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This is joint work with Jaya Iyer, starting from

a talk she gave in Nice around 2004

Let X be a smooth projective variety,

D = D1 + . . . + Dk a strict normal crossings

divisor with smooth components.

Put U := X −D.

Suppose (E,∇) is a flat vector bundle on U .

The usual Chern classes of E in rational coho-

mology are zero.

It is not always the case that ci(E) = 0 in

CHi(X) ⊗ Q: the basic examples are flat line

bundles on an abelian variety.

Esnault’s conjecture: if f : Y → X is a fam-

ily of varieties, then the flat bundle underlying

Rif∗Q has Chern classes zero in the rational

Chow groups.



Recall that the bundle E has a Deligne canon-

ical extension to a bundle E on X.

Here, we shall assume that the monodromy is

unipotent around Di.

Then the canonical extension E is the unique

vector bundle extension of E such that the in-

duced ∇ is a logarithmic connection with nilpo-

tent residues.

In the non-unipotent case it seems better to

consider a canonical extension in the category

of parabolic bundles.

Esnault’s canonical extension conjecture:

the Chern classes of E vanish in the rational

Chow groups when (E,∇) comes from a family

of varieties.



Deligne cohomology provides an intermediate

step between rational cohomology and the full

Chow groups:

CHp(X)⊗Q → H
2p
D (X, Q(p)) → H2p(X, Q).

Theorem (Reznikov) Suppose E is a flat

bundle on U = X, then for all p > 1 we have

cDp (E) = 0 in H
2p
D (X, Q(p)).

He also obtained the corresponding statement

in H
2p
D (U, Q(p)) for a flat bundle over U even

when D is nontrivial.

We would like to obtain this statement for the

canonical extension.

We have been able to do it only in the case

when the divisor D is smooth.



Chern-Simons regulators: We have classes

ĉp(E,∇) ∈ H2p−1(U, C/Z)

lifting the Deligne Chern classes.

Reznikov proves that these classes are torsion.

The main problem in treating E is to define

Chern-Simons regulators on X

ĉp(E,∇) ∈ H2p−1(X, C/Z),

which again should lift cDp (E).

These classes need to be deformation-invariant

so we can deform the representation to a vari-

ation of Hodge structure (Mochizuki).

Reznikov’s proof also uses the existence of a

K-theoretic formulation.



The group of differential characters of de-

gree k fits into an exact sequence

0→Hk−1(X,C/Z)→Ĥk(X,C/Z)→Ak
cl(X,Z)→0,

where

Ak
cl(X, Z) := ker(Ak

cl(X) → Hk(X, C/Z))

and Ak
cl(X) denotes the closed differential k-

forms.

The definition is

Ĥk(X, C/Z) :=

{(f, α) : ∀η f(∂η) =
∫
η

α (modZ), dα = 0},

f∈HomZ(Zk−1(X),C/Z), η∈Zk(X), α∈Ak(X).



Cheeger-Simons: if (E, d) is a C∞ bundle

with connection on X, then we can define the

Cheeger-Simons form ĉp(E, d) taking values in

the group of differential characters Ĥ2p(X, C/Z).

It projects in the exact sequence, to the Chern

form of the connection d.

As is very well known, if the connection is flat

we obtain the Chern-Simons class in the kernel

H2p−1(X, C/Z).

However, as was observed already in

(Cheeger-Simons 1985), Corollary 2.4: even

if (E, d) is a bundle with non-flat connection,

but such that the Chern forms of the curvature

vanish identically, we still get a Chern-Simons

class in H2p−1(X, C/Z).

This is the key observation we use.



More specifically, suppose that locally over X

the bundle admits a filtration by strict subbun-

dles, such that d preserves the filtration and

induces a flat connection on the associated-

graded. Then the curvature is strictly upper-

triangular so its Chern forms vanish.

The filtrations on different open sets don’t

need to be related.

We call this property locally nil-flat.



Consider our geometric situation D ⊂ X, U =

X −D.

