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0.1. MOTIVATIONS 13

0.1 Motivations

Throughout the theoretical development of physics and engineering, it was of-
ten necessary to introduce some calculus tools out of the rigorous mathematical
framework of the time. One of the uncountable classic examples is the differen-
tial calculus introduced by Newton and Leibniz and then formalized by Cauchy.
Every time this happened, it encouraged some mathematical research, leading to
an expansion of this framework in order to incorporate the new tools. Examples
of such tools, in recent times, are the “Heaviside Calculus”, the so called “Dirac
Calculus” and Feynman’s path-integrals used in Quantum Mechanics. These
tools are formally contradictory and incompatible with modern mathematics.
However, the results of this informal methods have proved to be exceptionally
adequate in their fields of application. The mathematicians have thus engaged
a research for new concepts and structures, inside mathematics, in order to give
some rigorous support to the informal calculus used by physicists and engineers.
A fundamental step in this direction was made in the '50 by Laurent Schwartz
with his Theory of Distributions. The Theory of Distributions gave a precise
mathematical meaning to the “generalized functions”, such as the well known
Dirac’s delta function, and so to the whole Heaviside calculus. One of the most
interesting points of this theory is that it somewhat justifies the procedures used
by the physicists and engineers without changing, in the substance, their mode
of operation.

However, in the last years, mathematical research has followed a different
path, mainly consisting in the application of methods taken from functional
analysis. This approach led to many results of great theoretical value but that
are of difficult practical application for physicists and engineers. The reasons of
these difficulties are essentially two:

e 1) the results are presented in a formal framework which is substantially
different from the one which physicists and engineers are accustomed to;

e 2) they hold only under several technical assumptions, which are often
extraneous to the essence of the problems.
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But the worst of it’s that these results are often less powerful than the non
rigorous methods used by physicists and engineers!

As a result the gap between the two languages is getting larger and larger.

The goal of the research introduced in this book is to make a step backward
and start again where Schwartz left. Following the spirit of the theory of dis-
tributions we’ll give a precise mathematical meaning and rigorous support to
many calculus methods of Quantum Mechanics, starting from Dirac Calculus,
under very few and general conditions. Moreover, not only this approach will
give a rigorous justification to the use of this tools substantially “as they are”,
but, by correct interpretation of these methods in terms of new mathematical
entities and concepts, it will help to reach a deeper comprehension of the physi-
cal structures studied in Quantum Mechanics. In particular, in this direction we
shall give a new definition of the states of a quantum system and of the environ-
ment in which they lie. This environment is, often erroneously, identified with a
Hilbert space, while, because the physicists need to consider so called “non nor-
malizable” states, it is often obviously something different. Some physicists call
it a “physical Hilbert space”, without giving a clear mathematical definition.
We shall show that the “physical Hilbert space” can smoothly be identified with
the space of tempered distributions on a suitable Euclidean space, depending
from the nature of the quantum system considered.
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0.2 Introduction

It was in 1930 that Paul Dirac published his Principles of Quantum Mechanics,
in this famous treatise Dirac introduced several “manipulation rules” for vectors
and operators in a linear space, which, in their complex, constitute the so called
“Dirac Calculus”. This Calculus is nothing more than a wide set of formal exten-
sions of the basic properties of the finite-dimensional Linear Algebra to the case
of infinite-dimensional vector spaces. The discourse is elegant and surprisingly
efficient, but it is far from being a rigorous mathematical argumentation.

The roots of the formal Linear Algebra introduced by Dirac can be found in
the symbolic calculus of the engineer Heaviside, and the Linear Algebra of Dirac
works good in Quantum Theory as the Analysis of Heaviside works good in the
Electromagnetic Theory. It is, then, not amazing that the complete justification
of the Dirac’s Algebra resides in the topological-vector structures of the spaces
of distributions as the complete justification of the Heaviside’s Analysis lies in
the meaningful analysis introduced by Laurent Schwartz in those spaces.

The operation of continuous-superposition is the right tool which allows us
to build - in a mathematically rigorous way - the extended Linear Algebra of
Dirac in the spaces of distributions, via their natural topological-linear struc-
tures. More precisely, the goal we reach is in the following direction: we shall
see that the natural algebraic-topological structure of those spaces allows us to
define a generalization of the finite linear combinations, when the sets indexing
the families of vectors are continuous sets, even in the case in which the systems
of coefficients has a continuous-infinity of terms different from zero. Moreover,
beside the reconstruction of the Dirac’s Calculus, we reread some classic theo-
rems of Functional Analysis in terms of the new extended linear algebra.
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Chapter 1

Preliminaries

In this book we shall use some notations. If k is a natural number, N<y, is the
set of positive integer less than or equal to k. The symbol u,, shall denote the
Lebesgue measure on R™; (.) = jg is the canonical immersion of the real line R
into the complex plane C; if X is a non-empty set, Ix, of (.)x, or idx is the
identity map on X.

If X and Y are two topological vector spaces on K (one of the two fields R
or C), by Hom(X,Y) we denote the set of all the linear operators from X to
Y, L(X,Y) is the set of all the linear and continuous operators from X into Y,
X* := Hom (X, K) is the algebraic dual of the topological vector space X and
X' = L(X,K) is the topological dual of X.

We shall use sometimes the following consequence of the Hahn-Banach the-
orem.

Proposition. Let E be a locally convex topological vector space, M a closed
subspace of the space E, and let z be a point of the space E which does not
belong to the subspace M. Then there exists a continuous linear form f on the
space E separating the point z and the subspace M. In other terms there is an
element f of the topological dual E' such that f(z) =1 and f(x) =0 for any
point x of the subspace M. Or again, in a more geometric fashion, there is a
closed linear hyperplane containing the subspace and not containing the point.

17
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1.1 Topological homomorphisms

Definition (of topological isomorphism). A bijective continuous linear map
f from a topological vector space E onto a topological vector space F is called
a topological isomorphism if the inverse map f~1 is continuous (i.e., if f
is a homeomorphism,).

In other terms, a mapping among two topological vector spaces is said a
topological isomorphism if and only if it is both a linear isomorphism and a
homeomorphism.

Two topological vector spaces E and F' are said isomorphic if there exists
a topological isomorphism from E onto F. A topological isomorphism from F
onto itself is called a topological automorphism.

Definition (of strict injective morphism). An injective continuous map
f from a topological vector space E into a topological vector space F 1is called
a strict injective morphism (or topological monomorphism) if it is a
topological isomorphism from the topological vector space E onto the image f (E)
endowed with the topology induced by the topological vector space F'.

Definition (of topological homomorphism). A continuous linear map
f from a topological vector space E into a topological vector space F is said a
strict morphism (or topological homomorphism) iff its associated injec-
tion

f:E/ker (f) = F:x+kerfs f(x)

18 a strict injective morphism.

Theorem. Let f be a continuous linear map from a topological vector space
FE into a topological vector space F. Then the following assertions are equivalent

1) the linear map f is a strict morphism;

2) the linear map [ maps every neighborhood of the origin O of E onto
a neighborhood of the origin Op in the image f(E), with respect to the
topology induced on f(E) from that of F;

3) the linear map f maps every open set of E onto an open set of the image
f(E), open with respect to the topology induced on the image f(E) from
the topology of F (the linear map is open from E to f(E)).

Note that, topological homomorphism does not mean that the linear map-
ping f is open (sending open sets of E onto open sets of F') but that it is open
from F into its image f(FE).
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1.2 Direct sums

Definition (of topological direct sum). Let E be a topological vector
space and (M;)!_, be a finite family of subspaces of E such that the space is
algebraic direct sum of the family, i.e. such that

E=ear M.

We say that the space E is the topological direct sum of the family M if
the algebraic isomorphism

n
(@i)iy Z T
=1

1s a homeomorphism from the product space

1
i=1

onto the space E (i.e., it is an isomorphism of the topological vector space
structures).

To understand that this definition is meaningful, let us observe that the map
n
= (2;)_ — sz
i=1

from the product []}_, M; onto the space E is always continuous, by the Axiom
of continuity of the addition of topological vector spaces, but the inverse map
may fail to be continuous.

Proposition. Let E be a topological vector space and assume that E 1is
the algebraic direct sum of the finite family M = (M;);_, of subspaces. Then
the space E is the topological direct sum of the family M if and only if all the

projectors
n
pj: E— M;:p; (le> =x;
i=1
are continuous.

Proof. The inverse of bijection

n n
HMi — FE: (xb)?:l — ZZ‘L
i=1 i=1
is given by the map

n
E—=][Mi:y~ (i )i
i=1
which is continuous if and only if its component p; are continuous. B
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1.3 Topological supplements

Definition (of topological supplement). A linear subspace N of a topolog-
ical vector space E is said a topological supplement of a linear subspace
M iff E is the topological direct sum of M and N. In other terms, if the two
subspace are algebraic supplement and the two projectors

pr:E—>M:pr(im+n)=m

and
po:E—= N:piim+n)=n

are continuous.

Theorem. Let M and N be two algebraic supplements in the topological
vector space E, and let q : E — N be the projector on N corresponding to the
decomposition (M,N). Then M and N are topological supplements if and only
if the injection

q:E/M — N:z+ M~ q(x)

associated with q is continuous.

Proof. Indeed, consider the canonical injection jy : N — E of N into £ and
the canonical surjection 7 : E — E/M of E onto the quotient space E/M, we
have

g=gqorm,
in fact B
=" x4+ M —? g(x),

and therefore ¢ is continuous if and only if g is. B

Let us observe that the injection g is a bijective linear map (indeed ¢ is
surjective) and its inverse g ' = 7 o jy is always continuous; hence if § is

continuous, it is an isomorphism.
It follows that

Theorem. If M and N are two closed subspace of a Banach space E
which are algebraic supplements of each other, then they are also topological
supplements.

Proof. Indeed the bijection g~! : N — E/M is then a continuous bijective
linear map from the Banach space N onto the Banach space E/M, and therefore
by the Banach Inverse Operator Theorem its inverse g is also continuous.

The above theorem still holds for a larger class of spaces (e.g., complete
metrizable spaces).
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1.4 Right and Left inverses

Proposition. Let E and F be two topological vector spaces and let A be a
continuous linear map from E into F. Then, there exists a continuous linear
map R from F into E such that Ao R is the identity map Ip of F if and only
if the linear operator A is a surjective strict morphism and its kernel ker (A)
has a topological supplement in E. Namely, if there exists a continuous right
inverse R of the surjection A, a topological supplement of the kernel of A is the
image of the right inverse R.

Proof. Indeed, if R is a continuous right inverse of A, the image R(F’) is a
topological supplement of ker(A). Conversely, if M is a topological supplement
of ker A, the restriction of A to the subspace M is an isomorphism of M onto
F whose inverse is a continuous right inverse of A.

Proposition. Let E and F be two topological vector spaces and A a contin-
uous linear map from E into F. There exists a continuous linear map L from
F into E such that L o A shall be the identity map 1g of E if and only if A
is a injective strict morphism and its image A (F) has a topological supplement
in F.

1.5 Homomorphisms among Fréchet spaces

Theorem (Banach’s homomorphism theorem or the open-map theo-
rem). Let E and F be two metrizable complete topological vector spaces and f
a continuous surjective linear map from E onto F. Then f is a strict surjective
morphism.

Proposition. Let F and F be two metrizable and complete topological
vector spaces and f : E — F a continuous linear map. Then f is a strict
morphism if and only if its image f (E) is closed in F.

Proposition. Let E and F be two metrizable and complete topological
vector spaces. Then every continuous bijective linear map from E onto F is a
topological isomorphism.

Proposition. Let E be a metrizable and complete topological vector spaces.
If M and N are two closed subspace of E which are algebraic supplements of
each other, then they are also topological supplements.

Proof. The product space M x N is metrizable and complete, and the map
(z,y) — x +y is continuous, bijective and linear from M x N onto E, hence an
isomorphism by the open mapping theorem. W
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1.6 Dieudonné-Schwartz theorem

Theorem (Dieudonné-Schwartz). Let E and F be two Fréchet spaces with
topologies Tg and Tg respectively, E' and F' their topological duals, and let
u: E — F be a linear and continuous map. Then the following conditions are
equivalent:

1) the operator u is a topological homomorphism for the topologies Tg and

7’F ;

2) the operator u is a weak topological homomorphism, that is a topological
homomorphism for the weak topologies o (E,E’) and o (F,F');

3) the image u (E) is closed in F;

4) the transpose operator 'u is a weakly* strict morphism, that is a topolog-
ical homomorphism for the weak™ topologies o (F', F) and o (E',E);

5) the image tu (F") is closed in the dual E' for the weak* topology o (E', E).

Corollary. Let E and F be two Fréchet spaces, E' and F' their topological
duals, and u : E — F be a linear continuous map. Then,

1) the operator u is an injective strict morphism if and only if its transpose
operator is surjective, i.e. if and only if

tu (F/) _ El;

2) the operator u is a surjective strict morphism if and only if the image
tu (F') is closed in E' for the weak™ topology o (E', E) and the transpose
ta is injective;

3) the operator w is a topological isomorphism if and only if its transpose
operator 'u is an isomorphism for the weak* topologies o (F',F) and
o(F,E).

Another useful theorem for us is

Theorem. Let E and F be two Fréchet spaces, assume E be also a Schwartz
space and F be reflexive, let E' and F' be their topological duals, and u : E — F
be a strict morphism. Then, the transpose of u is a strict morphism for the
strong* topologies, the [ topologies.

Theorem (Dieudonné-Schwartz). Let E and F be two Fréchet spaces
with topologies Tr and Tr respectively, E' and F' their topological duals, and
let w: E — F be a linear and continuous map. Assume that the transpose
operator ‘u is an injective strict morphism for the strong* topologies (3 (F’, F)
and B(E',E). Then the following conditions hold true and are equivalent:
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1) the operator u is a surjective strict morphism for the topologies Tr and

TF ;

2) the operator u is a surjective strict morphism for the weak topologies
o(E,E") and o(F,F');

3) the transpose operator ‘u is an injective strict morphism for the strong
topologies o (F', F) and o (E',E);

4) the image 'u (F') is closed in the dual E' for the weak™ topology o (E', E).

5) the image ‘u (F') is closed in the dual E' for the weak* topology 8 (E', E).

1.7 Banach-Steinhaus in barreled spaces

Theorem. Let E be a barreled space, F' a locally convexr Hausdorff topological
vector space, and F a filter on L(E,F) which converges pointwise in E to a
linear map wg of E into F. Suppose that the filter F has either one of the
following two properties:

1) thereis a subset H of L(E,F), belonging to the filter F, which is bounded
for the topology of pointwise convergence;

2) the filter F has a countable basis.

Then the operator ug is a continuous linear map of E into F and more-
over the filter F converges to ug in the topological vector space L.(E,F) (i.e.,
uniformly on every compact subset of E).

Proof. Suppose that (1) holds. Then the subset H is an equicontinuous set
(since a bounded set for the pointwise topology in L(E, F') is equicontinuous)
and the operator ug belongs to the closure cls(H) of H in the space Fs(E, F) of
functions from E into F' endowed with the pointwise topology (indeed a limit
of a filter is also an adherent point of the filter). But the closure cl;(H) is an
equicontinuous set of linear maps of E into F' (since the closure of any equicon-
tinuous set is equicontinuous), hence g is continuous and the filter F converges
to up in the space L (E,F). Now, on an equicontinuous set of linear maps
the topology of pointwise convergence coincides with the topology of compact
convergence, so the filter F converges to the operator ug in the space L.(FE, F)
(as the set H belongs to the filter F, to say that F converges to ug in the space
L.(E,F) or that the filter induced by F on the closure cls(H) converges to ug in
cls(H) when this set carries the topology of compact convergence, is one and the
same thing). Next we suppose that (2) holds. Let B = (Bj)ren be a countable
(ordered) basis of the filter F. For each natural k we select an element wuy, of By.
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By hypothesis, for each point z of the space F, the sequence u(z) = (ur(z))ken
converges in the topological vector space F' to the point ug(x). This implies
that the set of continuous mappings {uy }ren is bounded in the space L (E, F).
Therefore, the filter associated with sequence u has property (1). From the
first part of the proof, it follows that ug is continuous and that the sequence
u converges to the operator ug in the space L.(E, F). We have now to prove
that the filter F converges to the map ug in the space L.(E, F), i.e. that any
neighborhood of ug in £L.(E, F) should contain a base element. Let, then, U be
a neighborhood of the operator g in the space L.(FE, F'): suppose that none of
the base sets By is contained in the neighborhood U. Then we could find, for
each natural k, an element wu of By which is not contained in the neighborhood
U. But this would contradict the fact (just proved) that any such sequence u
converges to the linear map wug in the space L.(E, F). Therefore, some set By,
must be contained in the neighborhood U. B

1.8 Tempered distributions

1.8.1 Test functions

By S,, we shall denote the space S(R™, K), the (n,K)-Schwartz space, that
is to say, the set of all the smooth functions (i.e., of class C*°) of R™ into K
rapidly decreasing at infinity with all their derivatives (these functions and all
their derivatives tend to 0 at Foo faster than the reciprocal of any polynomial).

