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Setup

Tri-atomic molecule

® Nuclei A, B, C
molecular Hamiltonian

1 1 1
—— Ay, — — A, — — A, he(za, B,
2mas * 2mp 2 2me ¢ t+he(za, 25, z)

with he(za,xB, xc) the electronic Hamiltonian
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Setup

Tri-atomic molecule

® Nuclei A, B, C
molecular Hamiltonian

1 1 1
—— Ay, — — A, — — A, he(za, B,
2mas * 2mp 2 2me ¢ t+he(za, 25, z)

with he(za,xB, xc) the electronic Hamiltonian

@® Jacobi Coordinates
R total CM., x4 C.M.of A and B

W =xp—2x4a, Z =c — TAB

= M total mass, mag = ma +mp,
1 mMAaRB M
——— Ap— —= Aw — A he(W, Z
oM~ 2mams " 2mapme 2 + he( )

Bond states only =- discard the K.E. —ﬁAR of the C.M.

Nice November 13 - 14 2008 —p.2/19



Born-Oppenheimer Approximation 27

Scaling

—4
® Melec. = 1; Mnuc. — €

Ground state
® Fos(W,Z),G.S. electronic surface of h.(W, Z), s.t.

Ecs(W,Z) ~ Eo+q(W —Wo)*> + q2(Z — Zo)* + -
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Born-Oppenheimer Approximation 27

Scaling

—4
® Melec. = 1; Mnuc. — €

Ground state
® Fos(W,Z),G.S. electronic surface of h.(W, Z), s.t.

Ecs(W,Z) ~ Eo+q(W —Wo)*> + q2(Z — Zo)* + -

Harmonic approximation

w;(2)?
2

102
@ S Aw -5 Mg+ X B (W - Wo)? + 22 (Z - Zo)?

Vibrational levels
® £(e) = Eo+ (3, wi(1)(ny + 3) +wi(2)(my + 3)) + O()

Landmarks '75-"90
Combes-Duclos-Seiler, Hagedorn, Hunziker, Klein-Martinez-Seiler-Wang, ...
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B-O vs. H-Bonds

If an Hydrogen is involved in H-bond

® H nucleus less bound than typical nucleus
® My ~ 10 times smaller than typical M, ..
@® Vibrational levels are more “anharmonic”

® Experimental and numerical data still under discussion
e.g. Kawaguchi-Hirota '87, Elghobashi-Gonzalez '06
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B-O vs. H-Bonds

If an Hydrogen is involved in H-bond

® H nucleus less bound than typical nucleus
® My ~ 10 times smaller than typical M, ..
@® Vibrational levels are more “anharmonic”

® Experimental and numerical data still under discussion
e.g. Kawaguchi-Hirota '87, Elghobashi-Gonzalez '06

Modification of B-O in two cases

Symmetric linear molecule

Non-symmetric tri-dimensional molecule
with

® Different mass scales
® Adapted Model of G.S. electronic surface
® Motivated by numerics ontheion FHF~ and FHCI™
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Symmetric case

Maodification of B-O in simplified setting

@® [inear molecule = no rotation, no bending

A B=A

H

(N
® -0
W

@® Different mass scaling A = B heavier than H :

Mia=Mg=¢*My=c¢">

With € ~ 0.082 «» Carbon, My = 1.015 ¢~°

® (-dependent G.S. electronic surface s.t. H less bound than A, B
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The model W

Symmetric case

® Numerics on the G.S. of FHF~ suggest
Ecs(e,W,Z) = Eo + a1(W — Wo)? + (aze — as(W — Wo))Z% + aaZ* + - - -,

= FEi(e, W, 2)+O((W —Wo)*Z*"), a,B€N, a+ >3

with a; = O(1) and € < Carbon.
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The model w Z

Symmetric case

® Numerics on the G.S. of FHF~ suggest
Egs(e, W, Z) = Fo + CL1(W — W0)2 -+ (a2€ — CL3(W — VV()))Z2 —+ CL4Z4 + -
= FEi(e, W, 2)+O((W —Wo)*Z*"), a,B€N, a+ >3
with a; = O(1) and € < Carbon.
Condition ai,as,aqs > 0 and

either a3 < 4aias4

5 ~ E1(€,W, Z) > —C
or as; = 4aiay and a2 >0
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The model W

Typically

Displacement of H from F — F Center of Mass

E

_ NN
2.1 2.2 2.3 2.4 25
F - F Distance
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The model w Z

Leads to the scalar Hamiltonian (up to constants)
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The model

Leads to the scalar Hamiltonian

Rescaling

With w = (W — Wy) /e and z = Z/€'/?,

Hs(e) equivalentto Eo + ¢*Hyr Where
16 10°

Hyr = ——
NE 2 0w? 2022

(up to constants)

+ Enr(w, z), where

Enr(w,z) = aiw’ + (a2 — asw)z” + asz* > —C

Hxr replaces the harm. osc.
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Heuristics

Provided

@® electronic transitions are small

@® physical value of € ~ 0.0821 is “small enough”

® fitting of G.S. electronic surface yields suitable parameters
@® higher order corrections in Egs(e, W, Z) are negligeable

® [y has discrete spectrum
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Heuristics

Provided

@® electronic transitions are small

@® physical value of € ~ 0.0821 is “small enough”

® fitting of G.S. electronic surface yields suitable parameters
@® higher order corrections in Egs(e, W, Z) are negligeable

® [y has discrete spectrum
First vibrational levels

E(e) ~ Eo + €&,

where & € o4(HNnF) .
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Numerics

Comparison with experimental data for FHF~
[L] = Angstroms, [E]= Hartrees, and ¢ = 0.0821 .