Let N be a tubular neighborhood of D and N∗

the complement of D.

Let S = ∂N so N∗ ∼= S × (0,1).

Suppose (E,∇) is a flat bundle on U with unipo-

tent monodromy around D. Then there exists

a filtration {Fi} of EN∗ and an extension of

grF to a flat bundle over N , denoted grF
N .

Choose a C∞ splitting of the filtration and use

this to glue together the bundles E over U with

grF
N over N . Call this bundle E over X.

In the algebraic-geometric situation E is the

same as the C∞ bundle underlying the Deligne

canonical extension, and in that case the fil-

tration over N is holomorphic.



On N∗ there are two connections, the original

∇ and the associated-graded transported back

to the bundle E, denoted gr∇.

Using the decomposition N∗ ∼= S×(0,1) we can

average these two using a partition of unity, to

give a C∞ connection d on E.

This connection d coincides with ∇ outside of

N . On N it respects the filtration and induces

the given flat connection on the associated-

graded.

Therefore d is locally nil-flat and defines a Chern-

Simons class.

Theorem This class ĉp(E) ∈ H2p−1(X, C/Z) is

well-defined, functorial, deformation-invariant,

and in the algebraic-geometric situation it lifts

the Deligne Chern class cDp (E).



The standard variational formula for the Chern

class in differential characters, serves to show

that the class is independent of the choice of

splitting of the filtration, and to prove deformation-

invariance.

The technique of Dupont-Hain-Zucker contin-

ues to work for proving compatibility with the

Deligne Chern class.

To prove the torsion property in the algebraic

case, we need a different interpretation of these

classes using K-theory.



Recall the deformation theorem in K-theory:

for any reasonable ring A (such as a field),

Ki(A) ∼= Ki(A[t]).

In topological terms, this means that the maps

of rings

A → A[t]
ev0,ev1−→ A

induce homotopy equivalences

BGL(A)+
∼→ BGL(A[t])+

∼→ BGL(A)+.

Define the deformation K-theory space to be

the homotopy pushout of the two evaluation

maps

BGL(A[t])+ → BGL(A)+

↓ ↓
BGL(A)+ → BGL(A)+def .

We have

BGL(A)+
∼→ BGL(A)+def .



This pushout is the natural receiving space for

situations like we had before: if X = U∪N with

U ∩N = N∗, with N∗ ∼= S × (0,1), suppose we

have flat locally free A-modules over U and

N , connected by a deformation over N∗ ∼ S.

Then we get a homotopically unique classifying

map

X → BGL(A)+def .

The homotopy equivalence with BGL(A)+ means

that for any coefficient group such as C/Z we

have

Hk(BGL(A)+def , C/Z)
∼=→ Hk(BGL(A)+, C/Z).

If A ↪→ C then the pullback of the universal

Chern-Simons class to H2p−1(BGL(A)+, C/Z)

induces a “universal deformation-theoretic Chern-

Simons class” in H2p−1(BGL(A)+def , C/Z).



Lemma Given a representation ρ of π1(U)
with coefficients in a subfield F ⊂ C, with
unipotent monodromy around D, construct the
classifying map X → BGL(F )+def corresponding
to the standard deformation from ρ|N∗ to its
associated-graded grF

N . Pull back the univer-
sal deformation-theoretic Chern-Simons class.
This gives the same class as the Chern-Simons
regulator defined previously.

Similar considerations using Karoubi’s hermi-
tian K-theory (with its own “deformation the-
orem”) prove that if the representation takes
values in a unitary group of the form U(p, q),
then the Borel volume regulator, which is the
imaginary part of the class, vanishes.

Fundamentally this is because of the vanishing
of odd dimensional invariant differential forms
on BU(p, q). We need to define a deforma-
tional version of the infinite unitary group
BU(∞,∞)+def and apply Karoubi’s hermitian de-
formation theorem.



Takuro Mochizuki has now extended the the-

ory of harmonic bundles, to open varieties.