By S(,) we shall denote the standard Schwartz topology on S, and by (S,)
the topological vector space on the set S, with its standard topology. The
topology S(y) is induced by a metric, in fact (S, is closed under differentiation
and multiplication by polynomials) it is induced by the denumerable family of
seminorms p = (pi)ken, on S, defined by

pi (f) = SUP, crn MAX o, FeNT (<k) |xBDaf(:v)| ,

where N (< k) is the set of all n-dimensional multi-indices with length less or
equal to k, for every non-negative integer k. Each seminorm pj is indeed a
norm on the space S,, and moreover the inequality py (f) < pr+1 (f), for all
f € Sy, holds true. So the pair (S,,,p) is a countably complete normed space
and consequently the topological vector space (S,,) is a Fréchet space (see also
[Ho] and [Bal). The topological vector space (S,,) is also reflexive, barreled and
a Montel space.
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1.8.2 Tempered distributions

By S/, we shall denote the space of tempered distributions §’(R”,K) from R™
to K, that is, the topological dual of the topological vector space (S,), i.e.,
S, = (8,)". If x € R", ¢, is the Dirac distribution of S, centered at the point
x, i.e., the functional

0z : S = K:igp— ¢ (2).
If f belongs to the space Oy (R™, K), where
Ou(R",K) ={g € C*([R",K) : V¢ € Sp, g € Sn},
then the functional
[f]:[f]nSn_>}K¢’_> o f¢/~tn

is a tempered distribution, called the regular (tempered) distribution generated
by the function f (see [Ba] page 110). The space S, is reflexive, barreled and a
Montel space.

1.9 Fourier transforms on S,

Let a,b € Ry be two non zero real numbers (by R we mean the difference
R\{0}). By S(a,) we denote the (a,b)-Fourier Schwartz transformation, i.e.,
the operator S(q) : Sp—8y, defined, for all function f € S, and any point
y € R™ by

Stap)(fy) = (1/a)" . Fe O = |(1/a)" e—ib(~\y)} (),

where (-|-) is the standard scalar product on R™ and ., is the Lebesgue measure
on R"™. Moreover, we recall that S, ) is a homeomorphism with respect to the
standard topology of (S,,) and, concerning its inverse, for every z € R™ and

g € Sy, we have
— |b‘ a " ib(x|-
Sem@ = (55) [ geteb o, =

= S@r/(bla),~1)(9)(@).
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1.10 Fourier transforms on S,

Let a,b € R*, by Fa,p) We shall denote the (a,b)-Fourier transformation on the
space of tempered distributions, i.e., the operator F, 3 : S, —S,,, defined, for
all distribution v € S}, and for every test function ¢ € S,,, by

Flap) () (@) = u (S (),
in other terms it is the transpose of the operator S, p):
Fan =" (Stan) -

Moreover, we recall that F, ;) is a homeomorphism in the weak™ topology o(S;,)
(even more it is a topological isomorphism). Moreover, we have

Flap) = Fen/(bla),~b)-
Two properties that we shall use are the following ones: for all a € Ny,
Flawy (™) = (b0)* (Tgn )™ Fap) (w);
and

Flap)(Irn)* u) = (Z) (Frany (@),

where, Ign is (as we said) the identity operator on R™, and where (Ig~)” is the
a-th power of the identity in multi-indexed notation.

Moreover, we have
Flap) (tnw) = e F ) (w)
under Fourier transforms translations become multiplications by characters, and
Flab) (eib(h")U) =71, (Flap)(u))
under Fourier transforms multiplications by characters become translations.

For example we have

1 0} _
]:(1,277) (HO) = 5(60 - ;,P(H(]Rl,(c))v
which implies
1 —i27 (x| i —i27 (x| —
Faom (He) = 5(6 2 gy — . (el ),P(H(]Rl,([l))) =
1 i —i27m(x|- —
= gl e TP
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Chapter 2

Summable families

2.1 Families of distributions

Let I be a non-empty set, we shall denote by (S/,)! the space of all the families
in the space of tempered distributions ), indexed by the set I, i.e., the set of
all the surjective maps from the set I onto a subset of the space S),. Moreover,
as usual, if v is one of these families, for each index p € I, the distribution v(p)
(corresponding to p in the map v) is denoted by vp, and the family v itself is
also denoted by the expressive notation (vp)per.

The set (S/,)! of all families in the space S/, indexed by a non-empty set I is
a vector space with respect to the following two standard operations of addition

+: (S < (ST = ()

defined pointwise by
v +w = (vp + Wp)per,

for any two families v, w, and multiplication by scalars
Kx (S = (S)!

29
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defined pointwise by
av = (avp)per,

for any family v and any scalar a. In other words, the family v 4+ w is defined
by
(v +w)p = vp + wp,

for every index p in I, and the family av is defined by
(av)p = QUp,
for every p in I.
The basic important consideration for our purposes is the observation that

a family of tempered distributions can act on test functions, as specifies the
following definition.

Definition (image of a test function by a family of distributions).
Let v be a family in the space S), indexed by a non-empty set I and let ¢ € S,
be any test function. The mapping

v(g): I =K

defined by
v(®)(p) := vp(9),

for each index p € 1, is called the image of the test function ¢ under the
family of tempered distributions v.

So, to any family v belonging to the space (S)! we can associate a mapping
from the space of test functions S,, into the function space F (I, K). Equivalently,
for every test function ¢, we have a “projection” 7, sending any family of (S/,)!
to a scalar family of the product (K)Z:

Ty(v) = (vp(9))per,

for every family v of the space (S/,)!.

2.2 SFamilies

In the Theory of Superpositions on the space of tempered distributions S/, the
below class of Sfamilies plays a basic role.

Definition (family of tempered distributions of class S). Let v be
a family in the space S), indexed by the Fuclidean space R™. The family v is
called a family of class S or an S family if, for each test function ¢ € S,,, the
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image of the test function ¢ by the family v - that is the function v(¢) : R™ — K
defined by

v(0)(p) = vp(9),

for each index p € R™ - belongs to the space of test functions S,,. We shall
denote the set of all ©families by S(R™,S?).

Example (the Dirac family in S)). The Dirac family in S),, i.e., the
family 6 := (04)zern, where §, is the Dirac (tempered) distribution centered at
the point x of R™, is a family of class S.

Proof. Indeed, for each test function ¢ € S,, and for each index (point) z in
R”, we have

() (x) = 02(0) = (),

and hence §(¢) = ¢. So the image of the test function ¢ under the family § is
the function ¢ itself, which lies in S,,. B

It is clear that the space of families in S/, indexed by some Euclidean space
I, is a subspace of the vector space (S,)! of all families in &/, indexed by the
same index set [.

2.3 SFamily generated by an operator

In this section we introduce a wide class of ®families. We will see later that this
class is indeed the entire class of ¢ families. We recall that by o(S,) we shall
denote the weak topology o(Sy,S),).

Theorem (on the Sfamily generated by a linear and continuous
operator). Let A : S, — S, be a linear and continuous operator with respect
to the natural topologies of S,, and Sy, (or equivalently, continuous with respect
to the weak topologies o(Sy) and o(S,,)) and let § be the Dirac family in S,,.
Then, the family of functionals

AY = (8 0 A)perm
is a family of distribution and it is an € family.
Proof. Let A : S,, — S, be a linear and continuous operator with respect

to the natural topologies of S, and &,, (since these topologies are Fréchet-
topologies, this is equivalent to assume the operator A be linear and continuous
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with respect to the weak topologies o(S,) and o(S,,)). Let ¢ be the Dirac
family in S/, and consider the family

AY = (8,0 e
The family AV is a family in S}, since each functional A]\D/ is the composition of
two linear and continuous mappings. Moreover, the family AV is of class S, in
fact, for every test function ¢ in S,, and for every index p in R™, we have

AV(P)p) = AJ(9)=
= (6p0A)(e) =
= 0(A9)) =
= A(¢)(p),

so that the image of the test function by the family AV is nothing but the image
of the test function under the operator A,

A (¢) = A(9),

and this image belongs to the space S,, by the choice of the operator A itself.
|

Definition (of family generated by a linear and continuous oper-
ator). Let A: S, — S, be a linear and continuous operator with respect to
the natural topologies of S, and S,, (or equivalently, continuous with respect
to the weak topologies o(Sy,) and o(Sy,)) and let § be the Dirac family in S),.
The family

AY = (dp © A)perm

1s called the S-family generated by the operator A.

Remark. We have so constructed the mapping

() L(Sp,Sm) = S(R™,S) = A (6, 0 A)

TER™

which we shall call the canonical representation of the operator space L (Sp,Sm)
in the family space S(R™,S)). It is quite simple to prove that this mapping
is a linear injection. We shall see, as we already said, that every Sfamily has
the form considered above, or in other terms that the above linear mapping is
a linear isomorphism.

2.4 The operator generated by an ®family

Definition (operator generated by an Sfamily). Let v be a family of class
S belonging to the space S(R™,S!). We call operator generated by the
family v (or associated with the family v) the operator

U:8, = St = v(9),
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sending every test function ¢ of S, into ils image v(¢) under the family v.

Example (on the Dirac family). The operator (on S, ) generated by the
Dirac family, i.e., by the family § = (6y)yern, is the identity operator on S,.

Proof. In fact, for each y € R™, we have

(D)) = b,(0) =

for any test function ¢ in S,,. B

We recall that the set S(R™,S), of “families indexed by R™, is a subspace
of the vector space (S/,)®". Moreover, we leave as an exercise to prove that

e for each family v € S(R™,S)), the operator U associated with the family
v 18 linear and the map

S(R™,S)) — Hom (S,,,S,) :v+— 0

18 an injective linear operator.

Example (on the family generated by an operator). The operator
associated with the family AV generated by a linear and continuous operator A
in £ (Sp,Sm) is the operator A itself, as can be immediately proved. In other
terms we can write (4Y)" = A.

2.5 Characterizations of ¢ families

In the following we shall denote by L(S.,S,,) the set of all the linear and
continuous operators among the two topological vector spaces (S,) and (S,,).

Moreover, let consider a linear operator A : S, — S,,, we say that A is
(topologically) transposable if its algebraic transpose (adjoint) *A : 8 — S
(X* denotes the algebraic dual of a topological vector space X), defined by

*Aa) =ao A,
maps the distribution space S, into the distribution space S,.

Theorem (basic properties of “families). Let v be a family of tempered
distributions of class S belonging to the space S(R™,S)). Then, the following
assertions hold and are equivalent:
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1) for every tempered distribution a € S, the composition u = ao v, i.e.,
the functional
u:S, > K: ¢ a(0(e)),

1s a tempered distribution;
2) the operator v is transposable;

3) the operator v is weakly continuous, i.e. continuous from S, to S,, with
respect to the pair of weak topologies (o(Sy),0(Sm));

4) the operator U is continuous from the space (S,) to the space (Sy,).

Proof. We divide the proof in two parts, in the first one we prove the
validity of the property (1), in the second we prove that the four properties are
equivalent. Note that, after the proof of property (1), if we prove that the other
properties are equivalent to (1) then we have proved our theorem. Proof of
property (1). Let us prove (1). Let a € S), and let § be the Dirac family
in &/,. Since the linear hull span(d) of the Dirac family is o (S, )-sequentially
dense in S}, (see [Bo] page 205), there is a sequence of distributions a = (o), oy
in the linear hull span(d) converging to the distribution a with respect to the
weak™® topology o(S],), that is such that

m

7(Sn) lim ay = a.
k— o0

Now, since for any natural k, the distribution aj belongs to the linear hull
span(é), there exists a finite family (y;)"_, of points in R™ and there is a finite
family of points ()\;)"_; in K such that

h
A = E )‘i(syw
=1

and consequently, by obvious calculations,
h
ol = > Ai(dy,00) =
i=1

h
E )\Z”in .
i=1

Hence, for every index k € N, the linear functional ay o ¥ belongs to the space
S!. Let s be the topology of the pointwise convergence in the algebraic dual
(Sn)*, we claim that

li V) =ao0.
k_g{loo(akov) aod
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In fact, for every test function ¢ in S,,, we obtain

Jim (ax00)(9) = lim oy (9(9)) =
= a(v(9)),

so we proved that the sequence of continuous linear functionals (o 0 V), oy is
pointwise converging to the linear functional a o v; so, by the Banach-Steinhaus
theorem (that is applicable since S,, is barreled), the linear functional a 0% must
be continuous too, i.e. aov € S,. So property (1) holds. Equivalence of the
four properties. The property (1) is equivalent to property (2) by definition
of transposable operator. Property (2) is equivalent to property (3) because the
space of linear continuous operators L((Sy)s, (Sm)s) is also the space of all the
transposable linear operators from the space (S,) to (S,,) (see [Ho], chap. 3,
§ 12, Proposition 1, page 254). Property (3) is equivalent to property (4). In
fact, since the space (S,,) is an F-space (and then its topology coincides with
the Mackey topology 7(S,,,S),) ), the space L(S,,, S;,) contains the above space
L((Sn)o, (Sm)e), of all weakly linear and continuous operators from S, to Sp,
(i.e. with respect to the pair of topologies (o(Sy),o(Sm)), see for this result
[Die, Sch] page 91, Corollary or [Hol, page 258, Corollary). Moreover, the space
L(Sn,Sm) is contained in the space L£((Sy)e, (Sm)s), since every continuous
linear operator among two Hausdorff locally convex topological vector spaces is
weakly continuous (see proposition 3, page 256 of [Ho]), so the two spaces must
coincide. W

Corollary (of isomorphism). The vector spaces S(R™,S),) and L(S,,, Sm)
are isomorphic. Namely, the map (-)" from the space of family S(R™,S!) into
the space of operators L (Sy,Sm), associating with each family v its operator v,
s a vector space isomorphism. Moreover, the inverse of the above isomorphism
s the linear mapping

() L(Sn,Sm) = S(R™,S!)

defined by
A AY = (6,0 A)

pER™

i.e. the canonical representation of the operator space L (Sy, Sm) into the family
space S(R™,S!), which, as a consequence, is an isomorphism too.

Definition (canonical representation of the space S( R™,S),)). The
mapping
()" SR™,S)) = L(Sn,Sm) 0D

is called the canonical representation of the family space S(R™,S!) onto
the operator space L (S,,Sn).
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2.6 Characterization of transposability

A way to see that an operator is transposable is given by the following character-
ization. It is an immediate consequence of the characterization of the Sfamilies
but we want to prove it independently.

Theorem. Let A : S, — S, be a linear operator and let § be the Dirac
family of the space S),,. Then, the operator A is (topologically) transposable
if and only if, for every point p € R™, the composition d, o A is a tempered
distribution in S),.

Proof. (=) The necessity of the condition is obvious. In fact, we have
dp0 A= *A(5,),

and so if A is topologically transposable, the composition §, o A is continuous.
(<) Let a € 8], be a tempered distribution; we should prove that the compo-
sition a o A is continuous. Since the linear hull span(d) is sequentially dense in
the space S, (see [Bo] page 205), there is a sequence of distributions (a),cy
in the hull span(d) such that

!
7(Sm) lim ap = a.
k— o0

Now, since any distribution «y lives in the hull span(d) there exist a finite family
(y:)h_, in R™ and a finite sequence (\;)"_, in K such that

h
Q. = Z )\i%,
i=1
thus we have

apoA = (Xidy,) 0 A =

M=

ﬁ
Il
—

I
.Mw

Il
—

Ai(6y, 0 A);

K2

hence, for every number k € N, the composition ay o A belongs to S),. Let now
s be the topology of pointwise convergence in the algebraic dual S, we have

n?’
* lim (agoA)=aoA,
k—+o00

in fact

lim (aroA)(¢) = lim ap(A(9)) =

k—+oco k—+oo

a(A(9)),
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so we have that the sequence (in S,) of continuous linear form (ax o A),
converges pointwise to the linear form a o A, then, by the Banach-Steinhaus
theorem, we conclude that the composition a o A is also in the space S/,. B

2.7 Characterizations of P families (*)

As we proved the above theorem, in a perfectly analogous way, it can be proved
the following theorem. The Pfamilies in D/, can be defined analogously to the
Sfamilies in S/, and the Corollary of page 91 of [Die, Sch] holds because D, is
an LF-space.

Theorem (basic properties on Pfamilies). Let v € D(R™, D)) be a
family of distributions. Then the following assertions hold and are equivalent:

1) for every a € D), the composition w = a o, i.e., the functional
u:D, - K:¢—a(0(e),
s a distribution;
2) the operator v is transposable;
3) the operator v is (0(Dy),0(Dm))-continuous from Dy, to Dy

4) the operator U is a strongly continuous from (D) to (D).

2.8 EFamilies and “summable families

Let us begin with a family which is not of class S.

Example (a family that is not of class S). Let u be a distribution in
8! and let v be the family in &, indexed by the Euclidean space R™, defined
by v, = u, for each point y € R™. Then, if the distribution u is different from
zero, v is not of class S. In fact, let ¢ € S(R™,K) be such that u(¢) # 0, for
every y € R™, we have

v(@)(y) = vy(9)

v =
U(QS) lRm (y)a
where, 1gm is the constant K-functional on R™ of value 1. Thus, the function

v(¢@) is a constant K-functional on R™ different from zero, and so it cannot
live in the space S,,.
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The preceding example induces us to consider other classes of families in
addition to the Sfamilies, for this reason, we will give the following definitions.

We shall denote by C,,, the space C°(R™,K) of continuous functions defined
on the Euclidean space R and with values in the scalar field K.

