mailto:badreddine.rjaibi@lamsin.rnu.tn


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

154 D. AUROUX, L. JAAFAR BELAID, AND B. RJAIBI

Several variational methods have been proposed for defining an edge indicator function,
mainly based on the Mumford–Shah functional or on some approximations [25, 2, 38, 15].
Indeed, finding an edge set is equivalent to identifying its characteristic function. This prob-
lem does not seem differentiable, and standard ways of dealing with this issue are either to
consider level-set functions or to relax the problem by considering an approximation of the
characteristic function. In both cases, the conductivity (or diffusion) coefficient can take all
the values of an interval (for instance, [0; 1]), which can be seen as a relaxation of our topolog-
ical gradient approach. But, by enlarging the set of admissible solutions, relaxation increases
the instability of the restoration process, and this could explain why our method usually needs
only one iteration, whereas the other variational approaches need several iterations to achieve
the convergence of the edge indicator function.

If we now consider color or multispectral images, they can be represented or modeled
in various ways [19], and many approaches to studying classical problems in color image
processing, such as restoration, segmentation, and classification problems, can be found in
the literature [4, 5, 10, 12, 30, 34, 35, 36]. In this paper, we shall focus on the red-green-blue
(RGB) model in which a color image I is usually represented by a three-dimensional (3D)
vector and the topological gradient approach. For each pixel x = (x1, x2) of the image, the
vector I(x) ∈ R

3 represents the intensity of the three colors red, green, and blue. Since each
component can be treated as a grey-level image, the topological gradient approach can easily
be used, provided that the cost function to be minimized has no coupling terms between the
several channels. For the restoration problem, one usually sets the cost function to the square
norm of the gradient of the image. If we consider the most simple case, i.e., the standard L2

norm of the gradient, then the cost function can be easily written as a sum of three independent
terms, one for each channel, and then the color image problem can be decomposed into three
channel by channel independent problems.

On the contrary, the Di Zenzo gradient consists of coupling the three components of the
standard gradient by considering a tensor gradient of the image [41]. This tensor defines a
higher Di Zenzo gradient when all three components of the image vary in the same direction,
whereas independent variations of the channels lead to a smaller gradient. In this case, by
considering the square of this gradient as the cost function to be minimized, the three channels
are highly coupled, and it is no longer possible to consider three problems separately.

Some other coupling techniques have been defined in order to process multichannel images.
We can cite, for instance, the Beltrami diffusion-type process, in which images are considered
as manifolds. A nonlinear structure tensor is defined and locally adjusted according to a
gradient-type measure, allowing one to control the diffusion process [32, 11, 22]. As explained
further (see section 3.3), the Beltrami and Di Zenzo structure tensors are nearly equivalent.
But within the topological gradient framework, it seems more natural to first study the Di
Zenzo approach for the channel coupling.

This paper is organized as follows. We first consider in section 2 the standard gradi-
ent norm, for which it is possible to decouple the vectorial minimization problem into three
scalar problems. For each of them, we recall the topological asymptotic expansion of the cost
function, and we give the corresponding expansion for the color problem. For comparison
purposes, we also briefly recall the Ambrosio–Tortorelli variational approach (minimization
of an approximation of the Mumford–Shah functional). Then section 3 is devoted to the Di
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Zenzo gradient. First, we define a vectorial minimization problem and then give the main
result of this article: the topological asymptotic expansion of the square norm of the Di Zenzo
gradient. Next, we propose an algorithm for the color image restoration based on this result.
We briefly compare the Di Zenzo approach and the Beltrami framework. We report the results
of many numerical experiments in section 4, in order to validate the theoretical results and
also to compare several approaches. Finally, some concluding remarks are given in section 5.

2. Application of the topological asymptotic expansion to color image restoration using
a standard gradient norm. This section is an extension of the topological gradient method
applied to grey-level restoration problems [21] to color images, by considering a standard
gradient norm. First, we recall the principle of the topological asymptotic expansion [24],
within the restoration problem.

2.1. Problem formulation. Let Ω be an open bounded domain of R2, and let v be a given
noisy color image, defined as a vectorial function

(2.1) v : x = (x1, x2) ∈ Ω ⊂ R
2 �−→ v(x) = (v1(x), v2(x), v3(x)) ∈ R

3,

where vk is the value of the pixel x = (x1, x2) in each color subspace. In image processing,
color has been represented or modeled in various ways [19]. In this paper, we have chosen the
RGB space in which images are usually stored and displayed. In the RGB representation, at
each pixel x = (x1, x2), the vector value v(x) represents the intensity of the three primary
colors separately: red, green, and blue. Each monochromatic component vk is called one
channel.

The standard variational approach for the restoration problem consists of minimizing the
following cost function:

(2.2) J (u) =
1

2

∫
Ω
|u− v|2 dx +

1

2

∫
Ω
c|∇u|2 dx,

where | . | represents the standard norm in R
2. The first term of the cost function measures

the distance to the data, and the second is a Tikhonov regularization term. The regularization
makes the inverse problem of finding a smooth image u ∈ H1(Ω) close to a nonsmooth image
v ∈ L2(Ω) well-posed.

The derivation of the Euler–Lagrange equation associated to the minimization of J leads
to the following restoration equation:

(2.3)

{ −div (c∇u) + u = v in Ω,
∂nu = 0 on ∂Ω,

where n denotes the outward unit normal to ∂Ω and c is a positive conductivity coefficient
[21]. In the topological gradient approach, c takes only two values: c0 ∼ 1 in the smooth part
of the image and a small value ε > 0 in its complement.

