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I-Why a Flexible Potential Energy Surface

• an accurate description of the potential energy surface of water cluster

V (M1,M2, . . .MN) =
∑

α

V (1)(Mα) +
∑

α<β

V (2)(Mα,Mβ)

+
∑

α<β<γ

V (3)(Mα,Mβ,Mγ) + . . .+ Vpol(M1,M2, . . .MN)

represents a real challenge for chemists → simulate properties of liquid water

• a accurate PES should reproduce well tunnelings effect experimentaly observed
in molecular beams



I-Experiment vs Ab-initio
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I-Ab-Initio Method -1-

• Supermolecular approach :

V (2)(MA,MB) = V (MA,MB) − V (1)(MA) − V (1)(MB)

– conceptualy easy

– expensive calculations with high theory level (CCSD(T)) and very large basis
set to reproduce properties of hydrogen bonding (TZ2P(f,d)+diff)

– problems of BSSE



I-Ab-Initio Method -2-

• SAPT approach :

E
(n)
int = 〈ψ0|Ĥint|Ψn−1〉

|Ψn〉 = |ψ0〉 +
∑

k 6=0

|ψk〉〈ψk|

(Ek −E0)
(∆En − Ĥint)Â|Ψn−1〉

– Perturbative method which the monomer electronic function Ψ(Mα) to calculate
the fundamental intermolecular interaction

– as only Ψ(Mα), we can use a higher level of theory as in supermolecular approach

– no problems of BSSE

– but possible poor convergence of the interaction energy



I-Specificity of the PES of Water Dimer

Water dimer is a very floppy molecule with large amplitude motions

• a 180o rotation of each monomer around its symmetry axis;

• exchange of the two monomers
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I-Permutation Inversion Group
Feasible Permutation-Inversion operations introduced by Longuet-Higgins,
Hougen :

OG16 ∈

{

E (12) (12)(34) (13)(24)(56) (1324)(56)
(34) (14)(23)(56) (1423)(56)

}

⊗ {E,E∗}

Permution inversion group

G16 =
{

G
(a)
2 ⊗G

(b)
2 sG

(ab)
2

}

⊗ E

• isomorphic to the point group D4h

• use the irreductible representation of the point group to label the symetry of
each level

Γ ∈
{

A+
1 , A

+
2 , B

+
2 , E

+, A−
1 , A

−
2 , B

−
2 , E

−
}



II-Collisional approach

Utilization of Jacobi coordinates to correctly describe large amplitude motions

with
{

~Ri; i = 1 . . . N − 1
}

for a system of N atoms

(Iung & Gatti Quant.Chem.106,130(2006))

•
{

R
(BF )
i = R

(SF )
i , i = 1 . . . N − 1

}

•
{

θ
(BF )
i , i = 1 . . . N − 2

}

•
{

ϕ
(BF )
i , i = 1 . . . N − 3

}



II-Rigid Hamiltinian operator

(Brocks,van der Avoird, Sutcliffe & Tennyson Mol.Phys.50,507(2003))

(Gatti & Iung Theo.Comp.Chem.2(4),1025(1983))

H = −
~2

2µAB

∂2

∂R2
+ H

(A)
rot + H

(B)
rot

+ V(R,Ω(A),Ω(B))

+
1

2µABR2

{

J2 + j2 − 2j.J
}

R

H

H

H
H

• H
(α)
rot and j(α) : rotational Hamiltonian and angular momentum of monomer α,

• j = jA + jB : coupled rotational angular momentum,

• Ω(α) ≡ (ϕ(α), θ(α), χ(α)) : Orientation of monomer α in BF(α)



II-Choice of Basis Set

Basic Operation for iterative methods requires to evaluate ĤΨ

where Ĥ = T̂ + V̂

Duality of the wavefunction

• Spectral, in a basis set {ϕn(Q)};

Ψ(Q) =
∑

n

cnϕn(Q)

• Grid representation {Qp};
ψp ≡ Ψ(Qp)

grid representation could be expressed in term of collocation matrix
Rpn = ϕn(Qp)

ψ = Rc



II-Choice of spectral representation

spectral representation is choosen such that T̂ is analytic

T̂ϕn(Q) =
∑

m

Cmnϕm(Q) (1)

if we can use spectral representation defined by orthogonal polynomial

ϕn(Q) =
√

W (Q)Pn(Q)
∫

ϕn(Q)ϕm(Q)dQ =

∫

Pn(Q)
√

W (Q)Pm(Q)dQ = δnm

there exist related Gaussian quadrature which justifies the diagonal
approximation of any local operator V (Q)

∫

ϕn(Q)V (Q)ϕm(Q) ≃
∑

p

ϕn(Qp)ΩpV (Qp)ϕm(Qp) (2)