@® Fitting yields

Wo = 2.287, Eg = —200.215,a1 = 0.26,as = 1.22,a3 = 1.29, as = 1.62,

@® Experiment: first sym., antisym. and sym+asym. streching modes are

® Predictions from the model are

583.05 cm ~ ', 1331.15 cm ', and 1849 cm !

600 cm ~ !, 1399 cm~ !, and 1942 cm '

2330
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Mathematical method

Spectral problem

Find £(e) and Y(e, W, Z) s.t.

Hpot(6)V (e, W, Z) = E(e)V (e, W, Z)
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Mathematical method

Spectral problem

Find £(e) and Y(e, W, Z) s.t.

Hopot ()W (e, W, Z) = E(e)¥ (e, W, Z)

Multiscale analysis

Look for quasimodes of the form

\Ij(€7 W7 Z) — ¢<€7 W7 Z) w, Z)|w:W/e,z:Z/\/E

where (W, Z) is the electronic scale and (w, z) is the nuclear scale.
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Mathematical method

Spectral problem

Find £(e) and Y(e, W, Z) s.t.

Hpot(6)V (e, W, Z) = E(e)V (e, W, Z)

Multiscale analysis
Look for quasimodes of the form
(e, W, 2) = (e, W, Z,w, 2)|w=wye,2=2/ e
where (W, Z) is the electronic scale and (w, z) is the nuclear scale.

Ansatz
® E(e)=E +€E+eE+. ..
. ¢(€7 W7 Z7w7 Z) — ZpO(W, Z,w, Z) + 61/2¢1/2(‘/‘/’ Z7w’ Z) —|— ..
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Expansion E(e) € a(—%aa‘;/z — %6‘?;2 + he(e, W, Z))

Theorem CMP 07
Under reasonable assumptions, as ¢ — 0,

5(6) ~ Z Ej/QEj/Q
§=0
—  Eo+ €& + O(7?),
where &, € Ud(HNF).
Vo(e,W,2) = > €/%;5(W, Z,W/e, Z/\/e),
j=0

modulo cutoff function.

Proof

® plug in the Ansatz and equate like powers of /2.
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Non-symmetric case

Maodification of B-O in simplified setting

@® Full 3-D molecule = rotation and bending included

Z
R B
%
X
A H
CM of AH Y
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Variables

=i
L

@ Spherical Y = (Y, 6, ) and Cyclindrical X = (R,~, X) variables

(D

B oo o om m mm e e o o] - e e o o o e o o - -

Z/

L—-
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Modification of B-O

Model
® (-dependent G.S. electronic surface s.t.

AHB ~ AH + B and linear equilibrium:

Ecs(e, X, R, Y)=Vi(X) + eVa(X,R,Y)

Vl(X) ~ CLO—|—CL2(X—X0)2—|—Q,3(X—XO)3_|_..
VQ(X7 R) Y) bO,Q,OR2 —|— bl,O,l(X — XO)(Y — Yo) —|— b0,0,2(Y _ YO)2 + .o

2
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Modification of B-O

Model
® (-dependent G.S. electronic surface s.t.

AHB ~ AH + B and linear equilibrium:

Ecs(e, X, R, Y)=Vi(X) + eVa(X,R,Y)

Vl(X) ~ CLO—|—CL2(X—X0)2—|—Q,3(X—XO)3_|_..
VQ(X7 R) Y) bO,Q,OR2 —|— bl,O,l(X — XO)(Y — Yo) —|— b0,0,2(Y _ YO)2 + .o

2

® Mass scaling A # B heavier than H :
My = mAe_4, Mp = mBe_4,MH — mpye °

With ¢ ~ 0.082 < Carbon, My = 1.015 ¢ 3
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Heuristics

Reduced scalar problem

4
63 €

Aoz — —A}-; + V1(X) —|—€V2(X, R, Y)

Hs = 2ui(e) "% 2ua(e)
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Heuristics

Reduced scalar problem

4
63 €

_ Ag— —5 As +Vi(X)+eVa(X,R,Y
201 (€) X 212 (€) Y 1(X) + eVa( )

G (82 L1 1o 02>
2p1(€)

Hs =

oR? T ROR R 92 ' x>
e ( O? N z 5] 1
2 pi2(€)

Y2 'Y gy Y2
+ Vi(X)+eVa(X,R,Y)

{J2—2L-J+L2}>

with p;(e) = pj +0o(1),and J?, L-J and L* messy op’s involving angles.
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Heuristics

Reduced scalar problem

4
63 €

_ Ag— —5 As +Vi(X)+eVa(X,R,Y
201 (€) X 212 (€) Y 1(X) + eVa( )

G (82 L1 1o 02>
2p1(€)

Hs =

oR? T ROR R 92 ' x>
e ( O? N z 5] 1
2 pi2(€)

Y2 'Y gy Y2
+ Vi(X)+eVa(X,R,Y)

{J2—2L-J+L2}>

with p;(e) = pj +0o(1),and J?, L-J and L* messy op’s involving angles.