Definition (algebraic “families and ¥ summuble families). Let E be
a subspace of the function space F(R™,K) (without any topology) containing the
space Sp,. If v is a family in the distribution space S), indexzed by R™, we say
that the family v is an ¥ family if, for every test function ¢ in S,, the image
v(¢) of the test function by the family v lies in the subspace E. An Ffamily v
is said to be T summable if, for every functional a in the algebraic dual E*,
the functional

[ aviomatoo)

is a tempered distribution in S). More generally, if F is a part of E* we say
that the family is ¥ summable if the above functional is a distribution for every
amn F.

With this new definition, the family of the above example is a €= family in
S),, where by &, we (in standard way) denote the space C*°(R™,K) of smooth
function from R™ into K. Moreover, for every tempered distribution in &/ , we
have

a(v(gp)) = a(u(p)lgm) =
= u(¢)a(lpgm) =

— o) [ a

where we recall that the compact support distributions are integrable and their
integral is defined as their value on the constant unit functional, so that

!
Emgummable.

and the family v is

Remark. In the conditions of the above definition, let w be a Hausdorff
locally convex topology on the subspace E.

e If the topological vector space (S,,) is continuously imbedded in the space
E,,, then, the topological dual F!, is continuously imbedded in the space
S!.. In this case, in Distribution Theory, we say that the dual E! is a
space of tempered distribution on R™.
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e Moreover, if the topological vector space E,, is continuously imbedded in
the space (C,), then the dual C/, is contained in the dual E/ . In other
terms, every Radon measure with compact support is in the dual E!, and,
in particular, the Dirac family is contained in E! ; since the Dirac basis in
sequentially total in the space of tempered distributions S/, and since the
space E!, is continuously imbedded in the space S/, itself, the Dirac family
shall be sequentially total also in the topological vector space (E!,),, that
is with respect to the weak* topology o(E’, E).

Now we can give two new definitions.

Definition (Yfamilies and “summuble families). Let E be a subspace
of the space F(R™,K) containing the space S, and endowed with a locally
convez linear topology. If v is a family in the distribution space S), indexed by
R™. We say that the family v is an Ffamily if, for every test function ¢ in
Sy, the image v(¢) of the test function by the family v lies in the subspace E.
An Efamily is said to be ¥ summable if for every tempered distribution a in
the topological dual E' the functional ¢ — a(v(¢)) is a tempered distribution in
S,

Definition (of normal space of test function for S),). We will call a
locally convex topological vector space E a normal space of test functions
for the distribution space S), if it verifies the following properties

e the space E is an algebraic subspace of the space Cp,;
e the space E contains the space S,,;

e the topological vector space (Sy,) is continuously imbedded and dense in
the topological vector space E;

e the topological vector space E is continuously imbedded in the space (Cp,).

In these conditions the dual E’ is called a normal space of tempered distri-
butions on R™.

Theorem (on the “family generated by a linear and continuous
operator). Let E be a normal space of test function for the space S, let
A: S, — FE be alinear and continuous operator of the space (Sy,) into the space
E and let § be the Dirac family in C),. Then, the family of functionals

A\/ = ((Sp o A)peRnL
is a family of distribution in S, and it is an ¥ family.

We can prove that:
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Theorem. Let E be a normal space of test functions for the distribution
space S... Then, every ¥ family in S!, (obviously indexed by the m-dimensional
Euclidean space) is £ summable.



Chapter 3

Superpositions

3.1 Introduction

3.1.1 The wonderful Dirac basis

Often, in Quantum Mechanics treatises, we read

e it is possible to expand any ket |f) in the position basis, that is, for any
ket |f) the following expansion

f) = / f (@) |x) da,

holds true.

In the above expression reside both the deepest essence and consequence of
the Dirac Superposition Principle of Quantum Mechanics:

e the space of states of a quantum system is stable under the continuous
(and then discrete) superposition of states;

e any state of a quantum system can be expanded as a continuous superpo-
sition of the most elementary states which can be conceived;

e there are systems of vectors capable to generate the entire state space of
a quantum system.

41
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3.1.2 A dangerous expression

But, what does the expansion

) = / f (@) |2) da,

actually mean from a mathematical point of view?

Quantum physicists justify this claim by recalling the following equality
taken from Distribution Theory:

fly) = / £ (@) 6(z - y)de,

which is valid for every real y. In the above equality, they consider the Dirac
distribution é(z — y) as the “base ket” |z), for every real .

But the above justification is not correct, because in the above equality, x
is not an index in the proper sense, in fact:

e the symbol §(z — y) is an expression that rigorously represents the Dirac
distribution J, centered at the point y € R (the notation ¢, does not show
abuse of notations);

[P %3]

e in the above equality the letter “z” in the expression é(x — y) is an abuse
of notation, because the distribution §, is not defined on the real line R
but on the test function space D (R, C).

Consequently, in the equality

fly) = /}R f (@) 6(z - y)de,

we cannot consider the distribution d(z — y) as a vector |x) labeled by x.

More specifically, the vector |z) = §(z — y) can be considered but, in this
hypotesis, the letter “y” becomes an abuse of notation and the letter x, on the
contrary, comes back to be a proper real number.

Concluding, as it is well known:

e when the distribution 6(z — y) appears in a mathematical relation, we
cannot consider both x and y as real numbers simultaneously;

e moreover the equality

fly) = / f (@) 6(z - y)de,
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is true only when f is a function. On the contrary this equality does not
justifies the expansion

5(y) = / 5 (2) 8(x — y)d;

further in this latter case the letter y does not represent anything more;

e more generally, if u is a tempered distribution in S, i.e., if u is a tempered
distribution on the real line (that is a possible state of quantum system
with one degree of freedom), we cannot justify the desired expansion

u(y) = / u () 6(z — y)de,

by means of the above classic equality of Distribution Theory.

3.1.3 Toward a possible solution

We can try to reconsider the desired expansion in another way, using the whole
of the Dirac family 6 = (d,)yer, as it is natural in Quantum Mechanics. We
want reconstruct a function using the Dirac family, and indeed we have, for

every y € R,
o) = [ £,

where the function f can live in the space C° (R, C), fdy is the product of the
function f by the distribution ¢,, J, is the Dirac’s distribution centered at y
and the functional
u — / u
R

is the integral (with respect to the Lebesgue measure) on the space of distribu-
tions with compact support & = &’ (R, C), i.e. the functional:

/ (Der &1 = Crum u(ly),
R

(we recall that a distribution with compact support acts on the constant func-
tional

Ig:R—=>C:2+—1,

that is an element of the space & = C* (R, C)). So we can write

f= [ 6 )eni= ([ Fomes,
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But this is not still exactly what is needed in Quantum Theories: we need
an operator

/ S xSt =S8
R
such that
e S!is some set of families in the space S indexed by the real line R;

e S! contains exactly the “summable” families;

the Dirac’s family (8,),cp (or (|2)),cg) belong to the family space S*;

e every tempered distribution u € S can be expanded as
[, en =
R

Hence we need an operator that to any S’-system of coefficients a € S
and to any family of distributions u = (ux),cp in the space S' (to be defined)
associates a distribution that can be considered the linear superposition of the
family u with respect to a in some physical sense.

3.1.4 Inadequacy of convolutions

The mathematical interpretations of the expression

u(y) = /Ru (z) d(x — y)dz,

by convolutions is in general inadequate for our purposes. Indeed, the above
superposition has the interpretation,

u = u* dg,

for every distribution u € S}, where 0y is the Dirac’s distribution centered
at 0. This interpretation does not solve the problem of superpositions in the
general case, indeed only the element dy of the family (d,),er appears in the
definition of superposition, this depends on the fact that any Dirac distribution
dy is the translation 7, (dy) of the Dirac distribution centered at 0. In general, it
is impossible to define a linear superposition by convolutions because a family
of distributions v = (vy)yer not necessarily enjoys the property v, = 7, (vo).
Concluding, the rigorous version of is not satisfactory for uor general purposes.
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3.1.5 Conclusions

Concluding we need an operator fR, in some way enjoys the properties of the
finite combination in a vector space. We recall that, if F is a K-vector space,
then it is possible, for each integer m € N, to define the linear combination
operator:

m

S KT X XM X (A 0) 2 > A,

i=1
We desire an analogous operator in the case in which the families are indexed
by R or R™ instead of the finite set N<,, (that is the set {k € N: k <m}).
The intention of this chapter is to show that this is possible in the space of
tempered distributions and that the operator of superposition enjoys in a quite
stitisfacotry manner the principal properties of the finite linear combination in
a vector space.

3.2 Superpositions of $families in S/,

Now we can give a first generalization to the concept of linear combination.

Definition (linear superpositions of an ¢ family). Let v be a family
of class S belonging to the space S(R™,S)) and let a € S), be a tempered
distribution. The distribution (in S),)

a0t = '(®)(a)

is called the Slinear superposition of the family v with respect to the
coefficient distribution (the system of coefficients) a and we denote it

by
/ av.

Moreover, if u is a tempered distribution in the space S, and there exists a
coefficient distribution a € S,, such that

u = av,
m

u is said an °linear superposition of the family v.

As a particular case, we can consider the linear superposition of a family v
with respect to the regular distribution generated by the K-constant functional
on R™ of value 1, the distribution [1gm], we denote this superposition simply
by [ gm v, and then we have

/v::/ [1gm] v,
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an we shall call this particular superposition of v simply the superposition of the
family v.

Example (the Dirac family). Let § be the Dirac family in S;,. Then, for
each tempered distribution u € S}, we have

/u6 = wod=

= ’U,OHSn:

= U.

Thus any tempered distribution is an Slinear superposition of the Dirac family
and the coefficient system of this superposition is the distribution w itself: this
is a property typycal of the canonical basis of the Euclidean spaces R".

3.3 An alternative definition of superposition

An alternative definition of superposition can be obtained defining the super-
position of a family of scalars (real or complex numbers) with respect to a
distribution system of coefficients.

Definition (superposition of scalar Sfamilies). We say that a family
of real or complex numbers © = (x;);crm is a family of class S if the function
fo : R™ = K, defined by f.(i) = x;, for each i in R™, is a function of class S.
We call f, the test function associated with the family x. In this conditions, we

put
/m az = a(f),

for every tempered distribution a € S), , and we call the number

/ axr

superposition of the family x with respect to the distribution coefficient a.

By introducing the canonical bilinear form of the pair (S}, S, ), the relation
between the two kind of superpositions is very natural.

Notation. Let (-,-) be the canonical bilinear form on the product S}, x S,
and let v be an ®family of tempered distributions in the space S/, indexed by
R™. For every test function ¢ € S,, by the symbol (v, ¢) we denote the family
of scalars defined by

<’Uv ¢>z = <Uia (b) )
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for every ¢ in R™.
Theorem. Let v be an ©family of tempered distributions in S!, indexed by

R™, let a be a tempered distribution in S, and let (-,-) be the canonical bilinear
form on 8!, x S,,. Then, for every test function ¢ € S,,, we have

</ “W> = / a(v,®).

Proof. 1t’s a straightforward computation:

(L) = (L))o=

= a(v(9)) =
= [ 0@ -

= /ma<v,¢>.

Note, indeed, that the test function associated with the family (v; (¢))
the family (v, ¢), is the image v (¢). W

icRm > 1-€

We shall see that the preceding result can be restated saying that the canon-
ical bilinear form on the product S, x S,, is Slinear in the first argument.

Definition (the superposition operators). The bilinear operator
/ (n): S x SE®R™,S.) = S,

defined by

(a,v) — av,
RWL

is called the superposition operator in the space S/, with coefficient sys-
tems in S/, and the linear operator

/ (hv):8, =S,

defined by

at—r av
R™

is called the superposition operator associated with (or of) the family
v.
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The bilinearity of the superposition operator on S;, x S(R™,S)) is immedi-
ate, since it is nothing but the operator

(a,v) = "(0)(a),

and we leave the banal proof as an exercize. We shall see again the bilinearity
of the superposition operator in the language of superpositions later.

3.4 Superpositions of an E-family (*)

Definition (superpositions of an E-family). Let E be a normal space of
test functions for S... Let v be an E-family in 8!, indexed by R™. We define,
for every distribution a in the topological dual of E, the superposition of v with
respect to a as the distribution in S defined by

([ av) @)= ato.

for every test function ¢ in S,.

Remark. Note that, since the Dirac family of C%(R™,K) is sequentially
dense in the topological dual E’ with respect to the weak* topology o(F’, F)
then, by the Banach-Steinhaus theorem, the superpositions of the above defini-
tion belongs indeed to the space SJ,.

Example (of C’-superposition). Consider a C°-family v in S/, indexed
by R™, and consider a distribution « in S), generated by a Radon measure
with compact support K. We can consider the superposition

av.
m

Since p is the Radon measure generating the distribution a, then we have

([

Il
=
—~
<
—~
<
N

for every test function ¢ in S,.
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3.5 Algebraic properties of superpositions

3.5.1 Bilinearity of superposition operator

We already know that the superposition operators are bilinear operators. The
present subsection must be considered as nothing but an elementary exercize to
acquaint with the language of superpositions.

Proposition (bi-homogeneity). Let a € S), be a tempered distribution,

A € K be a scalar and let v be a family of class S belonging to the space
S(R™,S!). Then,

/ Aa)v = A av =
m R"L

= / a(\v).

Proof. For any ¢ € S,,,

(/ <Aa>v) (9) = (M) (@(9) =

and

([ atw)@ = o(Tw@)-

as we desired. W

Proposition (bi-additivity). Let k € N, (v)!_, be a finite sequence of
families belonging to S(R™,S)), a = (ai)le be a finite sequence in the space
S), and b € S), a distribution. Then

RO o

k
m i— 121 m
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Proof. Tt follows immediately by the basic properties of the transpose of a
linear operator, but we see it. For any ¢ € S,,, we have

k k
/ E a;v = E a; | ov
™ i=1 i=1

k

Zai oV =

z:l

= a;v (o).
>/

For the second relation we have

k k A
/ vaZ = bo <ZU2> =
R™ =1 i=1
k
i=1
k
= Z/ bvi7
i=1 YR™

as we desired.
We shall prove a theorem that gives an infinite-continuous version of the

additivity expressed by the above proposition. But we first shall introduce the
concept of superposition of an S-family with respect to a family of distributions.

3.5.2 Selection property of the Dirac distributions

The aim of this section is to show that the basic properties of the superpositions
extend the basic ones of linear combinations. First we prove a property of the
superpositions analogous to the following property:

k
Z 5(1-’.)1) = Z(Sijvj = V;,
j=1
where § : N x N — R is the Kronecker’s delta and v is a finite family of vectors.

Theorem (selection property of Dirac distributions). Let v be a family
of class S belonging to the space S(R™,S!). Then, for each p € R™,

Op¥ = Vp.
R’IYL
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Proof. For every test function ¢ € S,, and every index p,

o V(@) = 0p(v(e)) =
= v(®)(p) =
vp (@)

/’ 0pv = dpo¥ =

and consequently

as we desired. W

In the sense of the above theorem, the Dirac family is a continuous version
of the Kronecker delta.

3.5.3 Linear combination of an Sfamily

The following properties states that every finite linear combination of an Sfamily
is an Ssuperposition of the family itself. We will improve considerably (in a
certian sense) the following result, proving that every finite linear combination
of tempered distributions is in fact a superposition of some Sfamily.

Theorem (about finite linear combinations). Let v be a family of class
S belonging to the space  S(R™,S!) and let § be the Dirac family in S),.
Then, a tempered distribution u belongs to the linear hull span(v) if and only if
there exists a distribution A in the linear hull span () such that

u = Av.
an/

Consequently the superposition operator of the family v transforms the linear
hull span (§) onto the linear hull span (v).

Proof. (<) If the condition holds true, the tempered distribution u is a
finite linear combination of the family v, by the selection property of Dirac
distributions and by linearity of the superposition operator. (=) Vice versa,
let u be a finite linear combination of the family v, then there exist an integer
k € N, a finite sequence A\ € K* of scalars and a finite family a € (R™)* of
indices of v such that

k
u = Z AiVqy; -
i=1



52 CHAPTER 3. SUPERPOSITIONS

Put
k

=1

k
/Rm (; >\5(,> v=
k
= Z/ )\15(17’1} =
z:l
k
- Z/\Wou -
i=1

= u7

then, we have

/ Av
Rm,

as we desired. W



Chapter 4

SLinearity

4.1 Continuity of superposition operators

Now we pass to properties of continuity.

Theorem. The bilinear operator of superposition
/ (1) : 8, x SR™,SL) = &,

with index set R™, is continuous in the first argument, with respect to the
pair of strong* topologies (B(S),), 3(S))) and to the pair of weak* topologies
(0(Sh), 0(8))-

Proof. Note that the operator of superposition with respect to an ®family is
nothing but the transpose of a linear continuous operator, precisely we have

/, (v) = '3,

and the transpose operator of a linear continuous operator is continuous in
the first argument, with respect to the pairs of topologies (5(S.,),5(SL)) and
(0(S),),0(S))) (see [Ho|] Corollary, page 256). B

53
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The continuity of the above operators has many good consequences, for
example we can state the following theorem.