Let j(Ω) = J(uΩ) be a cost function to be minimized, where uΩ is the solution to a given
PDE problem defined in Ω. For a small ρ ≥ 0, let Ωρ = Ω\σρ be the perturbed domain by
the insertion of a crack σρ = x0 + ρσ(n), where x0 ∈ Ω, σ(n) is a straight crack, and n is a
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unit vector normal to the crack. The topological sensitivity theory provides an asymptotic
expansion of j when ρ tends to zero. It takes the general form

(2.4) j(Ωρ)− j(Ω) = f(ρ)g(x0) + ◦(f(ρ)),

where f(ρ) is an explicit positive function going to zero with ρ and g(x0) is called the topo-
logical gradient at point x0.

For v a given function in L2(Ω), we consider the following problem: find uρ ∈ H1(Ωρ)
such that

(2.5)

{ −div (c∇uρ) + uρ = v in Ωρ,
∂nuρ = 0 on ∂Ωρ,

where n denotes the outward unit normal to ∂Ωρ and c is a constant function. Edge detection
is equivalent to looking for a subdomain of Ω where the energy is small. So our goal is to
minimize the energy norm outside edges

(2.6) j(ρ) = J(uρ) =

∫
Ωρ

|∇uρ|2 dx,

where | . | represents the standard norm in R
2.

The sign of the topological sensitivity g(x0) called the topological gradient provides infor-
mation concerning the insertion of a small crack at point x0, as it will make the cost function
increase or decrease (asymptotically). Hence the minimization of the cost function will be
performed by the insertion of small cracks at the points where the topological gradient is the
most negative.

2.2. Decomposition into three separate problems. The noisy color image v is defined
as a vectorial function and is given by (2.1). Each function vk is a scalar function from Ω to
R. In a similar way, the solution u of (2.3) can be written as u = (u1, u2, u3), where uk are
solutions of the following problems:

(2.7)

{ −div
(
c∇uk

)
+ uk = vk in Ω,

∂nu
k = 0 on ∂Ω

for k = 1, 2, 3.

The perturbed problems corresponding to the insertion of a small crack in the domain are
the following: for each k, find ukρ ∈ H1(Ωρ) such that

(2.8)

{ −div
(
c∇ukρ

)
+ ukρ = vk in Ωρ,

∂nu
k
ρ = 0 on ∂Ωρ.

The corresponding variational formulation is given by

(2.9)

{
find ukρ ∈ H1(Ωρ) such that

akρ(u
k
ρ, w) = lkρ(w) ∀w ∈ H1(Ωρ),
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where akρ is the bilinear form, defined on H1(Ωρ)×H1(Ωρ) by

(2.10) akρ(u
k, w) =

∫
Ωρ

(
c∇uk∇w + ukw

)
dx,

and lkρ is the linear form, defined on L2(Ωρ) by

(2.11) lkρ(w) =

∫
Ωρ

vkw dx.

The cost function j can also be decomposed into three terms, one for each channel, as
follows:

(2.12) j(ρ) =

3∑
k=1

jk(ρ),

with

(2.13) jk(ρ) =

∫
Ωρ

|∇ukρ|2 dx.

We refer the reader to [3] for the proof of the following result.
Theorem 2.1. For each k, there exist a function fk : R+ → R

+ going to zero with ρ, a
linear form Lk

ρ : H1(Ωρ) → R, and four real numbers δJk
1 , δJ

k
2 , δa

k, and δlk such that

Jk
ρ (u

k
ρ)− Jk

ρ (u
k
0) = Lk

ρ(u
k
ρ − uk0) + fk(ρ)δJ

k
1 + o(fk(ρ)),(2.14)

Jk
ρ (u

k
0)− Jk

0 (u
k
0) = fk(ρ)δJ

k
2 + o(fk(ρ)),(2.15)

(akρ − ak0)(u
k
0 , v

k
ρ) = fk(ρ)δa

k + o(fk(ρ)),(2.16)

(lkρ − lk0)(v
k
ρ ) = fk(ρ)δl

k + o(fk(ρ)),(2.17)

where vkρ is the solution to the adjoint problem

(2.18) akρ(w, v
k
ρ ) = −Lk

ρ(w) ∀w ∈ H1(Ωρ),

Lk
ρ is the first derivative of Jk

ρ (see (2.14)) given by

(2.19) Lk
ρ(w) = 2

∫
Ωρ

∇uk0∇w dx,

and ukρ is the solution to the direct problem

(2.20) akρ(u
k
ρ, w) = lkρ(w) ∀w ∈ H1(Ωρ).

Moreover, for fk(ρ) = ρ2 we have the following results (see [3] for computational details):

δak = −πc(∇uk0(x0).n)(∇vk0 (x0).n),(2.21)

δlk = 0,(2.22)

δJk
1 = −π|∇uk0(x0).n|2,(2.23)

δJk
2 = 0.(2.24)
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Equalities (2.21) and (2.23) take into account the variation of the gradient of uk0 when the
crack is created. Since the crack is of null measure, the variation of an integral over Ω is equal
to zero, and this is why δlk and δJk

2 are equal to zero.

Remark. The solution vkρ is considered only for mathematical analysis. In practice, for

numerical calculations, only the adjoint vk0 , calculated for ρ = 0, is considered. Hence, in our
case, the direct and adjoint problems read, respectively, as

(2.25)

{ −div(c∇uk0) + uk0 = vk in Ω,
∂nu

k
0 = 0 on ∂Ω

and

(2.26)

{ −div(c∇vk0 ) + vk0 = −∂ukJ(u0) in Ω,
∂nv

k
0 = 0 on ∂Ω.

These two equations can be seen as an optimality system for the minimization of the cost
function under the direct problem constraint. More precisely, if we define the Lagrangian
operator

(2.27) Lk
ρ(u, v) = Jk

ρ (u) + akρ(u, v) − lkρ(v),

then, for ρ = 0, ∂u(Lk
ρ) = 0 leads to (2.26) and ∂v(Lk

ρ) = 0 leads to (2.25).

