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al potential energy surfa
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hing for symmetry adapted fun
tional forms
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4General 
on
epts related to PES
PES �ow
hart

ab initio electronic structure (BO) spectroscopy
kinetics

analytical representations

potential energy surfaces

Bjerrum 1914

(Verh. der Deut. Phys. Ges.)

(quantum) dynamics

old idea:



5General 
on
epts related to PES

Methods
ab initio 
al
ulation:CASPT2, CCSD(T), MRCI, DFTDynami
s:

Ψ(t, r) =
N∑

n

bn(t)
︸︷︷︸
time

Φn(r)
︸ ︷︷ ︸
space

b(t) = U (t, t0) b(t0)

Φn(r): spe
tros
opi
 states

e f f e c t i v e
H a m i l t o n i a n

p o t e n t i a l  s u r f a c e s

t i m e  d e p e n d e n t
q u a n t u m  d y n a m i c s

k i n e t i c s

a b  i n i t i o



6General 
on
epts related to PES
Analyti
al PES 
riteria

robust

flexible compact

global



7General 
on
epts related to PES
hoi
e of 
oordinates


oordinates for dynami
al 
al
ulationsunique des
ription of 
on�guration spa
erepresentation of kineti
 energyExamples: • 
artesian 
oordinates ofposition ve
tors (x)

• normal 
oordinates
• Ja
obi or Radau type of
oordinates


oordinates for PES representationrelated to interatomi
 intera
tionssymmetry advantage(permutation-inversion)Examples: • interatomi
 distan
es (rij)

• valen
e bond elongation andangles

ց րne
essarily analyti
ally related: rij(x) exists for all x(x(rij) does not exist for all rij)



8
XYn-type PES

PES as positive de�nite sum of stret
hing and bending potentials
V = Vs(XY ) + Vs(Y Y )

︸ ︷︷ ︸two-body terms + Vb(Y XY )
︸ ︷︷ ︸three-body term

referen
e energy at stable equilibrium mole
ular stru
ture



9XYn-type PES
Stret
hing potentials

Vs(XY ) =
n∑

i=1

vs(XY )(ri)

Vs(Y Y ) =

n∑

i>j=1

vs(Y Y )(rij)

�
�

�
�

��

}

m

X Yi

ri
vs(XY )(ri) ∼ Morse-type

	
	

	
	

	
	

I
I

I
I

I
I

}

m

m

X Yi

Yj
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10XYn-type PES: stret
hing potentials

n ≥ 6 for neutral disso
iation
ց

vs(r) =
1

2
fs

(
1 − exp(−as[r − re])

as

)2
(

1 +
∑

n

ǫn exp(−
(rn

r

)n
)

)2

Examples: n = 6

ǫ6 = 0.0

ǫ6 = 0.1
r6 = 3 re
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e

r/reMarquardt and Qua
k, JCP 109 (1998)



11XYn-type PES
Swit
hing upon bond disso
iation

Vs(XY ) =
n∑

i=1

fs, as, re, . . .
︷ ︸︸ ︷

vs(XY )(ri) (XYn)

Vs(XY )
rn→∞

=
n−1∑

i=1

vs(XY )(ri)
︸ ︷︷ ︸

f ′
r, a

′
s, r

′
e, . . .

+ De (XYn−1)

parameters are smoothly varying fun
tions of bond distan
es p = p(r1, r2, . . .)

p′ = p(. . . , rk → ∞, . . .)



12XYn-type PES
Bending potentials

Vb(α) =
1

2
fb(α − αe)

2Anharmoni
ity ?

⇒ Vb(α) =
1

2
fb(α − αe)

2 +
∑

k≥3

abk (α − αe)
k

Ensure positive de�niteness ?
⇒ Vb(α) =

1

2
fb










K∑

k=1

abk(α − αe)
k

︸ ︷︷ ︸polynomial expansion









2

α→αe
≈

1

2
fb(α − αe)

2

$

}

m

mX Yi Yj

αij



13XYn-type PES: bending potentials

Bending hypersurfa
es in polyatomi
 mole
ules ?idea: use polynomial expansions of symmetry adapted forms

suppose bending spa
e is redu
ible in irredu
tible representations 1, 2, . . . in the equilibriumstru
ture point group symmetry
Vb =

1

2
fb1

(
K∑

k=1

a
(1)
bk

s
(1)
k

)2

+
1

2
fb2

(
K∑

k=1

a
(2)
bk

s
(2)
k

)2

+ . . .