Corollary (about denumerable linear combinations). Let v be a fam-
ily of class S belonging to the space S(R™,S)). Let Y (a;);o, be a convergent
series of distributions in the space S),, with respect to the strong topology 5(S),).
Then, the series of superpositions

(L),

converges in S),, with respect to the strong* topology B(S),), and moreover

o0 o0
ﬁ;" Z/ a;v = / (ﬁ;" ZCLZ’> v.
i=1 /R™ i i=1

In particular, if 0 is the Dirac family of S!, and the series

Z(Ciapi)?il

is P(Sm) convergent in S)., for some selection p = (p;)2, in the index set R™
and some scalar sequence c, then the series

Z(civpi )fil

. ’ .
is #(Sn) convergent in the space S, and moreover

o [e.¢]
e e
" g Civp, = m E cidp, | v.
m
i=1 i=1

4.2 Superposition operator of a distribution

We have already defined the superposition operator of an ¢ family v, as the first
section of the superposition operator determined by the family v. Similarly, we
can define the superposition operator of a coefficient distribution, as we specify
in the following definition.

Definition (superposition operator of a coefficient distribution).
Fiz a distribution a in S),. We call superposition operator determined by the
coefficient distribution a, the following linear operator

/ (a,.): S(R™,S)) = S, v av,
m R77l
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it is nothing but the second partial section of the superposition operator, with
index set R determined by the term a, chosen in the Cartesian first factor of
its domain.

Pointwise topology in S(R™,S!). We desire to study the properties
of continuity of this operator. To this purpose, we endow the vector space
S(R™,S!) with the topology of pointwise convergence s and denote the corre-
sponding topological vector space by Sg(R™, S],), namely, this topological vector
space is topologically isomorphic to the topological vector space L(Sy, Sp) and
to the topological vector space L4(S),,S,)-

Convergence in S;(R™,S)). To say that a filter F on the topological
vector space Sg(R™,S),) converges to a family v is equivalent to say that, for
every test function g in S,,, the filter F(g) on the space S,,, converges to the test
function v(g), with respect to the weak topology o(S,,). If (I, <) is a directed
set, a family of Sfamilies v = (v(i));er converges to the family I in the space
Ss(R™,S!)), with respect to the filtering order <, if and only if the equality

S o) lim (i) (g) = (g)
i€l

holds true, for every test function g in S,,. Fixed a test function g, the last
equality means exactly that the scalar equality

=lima(v(i)(g)) = a(l(g))

holds true, for every tempered distribution a in S,.

Concerning the continuity of the superposition operator determined by a
coefficient distribution we have the following useful theorem.

Theorem. The superposition operator of a coefficient distribution a in S,
is a continuous linear operator from the topological vector space Ss(R™,S)) into
the topological vector space (S),,0(S))).

Proof. We must prove that for every directed set (I, <) and for every family
of Sfamilies v = (v(i))ies in the space Sq(R™,S!) which converges to some
family [ in the space S;(R™,S),), with respect to the filtering order <, we have

(S)U'In) 1 ) — (S)S) 1 ) .
lim - av(1) /m a lim v(1)

For every index i of the family v and for every test function ¢ in S, we have,
by the very definition of superposition, that
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Moreover we have

< lima(v(i)(g)) = a(l(g)) =

Since the equality
(£:9)

I N
o) =1,
means that, for every test function g, the equality

(Lom) 35 1 —
limv(i)(g) = U(9),

holds too. The preceding equality means that, for every tempered distribution
b and for each test function g, the equality

< limb(v(7)(g)) = b(l(g)),

holds, and since this is true for every test function g we deduce exactly

(<00) 1 N — (£.9) 5 i
i [ 000 = [ o5 i,

as we claimed. W

4.3 SLinearity of superpositions

In this section we generalize the linearity of the operator of superposition, pre-
cisely the linearity with respect to the first argument. To this end we have to
introduce the concept of superposition of a family with respect to a family, this
latter concept will play an importan role in the following development.

Definition (superposition of a family with respect to a family). Let
v be a family in S, indeved by the Euclidean space R¥, and let w € S(R™,S)

m?’

be an Sfamily in S),. The family in S, defined by

/ vw = (/ va> )
" " pERK

is called the superposition of w with respect to the family v (note the
order in the roles of the two families).

Theorem (Slinearity of the superposition bilinear operator in the
first argument). Let v be a family of class S belonging to the space S(RF,S!))
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and let w be a family of class S belonging to the space S(R™,S)).

superposition family

vw
m

is an Sfamily and its operator is the composition of the operators of the two

A
vw | =0Vow.
m

Moreover, the superposition bilinear operator is ©linear in the first argument,

families, namely

in the sense that the property

fo () e ()

holds true, for every coefficient distribution a in Sj,.

o7

Then, the

Proof. For every test function ¢ € S,, and for every index ¢ in R¥, we deduce

([, vo) )

so the image of the function ¢ by the superposition family is the function
v(w(¢)), which is of class S since the two families are of class S, and then
the superposition f]Rm vw is an Sfamily; and furthermore

A
vw| =vow.
m

Moreover, for every ¢ € S,,, we have

(oo (L))o

as we desired. W
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4.4 Generalized distributive laws (*)

In this section, we give a generalization of the two distributive laws in the space
S).

Let u be in S), and let v be the family in S), defined by v, := u, for every
y in R™. We have already seen that the family v is a smooth family (it sends
Stest functions into smooth test functions, and it is also bounded, in the sense
that it sends Sfunction to smooth and bounded function). Then, we can con-
sider, for every tempered distribution a in S/, with compact support (and more
generally, being v smooth and bounded, when a is a summable distribution) the

superposition
av.
m

We shall generalize firstly the following distributive law

Z (a;u) = (Z al-) u.

i=1

Theorem (first distributive law). Let a € S/, be a tempered distribution
with compact support (or, more generally, a summable tempered distribution).
Let u be a distribution of the space Si, and let v be the constant family in S),
defined by v, :=u, for every y in R™. Then, we have

where [, a is the Lebesque measure (integral) of the distribution a (on the
whole space R™).

Proof. In fact, under the above assumptions, we have

([ ar)@ = atwion-
¢

(
= a(u(@)an) =
= allzn)u(e) =

- (L))o

for every test function ¢ in S,,, where 1gm is the constant functional from R™
to K of value 1. So we have proved that

o= ([ o)
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where the integral of a summable distribution is defined, as usual (see [Sch]),

by the equality
/ a= a’(lRm)7

Let us see the other distribution law:

m m
E av; = a E V;.
i=1 i=1

and the proof is completed.

Let k£ be a real or complex number, with kg we shall denote the constant
K-functional of value k on R™ (in this case, the constant distribution is that of
coefficients); consequently, the generated distribution is denoted (in the stan-
dard way) by [kgm].

Theorem (second “distributive law). Let v be a smooth and bounded
family in S, indexed by R™ and let k be a scalar. Then, the equality

/m[kRm]v:k/mv

holds true (we recall that the superposition of a family is its superposition with
respect to the unitary distribution coefficient).

Proof. We have,

( [t ) (9) = [bwe] (v(0)) =
k[1gn] (v(9)) =

e[ o).
for every test function ¢ in S,, i.e.,

I

as we desired. W
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Chapter 5

SFamilies in Sn

We give in this Chapter (very concisely) the bases of superpositions on test
function spaces.

5.1 Families in S,

A family in S, indexed by an Euclidean space, can act on distributions in S},
and vice versa. As the following definition is going to specify.

Definition (action of a family of test functions on distributions).
Consider a family g of test functions in the space S,, indexed by the m-
dimensional Euclidean space R™. For every distribution u in S,,, we call the
scalar family

u(g) := (u(gp))perm

image of the family g by the distribution u (note that the family u(g) is
a family in the field K). Moreover, the function g(u) : R™ — K, defined by

g(u)(p) = u(gp),

61
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for every point p in R™, is call the itmage of the distribution u by the
family of test functions g.

Remark. The scalar family u(g) is said the family canonically associated
with the function g(u); from a purely Set Theory point of view, the family
u(g) is nothing but the codomain restriction of the function g(u) to its image
im(g(u)), i.e. the surjection canonically associated to the function g(u)).

A family g can act also on other objects. Indeed, we have the following
definitions:

e we define image of a point x of R™ by the family g, the function

for every p in R™;

e to the family g we can also associate a scalar function of the product
R™ x R™, that is the function defined by (p,z) — g¢,(z), for every pair
(p,z) in R™ x R™;

e and finally the mapping
gs : R" - FR™K) : z — g(z)

is called the function from R™ into F(R™, K) canonically associated to the
family g;

e if v is a family in &, indexed by R"™, we define image of the family g by

the family v, and we shall denote it by v(g), the family ((vs, ¢))zern, in
the function space F(R™, K).

Remark. We shall see - after the introduction of the $basis in the spaces of
tempered distributions S, - that, fixed an Shasis e, indexed by R”, of the space
S/, we can associate to every family g the function

ge : R" —» F(R™K) : z — g(es)

on R”™, precisely the function.
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5.2 SFamilies

Also for the superposition in the space S,, the Sfamilies play a central role.

Definition (of Sfamily). Consider a family g of test functions in the space
Sn, indexed by the m-dimensional Fuclidean space R™. We say that the family
g is of class S if, for every distribution u in S, the scalar family image of the
family g by the distribution u, that is the family

u(g) := (u(gp))perm

(u(g) is a family in the field K) is a family of class S. This is equivalent to
say that the function g(u) : R™ — K, defined by

g(u)(p) = u(gp),

for every point p in R™, is a function of class S.

We can say that

e a family of test functions (of the space S, ) is an S family if it transforms
distributions (of the space S),) into test functions (of the space Sy, of the
index set of the family).

Example. Consider the family g in S, indexed by the Euclidean space R™,
defined, for every index p in R™ and for every point = in R™, by

gp(x) = k(p)h(z),

for some choice of a pair (k, h), of test functions, in the product S,, x S,. Note
that the family g is associated with the tensor product k® h. We will prove that
the family g is an “family. For, we have to prove that g transforms distributions
into test functions. Let u be a tempered distribution in &,,, we must prove that
the function

g(u) 1 p = u(gy)

lives in S,,,. And indeed we have

g(uw)(p) = ulgy) =
= u(k(p)h) =
= k(pu(h),

so that the function g(u) is nothing but the test function k multiplied by the
scalar u(h). In particular, for example, consider the family ¢ in S, indexed by
R™, defined by

gp(z) = e I@p* — e—l\pl\ze—llz\lz’



64 CHAPTER 5. SFAMILIES IN Sy

for every p in R™ and z in R™. We thus have

_ 2 _ 2
g(u) = u (e ||.\|<n)) eIy

for every u in S,,.

5.3 Transpose of an SFamily

Theorem. Let g be an © family in the space S, , indexed by the Euclidean space
R™. Then, for every point x in R™, the function g(x): R™ — K defined by

g(x)(p) = gp(z),

for every p in R™, is of class S. Consequently, the family 'g = (g(z))zern is a
family in S,

Proof. If the family ¢ is of class S, then for every tempered distribution u
the function g(u) is of class S. So, in particular, the function g(d,) is of class
S. The function g(d,) is the function g(z); indeed,

9(0:)(p) =

(o9)

x(gp)
p(T)
= g(@)(p),

=)

so g(x) is of class S.

The vice versa is not true in general as the following example shows.

Example. Let g be an Stest function on R™, with non-zero integral, and let
(Tpg)pern be the family of its translations. Then, the value at p of the image of
the constant regular distribution u = [1gs] is

g(w)(p) = ulrpg) =
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for every p in R™, so that the function g(u) is a constant function and cannot be
of class §. At this point, it suffices to choose a function g such that the function
P 1p9(7)

is of class S, for every x in R", and our counterexample is given. For example,
the function of Sy, defined by

for every x in R". Indeed
2
Tpg(l') = ei(xip) 9
and the function
P [EEN e_(w_p)2

is nothing but the translation 7, g, which belongs to the space Si, for every = of
the real line.

Definition (of transpose). Let g be an S family in the space S,, indexed
by the Euclidean space R™ and let, for every point x in R™, the function g(x) :
R™ — K be defined by

9(x)(p) = gp(),
for every p in R™. The family 'g = (g())zern is called the transpose family
of the family g.

5.4 Operator of an Sfamily

Definition (operator canonically associated to an Sfamily). With the
Sfamily g we can associate the operator

~

G:S, = Smiur— glu).
We shall call this operator the operator canonically associated with the
family g.

Proposition. In the condition of the above definition. The operator g is
linear.

Proof. Infact, for every v and v in S, for any two scalars a and b, and for
every index p of the family, we have

glau+bv)(p) = (gp,au+bv) =
= algp,u) + b{gp,v) =
= ag(u)(p) + bg(v)(p) =
= (ag(u) + bg(v))(p),
for every index p of the family in R™. B
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5.5 Continuity of operators of Sfamilies

We have the following important result.

Theorem. The operator associated canonically with the family g, defined
by
9:8), = Smurs g(u),
18 weakly continuous, that is continuous with respect to the pair of topologies
(o),,0m). Moreover, the topological transpose of the operator is the operator

'9:8, =8 :a—acg.

Proof. We shall prove that the linear operator g is topologically transposable,
i.e. that its algebraic transpose

G:(Sn)* = (S,) :arraoyg

sends the topological dual (S,,)’, into the topological dual (S},).. In other terms,
we have to prove that, if a is a tempered distribution in S, the linear functional
aog is weakly continuous. In fact, the Dirac family of S}, is sequentially weakly*
dense in S, itself, and the composition d, o g is nothing but the linear form
(., gp), which lies in (S},).. Indeed,

(Opog)(u) = &

I
<
o

bS]
~
Il

for every u in S!,. Consequently, if d is a distribution in the linear hull of the
Dirac family, by linearity, the composition d o g is a continuous linear form too.
Now, in general, let a be a tempered distribution in S/,. Since the linear hull
span(d) of the Dirac family is o(S),)-sequentially dense in S, (see [Bo| page
205), there is a sequence of distributions a = (ay ), in the linear hull span(d)
converging to the distribution a with respect to the weak™ topology o(S/,), that
is such that
a(S!)

=) lim o = a.
k—+4o0

Now, since for any natural k, the distribution aj belongs to the linear hull
span(d), there exists a finite family (y;)"_, of points in R™ and there is a finite
family of points (A\;)%_; in K such that

h
Q. = E )\z§y7a
i=1
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and consequently, by obvious calculations,

apog = Ai(dy, 09) =

-

@
Il
-

)‘i<'7gyi>'

|
_M:

Il
-

(2

67

Hence, for every index k € N, the linear functional ay o g belongs to the space
(S))... Let s be the topology of the pointwise convergence in the algebraic dual

(8))*, we claim that
° lim (axo0g)=aog.
k—+oco

In fact, for every distribution u in S/, we obtain

Jim (ax0g) () = lim ax(§(u) =
= (v o) G -

= a(g(u),

so we proved that the sequence of continuous linear functionals (o ©g),cy is
pointwise converging to the linear functional a o g; so, by the Banach-Steinhaus
theorem (that is applicable since S}, is barreled), the linear functional aog must

be continuous too, i.e. aog € (S))., as we claimed. W
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Chapter 6

Superpositions in &,

6.1 <“Linear combinations

Definition (of superposition). If g is an Sfamily in the space S,, we de-
fine superposition of the family g under a coefficient distribution a,
distribution in S.,, the function, denoted by

[ o

from R™ into the field K and defined by

(/[ as) @) = atato.

for every point x in R™, where §, is the Dirac distribution of the space S)
centered at x.

Example. Consider the family g in S,,, indexed by the Euclidean space R™,
defined, for every index p in R™ and for every point x in R™, by
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for some choice of a pair (k, h), of test functions, in the product S,, x S,,. We
have proved that the family g is an ®family. If a is a distribution in &/, the
value of a at the function g(u) is

a(g(u)) = a(u(h)k) =

so that, in particular we have

a(g(z)) = a(g(ds)) =

so that the function
z +— a(g(w))

is the function h multiplied by the scalar a(k). In other terms, we have

/m ag = a(k)h,

: !/
for every a in S),.

6.2 Superposition operator of ®families

Remark. Note that if, for every  in R™, we denote by g(x) the scalar function
on R™ defined by

9(x)(p) = gp(),
for every p in R™, the function g(z) is nothing but the ®function g(,). In fact,
for every z in R™ and p in R™, we have

g(ém)(p) = 5:10(
= gl
= g(z)

</ m“9> (2) = alg(d.) =
= a(g(z)),

for every z in R™. Or, using the transpose of the family g, we have

([ as) @ =atan.

So that, we conclude

for every z in R™.
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6.3 Summability of Sfamilies

We have so constructed the topological traspose of g, the operator

'9:8, -8/ araoyg

Well we have the following result.

Theorem. The topological transpose of § is the superposition operator of g
when we identify canonically the bidual S!! to the test function space S,.

Proof. The weak dual (S])! coincides with the strong dual S, since the

space (Sy,) is reflexive. Then, for every linear form L of the dual (S),)., there is
only one test function h(L) of S, such that the functional L is the continuous
linear form induced by h on S, i.e. the form

L= {(,h(L)).
So we can define the operator
S —8'—5S8,:a—~ao0g— h(aoyg).

