On Connes—Kreimer’s g-function and RG flow

Kurusch Ebrahimi-Fard*

Max Planck Institute for Mathematics
Bonn, Germany
kurusch@mpim-bonn.mpg.de

Nice, October 20, 2006

*Joint work with J. M. Gracia-Bondia, F. Patras: hep-th/0609035



Expansion of Green function in 1PI Feynman graphs:
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Problem: Ultraviolet divergent amplitudes must be renormalized

""Removing [these] divergencies has been during the decades, the nightmare and the
delight of many physicists working in particle physics. [...] This matter of fact even
participated to the nobility of the subject...”

B. Delamotte
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Renormalization: Bogoliubov's R-operation (recursive subtraction)

Feynman rules: renormalization scheme:
. H— A R:A— A




Renormalization process «—— Factorization problem

Bogoliubov's preparation map:

o ~ Je-( = —R(&(N))
r o) = ¢(r)+7%:r¢—(’7)¢(r/’7) {¢+(I_> = (id — R)(%(F))

61 (42r) = R 9(421) +20-(-0)8(-0) +6-(-0) 6(-0)

Counterterm and renormalized character:

d+(M1M2) = ¢+ (M1)op+(M2)

Decomposition: unique for R2 = R_

R_(z)R-(y) + R-(2y) = R_(zR_(y) + R_(2)y)

b x6=o4]




Toy-model Dyson—Schwinger equation: expansion of F(c) in powers of
the -bare- coupling parameter g.
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e - regularization of F % F., ¢ (c) — () (c; e) and introduce the Z-factor

Z=14+ Y ¢"¢"™(e)
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Let Z enter the g-expansion of Fg: F: — FZﬁ = L F¢
o Fy (x) dx
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order g:

o/ N . [ dy
qs(c).—/o i

~ logarithmic divergent at upper limit.

e-regularization:

o/ . N._ [ pdy 1
P*(cie) = 0 Lol : + log(p/c) + O(e).

Renormalization scheme on (RBA) A:= Cle—1,¢]]:
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subtraction: counterterm: ¢*(c) == —R_(¢*(¢;e)) =1

¢S (cie) = ¢2(e) + ¢%(c;e)
= ¢*(cie) — R_(¢%(c;¢))
= (id—=R-)¢%(c¢e)
—log(u/c)

order ¢g2: nested integrals

5

QbT(C;s) L= OOO gb(y(,?j—i))ﬁlbzlg :/OOO (y +,LL;1+€ /OOO (2 _|_’uy)1-|-gdz dy
_ 2%2+Iog(:/c)+|0922(!u/c)+0(€).
(naive) counterterm:
sL(e) = —R_(¢T<c; )
-1 —log(u/c)
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"Preparation”: Bogoliubov's recursive R-map

'
bo 1(cie) = o' (cie) + ¢ () (ci )

= ¢l(e) —R_(6°(c))o"(ci o)
(L L 109(/e) , 106%(u/<)

2e? € 21
—( o+ 2D O(e))

€
_ 1, 10g%(u/e)
o 2€2+ 2

+ 0<e>)

+ O(e)

good counterterm: (bI_(e) = —R_<¢T(c; g) + ¢ (e)op®(c; s))

renormalized expression:

oL (o) = ¢ (o) +bleI(cie)

(id — R_)(be'1(c; €))
log(11/c)?
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¥ iterated Riemann integrals «—— rooted ladder trees with n vertices: t,

| Kl [ Kol [T Ko

T n—1

Bogoliubov's recursion formula for the counterterm of order n: qs@n)

o) = —R_((pn) 4 7} UK gtk )

: oL = R (sl + 0 o)
: o —R_(¢I+¢: o + ol 47)

~» @Generalization to arbitrary Feynman graphs (or rooted trees) I:

i
m 6-(7) = =R (6(7) + Sycr 6-(1e(7/7)




associative algebra A: m: AR A — A

Y Y
associativity m - m
m A .
a-b=c (a-b)-¢c = a-(b-c)
coassociative algebra C: A:C—-C®C
A A
= coassociativity A A
> Y —

A(c) (A ®id)A(c) (id @ A)A(c)



Bialgebra (H, m, n, A,e)

(H,m,n) algebra: m: H® H— H and unitn: K — H.