symmetry adapted forms s
(i)
k from redu
tion in the tensor spa
es



14XYn-type PES: bending potentials

Example 1 The bending spa
e of NH3 is 3D and at k = 4, a 81D spa
e must be redu
ed.Result of the redu
tion is

4 A1 ⊕ A2 ⊕ 5 Espanning a 15D spa
e of non-vanishing expressions.
E-forms of power 4 that might be obtained are

s
(E)
44

=

{

s
(E)
44

(a) = s
(E)
1 (a)

4
− s

(E)
1 (b)

4

s
(E)
44

(b) = −2s
(E)
1 (a)

3
s

(E)
1 (b) − 2s

(E)
1 (a)s

(E)
1 (b)

3

s
(E)
45

=

{

s
(E)
45

(a) = s
(E)
1 (a)

4
− 6 s

(E)
1 (a)

2
s

(E)
1 (b)

2
+ s

(E)
1 (b)

4

s
(E)
45

(b) = 4s
(E)
1 (a)

3
s

(E)
1 (b) − 4s

(E)
1 (a)s

(E)
1 (b)

3

Marquardt et al, JPC 109 (2005)



15XYn-type PES: bending potentials

Example 2 The bending spa
e of CH4 is 6D and at k = 3, a 216D spa
e must be redu
ed.Result of the redu
tion is

6 A1 ⊕ 2 A2 ⊕ 6 E ⊕ 8 F1 ⊕ 4 F2spanning a 56D spa
e of non-vanishing expressions of power 3.

Complete redu
tion studies are ne
essary in order to guarantee maximum �exibility at agiven expansion order.

Redu
tion may be
ome very tedious in high dimensional spa
es.

This lead to the development of a fully automati
, fully symboli
 
omputer algebra programusing MAPLE.Marquardt and Sagui, Mol. Phys. 105 (2007)



16Non-linear adjustement methods

Levenberg-Marquardt algorithm to minimize χ2 =
∑

i (V real
i − V model

i )2

Extended algorithm to minimize χ2 +
∑

k λk Ck �new�(Marquardt and Qua
k, JCP 109 (1998))

Ck: additional non-linear 
onditions.Example 1: XY bond disso
iation energy
C =

fs

2 a2
s

(

1 +
∑

n

ǫn

)2

︸ ︷︷ ︸

De

−D“exp′′

e



17Non-linear adjustement methods

Example 2: NH2 barrier to linearity in the asymptoti
 limit NH2 + H (Renner-Teller prob-lem).The analyti
al expression for the barrier height is
Ebarr(NH2) = Fb1 2

h

1/3 AB1 1,1,2 (−1 − 
e 2)
√

3 + 1/3 AB1 2,1,2 (−1 − 
e 2)
2 + 2/3 AB1 2,2,2 (−1 − 
e 2)2 + 1/9 AB1 3,1,2 (−1 − 
e 2)

3
√

3 + 2/9 AB1 3,2,2 (−1 − 
e 2)3
√

3

+2/9 AB1 3,3,2 (−1 − 
e 2)
3
√

6 + 1/9 AB1 4,1,2 (−1 − 
e 2)
4 + 2/9 AB1 4,2,2 (−1 − 
e 2)4 +

2

27

AB1 4,3,2 (−1 − 
e 2)4
√

6
√

3 + 4/9 AB1 4,4,2 (−1 − 
e 2)
4

–2

+ Fb2 2

h“

−1/6 AB2 1,1,2 (−1 − 
e 2)
√

6 − 1/18 AB2 2,1,2 (−1 − 
e 2)2
√

6
√

3 − 1/6 AB2 2,2,2 (−1 − 
e 2)
2
− 1/18 AB2 3,1,2 (−1 − 
e 2)