So, for every coefficient distribution a in S),, the superposition

Joo

is a function belonging to S,,. Thus, the operator associated with the family g
is weakly transposable and we have can built the weak transpose

'9:8, =S, am ag,
Rm
which is, as in the case of “families in S/,, the superposition operator of the
family g. W

Proof. Indeed we have, by definition of weak transpose,
("gla), u)n = {a, g(w))m,
for every u in &), and every a in S/, since the two continuous linear functionals
a (*g(a), u)n,

and
a > (a, g(u))m.

coincide on the Dirac basis of S),, that is total in S,. B
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6.4 Transpose family
We then have defined the mapping from R”" into S,,, defined by = — ¢(x) starting
from the Sfamily (g,)perm -

Equivalently, we have defined another ®family, namely the family (g(z)),ern,
that is a family in S, indexed by R", and which we call the transpose of the
family g and denote by g.

Note that the operator canonically associated to the transpose family tg is
the operator

tg:8 =8, a— gla).
So that

GWla)m = a

and consequently

as we claimed. W

6.5 SLinear functional

Theorem. Let u be a distribution in S!, and g an S family of test functions in

S,.. Then, we have
u(/ ag) =/ au(g),

for everu a in S!,. note that the last superposition is the superposition of the
scalar © family u(g) under the system of coefficients a, the scalar family u(g) is
a family of class S, by the very definition of test family of class S, since u is a
distribution.

Proof. Counsider the (strong) transpose

'9:8, =S a—aog.
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The functional *g(a) is defined by

"9(a)(u) = a(g(u)).

Since the space S, is reflexive there is one and only one function belonging to
S, representing that functional, the function f such that

for every u, which implies

flz) = 6(f)=
a(9(dz)) =

] ([ ).

for every point « of the Euclidean space R™. So that we can conclude

w( [ as) = -

as we claimed. W

Definition. A functional L : S, — K is said an ©functional if it sends
S families into © families. An © functional L is said an Slinear functional if

L(/ g) — alg(n) =
= /maL(g%

for every integer m, for any distribution a in S!, and for every S family of test
functions in S,.

A distribution v in S/ is an “functional and it is Slinear since the above
proposition.

6.6 Superpositions of “families in S’

If v = (vg)4err is a family of families of S(R™, S},), indexed by R¥, we want to
superpose v in order to obtain a family of S(R™,S),).
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Definition (superposition of a family of families). Let v = (vg)err be
a family of families of S(R™,S"), indexed by R*, and let a be a tempered distri-
bution in S;,. We define superposition of the family v by the coefficient
distribution a (in a natural way) by

(foov) = [ o0

for every index p in R™; where the family

v(p) = (U(p)q)qe]Rk
is (just) defined by
v(p)g = vq(p),
for every q in RF, and it is assumed of class S, for every index p in R™.

Concerning its associated operator we have the following result.

Proposition. We have

([ )@= [ o
/chw

of the family of families v with respect to the coefficient distribution a is defined
in the previous definition, and the superposition

/R avly)

is the superposition of the family of test functions v(g) = (v(p)(g))perm with
respect to the same distribution cvoefficient a.

where the superposition

Proof. We have, for every p in R™,

(/Rk av)A (9)(p)

Il
7 N\
%\%\
Ead
Q
IS
N———
3
S

as we claimed. W
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6.7 SLinear superpositions of operators

Definition. Let A = (Ay)4err be a family of linear continuous operators from
Sp into Sy, We say that the family A is of class S if, for every test function
g in Sy, the family

Alg) = (Ag(9))gern

is of class S. In this case we put

(/Rk aA) (9) = /Rk al(g),

for every test function g.

Theorem. Let A = (Ag),err be a family of linear continuous operators
from S, into S,,. Then, the family A is of class S if and only if the family of
corresponding families AV = (A;/)qew is of class S and in this case we have

</RA):/RA

for every coefficient distribution a.

Proof. The family A is of class S if and only if the family A(g) is an S-family,
for every test function g in S,,; the family A(g) (it lies in the space S(R*,S,,))
is the family of test functions (A4(9))4err, the last family is of class S if and
only if, for every p in R™, the function from R* into K defined by

q = Aq(9)(p)

is of class S. Let us pass to the family AY = (A)) crr. It is a family of class S
if and only if the family of distribution

A¥(p) = (A](P))gern

is of class S, for every p in R™ this last family if of class S if and only if, for
every test function g, the function AY (p)(g) is of class S, but this last function
is defined exactly by ¢ — A,(g)(p), so we conclude the first part. Let us now

see that y
( / aA) = / aAY,
Rk RF

for every coefficient distribution a. We have

(L. A) 0 = Gy ([ oa)io -
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AVRDIOE
— 6 ([, 040)) =

= a(A(9)(0p)) =
= a(A(9)(p) =

= ([, a1") @

for every coefficient distribution a and every point p, since the operator generate
by a family of families v is

and then

as we desired. W
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First applications

7.1 The Fourier expansion theorem

Definition (the (a,b)-Fourier family). Let a,b € Ry be two real non-zero
numbers. The (a,b)-Fourier family in the space of tempered distributions
S'(R™, C) is the following family of reqular tempered distributions

( {(1/a)n67ib(pl~)} )

pER™ ’

Remark (the De Broglie family). In the particular case a = 1 and
b= —1/h (with % the reduced Planck constant) we obtain what we call the De
Broglie family, i.e. the family

<mewﬂ) ,
pER™

Proposition (on the operators associated with the Fourier fami-
lies). Let a,b € Ry and ¢ be the (a,b)-Fourier family. Then, the family ¢ is
of class S and, more precisely, we have

(@) = Sap)(9),

7
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for each test function ¢ € S(R™,C). Thus the family ¢ generates the (a,b)
Fourier-Schwartz transformation on S(R",C), i.e., = S(a,p)-
Proof. For each test function ¢ € S(R™,C) and for each p in R™, we have
e(@)(p) = wp(e) =
= [(/aye ] () =
[ aaye oo, -
S(a,b)(¢)(p)v

and thus ¢(¢) = S(a,? (¢). Now, since the (a,b) Fourier-Schwartz transform
sends ®functions into ©functions, the function ¢(¢) lies in S(R™,C). W

Example. We have, for any multi-index o € N,

Flapy @) = (bi)* (Ipn)* Flapy(w);
7

Fan(a)" ) = (3] Fan)®.

where, Ig» is the identity operator on R™, and (Ig»)” the a-th power of the
identity in multi-indexed notation, that is

n

(HR”)a = H pr;(ja

Jj=1

where pr; is the canonical projection of the Cartesian power R". These two
properties can be immediately translated in terms of superpositions. Let ¢ be
the (a, b)-Fourier family. We have, for all o € N,

/n ulo = (bi)® (Hmn)“/n up;
Lo - (P

Example. Moreover, we have

Flap) (ta(w)) = e P Fy b ()

under Fourier transforms translations become multiplications by characters, and

Flab) (eib(h")U) =7 (Flan) (1))

under Fourier transforms multiplications by characters become translations.
This two properties become



7.1. THE FOURIER EXPANSION THEOREM 79

/ eib(h|~)wp =1, (/ ucp) )

The next theorem affirms that any tempered distribution is an ®linear com-
bination of the (a, b)-Fourier family, without technical assumptions.

and

Theorem (Fourier expansion theorem). Let u € 8’ (R",C) be a tem-
pered distribution and ¢ be the family of reqular tempered distributions

( [(1/a)ne—ib(p|‘>} )

peER™ '
Then, we have
u:/ F ) (W
Rn
In other words, u is the superposition of ¢ under the system of coefficients
Flap ().

Proof. For every test function ¢ € S(R™, C), we have

w(@) = (S, (San (@) =
= Flan)(@(9) =

([ Fenes) o

as we desired. W

Application. Another consequence of the Fourier Sexpansion theorem is
the following pseudo-integral equality:

/ e~ %%y = 2mid’ ().
R

Obviously the above formula must be read in the new sense of superposition,
i.e. like this

/ gr(e7 1)) cr = 2mid),
R

where jg is the immersion of the real line into the complex plane, that is the
function defined by jr(z) = x. In fact taking into account that

Flap) (Ggu) = (i/0)*(Flap (w)

and that
Fa,1)(1r) = 2mdo,
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we conclude

AUM@%W%MR::f&mmmm:
= Fa (Ur]) =
(i) (Fan =) =

= i(2ndy) =
= 2midy,

as we claimed. W

7.2 Convolution as superpositions

In this section we shall see that the convolution is a particular case of superpo-
sition, restoring a common vision on the expression (0). Obviously, not all the
superpositions can be viewed as convolutions, only a particular class of them.

Note that, in the language of superpositions, if a € S/, and b € S/, are two
tempered distributions, the tensor product a ® b is defined, for every function
f in the test function space S,,4,, by the following numerical superposition

@) (1) = [ o O en

m

Recall now that the convolution a % b, with a € £ and b € S}, is defined,
for every ¢ in D, by

(axb)(9) = (a®b) (doA),

where A is the standard addition in R™, that is the bilinear operator A : R™ x
R™ — R"™, defined by A(z,y) = x + y, for any two points z,y of R™.

Theorem (the convolution as superposition). Let a and b be two tem-

pered distributions, and assume a with compact support. Then, the family of
translations (Tpb)pern is a smooth family, and moreover we have

axb= / a(Tpb)pern,

that is the convolution of a and b is the superposition of the (ordered) family of
translations of the distribution b with respect to the distribution a.
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Proof. Put v, = 7, (b), for every n-tuple p , we see that, for every test
function ¢,

v(¢)(p) = v(d)=
™ (b) (¢) =
= b(1-p(9)).

Hence, setting f := ¢ o A, i.e.,
fp,x) = 7 (9)(2)
= ¢(z+p),

for every pair (p,x) in R"™ x R™, we read

v (¢) (p) = b(f(p,-)).

With standard technics, it can be proved that v(¢) is a smooth function (in
general not of class ), then v is an £-family. Being a a compact support
distribution, we can consider the superposition of the family v with respect to
the distribution a, obtaining

([ @)@ = awion-

= [ @ 0Dy =

= (@@b)(f) =
= (axb)(9),

as we desired. l

Remark. The family (7,b)pcrn is the image of the distribution b under the
one parameter group 7 = (7p)peRrn-

Let us see the case in which one distribution is in the convolution operator
space O (n).

Theorem (the convolution as superposition). Let u and g be two
tempered distributions in S, g belonging to the space Op(n). Then, the family
of translations (Tpg)pern is an S family, and moreover

u*g= / w(Tpg) pern -
RTL

Proof. Put G), = 1,(g), for every n-tuple p. For every test function ¢ in S,
we see that

G)(p) = Gp(o)=

= 7(9)(9) =
= g(r-p(9)),
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so we can proceed as in the above proof, with u tempered distribution, as soon
as we prove that the family G' = (G),)pern is an Sfamily. To prove that G is an
Sfamily let us see that its transformation by the Fourier transform Flap) is an
Sfamily, we can do so because the operator F(a.p) 18 @ topological automorphism
of §),. Since the Fourier transform maps the space Op(n) onto the space of
regular distributions [Oys(n)], there exists a slowly increasing function f such
that

Fan(9) =[f]
so we have
Fap)(Gp) = Flap(1pg) =
e F 1y 9) =
= e 0 [f].

We should notice, now, that the product e~ [f] is equal to the product
f [e‘ib(m')]. Note, first of all, that both product has a proper sense, being
products of Oy (n) functions by tempered distributions. For every test function
¢, we have indeed

e PEIf1(0) = [fl(e*"g) =
- /eiib(p")f@ﬁun:
-
=[] (10) =
= flem0D] (9).
We have so, for each test function ¢,

Fan(Gp)(9) = e *PIf](9) =
= flem](9) =
=[] (7o) =
= Suun(f9),

where Sy ) is the (1, b)-Fourier-Schwartz transformation on the test function
Sn; thus the image of the test function ¢ under the family F,4)(Gp) is a test
function in S,, and consequently the family F, ;)(G,) is an “family. B

7.3 Some expressions of Dirac Calculus

In this section we shall interpret some formulas, used frequently in Dirac Cal-
culus and in Quantum Mechanics, using the new concepts of ®Linear Algebra
introduced up to now.
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7.3.1 The expansion of a vector in the Dirac basis

Let u be a tempered distribution on the n-Euclidean space, and let  be the
Dirac family of the space S),. The superposition

/ ud = u,

justifies completely the following formal expression used in Quantum Mechanics
(see [Di] page 78)

. §(z —p)o(y — z)dx = 6(y — p).

In fact, for v = d,, we deduce

5,0 = 6.
Rn

Critical remark. A correct mathematical interpretation of the left hand
side of the formal equality is the convolution of the distribution §, with the
distribution dg, but this interpretation works only because the operation of
convolution, which involves only two distributions and not an entire family of
distributions, can be viewied as a superposition. According to Dirac the above
expression is one of the case belonging to the large class of continuous expansions
of infinite-dimensional vectors in the “basis” 6.

So the correct interpretation of the above formal equality is the following
one:

o the vector d, is the linear superposition of the infinite continuous family
of vectors (8,)ye me with respect to the system of coefficients §,.

Hence, for instance, we can rigorously affirm that:
e the most general state of a quantum-particle in one dimension (i.e. a com-

plex tempered distribution on R) is a linear superposition of the “eigen-
states” of position operator

Q:S8'(R,C) — S'(R,C) : u— jru,

where jg is the immersion of R into C.
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7.3.2 Fourier expansions and the momentum operator

Let us see an expansion which is not a convolution. The Fourier expansion theo-
rem justifies completely another formal expression used in Quantum Mechanics
(see [Di] page 38 formula (10)), namely

1 .
S(x—p)= [ —erWevrdy,
@=p) = [ gmee ey

In fact, a classic result on Fourier transform gives

Fanttn = 52 [

and thus, from the Fourier expansion theorem, setting a = 1, we obtain

o= [ (), o

for every p in the real line.

So we can read the above expression as follows:

o the vector 6, is the linear superposition of the infinite continuous family of
vectors ([eﬂ(m')] )peR with respect to the system of coefficients (1/2m) [em(')] .

Once more, we can affirm rigorously that

e the most general state of a quantum-particle in one dimension (i.e. a com-
plex tempered distribution on R) is a linear superposition of “eigenstates”
of the momentum operator

P:S'(R,C) = S'(R,C) : ursr —ihu'.

Another interpretation of the Fourier expansion theorem is the following one:

e at every time t € R a wave u : R — S'(R™,C) is an  superposition of the
family of the harmonic waves

([(1/a)"e*ib(p")D

with respect to the system of coefficients .7-"(; b)(ut).

pER™

Note that, for p = 0, we have

= [ ([

So that the Dirac distribution centered at 0 is the superposition of a Fourier
family.
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7.4 Some extensions

Consider a family v indexed by the m-Euclidean space. Consider a compact set
K of the m-space and the sub-family of v indexed by K, namely the family

VK ‘= (Up)peK

We desire to give a meaning to the superpositions of the sub-family v|g.

Definition (Slinear superpositions of compact sub-families). Let v
be an Sfamily in S!, indeved by the Euclidean real m-dimensional space, let K
be a compact subset of the Euclidean m-space and let v be the restriction of
the family v to the compact K, that is the family (vp)per- If a is any tempered
distribution in 8], with compact support contained in K, we define superpo-
sition of the sub-family v i with respect to the coefficient distribution

a the superposition
/ av| g = / av.
K m

We say also that such superposition is a superposition of the entire family v on

the compact K and we write
/ av = / av.
K m

Moreover, if S), (K) is the set of all tempered distributions in S, with compact
support contained in K, we shall define the Slinear hull of the sub-family, and
we denote it by

Sspan(v‘K),

as the set S) (K).v of all the superpositions

/ av,
K

with a in S, (K).

Example. Let p be a point of the m-Euclidean space and K = {p}. We

shall use the fact that every (tempered) distribution with compact support {p}

is an element of the linear hull of the denumerable family d = (51()Q))qum. For

every Sfamily v, and for every tempered distribution ¢ with compact support

K, we have
/ av = / av|g =
K K

= av =
m
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h
- Yadoi-
i=1

h
= Z(_l)‘(hillcivl(j(h)’
i=1

where ¢ = (g;)_; is some finite family of m-multi-indexes and ¢ = (¢;)"_; some

finite family of scalars such that . So we have
Sspan(v|K) = span(w),
where w is the family (05)genm.

We have already given another natural definition for superpositions on com-
pact sets. We recall it.

Definition. Let consider a family v in S, indezed by a compact K of the
Euclidean m-space, the action of the family v on a test function g in S, is a
function from K into the scalar field of S!,. If v is a family of class C°(K),
we define, for every Radon measure p on K, the superposition p.v by

for every test function g in S,,. We denote it by

fm
K

note that the Radon measure [ is a functional on the space of continuos function
C°(K) and not on the space S,.

Let us see the relation between the two definitions.