For (H2O)2 the total spectral basis set is BR ⊗ BA
ang ⊗ BB

ang ⊗ BAB
ang



II-Radial Basis Set

T̂R = −
~2

2µAB

∂2

∂R2

• Primitive basis Sn(R) =
√

2
L sin nπ(R−Rmin)

L

• Equidistant grid Rp = Rmin + p.∆R

• Contraction of both bases by diagonalization

T̂ + Veff(R) → ϕm

• Diagonalization the position operator R̂ gives the reduced grid (PODVR method)



II-Partial angular basis set

The Wigner functions

〈φ, θ, χ|jkω〉 =

√

2j + 1

8π2
D

j∗
ωk(φ, θ, χ) =

√

2j + 1

8π2
eiωχd

j
ωk(cos θ)e

ikφ

lead to an analytical expression of the rotational hamiltonian

T̂rot|jkω〉 =

{

1

2
(Bx +By)(j(j + 1) − k2) +Bzk

2

}

|jkω〉

+
1

4
(Bx −By)F

+
jk|j, k + 2, ω〉

+
1

4
(Bx −By)F

−
jk|j, k − 2, ω〉

where F±
jk = [j(j + 1) − k(k ± 1)]1/2[j(j + 1) − (k ± 1)(k ± 2)]1/2



II-Total angular basis set

1. Spectral angular basis set

• Bunc = {|jA, kA, ωA〉} ⊗ {|jB, kB, ωB〉} ⊗ {|J,Ω,M〉}

• Bcpl = {|jAjBkAkB; jΩ〉|J,Ω,M〉}

• B
(Γ)
sym = {|ν; Γ〉, ν = 1, NΓ}

|ν; Γ〉 =
∑

i

c
(Γ)
iν |ξi,Ω〉















|ξ1,Ω〉 = |jAjBkAkB; jΩ〉
|ξ2,Ω〉 = |jBjAkBkA; jΩ̄〉
|ξ3,Ω〉 = |jAjBk̄Ak̄B; jΩ̄〉
|ξ4,Ω〉 = |jBjAk̄Bk̄A; jΩ〉

2. Angular grid basis set associated to intercoordinates

{

ϕp, χ
A
q , χ

B
r , θ

A
s , θ

B
t , Ri

}

avec ϕ = ϕA − ϕB



II-PSSH scheme

Split Hamiltonian

Ĥ = T̂R + ĤAB + Ĥcc + V̂

Pseudo spectral scheme to evaluate VΨ from angular spectral representation

|ΨJMΓ〉 =
∑

νΩp

ΨJMΓ
νΩp |ν,Γ〉 ⊗ |JΩM〉 ⊗ |Rp〉

• Transformation to the grid {ψq} (with collocation matrix of Gauss-Legendre for

d
j
ωk(cos θ) and FFT for eikϕ and eiωχ)

• Acting the diagonal potential ψq → V (Qq)ψq

• Back transform to the spectral representation of Ψ by inverse transformation



II-Lanczos Scheme

From a vector |u0 > one recursively produce Krylov space K = {un}
N
n=0

βn+1|un+1〉 =
{

Ĥ − αn

}

|un〉 − βn|un−1〉

{

αn = 〈un|Ĥ|un〉

βn = 〈un+1|Ĥ|un〉

in which H is tridiagonal

H =









α0 β1

β1 α1 β2 0
. . . . . . . . .

0 . . . . . . . . .









without reorthogonalization



II-Properties of this algorithm

• Conserves the symmetry of the seed vector |u0 >

• Converges first the low density part of the spectrum

convergence ∝
|λi+1 − λi|

|λmax − λmin|

• Diagonalization of T matrix (QL O(N2)) gives eigenvalues and a modification
of the algorithm allows one to discard spurious eigenvalues from the error norm

σα = ||(H −Eα)Ψα|| = βN〈uN |Ψα〉

• Molecular basis set size ranges from 105 to 2 × 106



III-Flexible Hamiltonian

•

•

O H

H

rA

RAγA

O

H

H

rBRB

γB

R

H = −
~2

2µAB

∂2

∂R2
+ T

(A)
V R + T

(B)
V R + V(qA,qB,R,ΩA,ΩB)

+
1

2µABR2

{

J2 + j2 − 2j.J
}

qα = (Rα, rα, θα)

T
(α)
V R = −

~2

2µ

∂2

∂R2
α

−
~2

2m

∂2

∂r2α
+

ℓ̂2α
2mr2α

+
1

2µR2
α

{

̂2α + ℓ̂2α − 2̂~α.~̂ℓα

}

Gatti et al., J.Chem.Phys.108,8804(1998); 111,7236(1999)

Leforestier, Gatti, Fellers, Saykally , J.Chem.Phys.117,8710(2002)



III-(6+6)d Adiabatic Decoupling between slow (R,Ω) and

fast (qA,qB) coordinates

6

E0

E1
6

1595 cm−1

?