From a vectorial point of view, the adjoint state v0 is solution to the following adjoint
problem:

(2.28)

{ −div(c∇v0) + v0 = −∂uJ(u0) in Ω,
∂nv0 = 0 on ∂Ω.

For each channel k = 1, 2, 3, the asymptotic expansion of jk(ρ) is given by the following
proposition.

Proposition 2.2. The function jk has the asymptotic expansion

(2.29) jk(ρ) = jk(0) + fk(ρ)(δa
k − δlk + δJk

1 + δJk
2 ) + o(fk(ρ)).

Proof. By considering (2.14)–(2.17), we have

jk(ρ)− jk(0) = Jk
ρ

(
ukρ

)
− Jk

0

(
uk0

)
= Jk

ρ

(
ukρ

)
− Jk

ρ

(
uk0

)
+ Jk

ρ

(
uk0

)
− Jk

0

(
uk0

)
= Lk

ρ

(
ukρ − uk0

)
+ fk (ρ)

(
δJk

1 + δJk
2

)
+ o (fk (ρ))

= akρ

(
uk0 , v

k
ρ

)
− akρ

(
ukρ, v

k
ρ

)
+ fk (ρ)

(
δJk

1 + δJk
2

)
+ o (fk (ρ))

=
(
akρ − ak0

)(
uk0 , v

k
ρ

)
−
(
lkρ − lk0

)(
vkρ

)
+ fk (ρ)

(
δJk

1 + δJk
2

)
+ o (fk (ρ))

= fk(ρ)(δa
k − δlk + δJk

1 + δJk
2 ) + o(fk(ρ)).
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2.3. Asymptotic expansion and corresponding algorithm. Let J be the following cost
function:

(2.30) J(u) = ‖∇u‖2L2(Ω,R3) =

∫
Ω

(|∇u1(x)|2 + |∇u2(x)|2 + |∇u3(x)|2) dx,
where | . | represents the standard norm in R

2; then using the previous results and according
to [21], we deduce that the cost function j has an asymptotic expansion given by the following
theorem.

Theorem 2.3. The cost function j has the following asymptotic expansion:

(2.31) j(ρ)− j(0) = ρ2g(x0) + o(ρ2),

with g(x0) =
∑3

k=1 g
k(x0) and

gk(x0) = −πc(∇uk0(x0).n)(∇vk0 (x0).n)− π|∇uk0(x0).n|2.
The topological gradient g(x) can be rewritten in the following way:

(2.32) g(x) = 〈M(x)n, n〉,
where M(x) is the symmetric 2× 2 matrix given by

(2.33) M(x) =

3∑
k=1

[
−πc

∇uk0(x)∇vk0 (x)
T +∇vk0 (x)∇uk0(x)

T

2
− π∇uk0(x)∇uk0(x)

T

]
.

For a given point x, g(x) takes its minimal value when n is the eigenvector associated to
the lowest eigenvalue λmin of M . This value will be considered as the topological gradient
associated to the optimal orientation of the crack σρ. We then consider the following algorithm.

Algorithm 1.
• Initialization: c = c0;
• Calculation of u0 = (u10, u

2
0, u

3
0) and v0 = (v10 , v

2
0 , v

3
0), solutions of the direct (2.25) and

adjoint (2.28) problems;
• Computation of the 2×2 matrix M(x) and its lowest eigenvalue λmin(x) at each point

of the domain;
• Set

(2.34) c1 =

{
ε if x ∈ Ω such that λmin(x) < α < 0, ε > 0,
c0 elsewhere;

• Compute u1, solution to the problem (2.3) with c = c1.
In this algorithm, ε > 0 is assumed to be small, and α is a negative (small) threshold.
The justification of (2.34) is the following: when λmin (or in a similar way, the topological

gradient g) takes large negative values, the asymptotic expansion (2.31) of the energy tells us
that we are looking at very energetic zones, i.e., image edges. It is then important to preserve
these pixels in the restoration process by considering a small conductivity coefficient. And
in the less energetic zones of the image, one can consider a larger conductivity in order to
smooth and denoise the image.
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2.4. Remarks. In this subsection, we compare the topological gradient approach with the
Mumford–Shah models. The formulation of Mumford and Shah [25] is based on a functional
minimization, in which a piecewise smooth approximation of the noisy image and an edge set
are simultaneously recovered. Using the previous notation, the Mumford–Shah functional is

(2.35) EMS(u, σ) =

∫
Ω\σ

(
α|∇u|2 + β(u− v)2

)
dx+H1(σ),

where H1 represents the Hausdorff one-dimensional measure in R
2. For a given edge set σ,

the minimizer u of EMS satisfies

(2.36)

{ −div (α∇u) + βu = βv in Ω\σ,
∂nu = 0 on ∂(Ω\σ).

Equation (2.36) is then equivalent to (2.5) with a constant parameter c.
The Ambrosio–Tortorelli approximation of EMS is

(2.37) Eρ
AT (u, ϕ) =

∫
Ω

(
ρ|∇ϕ|2 + α

(
ϕ2|∇u|2 + (ϕ− 1)2

4αρ

)
+ β(u− v)2

)
dx,

where ρ > 0 is assumed to be small. The idea of this model is to introduce a smooth edge
indicator function ϕ, which is an approximation of 1− χσ [2, 38].

This model has been extended to color images by replacing the vector norm of the gradient
|∇u| in (2.37) by its Frobenius norm, denoted by ‖ . ‖L2(Ω,R3) in (2.30) [11]. It is also possible
to consider the geometric model of the Beltrami flow for generalizing the regularization norm
[32, 11, 9]:

(2.38) ‖∇u‖BEL =

∫
Ω

√
detG dx,

where the metric tensor G is defined by

(2.39) G =

⎛
⎝ 1 +

∑3
k=1

(
∂uk

∂x1

)2 ∑3
k=1

∂uk

∂x1

∂uk

∂x2∑3
k=1

∂uk

∂x1

∂uk

∂x2
1 +

∑3
k=1

(
∂uk

∂x2

)2
⎞
⎠ .