Theorem. Let v be an © family in S, indexed by the Euclidean m-space, let
K be a compact subset of the Euclidean m-space and let v|i be the restriction
of the family v to the compact K, that is the sub-family (vp)per. Then, if u is
any Radon measure on the compact K, we have

/KMU:/KMU‘K’

where [u] is the tempered distribution defined by

1] (9) = (g x),

for every test function g in the space S, .
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Proof. In the conditions of the first definition, we have that the image v(g)
is a function of class S,, and then a continuous function. The restriction of v
to K is a family indexed by K and clearly

vk (9) =v(9) K,

and this restriction is continuous on the compact K; so we can consider the
superposition p.v| g, with 1 Radon measure on K, so that

por(g) = nlg)x) =

= /Kv(g)uz

([ 1o)e) =
= /K (o) @),

where (as usual) [p] is the tempered distribution generated by the Radon mea-
sure p, defined by
/ g =
K

[1](9)

for every test function ¢ in S,,,. So that
/ [IU’]U|K = / MU K
K K
as we desired. W

Let ckx be the characteristic function of the compact K. If a is a regular
CPcoefficient distribution generated by a function f, we have

([ Werduioe) = ([ [Fexo)io) =

fCK’U(g)Mm =

-
= /Kfv(g)umz

(] 1.

[ 110

where the superposition
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is the superposition of the CO-family v (if v is an Sfamily it is in particular a
C° family), with respect to the coefficient measure [f], on the compact K. We

can write /K([fCK}U‘K:/K[f]%

since the family v is in S,.
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Chapter 8

SLinear hulls of € families

8.1 SLinear hulls

In this section we present the S-linear analogous of the concept of linear hull of
a finite ordered system of vectors.

Definition (of “linear hull). Let v € S(R™,S),) be an € family of tempered
distributions. The Slinear hull of the family v is the set of all the S-linear
combinations of the family v. We shall denote it by Sspan (v), or simply by
S(v), and in symbols we have so

‘Sspan (U) = ta(S;n,)a

or more explicitly

m

Sspan (v) :={u €S, :FacS,, u= / av}.

Example (on the Dirac and Fourier families). Let § be the Dirac family
of &), then we have
Sspan (§) = S/,.

91
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In fact, for any distribution u € S, we obtain

u = uols, =

= UO(SZ

/ ud.

o= ([@ayreeb])

be the Fourier family, we have again span (p) = S/, as it follows immediately
from the Fourier Sexpansion theorem.

Let

pER™

8.2 Algebraic properties of “linear hulls

Theorem (on the structure of ®span). Let u € S(R™,S) be a family
of tempered distributions. Then, the S -linear hull ®span (u) of the family u is
a subspace of the space S!,, it contains all the elements of the family v  and,
consequently, it contains the linear hull of w, that is we have

span (u) € Sspan (u).

Proof. The fact that the ®linear hull of a family is a subspace derives im-
mediately from the circumstance that it is the image of a linear operator, but
we shall show the fact also in another more explicit way. Let A € K be a scalar
and let v, w be two vectors in the S-liner hull ®span (u), then, there exist two
tempered distributions a,b € S;, such that

v:/ au,w:/ bu.
A+w = )\/ au+/ bu =

/m (Aa+b)u,

and so the linear combination A\v + w belongs to the hull Sspan (u) too. On
the contrary, the fact that the Slinear hull contains any element of u is a fact
depending more than the preceding one on the ®linear properties, namely the

Now, we see
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selection property of Dirac distributions. So, let § be the Dirac family of the
space of coefficient distributions S/, we have

Optt = Up,

for any index p of the family u, and then any element w, of the family u is an
element of the Slinear hull span (u) too. W

So, if the (algebraic) linear hull of an family v is infinite dimensional then
the Slinear hull of the family v is infinite dimensional too. But we can give
another sufficient condition.

Theorem. Let v be an S-family having an element whose derivatives span
(algebraically) an infinite dimensional subspace. Then the Slinear hull of the
family v is infinite dimensional.

Proof. Consider the $family v in the space S(R™,S!). The Slinear hull
of the family v is the image of the space S/, under the superposition operator
of the family v. The space S/, contains, for every m-index p of v, the space
M, of tempered distributions with compact support contained in the singleton
{p}, that is the (algebraic) linear hull of the family of derivatives of the Dirac
distribution centered at p. The space M, is the linear hull of the denumerable

linearly independent family d = ((S]()q)>qum. Now, it is clear that the € linear
hull 8/, .v contains the € linear sub-hull M,.v, for each m-index p. It is also clear

that this last sub-hull is infinite dimensional if and only if the (denumerable)

family of derivatives (vz(,Q)) qenm generates (algebraically) an infinite dimensional

space. Indeed, more specifically, we have

M,v = span(éz()‘” 00)genm =
= span((—1)17hv{®) em =
= span(vz(ﬂ) )genm.

So, if the family v has an element v, whose derivatives span an infinite dimen-
sional subspace, then the Slinear hull of the family v is infinite dimensional.
[ |

The following example shows that there are families with finite dimensional
linear span and infinite dimensional ®linear span.

Example. Consider a distribution u whose derivatives span an infinite
dimensional subspace (for instance the Dirac distribution centered at the origin)
and let g be a nonzero test function in S,,,. Consider the family v = (g(p)u)perm.
It is clear that the linear hull of the family v is the mono-dimensional subspace
generated by the distribution u. On the contrary, if py is a point such that



94 CHAPTER 8. SLINEAR HULLS OF ° FAMILIES

the scalar g(po) is different from 0, we have that the subspace generated by the
derivatives of the distribution g(pg)u is infinite dimensional (it coincides exactly
with the subspace generated by the derivatives of u ), so that the ®linear hull
of the family v is infinite dimensional.

8.3 Systems of Sgenerators

Definition (system of “generators). Let v € S(R™,S!) be an ©family of
tempered distributions. The family v is called a system of ©generators for
a subspace V of the space S!, if and only if its linear hull coincides with the
subspace V', in symbols if

Sspan(v) = V.

Example. The Dirac family and the Fourier families (in the complex case)
are systems of Sgenerators for the entire space S,.

8.3.1 Exercises

Exercise. Let V be the subspace of §f formed by the distributions with com-
pact support contained in some non-degenerate compact interval K (of the real
line). Let g be a smooth functional defined on the real line with compact support
the interval K and everywhere different from 0 on of the interval K. Consider
the family v = (g(x)0,)zer in S;. The family v is of class S (even more, it is of
class D), indeed if h is a test function in S; we have

v(h)(z) = wy(h) =
= gz
= (gh

for every real number z, so that the function v(h) is of class S (indeed it is
of class D) and the operator associated with the family v is the multiplication
operator by the function g. We know (in Functional Analysis) that the transpose
of the multiplication operator by a function on a the test function space S is the
multiplication operator by the same function on the distribution space S;. But
we desire to see this fact directly. Let us consider now a generic superposition
of the family v, if a is a coefficient distribution for the family v, we have

awv(h) = a(v(h)) =

a(gh)
ga(h),
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so that a.v = ga, as we already knew. The product of a function g of class D by
a distribution is a distribution with compact support contained in the support
of the function g, and consequently the ®linear hull of the family v is included
into the space of distribution with compact support contained in the interval
K, the space S7(K), i.e. we have

Sspan(v) C V.

Open questions. Is the above inclusion strict, or the ®linear hull of the
family v coincides with V7 In a less general fashion, is the Dirac delta centered
at an end point p of the interval K in the Slinear hull of the family v or not?
Take into account that, if a is such that a.v = d,, we have ga = §, , so that
the distribution @ must vanish on the co-level 0 of the function g, that is the
distribution ¢ must vanish on the interior of the compact K (indeed from ga = 9,
follows

g*a=g(p)s, =0,
and the level 0 of g coincides with the level 0 of g2).

Example. Let V be the subspace of S] formed by the distributions with
compact support contained in some non-degenerate bounded open interval [
(of the real line), let us denote by S;j(I) this subspace. Let g be a smooth
functional defined on the real line with compact support the closure of I and
everywhere different from 0 on of the interval I. Consider the above family
v = (9(2)0z)zer in S7. The product of the function g by the distribution
generated by the constant unitary function 1y is the distribution generated by
¢ which has compact support not contained (is the support of the function g)
in the open interval I and consequently the Slinear hull of the family v is not
included into the space of distribution with compact support contained in the
open interval I, the space S{(I). Vice versa, if u is a distribution in S7(I), we
have u = a.v, where a is the distribution in S, such that ga = u, defined as
follows: let K be the convex envelope of the support of u, this convex envelope
is a compact interval contained in I, let f be a smooth function on the real line
equal to g on K and different from zero everywhere, we put a = (1/f)u have

av = ga=

9(1/f)u=

U,

since g(1/h) = 1 on the support of u (the distribution w is tempered and then
of finite order), and then

V C Sspan(v).
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8.4 Topological properties of Slinear hulls

Notation. In what follows we shall use the notation S(S)) for the strong
topology (S}, Sy,) and o(S),) for the weak* topology o(S),,S,) on the space of
tempered distribution S);; analogously, we shall use the notation o(S,,) for the
weak topology o(Sy,,S],) on the space of test functions S,,.

Let us see the relation among the S-linear hull of an S-family and the closed
linear hull of the same family with respect to the strong topology B(S),), or
equivalently the weak® one o(S))), since the strong closed subspaces are the
weak™* ones. Note indeed that, since the topological vector space S, is reflexive,
it is in particular semi-reflexive and then the linear subspaces of ), are closed in
the strong topology 3(S),) if and only if they are closed in the weak* topology
o(S},), so the closed linear hull with respect to the strong topology S3(S),) of a
subset coincides with the o(S],)-closed hull of the same set.

Theorem. Let v € S(R™,S]) be a system of S-generators for the space
S),. Then, the family v is a system of topological generators for the space S),
with respect to the strong topology B(S)), that is we have

Spatigs/ ) (v) = S,

Proof. To prove that the linear hull of the family v is dense in the space
8!, with respect to the strong topology 3(S),), we shall prove that every linear
B(S},)-continuous form on S/, which is zero on the family v, is zero on the whole
of the space S!.. In fact, let L be such a form, since S/, is reflexive, there
is a test function ! in S,, such that L(u) = u(l), for every distribution u in S},.
Since the functional L is zero on each member of the family v, for every index

1 of the family v, we have

0 = L(Ul)z
= vl(l =

= 0

and hence the test function v(1) is the origin of the space S,,. Now, the family
v is a system of ¢ generators for the entire space S), if and only if the transpose
operator ‘0 is surjective (indeed, this transpose operator is nothing but the
superposition operator me (.,v) associated with the family v) and thus, applying
the Schwartz-Dieudonné theorem on Fréchet spaces, the operator v is injective,
so that the test function [ is the origin of the space S,,, and then the linear form
L is the origin of the bidual S}/. B

This result can be usefully generalized.
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Theorem. Let v € S(R™,S!) be an Sfamily in S!,. Then, the following
inclusion holds true

Sspan (v) C Spang s, ) (v) = Spall, (/) (V) -

Proof. We shall prove that every superposition of the family v is the 8(S),)-
limit of a sequence of finite linear combinations of the family v. Let a be in
the coefficient space S),, then the coefficient distribution a is the 5(S),)-limit
of a sequence d of finite combinations of the Dirac family of S/, since the Dirac
family is 5(S),)-total in S),. We have

/ av = / (5(3;“) lim dk>v:
m m k—o0

= B(S;/) lim dkv,
k—oo Rm

by the (3(S),), B(S),))-continuity of the superposition operator ‘0. Moreover,
by the selection property of Dirac distributions, the superposition me dpv is a
finite linear combination of the family v, and this concludes the proof. B

8.5 Closedness of Slinear hulls

The following theorem shows when the Slinear hull “span (v) of an Sfamily v

is closed with respect to the weak* topology o(S)). This result is one of the
main justification of the use of  Slinear hulls.

Theorem. Let v € S(R™,S!) be an Sfamily in S!. Then, the following
conditions are equivalent:

e 1) the hull Sspan (v) is o(S!)-closed in S/,

n n’

i.e. it is B(S)) -closed;
e 2) the Slinear hull ®span (v) coincides with the o(S!)-closed linear hull

spatl, (s (v);

e 3) the superposition operator me(',v) is a topological homomorphism for
the weak* topologies o(S),) and o(S),);

m

e /) the image v (Sy,) is closed in the topological vector space (Sp);

e 5) the operator v is a topological homomorphism with respect to the pair
of weak topologies (o(  Sp),0(Sm));

e () the operator U is a topological homomorphism from the topological vector
space (Sp,) into the space (Sp).
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Proof. It is the Dieudonné-Schwartz theorem (see [Di; Sch]) reread in our
context (note that the two spaces (S,) and (S,,) are two Fréchet spaces), taking
into account the preceding theorem. W

Theorem. Let the ©linear hull Sspan (v) be o(50) closed. Then, the super-
position operator f Rm(-,v) s a topological homomorphism for the pair of

strong topologies B(S),) and B(S)).

Proof. Tt follows immediately by proposition 18, page 309 of [Ho]. B

Theorem. Let v € S(R™,S!) be an S family. Then the following assertions
are equivalent

e 1) the family v is a system of ©  generators for the entire S!,;

e 2) the superposition operator me(-,v) 18 a surjective topological homo-
morphism for the weak* topologies o(S),) and o(S));

e 3) the superposition operator me(-,v) is a surjective topological homo-
morphism for the strong topologies B(S),) and B(S));

e /) the operator v is an injective topological homomorphism for the weak
topologies o(Sy) and o(Sp);

e 5) the operator v is an injective topological homomorphism from the space
(Sn) into the space (Sp).

8.5.1 Examples of systems of ¢ generators

Example (the family associated with the i-th component of the posi-
tion operator). The mapping P; : S), — S), defined by P;(u) = (.);u (where
(.); is the i-th canonical projection of the Euclidean space R™) is called the i-th
component of the position operator on the space S/,. The operator P; is
a surjective strict morphism (see for example [Ho| page 352), so the associated
family

v i= Pi(a) = ((-)iéac)xeR"a

is a system of S-generators for the entire space S),. Note that if n = 1 and

u:/cw:/bv,
R R

then the difference a — b belongs to the subspace ker(P;) that is the subspace
generated by the Dirac delta dg, so that

/av:/bv
R R
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if and only if b = a + 2§y, for some z in the field K. So, if we consider a
hyperplane H of §f supplementary to the line span(dp), we have that

Huv=_§j,

and that the domain restriction of the operator P; to the hyperplane H is a
bijection and more precisely a topological isomorphism of the hyperplane H
onto the space Sj.

8.6 Kernel of an “family

Now we see an infinite-dimensional version of a basic theorem of linear algebra,
more precisely the following classic result:

Theorem. Let v = (v;)I"_, be a family of linear forms on a vector space
X and let w be a linear form vanishing on the kernel of every form v; of the
family. Then, the form w is a linear combination of the family v.

Note, first of all, that the theorem can be restated as follows.

Terminology and notation. We say kernel of a family v = (v;);er of
linear forms on a vector space X the intersection of all the kernels of the forms
of the family v, in symbols

kerv := ﬂ ker v;.
iel

Moreover, if Y is a subspace of a vector space X, by Y+ we denote the
orthogonal of Y, i.e., the set of all the linear forms on the space X which vanish
on every vector of the subspace Y.

With these notations we can restate the preceding theorem.

Theorem. Let v = (v;); be a finite family of linear forms on a vector
space X and let w be another linear form on the space. Then, the form w
vanishes on the kernel of the family v if and only if w is a linear combination
of the family v. In other words, the linear hull of the family v coincides with
the orthogonal of its kernel:

(ker v)" = span(v).

Finally, we state and prove the Slinear version of the above result.



100 CHAPTER 8. SLINEAR HULLS OF ° FAMILIES

Theorem. Let v = (vp)perm be an Sfamily in the space S,. Then the
orthogonal of the kernel of the family coincides with the closed linear hull of the
family with respect to the weak* topology

(kerv)" = Span, (s ) (V).

In particular, if v is topologically exhaustive - i.e., if the linear hull Sspan (v)
is o(S))-closed - we have

(kerv)™ = Sspan (v).

Proof. A classic theorem on weak duality (see for instance [Die]) affirms
that
(ker A)l = (im(tA))o—(E’,E)v
for every weakly continuous operator A : F — F. Now applying this theorem
to the operator v generated by the family v, we have

(kerv)t = (im (9)) (s1) =

= (Sspan (U))o(sgb) =
= Spana(sw ('U) .

On the other hand, ¢ belongs to ker ¥ if and only if v(¢)(p) = 0, for every m-tuple
p, and this means that ¢ belongs to the kernel of each tempered distribution v,
concluding ker v = kerv. B

8.6.1 Application

Example. Let V be the subspace of S] formed by the distributions with com-
pact support contained in some non-degenerate compact interval K = [¢, d] (of
the real line). Let g be a smooth functional defined on the real line with com-
pact support the interval K and everywhere different from 0 on of the interval
K. Consider the family v = (g(2)d:)zer in S7. As we already know the family
v is of class S (even more, it is of class D). Let us study its kernel, the kernel of
v is the set of any test function k such that v, (k) is zero, for every real x, but
this means g(x)k(x) = 0 for z in the interior of K, and since g is nowhere 0 on
K, the kernel of the family is the set of test functions that are zero on K (since
a continuous function that is zero on an open interval is zero on its closure).
The orthogonal of the kernel of the family v is so the set of all distributions u
which vanish on the complement of K. Recalling the definition of support of a
distribution (the complement of the greatest open set on which the distribution
vanishes) we deduce that the support of an element u of the orthogonal of the
kernel is contained in K, so that by the preceding theorem we conclude

spall, (s (v) = (ker )t =V.
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8.7 SLinear hull of a subset

We propose the following first generalization of the concept of Slinear hull of a
family.