3
√

6 − 1/18 AB2 3,2,2 (−1 − 
e 2)3
√

3

−1/9 AB2 3,3,2 (−1 − 
e 2)3
√

6 −

1

54

AB2 4,1,2 (−1 − ce2)4
√

6
√

3 − 1/18 AB2 4,2,2 (−1 − 
e 2)4 − 1/27 AB2 4,3,2 (−1 − 
e 2)4
√

6
√

3 − 2/9 AB2 4,4,2 (−1 − 
e 2)4

−2/9 AB2 4,5,2 (−1 − 
e 2)4
”2

+
“

−1/2 AB2 1,1,2 (−1 − 
e 2)
√

2 − 1/6 AB2 2,1,2 (−1 − 
e 2)2
√

2
√

3 − 1/12 AB2 2,2,2 (−1 − 
e 2)2
√

6
√

2 − 1/6 AB2 3,1,2 (−1 − 
e 2)3
√

2

−1/36 AB2 3,2,2 (−1 − 
e 2)3
√

6
√

2
√

3 − 1/3 AB2 3,3,2 (−1 − 
e 2)3
√

2 − 1/18 AB2 4,1,2 (−1 − 
e 2)
4
√

2
√

3 − 1/36 AB2 4,2,2 (−1 − 
e 2)4
√

6
√

2 − 1/9 AB2 4,3,2 (−1 − 
e 2)4
√

−1/9 AB2 4,4,2 (−1 − 
e 2)4
√

6
√

2 − 1/9 AB2 4,5,2 (−1 − 
e 2)
4
√

6
√

2
”2

–

+ Dii 2

“

e− aii 2 re 2

√

2[
√

2−
√

1− 
e 2]
− 1

”2



18Appli
ations: CH4 Stret
hing potential
χ ϕ

ϑ

r

⋄ ab initio data MR-SDCI

Marquardt and Qua
k, J. Chem. Phys. 109 (1998)Marquardt and Qua
k, J. Phys. Chem. A 108 (2004)



19Appli
ations: CH4

CH stret
hing potential in highly distorted CH4



20Appli
ations: CH4

Bending potentials for large amplitude distortions in CH4

Marquardt and Qua
k, J. Phys. Chem. A 108 (2004)



21Appli
ations: CH4

Methane inversion



22Appli
ations: NH3

NH3 disso
iation 
hannels (o
tade)

NH3(
1A1) −→ NH(3Σ−) + H2(

1Σ+
g ),

∆rH
◦−
0 ≈ 414 kJ mol−1

NH3(
1A1) −→ NH2(

2B1) + H(2S(1/2)),

∆rH
◦−
0 ≈ 448 kJ mol−1

NH3(
1A1) −→ NH2(

2A1) + H(2S(1/2)),

∆rH
◦−
0 ≈ 590 kJ mol−1

⋄ singlet ∗ triplet



23Appli
ations: NH3

Merging of CCSD(T) CBS (⋄) and MR-CI VTZ (∗) data
−1~ 4400 hc cm

−1hc cm~ 59000



24Appli
ations: NH3

Results: 1D V (rNH), planar ammonia
−1800 hc cm



25Appli
ations: NH3

Results: 1D V (α), planar ammonia
r = 150 pm

Marquardt et al, JPC B 109 (2005)

r = 300 pm r
αNH

H

H



26Appli
ations: NH3

number of parameters
∗31 APOT3 Marquardt et al JPC B 109 (2005) global84 LTYCJ Lin et al JCP 117 (2002) semi-global91 LCH Leonard et al CPL 370 (2003) lo
al812 RMH Rajamäki et al JCP 118 (2003) lo
al

∗ with 10 additional, non-linear 
onditions among these parameters



27Appli
ations: NH3 Vibrational term values NHD2 (in 
m−1 )Sym Levels Experiment[1] TheoryRMH[2] APOT2[3] APOT4[4] APOT4[5]A− (0)u 0.171 0.17 0.13 0.16 0.16A+ (21)l 810.23 810.22 835.07 808.81 808.82A− (21)u 819.56 819.58 843.19 817.52 817.53A+ (4a
1)l 1233.37 1233.11 1256.16 1234.29 1234.31A− (4a
1)u 1235.89 1235.65 1258.30 1236.71 1236.73... ... ... ... ...B+ (4b
1)l 1461.79 1461.57 1483.36 1461.48 1461.49B− (4b
1)u 1461.99 1461.78 1483.47 1461.65 1461.65... ... ... ... ...A+ (3a
1)l 2430.80 2430.11 2442.80 2435.43 2435.47A− (3a
1)u 2434.62 2434.07 2443.98 2437.09 2437.13... ... ... ... ...B+ (3b
1)l 2559.81 2557.99 2553.08 2564.11 2564.15B− (3b
1)u 2559.96 2558.14 2553.18 2564.22 2564.26... ... ... ... ...A− (11)l 3404.24 3407.10e 3399.59 3406.27 3406.24A+ (11)u 3404.32 3407.35f 3403.31 3406.33 3406.30... ... ... ... ...