This determinant measures not only the image smoothness, but also the color channel align-
ment. Note that this tensor is not very different from the Di Zenzo gradient that we study in
section 3.

The optimal solution is usually deduced from an alternate minimization of (2.37). If we
assume that v is given, the minimization of (2.37) with respect to u leads to

(2.40)

⎧⎨
⎩ −div

(
ϕ2α

β
∇u

)
+ u = v in Ω,

∂nu = 0 on ∂Ω,

which is the same equation as in our approach, with a conductivity given by (αβ )ϕ
2.
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Note that in our approach, the idea is to use the topological gradient as an edge indicator
function and to threshold it in order to get the edge set. This approach has several advantages.
First, the resolution of the PDE model is much simpler when considering a piecewise constant
edge indicator function (see, e.g., [21]). Second, an edge indicator function taking all values
of an interval (e.g., [0; 1]) leads to an increasing instability of the minimization process, by
enlarging the set of admissible solutions. For these reasons, the variational approaches based
on the Mumford–Shah functional could be seen as a relaxation of our method. We refer
to section 4 for numerical comparisons between the Ambrosio–Tortorelli approach and our
topological gradient algorithm.

A straightforward way to smooth a multichannel image is to diffuse each channel indepen-
dently. However, different edge locations will be created in different channels. To overcome
this inconsistency, we diffuse each channel with a common edge indicator function. Note that
in this case, in both the topological gradient (current section) and Mumford–Shah (see, e.g.,
[11]) approaches, the global edge indicator is exactly the sum on all channels of the edge
indicators.

3. Vectorial approach with the Di Zenzo gradient. In general, when processing of vector-
valued images is considered, there should be some coupling between the different channels;
however, it is not clear what the correct coupling is. Several approaches have been considered
for the extension of the Mumford–Shah functional to color images. For instance, one can
consider a geometrical approach, in which the image is seen as a manifold equipped with a
metric and a structure tensor is defined from the induced metric (Beltrami framework; see,
e.g., [32, 11, 22]). We give some remarks about this approach in section 3.3.

We propose in this part to consider the Di Zenzo gradient for this purpose, with the aim of
extending the topological gradient method to this coupled approach [41]. In order to identify
the local variations of the image, Di Zenzo defines a multispectral tensor associated to the
image vector field. The largest eigenvalue of the tensor will correspond to the norm of the
gradient called the Di Zenzo gradient.

Throughout this section, we assume that ∇u �= (0, 0, 0); otherwise the Di Zenzo approach
has no interest, and one can consider the standard vectorial approach defined in the previous
section.

3.1. Di Zenzo gradient. More precisely, given an image u = (u1, u2, u3) defined in an
open set Ω of R2 into R

3, the structure tensor is given by

(3.1) T =

(
w11 w12

w12 w22

)
,

where

(3.2) wij =
3∑

k=1

∂uk

∂xi

∂uk

∂xj
, 1 ≤ i, j ≤ 2.

This tensor then describes the bidimensional first-order differential structure at a given point
(x1, x2) in the image, and the eigenvalue analysis of this tensor gives a biggest eigenvalue
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defined by

(3.3) λmax =
w11 + w22 +

√
(w11 − w22)2 + 4w2

12

2
.

We note here that, according to Di Zenzo’s approach, the vector image gradient is considered
as a random vector and the tensor T defines its covariance matrix. The biggest eigenvalue
λmax of T provides the maximal variation of the image gradient, along the direction given
by the corresponding eigenvector. It is straightforward to see that the maximum variation
direction is given by

(3.4) n =

(
2w12

w22 − w11 +
√

(w11 − w22)2 + 4w2
12

)
,

and the second eigenvector τ gives the direction of minimal variation of the image gradient.
The eigenvector n corresponding to the largest eigenvalue then provides the normal to the
edge. The Di Zenzo gradient is finally given by the square root of the largest eigenvalue of
the structure tensor as follows:

(3.5) ‖∇u‖DZ =
1√
2

[
w11 + w22 +

√
(w11 − w22)2 + 4w2

12

] 1
2

.

One should note that if w2
12 = w11w22, which happens, for instance, when the three compo-

nents of the image are proportional, then ‖∇u‖DZ =
√
w11 +w22 =

√|∇u1|2 + |∇u2|2 + |∇u3|2
= |∇u|, the standard norm of the gradient of u in R

3.

In the following, we will denote by | . | the standard norm of R3 and by ‖ . ‖ the standard
norm of L2(Ω,R3).

In order to simplify further calculations, we will consider an equivalent formulation of the
Di Zenzo gradient, given by the following lemma (see Appendix A for computational details).

Lemma 3.1. For u = (u1, u2, u3) in L2
(
Ω,R3

)
, the Di Zenzo gradient is given by

(3.6) ‖∇u‖DZ =

√
(|∇u1|2 + |∇u2|2 + |∇u3|2)1 +

√
1− 4f(∇u)

2
,

where f is the function defined by

(3.7) f(∇u) =
det2(∇u1,∇u2) + det2(∇u1,∇u3) + det2(∇u2,∇u3)

(|∇u1|2 + |∇u2|2 + |∇u3|2)2 ,

with

(3.8) det2(∇us,∇ut) =

(
∂us

∂x1

∂ut

∂x2
− ∂ut

∂x1

∂us

∂x2

)2

for s, t = 1, 2, 3,

and |.| is the standard norm in R
2.
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3.2. Asymptotic expansion. The idea is the same as in the previous section: minimize
the energy norm outside the edges of the image, and the cost function we now consider is the
following:

(3.9) j(ρ) = J(uρ) =

∫
Ωρ

‖∇uρ‖2DZ dx,

where uρ is the solution of problem (2.8). We refer to section 2 for a precise description of the
topological asymptotic analysis and for the notation. From the previous work, we can easily
deduce that the cost function j has the following asymptotic expansion:

(3.10) j(ρ)− j(0) = ρ2

(
3∑

k=1

δak −
3∑

k=1

δlk + δJ1 + δJ2

)
+ o(ρ2).