Theorem (Mochizuki) If (E,∇) is a flat bun-

dle on U , then E can be deformed to a complex

variation of Hodge structures. The deforma-

tion keeps constant the characteristic polyno-

mial of the monodromy around D.

Corollary If (E,∇) is a flat bundle on U with

unipotent monodromy around D, then the ex-

tended volume regulator which is the imaginary

part of the extended Chern-Simons regulator,

vanishes.

Indeed, the extended Chern-Simons regulator

is invariant under deformations. Our flat bun-

dle can be deformed to a VHS keeping the

unipotent monodromy condition. For a VHS,

the monodromy goes into the group SU(p, q),

so as described in the previous slide, the ex-

tended volume regulator vanishes in this case.



Main theorem

Theorem If X is an algebraic variety with a

smooth divisor D ⊂ X, let U := X − D. Sup-

pose (E,∇) is a flat bundle on U with unipotent

monodromy around D. The extended Chern-

Simons regulator ĉp(E) ∈ H2p−1(X, C/Z) de-

fined above, is torsion.

Corollary Consequently the Deligne Chern

class cDp (E) of the canonical extension E of

E to X, is torsion.

As far as I understand, if we assume Beilinson’s

conjectures, and if X and D are defined over

Q, the above corollary should imply Esnault’s

canonical extension conjecture in this case.



Proof of the theorem:

We copy directly Reznikov’s proof. I found

this to be subtle and difficult to understand,

so here is the argument.

The regulator doesn’t change if we deform the

representation, so we may assume that the

monodromy representation ρ of (E,∇) is de-

fined over an algebraic number field F , i.e. it

is the extension of scalars of

ρF : π1(U) → GL(r, F ).

The classifying map for ρF extended according

to our K-theory definition, is

ξ : X → BGL(F )+def .

For any embedding σ : F → C, we get

σ : BGL(F )+def → BGL(C)+def .



Let

τ2p−1 ∈ H2p−1(BGL(C)+def , C/Z)

be the tautological class (recall that BGL(C)+def ∼
BGL(C)+). Let σ0 be our given embedding.
The class we are interested in is

ĉp(E) = ξ∗σ∗0(τ2p−1).

The imaginary part of the tautological class is
“Borel’s volume regulator”

V ol2p−1 = =τ2p−1 ∈ H2p−1(BGL(C)+def , R).

As explained in the corollary above, using
Mochizuki’s theorem, σρF may be deformed to
a VHS, and together with deformation-invariance
and hermitian K-theory considerations, this im-
plies that the extended volume regulator of σρF

vanishes.

This implies that for any σ,

ξ∗σ∗(V ol2p−1) = 0.



Now, and this is somehow the most mysterious

part: we use Borel’s theorem which says that

the classes σ∗(V ol2p−1), as p > 1 and σ ranges

over all embeddings F → C, generate the real

cohomology ring

H∗(BGL(F )+def , R).

The pullbacks by ξ of these classes vanish.

Therefore ξ∗ induces the zero map on real co-

homology. Hence it induces the zero map on

rational cohomology.

Now C/Q is a rational vector space, and σ∗0τ2p−1

projects modulo torsion to a class in

H2p−1(BGL(C)+def , C/Q). It follows that the

pullback ξ∗ of this class is zero. Hence, in C/Z
cohomology the class ξ∗σ∗0(τ2p−1) is torsion.

This was the original ĉp(E) we are interested

in, so it completes the proof of the theorem.



Epilogue

After our preprint, Deligne sent us a sugges-

tion to clarify the description of the extended

Chern-Simons regulator, which seems to make

it easy to extend the definition to the normal

crossings case.

It should be pointed out that Deligne helped

out a lot philosophically in our original defini-

tion, for example by sending to Jaya a proof

of the topological triviality of the canonical ex-

tension which prefigures the definition of the

extended regulator.

Independently of Deligne’s comment, Esnault

also sent us a definition of the extended reg-

ulator for the normal crossings case this sum-

mer, using her theory of algebraic differential

characters. She also has helped us with many

useful discussions.