[1] Snels et al,J. Chem. Phys. 119 (2003)

[2] Rajamäki et al,J. Chem. Phys. 118 (2003)

[3] Marquardt et al,J. Phys. Chem.B 109 (2005)

[4] Marquardt et al, to be pub.
al
ulation D. Lu
khaus

[5] Values MCTDH (F. Gatti )



28CO/Cu(100) PES

z

θ

y

φ

Bravais

Wigner−Seitz

x

essentially 6D problem:
r, θ, φ, x, y, zprototype system for (non-disso
iative)adsorption pro
esses, but only oneanalyti
al, semi-empiri
al PES repre-sentation:Tully et al, J. Va
. S
i. Te
hn. A (1993)
luster vs slab type 
al
ulationszero 
overage PES?lateral di�usion barrier?periodi
ity at Wigner-Seitz boundary?



29CO/Cu(100) PES
Generi
 analyti
al forms AB/M

2 body potentials
ւ

V ≈
∑

M VAM(| rA − rM |)

+ VBM (| rB − rM |)

+ VABM (rA − rM , rB − rM )
տ 3 body potential

+ VAB(|rA−rB|)



30CO/Cu(100) PES
Generi
 analyti
al forms AB/M: 2 body and 3 body potentials

VXM(r) = DXM [exp(−2 AXM[r − RXM]) − 2 CXM exp(−AXM[r − RXM])]

r = rABM(n)

c = cos(θn)

VABM(r, c) = DABM

Nleg
∑

ℓ=0

Wℓ Pℓ(c) Rℓ(r)

Rℓ(r) = exp



−

(

R
(ℓ)
ABM

r

)6


− 1

n

nθ

r (n)ABM

substrate
atom



31CO/Cu(100) PES

Bravais

Wigner−Seitz

x

y

��
��
��

��
��
��

�
�
�
�

�
�
�
�

h

t
b

Some potential parameters vary slowly as a fun
-tion of the positions x and y parallel to the sub-strate, and perpendin
ularly along z.
p(x, y) = pt c(x) c(y)

+ pb (c(x) s(y) + s(x) c(y))

+ ph s(x) s(y)

c(x) = cos2(
π x

a
)

s(x) = sin2(
π x

a
)

= 1 − c(x)

a = Wigner Seitz latti
e parameter



32Dis
ussion on the CO/Cu(100) PESLateral di�usion potential

this work

⋄, ◦ slab 
al
ulations ADFBe
ke-Perdew GGA, VWN-LDATZIP basisFouquet et al,J. Chem. Phys. 119 (2003)X 
luster 
al
ulations MOLPROmany di�erent 
luster sizesTH3 fun
tional (Tozer and Handy)

-pVTZ basisTully et al,J. Va
. S
i. Te
hn. A (1993)representation from Tully et al,adjusted (this work)



33Dis
ussion on the CO/Cu(100) PES Lateral di�usion barrierTheory

∼ 265 hc cm−1

   first adiabatic channel

−1hc cm     ~ 465

−1  ~ 265 hc cm

   electronic (relaxed)

Experiment (HAS)

30 meV ≈ 240 hc cm−1

Figure adapted fromGraham and Toennies,Surf. S
i. 427 (1999)



34Dis
ussion on the CO/Cu(100) PESHarmoni
 Vibrational Wavenumbers (in 
m−1 )

label present work THG exp [3℄harmoni
 harmoni
 [1℄ anharmoni
 [2℄CO stret
h (A) 2066 2069 2179 2180 2150 2079CO adsorption (A) 320 384 310 372 345 345CO frust rot (E) 299 304 362 357 335 285CO frust tra (E) 8 6 4 4 27 322nd row: in
lusion of Cu vibrations[1℄ Tully et al, J. Va
. S
i. Te
hn. A (1993)[2℄ Tremblay et al, J. Chem. Phys. (2008)[3℄ Graham et al, J. Chem. Phys. (1998)



35Con
lusions
Analyti
al, global representations of multidimensional PES are useful but still 
hallenging.Generi
 form of 
ompa
t, global PES for XYn due to new , un
onventional fun
tionalforms. Important advantage of using symmetry.

CH4 and NH3 �rst global analyti
al PES from ab initio that (nearly) ful�lls expe
tationsregarding both spe
tros
opy and rea
tion dynami
s .

CO/Cu(100) �rst global analyti
al PES from ab initio. Di�usion barrier agrees well withexperimental value after in
lusion of zero point energy. Cluster type models insu�
ientfor lateral potentials!