(H,A,¢) coalgebra: A: H— H® H and counit e: H — K

A(a) =) a;®aj
()

compatibility: A(ab) = A(a)A(d)

A A

— T(a®6)=b®a

Am(a®b) = mOmdRTRid)ARXA(aRDb)



Hopf algebra (H,m,n,A,e,S)

e antipode S: H — H

(idx S)(a) = noela) = (S xid)(a)
m(id® S)A(a) = mnoe(a) = m(S ® id)A(a)
id
—4—( : )—<—A a= no E(CL) _— —4—( >—<—A a
id
> aS(al) = ne(a) = > S(al)al

Bialgebra (H,m, A, n,€):

A(m(a,b)) = A(a)A(b)

Hopf Algebra (H,m, A, n,¢,S):
m(S®id)o A =noe=m(dRQ S)o A



graded connected Hopf algebra:

H=@ 7™,

n>0

gO0) — K, g g(m) c glntm)

1 , else.

(n)
=0 Teoum

A(H(n)) c P H(=k) o (k)
k=0

AM)=Trel+1er+> *rer”

% Combinatorics of renormalization is captured by a connected graded
commutative Hopf Algebra:

S(M) = - —x*sSaHr”




T heorem: Hopf algebra H of Feynman graphs: H = <m,A,e,n,S>
~~ H is a unital, associative, commutative, coassociative, non-cocommuta-
tive, connected, graded (e.g. #loops) Hopf algebra, H = K& @,,~0 H™.

—[>> 1PI divergent subgraphs { >, <P }

Counterterm: ¢_ : H —- A, R.: A— R

o (<I)=R(—<T —p (<) —4 (1))

Antipode: S: H — H

sCb)=- b -s() o -s()>

Coproduct: A: H—- HQH

A )= Do141e0 <D+ <O+ P e-O



Regularized Feynman Rules: comm., unital Rota—Baxter algebra (A, R)

R(@)R(y) + 0R(zy) = R(R(2)y + zR(y))

Examples: Z,f;_n ciei e Cl[e, 6_1]

0@

R( Z ciei) = i ciei

1=—"n 1=—"n

Hom(H,A)

% A-valued linear functionals: H > (A, R)

f*gzzmA(f®g)A:H&H@H@A@A%A

frg(M) = f(Mg)+ f(W)g(M)+ > f()g(T /7).

~yCI



()= () +o (D)o (O )+ () e (O)

oM = o-(W)d(M) + > o (M /7)

yCI

(p—*)(IMN) —p_(M)o(1)

For h e @ H,. grading operator
n>0

Y:H—H, Y(h)= ) nhy,
n>0

Y (h1ho) =Y (h1)ho + h1Y (h2)

Yf:= foY: Y extends to a derivation on Hom(H, A), f,g € Hom(H, A):

Y(fxg) = Yfxg+f*xYyg



Group of regularized characters G(A) > ¢: H— A
¢(h1h2) = ¢(h1)p(h2)

Lie algebra of infinitesimal characters g(A) > a«: H— A

a(hiho) = a(hyi)e(hs) + e(hy)a(ho)

D:=5xY |

Proposition: The Dynkin operator D = SxY is an H-valued infinitesimal
character of H.

Dynkin operator

Proposition: Right composition with the Dynkin operator D induces a
map from G(A) to g(A). Particularly,

fyoDnyo(S*Y)Z’y_l*Y’y, ~v € G(A)



Theorem: Right composition with D is a bijective map from G(A) to
g(A). The inverse map is given by

Maeg(A) —
a € g(A) %: kl,“%eN* ki(k1+ ko) ... (k1 + -+ kn)

ki+-+k=n

Qg %o kO

c G(A).

The definition of D implies IxD =1x5*xY =Y

n
Yn=nlp={I*D)p= )Y I, ;xD,.

1=1
D * % )
k1,...,k EN* 1(k1+ ko) ...(k1+ -+ k)
k14-+k=n
’YODkl*...*/yoDkl
Y — € + Y O In — e _I_ |
ngo nGZN* kla--%EN* kl(kl + kg) ce (kl + ... 4+ kl)
k14-+k=n

As D preserves the grading, it follows that I is a left inverse to the right
composition with D.



We show that [ is also a right inverse to the composition with D. For
any h in the augmentation ideal of H and arbitrary a € g(A)

YT h) = |h
() () " kl,..%c:leN* k(b1 +k2) ... (k1 + -+ k)

kit h=In)

Qfy * * -+ % O

(h)

L Z Oékl*“'*()ékl_l
by mene Fi(kr+k2) (k- + k)

ky+-+k=|h
= (a)*a(h).