As the bilinear ak and linear lk forms are kept unchanged, their variations with respect to
the insertion of a small crack at point x0 ∈ Ω are still given by (2.21) and (2.22). Since (2.21)
takes into account the variation of the gradient of uk0 when the crack is inserted and since the
crack is of null measure, the variation of lk is equal to zero. As the cost function changed in
comparison with section 2, we have to compute δJ1 and δJ2. These variations are given by
the following proposition.

Proposition 3.2. We have the following results:

δJ1 = −πH(∇u0(x0))
3∑

k=1

|∇uk0(x0).n|2,(3.11)

δJ2 = 0,(3.12)

where H is given by

(3.13) H(∇u0) =
1 +

√
1− 4f(∇u0)

2

and f is defined by (3.7).
The proof of Proposition 3.2 is given in Appendix B. Finally, from all the previous results,

we obtain the following theorem.
Theorem 3.3. The cost function j defined by

(3.14) j(ρ) = Jρ(uρ) =

∫
Ωρ

‖∇uρ‖2DZ dx,

where ukρ are solutions of the perturbed problems

(3.15)

{ −div(c∇ukρ) + ukρ = vk in Ωρ,

∂nu
k
ρ = 0 on ∂Ωρ,

has the asymptotic expansion

(3.16) j(ρ)− j(0) = ρ2G(x0, n) + o(ρ2),
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with

(3.17) G(x0, n) =
3∑

k=1

[
−πc(∇uk0(x0).n)(∇vk0 (x0).n)− πH(∇u0(x0))

∣∣∣∇uk0(x0).n
∣∣∣2] ,

where uk0 are solutions of the direct problems

(3.18)

{ −div(c∇uk0) + uk0 = vk in Ω,
∂nu

k
0 = 0 on ∂Ω

and vk0 are solutions of the adjoint problems

(3.19)

{ −div(c∇vk0 ) + vk0 = −∂ukJ(u0) in Ω,
∂nv

k
0 = 0 on ∂Ω.

As in the previous section, the topological gradient can be written as

(3.20) G(x, n) = 〈M(x)n, n〉,

where M(x) is the 2× 2 symmetric matrix given by
(3.21)

M(x) =

3∑
k=1

[
−πc

∇uk0(x)∇vk0 (x)
T +∇vk0(x)∇uk0(x)

T

2
− πH(∇u0(x))∇uk0(x)∇uk0(x)

T

]
.

The restoration algorithm is then the following.
Algorithm 2.
• Initialization: c = c0;
• Calculation of uk0 and vk0 , solutions of the direct (3.18) and adjoint (3.19) problems for

each k;
• Computation of the 2 × 2 matrix M(x) defined by (3.21) and its lowest eigenvalue

λmin(x) at each point of the domain;
• Set

(3.22) c1 =

{
ε if x ∈ Ω such that λmin(x) < α < 0, ε > 0,
c0 elsewhere;

• Compute uk1, solutions to the problems (3.18) with c = c1 for each k;
• Set u1 = (u11, u

2
1, u

3
1).

3.3. Remarks. In this section, we briefly present the Beltrami framework for processing
multichannel images and compare this approach with ours. The idea of the Beltrami frame-
work is to consider a distance function represented by the following 2× 2 structure tensor g:

(3.23) g =

(
g11 g12
g21 g22

)
,
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where

g11 = 1 +

(
∂u1

∂x1

)2

+

(
∂u2

∂x1

)2

+

(
∂u3

∂x1

)2

,(3.24)

g12 = g21 =
∂u1

∂x1

∂u1

∂x2
+

∂u2

∂x1

∂u2

∂x2
+

∂u3

∂x1

∂u3

∂x2
,(3.25)

g22 = 1 +

(
∂u1

∂x2

)2

+

(
∂u2

∂x2

)2

+

(
∂u3

∂x2

)2

.(3.26)

Note that g = T + Id, where T is the structure tensor in the Di Zenzo approach (see (3.1)
and (3.2)) and Id is the 2 × 2 identity matrix. Then, in the geometric approach, the image
evolves via the Beltrami flow

(3.27) ∂tu = Δgu,

where Δg is the Beltrami operator [23].
In the Di Zenzo approach, the edge set is defined according to the square root of the largest

eigenvalue of the structure tensor T , whereas in the Beltrami framework, the idea is to control
the diffusion process along and across the gradient of the image via an anisotropic tensor.
These two approaches have the same goal—to extend the gradient operator and diffusion
process to multichannel images—and they can be seen as natural extensions to color images
of both the classical topological gradient approach and the Ambrosio–Tortorelli version of the
Mumford–Shah functional. A nice future application of the topological gradient would be to
consider the gradient norm defined by the square root of the Beltrami operator and to try to
derive a corresponding topological gradient. The topological derivation with respect to the Di
Zenzo structure tensor could be in some sense a preliminary work for studying the Beltrami
framework, which is a bit more complicated.

4. Numerical experiments and comparisons.

4.1. Standard multichannel approaches. We first consider the natural extension of the
topological gradient method to multichannel images, using the standard gradient norm (see
section 2), and we compare this approach with the Ambrosio–Tortorelli version of the Mumford–
Shah functional (see section 2.4). For several images, we compare the restored images, the
signal-to-noise ratios (SNRs), and the CPU time of the computations.