Leading order: Y ~ Yy, X >~ Xo
3 2 2
€ (9 1 (9 1 8 2
Hs ~ — = b R
s 0o <8R2 TROR T R 8’)/2> T €002,0
3 2 4 2
€ 0 2 e 0 2
— X —Xo)" — b Y — Y,
201, DX + as 0) 2 113 OY + €bo,0,2( 0)

+ €b1,01(X —Xo)(Y —Yo)+---
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Heuristics

Reduced scalar problem

4
63 €

_ Ag— —5 As +Vi(X)+eVa(X,R,Y
201 (€) X 212 (€) Y 1(X) + eVa( )

G (32 L1 1o 82>
2p1(€)

Hs =

oR? T ROR R 92 ' x>
e ( O? N z 5] 1
2 pi2(€)

Y2 'Y gy Y2
+ Vi(X)+eVa(X,R,Y)

{J2—2L-J+L2}>

with p;(e) = pj +0o(1),and J?, L-J and L* messy op’s involving angles.

Leading order: Y ~ Yy, X >~ Xo
3 2 2
€ (9 1 (9 1 8 2
Hs ~ — = b R
s 0o <8R2 TROR T R 8’)/2> T €002,0
3 2 4 2
€ 0 2 e 0 2
— X —Xo)" — b Y — Y,
201, DX + as 0) 2 113 OY + €bo,0,2( 0)

+ b1 g (X=X)(Y —Yo)+ - Higher Order
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Leading orders

Heuristically
Hs ~ 3 indep. harm. oscil. with
Ex(e) = €% 2az/p1(ni +1/2) A — H oscillat. modes
Er~(€) = €72\/2bo20/p1(n2 + 1) 2 degenerate bending modes
Ey(e) = 65/2\/219070,2/#2 (7?,3 -+ 1/2) AH — B oscillat. modes
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|

b
Leading orders
Heuristically
Hs ~ 3 indep. harm. oscil. with
Ex(e) = €% 2az/p1(ni +1/2) A — H oscillat. modes
Er~(€) = €72\/2bo20/p1(n2 + 1) 2 degenerate bending modes

Sy(e) = 65/2\/219070,2/#2 (7?,3 -+ 1/2) AH — B oscillat. modes

Comparisons for FHCI™ [L] = Angstroms, [E]= Hartrees, and ¢ = 0.0821 .
@® Fitting

apgp = —560.160, as = 0.567, bo,z,o = 0.597, b1,0,1 = 0.853, bo,o,g = (0.664

Nice November 13 - 14" 2008 —p.17/19



|
el

Leading orders

Heuristically
Hs ~ 3 indep. harm. oscil. with
Ex(e) = €% 2az/p1(ni +1/2) A — H oscillat. modes
Er~(€) = €72\/2bo20/p1(n2 + 1) 2 degenerate bending modes
Sy(e) = 65/2\/219070,2/#2 (7?,3 -+ 1/2) AH — B oscillat. modes
Comparisons for FHCI™ [L] = Angstroms, [E]= Hartrees, and ¢ = 0.0821 .
@® Fitting
apgp = —560.160, as = 0.567, bo,z,o = 0.597, b1,0,1 = 0.853, bo,o,g = (0.664
@® unit: cm
Mode Experiment* Gaussian '03 Our Model
F — H stretch 2710 2960 2960
bends (degenerate) 843 875 871
FH — CI stretch 275 246 251

* Evans & Lo '66 Nice November 13 - 14" 2008 -p.17/19



Theorems E(e) € o(Hpmor(€))

Multiscale analysis Preprint '08
@® [ntroduce rescaled variables
y= (Y — YQ)/€3/4, r = R/el/Q, x=(X— Xo)/e3/4,
® Scalar Hamiltonian
Hs(e)W(e) = E(e)W¥(e) has asymptotic solutions

\Ij(e) = Zej/éle/él(ya Ra X7y7r7m797¢77>|y:Y_Y0 R _X—Xp

- 3/4 " 17277 7 _3/4
j/4
> Esa
J

= Ex(€) + Ery(€) + Ev(e) + O(e")

™
G
R

Inclusion of electrons
® Molecular Hamiltonian

E(€) = Ex(€) + Erq(€) +Ev (€) + O(e”)
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