Definition (of “linear hull of a subset). Let X be a subset of the space
S!.. The ®linear hull of the subset X is the intersection of all the ©linear
hulls of © families which contain the subset X.

Note that this linear hull is nonempty since the entire space S/, is the Slinear
hull of an ¢ family which contains X. Moreover, the ®linear hull of the subset
X contains X itself.

More precisely, since the intersection of subspaces is a subspace, the Slinear
hull of a subset is a subspace. Since every linear hull (of family) containing a
subset X is a subspace (and then containing the subset X it must contain the
linear hull of X), the ¢ linear hull of X contains the linear hull of X.

With this definition, the linear hull of an ®family contains the Slinear hull
of its trace.

Open problem. Find an Sfamily whose ¢ hull does not coincide with the
Shull of its trace.

Open problem. If an Sfamily v is a bijection of its index set onto its trace,
is the Shull of the family equal to the hull of its trace?

A less interesting generalization is the following.
Definition (of interior “linear hull of a subset). Let X be a subset of
the space S!. The interior ¢ linear hull of the subset X is the sum of

all the Slinear hulls (of Sfamilies) which are contained in the subset X.

The interior ®linear hull of a subset can be empty, for example the interior
Slinear hull of a nonzero singleton.
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Chapter 9

Bases

9.1 SLinear independence

Definition (of Slinear independence). Let v € S(R™,S!) be an © family
of tempered distributions. The family v is said ©linearly independent, if the
relations a € S, and me av = Os: imply that a = Os/ . In other terms the
family v is S linearly independent if and only if any zero S linear combination
of the family v has necessarily a zero coefficient system.

Example. The Dirac family in S!, is Slinearly independent. In fact, we

have
/ ud = u,

for all w € S’ , and then the relation fRn ud = 0s; implies u = Os; .

n’

Example (the Fourier families). The Fourier families are S linearly in-
dependent. In fact, let ¢ be the (a,b)-Fourier family, and let fRn up = Os: (c)-
For every ¢ € S,,(C), we have

0 Z (/nw> ()
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i.e.,

Flap) (u) = 0s1 (c),

and thus u = Os/ (¢), being F(,p) injective.

Theorem. Let v € S(R™,S)) be an Slinearly independent family. Then, v
is linearly independent. Consequently, the hull Sspan (v) is an infinite dimen-
sional subspace of S),.

Proof. Let k € N be a positive integer, o € (Rm)k be any k-sequence of
points in the m -dimensional Euclidean space, and let v, = (va,)¥_; be the
k-sequence of distributions extracted by the family v by means of the index
selection a. By contradiction, let assume v, be a linearly dependent system of
S/, then there exists a non-zero k-tuple A € K¥ such that

k
E )\ivai = 037/1.
=1

Put A = Zle Ailq,, We have

k
/ Av = / Z)\iéaiv =
m R

™ i=1

k
= Y N[ bav=
i=1

Rm

k

= Z AiVa, =
i=1

= 0Os:.

Now, since the distribution A is different from the zero distribution Os: , the
preceding equality contradicts the Slinear independence of v, against the as-
sumptions. W

9.2 Topology and ®linear independence

The last theorem of the above section shows that, for the ¢ families, the Slinear
independence implies the usual linear independence. Actually, the Slinear in-
dependence is more restrictive than the linear independence, as we shall see
later by a simple example. On the contrary it is less restrictive than the 8(S),)-
topological independence, as it is shown below.
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Topological independence. We recall that a system of vectors v = (v;);er
in the space S/, is said 3(S,)-topologically free (respectively, o (S, )-topologically
free) if and only if there exists a family L = (L;);er of 5(S),) -continuous (re-
spectively, o (S}, )-continuous) linear forms on S), such that L;(vy) = d;x, for any
pair (i,k) € I?, where the family § = (0ik)(i,k)er> is the Kronecker family on
the square I2. If the family v is not topologically free it is said topologically
bound. If the family v is topologically free, any family L satisfying the above
relations is said a dual family of the family v. Note that the above relation can
be written as L ® v = §, where J is the Kronecker family. So, to say that a fam-
ily v is topologically free is equivalent to say that v has a dual family of linear
continuous forms. Recalling that any continuous linear functional on the space
8! is canonically and univocally representable by a test function, to say that
the family v is topologically free is equivalent to say that the bi-orthonormality
condition

(9i, k) = ik,

is true, for any pair (i, k) € I?, for some family g of test functions.

Theorem. Every S family in the space S!, is B(S!)-topologically bound and,
thus, a(S!,)-topologically bound. Consequently, no S family has a dual family.

Proof. Let v be an Sfamily in the space S, indexed by R™. And let L be
an arbitrary family in the dual S/ indexed by the same index set. Being the
Schwartz space (S,,) reflexive, for every i, there is a test function g; in S, such
that

Li = <7gl> ;

that is such that L;(u) = u(g), for every tempered distribution « in S},. Assume
the existence of an index ¢ such that L;(v;) = 1, then we deduce

L= Li(vi) = vi(g:) = v(gs) (),

being v an ®family, the function v(g;) is continuous, then there is a neighborhood
U of the point ¢ in which the function v(g;) is strictly positive. Then, for every
point k in the neighborhood U, we have

Li(vk) = vi(g:) = v(g:) (k) > 0,

and then L cannot verify the condition of topological independence for v . B

Note. By the same proof, it is possible to prove that every C°-family is
strongly topologically bound. Consequently every smooth family is also strongly
topologically bound.
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9.3 Uniqueness of representation

It’s simple to prove the following property.

Property. An S family v in S/, indexed by R™ is Slinearly dependent if and
only if there a point index p in R™ and a tempered distribution a different from
the Dirac delta 0, such that

vp = / av.

Proof. Necessity. Indeed, if v, fulfills that property we have that the
Slinear combination (a — &,).v is zero with a non-zero coefficient distribution
so that the family v is ®linearly dependent. Sufficiency. Vice versa, let, for
every point p, the term v, of the family be representable in a unique way as
the superposition v, = d,.v. Assume v S linearly dependent, then there is a
different from zero such that a.v = 0, hence

vy = Opv—0=
= 0pv—av=
= (§p, —a).v,

since a is a non zero distribution, the sum 6, — a is different form J,, and so v,
is representable in another different way, against the assumption. l

9.4 Characterizations of Slinear independence

By the Dieudonné-Schwartz theorem we immediately deduce two characteriza-
tions.

Theorem. Let v € S(R™,S),) be a topologically exhaustive family, that is
an S family whose Slinear hull Sspan (v) is o(S))-closed. Then the following
assertions are equivalent

o 1) the family v is Slinearly independent;

e 2) the superposition operator [p..(-,v) is an injective topological homo-
morphism for the weak* topologies o(S),) and o(S));

e 3) the superposition operator me(-,v) is an injective topological homo-
morphism for the strong topologies B(S),) and B(S));
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e /) the operator v is a surjective topological homomorphism for the weak
topologies o(Sy,) and o(Sp);

e 5) the operator U is an surjective topological homomorphism of the topo-
logical vector space (Sy) onto the space (Sp,).

Theorem. Let v € S(R™,S!) be an S family. Then the following assertions
are equivalent

o 1) the family v is Slinearly independent and the hull Sspan (v) is o(S!)-
closed;

e 2) the superposition operator me(',U) s an injective topological homo-
/

morphism for the weak* topologies o(S),) and o(S));
e 3) the operator v is a surjective topological homomorphism for the weak
topologies o(Sy) and o(Sp);

e /) the operator v is a surjective topological homomorphism from (S,,) onto

(Sm)-

Remark (on the coordinate operator). In the conditions of the above
theorem, if the family v is ®linearly independent, we can consider the algebraic
isomorphism from the space S/, onto the “linear hull Sspan (v) that sends every
tempered distribution a € S, to the superposition me av, that is the restriction
of the injection [, (-,v) to the pair of sets (S},,” span (v)). We shall denote
the inverse of this isomorphism by the symbol [-|v]. It is a consequence of the
preceding theorem that

e the operator [-|v] :S span (v) — S is a topological isomorphism, with re-
spect to the topology induced by the weak* topology o(S!) on the S linear
hull Sspan (v) and to the weak* topology o(S.,), if and only if the ©linear
hull Sspan (v) is o(S))-closed, that is if the family v is topologically ex-
haustive.

9.5 SBases

Definition (of Sbasis). Let v € S(R™,S!) be an Sfamily in S!, and let V be
a subspace of the space S!,.  The family v is said an S basis of the subspace
V if it is Slinearly independent and it S generates V', that is if the superposition
operator of the family v is injective and “span(v) = V.
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The Dirac family 6 in S/, is an Sbasis of S!,. We call § the canonical S-basis
of S}, or the Dirac basis of S,.

Moreover, the following complete version of the Fourier expansion-theorem,
allow us to call the Fourier families of S'(R™, C) by the name of Fourier bases
of 8'(R™,C).

Theorem (geometric form of the Fourier expansion theorem). In the
space of complex tempered distributions S),(C) the Fourier families are S-bases
(of the entire space S,,(C)).

9.6 Algebraic characterizations of ¢ bases

The following is an elementary but meaningful generalization of the Fourier
expansion theorem.

Theorem (characterization of an ®basis). Let v € S(R™,S) be an
S family. Then,

o 1) the family v Sgenerates the space S!, if and only if the superposition
operator t (v) is surjective;

e 2) the family v is Slinearly independent if and only if the superposition
operator t () is injective;

e 3) the family v is an Sbasis of the space S', if and only if the superposition
operator * (V) is bijective.

Proof. First of all the operator ? (v) is well defined because v is an family.
Moreover, it is obvious, by the very definitions, that the family v © generates
the space S/, if and only if the superposition operator  (v) is surjective, and
that v is ®linearly independent if and only if the superposition operator ¢ (v) is
injective. B

9.6.1 Example

Example (a system of linearly independent ¢ generators that is not
an ®basis). Let v = (0,).cr be the family in S} of the first derivatives of the
Dirac distributions. The family v is of class S, in fact

() (z) = v2(¢) = 0,(¢) = —¢'(x),
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and —¢' is an S-function. Consequently, the operator associated with v is the
derivation in S,, up to the sign and, then, * (v) is the derivation in S/,. This last
operator is a surjective operator (every tempered distribution has a primitive)
but it is not injective (every tempered distribution has many primitives), then
v is a system of S-generators for S7, but it is not S-linearly independent. More-
over, note that v is linearly independent. In fact, let P be a finite subset of the
real line R, and let, for every point pg in P, f,, be a function in S; such that

! (D) = pyp, for every index p in P. If a = (ap)pep is a finite family of scalars

Po
g apvp = O0s7,

such that
peP

then

0= Z apvp | (fpo) = Z apdpop = Gpy,

pEP peP

for every index pg in P.

9.7 Totality of °bases

Note that another way to express the preceding characterization.

Theorem (characterization of an ®basis). Let v € S(R™,S)  be an
S family. Then,

o A family v is a system of S generators of the entire space if and only if
the family v is total in the space S, in the sense that if v,(g) = 0 for
every p implies g = 0.

o A family v is S linearly independent if and only it is total in the space S',,
in the sense that if a.v =0 then a = 0.

o A family v is an Sbasis of the space if and only if the family v is total
both in the space Sy, and S,,.

Proof. Indeed, this means that the operator v is injective, and so v(g) = 0
implies a = 0. W
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9.8 Topological characterizations of ¢ bases

By the Dieudonné-Schwartz theorem we immediately take a characterization.

Theorem. Let v € S(R™,S)) be a family of tempered distributions. Then
the following assertions are equivalent

e 1) the family v is an S basis of the space S!;

e 2) the superposition operator me(~, v) 1is a topological isomorphism for the
weak* topologies o(S),) and o(S));

e 3) the superposition operator me(~, v) 1s a topological isomorphism for the
strong topologies 3(S!,) and B(S));

e /) the operator v is a topological isomorphism for the weak topologies
o(Sp) and o(Sp);

e 5) the operator v is a topological isomorphism of the topological vector
space (Sp) onto (Sp).

9.9 Equivalent “families

We say that to Sfamilies v and w with the same index set are equivalent if
there is a diffeomorphism h of the first index set into the second index set such
that v, = w, where vy, is the family vy (p) = vi(p)-

First, we have to consider a generalization of composition of a measure with
a function. Recall that

Definition (of composition in S, with diffeomorphisms). Let h be
a smooth diffeomorphism for the pair (R™,R™), that is h is a function from
R™ into R™ which is bijective and smooth with its inverse. Then, for every test
function g € S, the function

gn = (g o h_> |det Jh7|
belongs to the space Sp,, moreover, for every distribution a € S, the functional
aoh:8, »K:g—a((goh™)|detJy,-|)

s a tempered distribution called the composition of w with the diffeomorphism

h.
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In the conditions of the preceding definition we have

(aoh)(g) = algn)=
= |det Jp-|a(goh™).

Let v be an ®family and let h be a diffeomorphism, we have

v(9) () = U (9) =
v(g)(h(p))
= (v(g)oh)(

D),

so that vy, (g) is of class S and

vn(g) = v(g) o h.

Let a be a coefficient distribution in S,. We have, for h with unitary deter-

minant,
([ am)e) = awio)
— a(v(g)oh) =
= (aoh)(0(9) =
— ([ @or )
so that

/m avy, = /m(aoh*)v.

Note that the mapping a — a o h™ is a bijection of S/, onto S/,. So that

S,’n.v = S;n.vh.

Moreover, let v Slinearly independent. If a.v;, = 0 then
(aoh™)w=0

and hence a o h™ is zero but this implies that a = 0.

Recalling the preceding we have that an Sfamily is an Sbasis if and only if
it is equivalent to an ®basis.
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Chapter 10

SClosedness

10.1 “Closed subsets

A natural kind of stability for subsets of the space S/, arises with the definition
of Slinear combinations. As usual we say that a family is contained in a certain
subset if its trace is contained in that set.

Definition (of “closedness in S'). Let X be a subset of S.. The part X

is said S closed or S stable in the space S, if it contains all the superpositions
of the S families contained in X . In other words, X is said © closed if, for

113
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each positive integer m € N, for each family v € S(R™,S!) contained in the
part X and for each tempered distribution a € S!,, the superposition me av lies
in the set X.

Example (trivial ®closed subsets). The empty set and the entire space
S! are Sclosed. The first one does not contain “families the second contains all
the possible ®linear combinations.

Example (Sclosed subsets which are not subspaces). Note that a
subset X formed by a unique nonzero distribution is not a subspace, but it is
Sstable. Indeed, there are no Sfamilies in X, since the unique family in X is a
constant one and the constant families are not of class S. Consequently, the part
X is Sstable by definition. A subset formed by only two different nonzero points
is not a subspace but it is Sstable. Indeed, there are no Sfamilies contained in
X; since a family v in X must have at most two distinct points, so the images
v(g), of a test function g belonging to the co-level 0 of at least one of the
distributions of the family, is a nonzero function having at most two values,
and hence it cannot be an ®function (a non zero ®function must have infinite
values).

So an Sclosed set may be not a subspace. We will see later that every subset
both closed and star-shaped at the origin is a subspace.

10.2 SClosed hulls

The starting point is the following result.

Theorem. Let F be a family of S closed subsets of the space S!,. Then, the
intersection NE of the family F is © closed.

Proof. Let F = (F;),c; be our family of “closed subsets and let v be an
Sfamily contained in the intersection NF of the family. Then, v is an family
in the subset F;, for every index i € I of the family (indeed, the family v is a
family in the intersection NF' if and only if v, € F;, for every index p € R™ and
for every i € I). Since the subset F; is Sclosed, the superposition me av must
belong to F;, for every tempered distribution a € S/, and every index i € I,
therefore the superposition me av must belong to the intersection NF' of the
family .

The above stability property allows us to define the concept of ®closed hull
and “closed linear hull of a subset of the space.
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Definition (of Sclosed hull). Let X be a subset of S.. The S closed hull
of X is the intersection of all the Sclosed subsets containing X . It is denoted
by Scl(X) or simply by °X.

It is clear that the Sclosed hull of a subset X must contain X itself and that
Scl(X) is the smallest (with respect to the inclusion) ®closed subset containing
X.

It is equally clear that the Sclosed hull of an “closed subset is the ©closed
subset itself; in particular the $closed hull of the ®closed hull of X is the $closed
hull of X.

Definition (of closed linear hull). Let X be a subset of S!. The
Sclosed linear hull of X is the intersection of all the € closed subspaces of
the space containing X. It is denoted by the symbol Sspan(X).

It is clear that the Sclosed linear hull of a subset X must contain X and that
it is the smallest (with respect to the inclusion) ©closed linear subset containing
X. Indeed, the intersection of a family of Sclosed subspaces is an Sclosed
subspace.

It is equally clear that the Sclosed linear hull of an ®closed subspace is the
Sclosed subspace itself; in particular the Sclosed linear hull of the ¢ closed linear
hull of X is the Sclosed linear hull of X.

Concerning the relationship among the two hulls we have the following ob-
vious result.

Proposition. Let X be a subset of the space S),. Then the inclusion
Scl(X) C “span(X)

holds true.

Proof. The collection of all Sclosed subsets containing X contains the col-
lection of all Sclosed subspace containing X. W

10.3 Relationships among different hulls

Given a subset X of the space S),, we have some different hulls of the set:
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1. the linear hull of X, denoted by span(X), set of all finite linear combina-
tions of elements of X, and also intersections of all subspaces containing
X .