Figure 1 shows for several test cases the original image, the noisy image (with the cor-
responding SNR), and the two restored images using, respectively, the topological gradient
algorithm (see section 2) and the Ambrosio–Tortorelli algorithm (based on an approxima-
tion of the Mumford–Shah functional; see section 2.4), with their corresponding SNRs and
computing times (on the same computer, using the same solver functions).

We can see that these two algorithms provide almost the same kind of results: visually
equivalent and with similar SNRs. If we look in more detail, we see that the Ambrosio–
Tortorelli algorithm provides better results where there is a low level of noise (e.g., in the
second test case) or when the original image is already a bit noisy (e.g., in the fourth case).
When the level of noise is increased, the topological gradient algorithm provides slightly better
results. But in all cases, the computing time of the topological gradient method is smaller,
with a speed-up factor of nearly 25%.
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Figure 1. From left to right: original image, noisy image, and restored images by the topological gradient
and the Ambrosio–Tortorelli algorithm, respectively.
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Figure 2. From left to right: original image, noisy image, and restored images by the topological gradient
algorithm with the standard and the Di Zenzo gradient, respectively.
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Figure 3. From left to right: reconstruction error, using the standard and the Di Zenzo gradients in the
topological gradient approach; corresponding identified edges.

4.2. Improvement of our algorithm by using the Di Zenzo gradient. We now study the
impact on our algorithm of considering the Di Zenzo gradient instead of the standard gradient
for channel coupling.

Figure 2 shows the test image we have considered for numerical experiments. The original
image is shown on the left, and the corresponding noisy image (shown on the right) has been
perturbed with an additive Gaussian noise on each channel. We applied both topological
gradient algorithms to this noisy image. Figure 2 then shows the two corresponding restored
images: on the left, with the standard vectorial approach (Algorithm 1), and, on the right,
with the Di Zenzo vectorial approach (Algorithm 2). In all the numerical experiments we have
performed, the SNR of the restored image with the Di Zenzo vectorial approach was a little
bit larger, of 0.1 to 0.3 dB. From a visual point of view, the restored images are very similar,
but if we look carefully at the edges, for instance, between the blue and white/green parts,
we can observe that they are quite blurred on the left, and a little bit more enhanced on the
right. Note that the Di Zenzo approach does not degrade the computing time.

In order to quantify this remark, Figure 3 shows in the two left images the reconstruction
error for both algorithms (standard and Di Zenzo gradients, respectively), i.e., the difference
between the restored image and the original image. These differences have been multiplied by
3 in order to see something in this figure, but the scale is the same for the two images. We
can see in this figure that there is some accumulation of the reconstruction error on the main
edges of the image in the standard approach (Algorithm 1). On the contrary, with the tensor
approach (Algorithm 2), the error is a little less located on the edges and is more uniformly
distributed.

The explanation of this phenomenon is given in the right side of Figure 3, where the
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identified edges by the topological gradient are given for both approaches. It is now clear
that the main edges are better identified by the tensorial approach (on the right) than by
the standard approach (on the left). Consequently, these edges are more preserved in the
tensorial restoration process, whereas they are partially blurred in the standard restoration
process. This better detection of the main edges with the Di Zenzo gradient is well known,
because it has been precisely defined in order to identify the points where all components of
the gradient vary along similar directions.

5. Conclusion. In this paper, we have considered the topological gradient approach for
color image restoration. For this purpose, we have considered two different approaches. The
first is an extension to color images of the method introduced in [8, 21] for grey-level image
processing. The second approach uses the Di Zenzo gradient, a tensor measuring the relative
variations of the different components of the image, leading to a better identification of the
main edges (for which all the components of the image vary along the same direction).

We have compared the topological gradient method with the Ambrosio–Tortorelli approx-
imation of the Mumford–Shah model, and we have shown that our algorithm provides similar
results in a shorter time. The topological gradient algorithm seems better when there is a
high level of noise, whereas the Ambrosio–Tortorelli method usually provides better results
when there is little noise.

We have shown that the tensorial approach can also be considered within the topological
asymptotic analysis, and the corresponding asymptotic expansion has been derived. The
numerical tests show that the tensorial approach slightly improves the restoration process,
in comparison with the standard approach. The main differences are on the edges, as the
tensorial approach provides a much better identification of the main image contours. As a
consequence, the restored image has less blurred edges. But of course, in all other parts
of the image, the Di Zenzo gradient is not very different from the standard image gradient,
and hence the restoration process is almost similar. This explains the small difference in the
reconstruction SNRs. Globally, the tensorial approach is more satisfactory, as it removes a
similar level of noise and preserves more efficiently the global features of a color image. Finally,
we mention that the complexity of both algorithms is the same, and, according to the work
performed on the grey-level problems, the complexity is O(n. log(n)), where n is the size of
the image.

Some extensions to 3D images (or movies) will be considered in a future work, as well as
some other ways to couple the different channels of the image, e.g., by using a gradient based
on the Beltrami operator. Also, inspired by recent works on multiplicative noise removal (see,
e.g., [6]), we will study the application of the topological asymptotic analysis to variational
models designed for multiplicative Gaussian noise.

Appendix A. Proof of Lemma 3.1.
Proof. For each k = 1, 2, 3, we consider the following notation:

ukj =
∂uk

∂xj
, 1 ≤ j ≤ 2.