En(R,Ω)
H = Hintra(R,Ω) + Tinter

Hintra = TA
V + TB

V + V(qA,qB;R,Ω)

Hintra(R,Ω)ΦnAnB
(qA,qB;R,Ω)

= EnAnB
(R,Ω)ΦnAnB

(qA,qB;R,Ω)

Flexible calculation recast into a rigid one using the ground adiabatic potential
E0(R,Ω) −→ Vad

but the monomers rotational constants depend now on the intermolecular
geometry (R,Ω) (FC type approximation)



III-Flexible PES

V (qA,qB,R,ΩA,ΩB) = V
(1)
H2O(qA) + V

(1)
H2O(qB)

+ V (2)(qA,qB,R,ΩA,ΩB)

VH2O : Polyansky, Jensen & Tennyson, J.Chem.Phys.105,6490(1996)

Functional form of the 2 body term

Matsuoka, Clementi & Yoshimine, J.Chem.Phys.64,1351(1976)

V
′

MCY =

6=molecules
∑

charged sites

qiqj

Rij
+ AHH

∑

e−βHHRHH

+ AOOe
−βOOROO

+ AOH

∑

e−βOHROH

− AVSH

∑

e−βVSHRVSH

which depends on 11 parameters



III-Ab initio Data

• Ab initio geometry:

De 21 kJ.mol−1

O1H1[D] 0.9581 Å
O1H2[D] 0.9663 Å
O2H3[A] 0.9597 Å
O2H4[A] 0.9597 Å
O2H2 1.9485 Å

Ĥ1O1H2 104.45

Ĥ3O2H4 104.58

Ô1H2O2 172.92

Ĥ3O2O1 110.50

H1

H3

H4

O1
H2

O2

• Rigid EPS of spectroscopic quality SAPT-5s

Tschumper, Leininger, Hoffman, Valeev, Schaeffer, Quack, J.Chem.Phys.116,690(2002)

Mas, Bukowski, Szalewicz, Gronenboom, Wormer & van der Avoird, J.Chem.Phys.113,6687(2000)



III-Experimental Data

ground state
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Fellers & Saykally, J.Chem.Phys.112,10314(2000)



III-Heuristic Optimization of the PES

Define new potential from

V (2)(qA,qB,R,ΩA,ΩB;pref + δp)

where δpk = ηk.∆pk η is a random number

∣

∣

∣D
(rigid)
e −D

(Sapt5s)
e

∣

∣

∣ < ǫ(rigid)

∣

∣

∣D
(flex)
e −D

(Ref)
e

∣

∣

∣ < ǫ(flex)

∣

∣Eq.Geom.(flex) −Eq.Geom.(Ref)
∣

∣ < ǫ
(Geom.)

rms(Vrigid − VSapt5s) < ǫ(rms)

rms =

(

1

N

N
X

n=1

(VSapt5s(Qn) − Vrigid(Qn))
2
× exp

“

−β
“

VSapt5s(Qn) − V
(min)
Sapt5s

””

)

1
2

If all these criteria are met continue with . . .



III-Non Linear Fitting

• Minimize the error function

χ2 =

Transitions
∑

t

{

∆Eobs
t − ∆Ecalc

t

σt

}2

+

Geom.Data
∑

g

{

Gref
g −Gcalc

g

σg

}2

with non-linear Levenberg-Marquardt → set of parameters {p1, p2 . . . pP}

• use Hellmann-Feynmann theorem

∂Ecalc
n

∂pq
= 〈Ψn|

∂V (p)

∂pq
|Ψn〉
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Equilibrium geometry

H1

H3

H4

O1
H2

O2

ab initio MCYfd MCYfh

De 1755 cm−1 1760 1760
O1—H1 0.958 Å 0.959 0.959
O1—H2 0.966 Å 0.968 0.968
O2—H3 0.960 Å 0.964 0.964
O2—H2 1.948 Å 1.879 1.879

Ĥ1O1H2 104.45 102.89 102.89

Ĥ3O2H4 104.58 102.69 102.69

Ô1H2O2 172.92 166.49 166.49

Ĥ3O2O1 110.50 106.26 106.26



III-Thermodynamic Analysis

• Equation of state for a real gas

p

kT
= n+B(T )n2 + C(T )n3 + . . .

• Computation of the quantum SVC with a PSSH scheme

B(T ) = −
N

2V

λ3
Aλ

3
B

QA(T )QB(T )
Tr

[

e−βHAB − e−βHo
AB

]

∝

∫∫
{

1 − e−βVAB

[

1 +
β2

12
Ho

ABVAB

]}

drAdrBdΩAdΩB

Pack, J.Chem.Phys.78,7217(1983)

Wormer, J.Chem.Phys.122,184301(2005)
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Future directions

• Improve the PES with a more elaborated two-body functional form

• Fit an explicit polarizability two-body term

• Improve the iterative calculation of bounded states with a preconditioning of
the basis set
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