* ay, (h)

FNa)oD=T(a) %Y (a)=acg(A)

We refrain here from proving that I is character-valued, that is, is actually
a map from g(A) to G(A).

M(a)(h1h2) = T(a)(h)l (a)(h2) o€ g(A).



(A, R) is a commutative Rota—Baxter algebra with idempotent R

A= R(A) @ (id — R)(A).

Recall: For any ¢ = exp(a) € G(A), with a € g(A), we have unique
a+ = g(A+), and unique characters ¢+ := exp(ta+) € G(A+) such that:

o=¢ txol, ¢+ (h) € AL, he @ Hp.
n>0

It follows that G(A) decomposes

G(A) =G_(A)xG4(A),
where G+(A) ;= G(A+).

For any ¢ = exp(«) the unique characters ¢4+ = exp(*a+) € GL(A) in
the previous corollary solve the equations:

$+(h) = (e £ Re(¢p- * (¢ — €)))(h).



Feynman amplitude for a graph FFe H
| F|

| 11 Pk
[=1

In dimensional regularization one introduces a complex parameter e € C
by changing the integral measure

Feynman rules

F

> o(F)(p) = Ir(p, k).

dim.—regqg.

dPk . u€dPk, e= (D - D)

||

[ 11 d®x

=1
We define on the group of A-valued characters G(A) a one-parameter

action of C* > ¢:
¢! (e, p) (h) := Pl (e, 1) (R) |

Physically: replacing the uél?l by (ut)elhl; that is, the mass scale is changed
from p to tu: tMlg(e, n)(h) = ¢(e, tp)(h)

F — ¢(e, ) (F)(p) = plfle Ip(p, k).




G(A) 2 ¢ — ¢t is still a character, and (¢1 * $2)t = ¢} x ¢4. For any t and
any homogeneous h € H we have ¢l ¢ Ay = C[[e]].

¢ € Gy(A) — o' € Go(A).

tggbt = ¢lh|¢pt(e, ) (R) = eY¢!  such that 19 $t = eYo.
ot ot t=1

We have for the regularized character ¢! € G(A)

8= (8" % (o).

Theorem: (locality) Let ¢ be a dimensionally regularized Feynman rule
character. The counterterm character in ¢! = (¢*)~1 x (¢?) . satisfies

(N _
ot

Or (¢!)_ is equal to ¢_, i.e. independent of t. We say the A-valued
characters with this property are local characters: ¢ € G'°¢(A) ¢ G(A).

t

Proposition: G'°¢(A) decomposes into the product G!°¢(A) « G4 (A).




Theorem: The map ¢ — e(¢p o D), with D the Dynkin operator, sends
G'9¢(A) to g(AL) and G'°¢(A) to ¢g(C); explicitly, in the second case:

G'9C(A) 3 ¢ — e(do D) = YRess € g(C).

Definition: Beta function 3(¢) :=c(¢po D) = YReso € g(C).

Now let 8 € g(C) be a scalar-valued infinitesimal character. Notice that
B/e can be regarded as an element of g(A_).

T heorem: With I the inverse of D, we find:

bg = [(B/e) € G°°(A).

B B /8161*”'*6]{?1 1
Qbﬁ—r(ﬁ/g)—Z( 2. kl(k1+k2)...(k1+"'+kn)>

8?’2;
o\ k. kn€(N)*

We conclude that for ¢ € G'°¢(A) one has:

- (YReSgb> — 4

3




Theorem: For the renormalized character ¢ren(t) := (¢*)1.(e = 0) it holds

o
t§¢ren(t) = (YReso) * ¢ren(t),
the abstract RG equation.

This equation is solved using the beta function 3(¢) := YRes¢ € g(C):
¢ren(t) = exp(In(t)B(¢)) * ¢ren(1).

lim ¢ + (p~1)t = lim (¢°) 4 * (o)D) 71
dren(t) * dren (1)
exp(In(t)B(9)).

T he scalar-valued characters

24(¢) := exp(In(t)5(¢)) € G(C)

obviously form a one-parameter subgroup in G(A): 24,(¢) x Q,(¢) =
Q,1,(¢), generated by the beta function and controlling the flow of the
renormalized Feynman rule character with respect to the mass scale.

THANK YOU!!