Then, according to (3.2), we have

(A.1) w11 + w22 =
(
u211 + u212

)
+
(
u221 + u222

)
+
(
u231 + u232

)
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and

(w11 − w22)
2 + 4w2

12 =
((
u211 + u221 + u231

)− (u212 + u222 + u232
))2

+4 (u11u12 + u21u22 + u31u32)
2

= 2u211u
2
21 + 2u211u

2
31 + 2u211u

2
12 − 2u211u

2
22 − 2u211u

2
32(A.2)

+ 2u221u
2
31 − 2u221u

2
12 + 2u221u

2
22 − 2u221u

2
32 − 2u231u

2
12

− 2u231u
2
22 + 2u231u

2
32 + 2u212u

2
22 + 2u212u

2
32 + 2u222u

2
32

+u411 + u421 + u431 + u412 + u422 + u432 + 8u11u12u21u22

+8u11u12u31u32 + 8u21u22u31u32.

On the other hand, using (3.7) and (3.8), we obtain

f (∇u) =
(u11u22 − u21u12)

2 + (u11u32 − u31u12)
2 + (u21u32 − u31u22)

2((
u211 + u212

)
+
(
u221 + u222

)
+
(
u231 + u232

))2 ,

which permits us to determine the expression of the relation

(1− 4f (∇u))
((
u211 + u212

)
+
(
u221 + u222

)
+
(
u231 + u232

))2
,

given by the following computation:

(
u211 + u212 + u221 + u222 + u231 + u232

)2 − 4 (u11u22 − u21u12)
2

− 4 (u11u32 − u31u12)
2 − 4 (u21u32 − u31u22)

2

= 2u211u
2
12 + 2u211u

2
21 − 2u211u

2
22 + 2u211u

2
31 − 2u211u

2
32 − 2u212u

2
21 + 2u212u

2
22

− 2u212u
2
31 + 2u212u

2
32 + 2u221u

2
22 + 2u221u

2
31 − 2u221u

2
32 − 2u222u

2
31 + 2u222u

2
32 + 2u231u

2
32

+ u411 + u412 + u421 + u422 + u431 + u432 + 8u11u22u21u12 + 8u11u32u31u12 + 8u21u32u31u22.

From relation (A.2), we deduce that

(w11 − w22)
2 + 4w2

12 = (1− 4f (∇u))
(
|∇u1|2 + |∇u2|2 + |∇u3|2

)2
.

Finally, using (A.1), we obtain the desired result.

Appendix B. Proof of Proposition 3.2. In order to prove (3.11), we need the following
three lemmas, assuming ∇u �= 0. Otherwise, by extending the function H with the notation
H(0) = 1, the result clearly remains valid.

Lemma B.1. For all k = 1, 2, 3,

(B.1) E1 =

∫
σρ

H(∇u0(x))∂nu
k
0 [u

k
ρ]dΓ = πρ2H(∇u0(x0))|∇uk0(x0).n|2 + o(ρ2),

where [ukρ] = ukρ |
σ+
ρ

− ukρ |
σ−
ρ

represents the variation of ukρ along the normal direction of the

crack.
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Proof. We have

E1 =

∫
σρ

(H(∇u0(x)) −H(∇u0(x0))) ∂nu
k
0 [u

k
ρ]dΓ +H(∇u0(x0))

∫
σρ

∂nu
k
o [u

k
ρ]dΓ.

Or from [3], we have ∫
σρ

∂nu
k
0 [u

k
ρ]dΓ = πρ2|∇uk0(x0).n|2 + o(ρ2);(B.2)

then we deduce that

E1 =

∫
σρ

(H(∇u0(x))−H(∇u0(x0))) ∂nu
k
0 [u

k
ρ]dΓ +H(∇u0(x0))

(
πρ2|∇uk0(x0).n|2 + o(ρ2)

)
.

Now, we have to show that the first term is o(ρ2). For that we consider the change of variable
x = x0 + ρy, which gives∫

σρ

(H(∇u0(x))−H(∇u0(x0))) ∂nu
k
0[u

k
ρ]dΓ

= ρ

∫
σ
[H(∇u0(ρy))−H(∇u0(x0))]∂nu

k
0(ρy)[u

k
ρ(ρy)]dΓ.

On the other hand, from [3] we have∫
σ

∣∣∣∂nuk0(ρy)[ukρ(ρy)]∣∣∣ dΓ = O(ρ).

As u0 is of class C2 in a neighborhood of x0, and as the gradient of u0 is not equal to 0 in a
neighborhood of x0, the differentiability of H gives the existence of c1 > 0 such that

|H(∇u0(ρy))−H(∇u0(x0))| ≤ c1ρ,

which implies that∫
σ
[H(∇u0(ρy))−H(∇u0(x0))]∂nu

k
0(ρy)[u

k
ρ(ρy)]dΓ = O(ρ2).

We deduce that ∫
σρ

(H(∇u0(x))−H(∇u0(0))) ∂nu
k
0[u

k
ρ]dΓ = o(ρ2),

which completes the proof.
Lemma B.2. For all k = 1, 2, 3,

(B.3) E2 =

∫
Ωρ

(H(∇uρ(x))−H(∇u0(x)))
∣∣∣∇ukρ

∣∣∣2 dx = Lk
ρ(uρ − u0) + o(ρ2),

where Lk
ρ is a linear form on L2(Ωρ).
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Proof. By using a Taylor asymptotic expansion, we obtain

H(∇uρ(x))−H(∇u0(x)) = DH(∇u0(x))(∇(uρ − u0)(x)) + |∇(uρ − u0)| ε(∇(uρ − u0)),

with ε(Z) → 0 when Z → 0. Then we can write that

E2 = A1 +A2,

with

A1 =

∫
Ωρ

DH(∇u0(x))(∇(uρ − u0)(x))
∣∣∣∇ukρ

∣∣∣2 dx

and

A2 =

∫
Ωρ

‖∇(uρ − u0)‖ ε(∇(uρ − u0))
∣∣∣∇ukρ

∣∣∣2 dx.

As

(B.4) ‖∇(uρ − u0)‖L2(Ωρ) = O(ρ2),

it follows that

|A2| ≤
∫
Ωρ

‖∇(uρ − u0)‖ |ε(∇(uρ − u0))|
∣∣∣∇ukρ

∣∣∣2 dx

≤ O(ρ2)

∫
Ωρ

|ε(∇(uρ − u0))|
∣∣∣∇ukρ

∣∣∣2 dx.(B.5)

On the other hand, since ukρ ∈ H2(Ωρ), |∇ukρ| is L2-bounded in Ωρ. Moreover, ∇(uρ−u0) → 0
when ρ → 0; then ε(∇(uρ − u0)) → 0 when ρ → 0. We deduce that

(B.6) |A2| ≤ O(ρ2) ‖ε(∇(uρ − u0))‖L∞(Ωρ)

∥∥∥∇ukρ

∥∥∥2
L2

≤ O(ρ2) o(1) O(1).

From (B.6), we obtain

|A2| = o(ρ2).

Now we consider A1:

A1 =

∫
Ωρ

DH(∇u0(x))(∇(uρ − u0)(x))
∣∣∣∇uk0

∣∣∣2 dx

+

∫
Ωρ

DH(∇u0(x))(∇(uρ − u0)(x))

(∣∣∣∇ukρ

∣∣∣2 − ∣∣∣∇uk0

∣∣∣2) dx.

We denote these two terms by B1 and B2, respectively.

By continuity of DH(∇u0), we have

|B2| ≤ M ||∇(uρ − u0)||∞
∫
Ωρ

∣∣∣∇ukρ

∣∣∣2 − ∣∣∣∇uk0

∣∣∣2 dx.
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Using (B.4), we deduce that∫
Ωρ

∣∣∣∣∣∣∣∇ukρ

∣∣∣2 − ∣∣∣∇uk0

∣∣∣2∣∣∣∣ dx ≤
∫
Ωρ

|∇(ukρ − uk0)| |∇(ukρ + uk0)| dx ≤ O(ρ2).

Moreover, as ‖∇(uρ − u0)‖∞ = o(1), we deduce that

|B2| = o(ρ2).

Finally, since B1 is a linear form of uρ − u0, we obtain∫
Ωρ

DH(∇u0(x))(∇(uρ − u0)(x))
∣∣∣∇uk0

∣∣∣2 dx = Lk
ρ(uρ − u0).

Lemma B.3. For all k = 1, 2, 3,

(B.7) E3 =

∫
Ωρ

div
(
H(∇u0(x))∇(ukρ − uk0)

)
(ukρ − uk0) dx = o(ρ2).

Proof. We have

E3 =

∫
Ωρ

H(∇u0(x))Δ(ukρ − uk0)(u
k
ρ − uk0) dx

+

∫
Ωρ

∇(H(∇u0(x))).∇(ukρ − uk0) (u
k
ρ − uk0) dx

=

∫
Ωρ

H(∇u0(x))
1

c
(ukρ − uk0)

2 dx+

∫
Ωρ

∇(H(∇u0(x))).∇(ukρ − uk0) (u
k
ρ − uk0) dx

from (2.3) and (2.5) (recall that c is constant on Ωρ). As H(∇u0) is of class C
1 on Ωρ,

|E3| ≤ M1‖ukρ − uk0‖2L2(Ωρ)
+M2‖ukρ − uk0‖L2(Ωρ) ‖∇(ukρ − uk0)‖L2(Ωρ).

From (B.4) and Poincaré’s inequality, we have |E3| = o(ρ2).
We now consider the proof of Proposition 3.2.
Proof. We have

Jρ(uρ)− Jρ(u0) =

∫
Ωρ

‖∇uρ‖2DZ dx −
∫
Ωρ

‖∇u0‖2DZ dx

=

3∑
k=1

[∫
Ωρ

H(∇uρ) |∇ukρ|2 dx −
∫
Ωρ

H(∇u0) |∇uk0 |2 dx
]

=

3∑
k=1

[∫
Ωρ

(H(∇uρ)−H(∇u0)) |∇ukρ|2 dx +

∫
Ωρ

H(∇u0)
(
|∇ukρ|2 − |∇uk0 |2

)
dx

]

=
3∑

k=1

[∫
Ωρ

H(∇u0)
(
|∇ukρ|2 − |∇uk0 |2

)
dx + Lk

ρ(uρ − u0) + o(ρ2)

]
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according to Lemma B.2. Moreover,∫
Ωρ

H(∇u0) (|∇ukρ|2 − |∇uk0 |2) dx

= 2

∫
Ωρ

H(∇u0)∇(ukρ − uk0)∇uk0 dx +

∫
Ωρ

H(∇u0) |∇ukρ −∇uk0|2 dx.

The first term is clearly a linear function of ukρ−uk0 . Green’s formula on the second term gives∫
Ωρ

H(∇u0) |∇ukρ −∇uk0 |2 dx

= −
∫
Ωρ

div
(
H(∇u0(x))∇(ukρ − uk0)

)
(ukρ − uk0) dx −

∫
σρ

H(∇u0(x))∂nu
k
o [u

k
ρ] dΓ

= −πρ2H(∇u0(x0))|∇uk0(x0).n|2 + o(ρ2)

according to Lemmas B.1 and B.3. Finally, we obtain

Jρ(uρ)− Jρ(u0) = Lρ(uρ − u0)− πρ2H(∇u0(x0))
3∑

k=1

|∇uk0(x0).n|2 + o(ρ2),

where

Lρ(uρ − u0) =

3∑
k=1

[
Lk
ρ(uρ − u0) + 2

∫
Ωρ

H(∇u0)∇(ukρ − uk0)∇uk0 dx

]

is the corresponding linear form. Thus, we deduce (3.11).
From (2.12) and the proof of Theorem 2.1 in the channel by channel case, it is straight-

forward to deduce that δJ2 is equal to zero.
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