)

2. the Slinear hull of X, denoted by Sspan(X), intersection of all the
Slinear hulls of © family which contain the subset X ;

3. the Sclosed hull of X, denoted by Scl(X), intersection of all © closed
subsets containing X ;

4. the Sclosed linear hull of X, denoted by Sspan(X), intersection of all
the © closed subspaces containing X .

Our aim in this section is to understand the relationships among these hulls.

10.3.1 Relationships among linear hulls

Proposition. Let X be a subset of S). Then, the following inclusions
span(X) C Sspan(X) and span(X) C Sspan(X)

hold true.

Proof. For the first inclusion, note that the collection of all subspaces con-
taining X contains the collection of all subspaces of the form ®span(v), with v
Sfamily, containing X. The second inclusion holds for analogous reasons. W

Open problems. We meet two problems:

e does the inclusion
Sspan(X) C Sspan(X)

hold?

e Is it true that every S closed subspace of the space S!, is a subspace of the
form Sspan(v), with v € family in S!,?
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10.3.2 “Closure of subspaces

We have the following open problem:

Open problem. Is the © closed hull of a subspace E still a subspace?

Note. Let u and v be any two points of the Sclosed hull of E. If we find
an Sfamily w contained in Scl(E) and passing through u and v then any linear
combination au + bv must stay in the Sclosed hull of the subspace E, since
any linear combination of two elements of an Sfamily is a superposition of the
Sfamily. But when such a family does exist?

Question. Is the linear hull of an © closed subset still an © closed subspace?

Answer. The answer is in general negative. Indeed, fixed a point x of
the Euclidean n-space, let X be the singleton of the space formed by the Dirac
distribution 6,. As we already have seen X is an ©closed subset; on the contrary
its linear hull does not. In fact the linear hull of X is the straight line [ generated
by that Dirac distribution. Let g be a test function on the real line (in &;) such
that g(0) = 1. The family v = (9(y)dz)yer is a family in the linear hull ! and
it is of class S (the image of a test function h in S, by the family v is the test
function h(z)g in S1). The superposition dj.v (& is the derivative of the Dirac
distribution on the real line centered at 0) is the distribution &/, (the derivative
of the Dirac distribution on the Euclidean n-space centered at the point x)
which does not belong to the straight line /. B

10.3.3 Relationships among linear and ¢ closed hulls

We have the following questions.

Question. Is the linear hull of a subset X contained in the S closed hull of
that subset? That is, the following inclusion

Sspan(X) € Scl(X),
does hold?
Answer. The answer, in general, is negative. Indeed, let X be an Sclosed

subset of S/ which is not a subspace. Then the Sclosure of X is X itself and
this cannot contain neither its linear hull. W
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Question. Is the S closed hull of a subset X contained in the Slinear hull of
the subset? That is, does the following inclusion

Scl(X) C Sspan(X),

hold?

Answer. The answer is negative. Indeed, consider a subset X such that its
Slinear hull S is not $closed. First of all it is clear that the Slinear hull of S is S
itself (see later). Then consider the Sclosure C of S: it is clear that C' contains
properly S, indeed the part C' is the Sclosure of S and S cannot coincide with
C since S is not Sclosed. W

Concerning the last problem we have the following result.

Proposition. Let X be a subset of the space S), which is the trace of an
S family. Then the Slinear hull of the subset X is contained in the © closed hull
of the subset X itself. That is, the following inclusion

Sspan(X) € Scl(X),

holds. As a consequence, in this special case, the linear hull of X is contained
in the S closed hull of the part X .

Proof. When a subset X of the space S), is the trace of an Sfamily v, any
finite family of vectors in X is a subfamily of some Sfamily in X (just the family
v ), and then we have

span(X) C Scl(X),

but we shall obtain this result as a consequence of what follows. We know that
the Slinear hull of the trace of a family v is contained in the Slinear hull of the
family (in fact the family v is a family whose Slinear hull contains the trace).
Let v a family having X as its trace, we shall prove that the Sclosed hull of
X contains the ®linear span of v. Let now u be an element of the Slinear hull
of v, we must prove that u belongs to every ®closed subset containing X. The
family v is a family in X and then in every ®closed subset C containing X,
consequently (by the very definition of Sclosed subset) every superposition a.v
of v must stay in every ©closed subset containing X and then also in the smallest
one, as we claimed. W

We will find again this result in a slightly different form.

Remark. Let us go back again to the above problem: if the inclusion

Scl(X) C Sspan(X),
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was true, then, by the preceding result, if v is an S family, we should have
Scl(v) = Sspan(v),

and this implies that the ®linear hull of an ¢ family is always ©closed, and this
seems to be not true: but we need a counter-example.

10.4 Unions of °closed sets

In this section we study the union of two Sclosed sets.

Remark (on the union of two Sclosed sets). The union of two closed
sets need not necessarily to be Sclosed, neither in the case in which the two <
closed subsets are subspaces. In fact, consider in the space S the two Slinear
hulls

F = Sspan(d(,’o)) and Fy = Sspan(é(o’,)),

and their union F' = F} U F5. The subset F' is obviously not a subspace, but it
is star-shaped at the origin; in fact, if u is in the union F', then w lies in Fj or
in F5, and then the segment joining w and the origin is contained in F. Now, a
star-shaped Sclosed set is necessarily a subspace (see later), then F cannot be
Sclosed.

Open problems. Some problems arise:

o If two Sclosed sets are disjoints, then is their union Sclosed?

e If v is an Sfamily in the union of two disjoint Sclosed sets, must v be
contained in one and only one of the two component sets?

The last question arises naturally, since the image of the family v is a path-
connected subset of S/, in the topology weak* topology o(S.,,Sn).

10.5 SClosed linear hull of families

Obviously, the ®closed linear hull of a family contains the Slinear hull of that
family, but we can say more.

Theorem. Let v be an ©family in the space S! and let F, be the collection
of all the Sclosed subsets of S! containing the family v. Then the S linear hull
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Sspan(v) is contained in the intersection NF,. In other terms, the ©linear hull
of a family is contained in the S closed hull of the family, that is

Sspan(v) € “cl(v).

Consequently, the linear hull Sspan(v) is S closed if and only if it coincides
with the intersection of the collection F,, that is if and only if

Sspan(v) = NF,,

that is if and only if
Sspan(v) = Scl(v).

Proof. Let us index the collection F, by a set I and denote this family by
the symbol F. Since any member F; of the family F is Sclosed and contains the
family v, we have that the hull span(v) must be contained in Fj, for every index
i € I, and consequently the hull span(v) must be contained in the intersection
NF. If, moreover the hull Sspan(v) is $closed, since it contains the family v, we
conclude that Sspan(v) is one of the members of the family F', and hence that
the intersection NF must be in the hull Sspan(v). B

Remark. Note that, in the conditions of the preceding theorem, in general
it is not true that the intersection NF is a subspace, however, if Sspan(v) is
Sclosed then NF is necessarily a subspace, since every Slinear hull is a subspace.

10.6 “Closedness and topology

In this section we study the relation between Sclosedness and the closedness
with respect to the strong and weak* topologies on the space of tempered dis-
tributions.

Theorem. Let F be a 3(S!,)-closed subspace of S! . Then F is Sclosed.

Proof. Let & be the Dirac family of the space S/ and let v be an “family
in F, then, for every index p of the family, the superposition me dpv belongs
to F, being equal to v,. Now, let a € S}, since the space (S,,) is reflexive, we
know that the closed linear hull of the Dirac family with respect to the strong
topology ((S),) is the entire space S/, i.e.

Spanys; ) (0) = Sp;

therefore there exists a sequence A = (Ay),cy in the linear hull span () con-
verging to the distribution « in the strong topology S8(S),). We have, by the
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selection property of the Dirac family, that any superposition me Agv must be-
long to the linear hull span (v), which is set-included in F since F is a subspace
of 8!. Moreover, being the superposition operator me (-,v) continuous with
respect to the strong topologies 5(S/,) and 8(S),), it follows that, for every a in
the space S),, we have

/ av = / (5(5%) lim Ak>vz
m m k—o00

L A Agv;
k—oo Jpm

and the last limit belongs to the subspace F for 3(S],)-closedness. And conse-
quently, F is € closed. B

Remark. Since the space (S,,) is semireflexive, a part F' of the dual S}, is

o(8])-closed if and only if it is 3(S],)-closed.

Corollary. Let X be a part of the space S,,. Then, we have

Sspan (X) C spatlg(sy (X) .
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Chapter 11

SConnectedness

11.1 “Connected and P connected sets

It is interesting to note that every tempered distribution « in ), belongs to
many °families and to many Pfamilies.

123
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11.1.1 SFamilies in S’ containing a given distribution

Theorem. For every u in S, and for every not-identically zero test function
f belonging to S,, (respectively, to D), there is an ©family (respectively, a
D family) v in S, containing u and such that the associated operator U is
proportional to the operator (u,-) f, where (-,-) is the canonical bilinear form
on S), x Sp.

Proof. Let f be an Sfunction (respectively Pfunction) in S, (respectively
D;) not identically 0, and let py be an m-vector such that f(pg) # 0. The
family defined by

o - 40
P fo)

for every m-vector p, is an family (P family) containing u. Indeed, we have
Up, = U, and moreover, for every m-index p and any test function ¢, we obtain

(
(

v(®) = (u(®)/f(po)) f

and so the function v(¢) is an Sfunction (Pfunction) in S, (respectively D,,).
|

v(@)(p) =

hence we deduce

11.1.2 SFamilies in starshaped subsets of &/,

By the preceding result we immediately deduce a natural sufficient condition
in order that a set contains at least one Pfamily, or Sfamily, through every its
point.

Recall that a subset .S of a vector space V is said to be star-shaped at the
origin if it contains, for every s in S, the closed segment joining s with the
origin of V. On the other hand, if S contains, for every s, the segment joining
s with the origin but not the origin, S is said to be a blunt star-shaped set at
the origin.
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Theorem. Let S be a (blunt) star-shaped set at the origin of the space S),.
Then, for every u in S, there is a P family (€ family) contained in S and passing
through wu.

Proof. Tt is sufficient to choose a smooth function f defined on R™, with
compact support, real, non-negative, with values lower or equal than 1, and such
that f(0,,) = 1. Then, for every u in S, the family of distributions indexed by
R™, defined, for every m -index p, by v, = f(p)u, is a Pfamily contained in S (v
describes the segment joining u with the origin of S,) and containing w. In the
blunt case it is necessary to consider a function f of class S, real, non-negative,
with values lower or equal than 1, everywhere different from 0 and such that

f(0,)=11
We can see more, as the following result will show.

Theorem. FEwvery finite linear combinations of distributions can be always
viewed as superposition of an S family.

Proof. Let ug and uy two tempered distributions in S, and fo, f1 two s
functions in S;, such that f;(j) = di;, for every choice of the indexes 7,5 in
{0,1}. Define a family v in S], as follows

vp = fo(p)uo + f1(p)us,

for every real number p. We have

vo = fo(0)ug + f1(0)ur = uo,

and, analogously, v; = w1, hence v contains both vectors ug and w;. Moreover,
for every index p and any test function ¢, we obtain

v(d)(p) = vp(9) =
= (fo(p)uo + fi(p)us) (¢) =
= fo(p)uo(®) + fi(p)ur(¢) =
= (uw(®)fo +w(e)f1) (p),

so the function v(¢) is a linear combination of fy and f1, and so the function v(¢)
is in S;. In general, every finite sequence u = (u;)¥_; of tempered distributions
is a subfamily of many ®families in S/. It is enough to consider a system
f = (fi)F_, of functions in & such that f;(j) = d;; for every choice of the two
indexes 4,7 in {1, ..., k}, and define a family v in S/, as follows

k
Up = Z fi(p)ui,
i=1
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for every real number p. In this case, for any test function ¢, we obtain

k
v(g) =Y wi(®)fi,
=1

which is a linear combination of the family f. Note that the image of the
operator associated with the family v is a subspace of the linear hull of the
family f. B

11.1.3 SConnected subsets of S/,

We can go beyond. But first we give the following definition.

Definition (of “connected pair in a subset of S/ and ¢ connected
subset of S))). Let X be a subset of S), and let x,y € X. The pair (z,y) is said
to be an S connected (P connected) pair of the subset X if and only if there
is an S family (P family) v indexed by R™, for some integer m, containing x
and y and contained in X. The part X is said ©connected (P connected) if,
for every x,y € X, the pair (z,y) is an Sconnected (P connected) pair in X.

Theorem. Let S be a star-shaped set at the origin of the space S,,. Then,
S is Pconnected and, consequently, S connected.

Proof. Every finite sequence (u;)¥_; of tempered distributions in S, is a
subfamily of a particular kind of Pfamily. Consider a finite sequence (f;)%_,
of functions in the space D; such that any function f; of the sequence is the
i-translation of a certain function fy f; = 7:(fo), for every index 4, with fo a
smooth function fulfilling the following properties:

e fo(0) =1;

o fo(x) €[0,1], for every real z;

e suppfo = B(0,1/2).

Consequently, the functions f; fullfil the following:
e fi(i) =1, for every i;

o fi(z) €[0,1], for every real x;

e suppf; = B(i,1/2).
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Define the family v in S}, as
k
vp =Y filp)ui,
i=1

for every real number p. It is simple to see that v is a P family contained in S
and passing through every u,;. B

As a consequence, if we say Sclosed a part F of S/, such that every super-
position of each Sfamily in F lies in F, we conclude the following corollary.

Corollary. Every © closed star-shaped subset of S!, is a subspace of S!.

11.2 Pz Closed sets (*)

Following Schwartz, if p € [1,4oc], we shall denote by D,» the vector space
of the smooth complex functions defined on R™ whose derivatives belong to
LP(R™ C). The natural topology on this space is, by definition, the topology
generated by the family of seminorms (gx)reny, where, for multi-index k, g is
defined on D,» by

a () = |7

Lpr

When D,»r is endowed with its natural topology, the associated topological
vector space is denoted simply by (D»). It is a complete locally convex topo-
logical vector space with a denumerable fundamental system of neighborhood of
the origin, it is then metrizable and so a Fréchet space. A sequence f = (fi)ien
converges to the zero-function in (Dgr) if and only if it converges to 0 in the
topological vector space (LP) with all its derivatives.

11.2.1 Preliminaries on the space D, :

Lemma. Let f be a real C'-function defined on the non-negative real line R
and of class L' with its derivative. Then, the series > (f(k))2, is absolutely
convergent, and moreover we have the following inequality for its sum

o0

DFEI U e+ 1 e -

k=1



128 CHAPTER 11. SCONNECTEDNESS

Proof. Let k be a positive integer, and let my be the minimum point of | f]
on the interval [k — 1,k]. For every k, denoted by [ the Lebesgue measure on

R, we have
k

| f(mu) | 1([k — 1,K]) < / |f| dl.

k—1

Hence, for every n > 1,

n n k n
Sl <Y [ irld= [ ifia
k=1 k=1"7k-1 0
This implies that the series

> ()R

is convergent, and that

A

Sl < lim [ Ifldi=
k=1

= Ml

On the other hand, by the Torricelli-Barrow theorem, for every k,

k
FR) = Flm) = / fdi,

Uk

and so
k
() = |f<mk>+ | <
k
< |f(mk>|+/ Jdi| <
k
< Ufml+ [ Iria

by this inequality, the series (| f(k)|)¢>, converges, and moreover

o0 o0 o0 k
SO < Z|f<mk>|+2/ ) dl
k=1 k=1 k=17k—1

< Wl + 1

that is the conclusion. W
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Lemma. The distribution Y .o, 0; belongs to the space (Dr1)’.

Proof. We have to prove that the distribution ), d; it is a continuous
form on the space (Dg1). Let f = (fj)jes be a sequence convergent to the
zero-function in (D/1), then f converges to the zero-function in the topological
vector space (£!) with all its derivatives. We have to prove that the sequence

(E)m)

is convergent to 0. By the above lemma we have

o

STE®T e + 5] s

k=1

and, since f converges to the zero-function in (D 1), the right hand converges
to 0, implying the claim. W

Remark. Let us see an alternative proof of the second lemma. It is simple
to see that every delta-distribution belongs to (D1), and thus every finite linear
combination of delta-distributions. So the distribution >";, d; is the punctual
limit of a sequence of continuous linear forms on the space (D,1). Since (Dy1)
is barreled (it is a Fréchet space) the Banach-Steinhaus theorem holds true, and
we conclude, once more, that Y-, §; is a continuous linear form on (D).

When p = +o0 the space Dg» is denoted also by B,. Since a continuous
function belonging to £*° is bounded, B,, is the vector space of the smooth
functions that are bounded with all their derivatives. Moreover, B¢ denotes
the subspace of B,, containing the function vanishing at infinite with all their
derivatives; (B2) shall be the associated topological vector space endowed with
the topology induced by (B,). It is clear that S, is included in B2, and it is
also evident that the topological vector space (S, ) is continuously imbedded in
the space (B?), consequently (B2) C S.

11.3 Sums of series as superpositions

Let us see the sum of a convergent series of tempered distribution as a super-
position.

Theorem. Let Y (ug)pe, be a weakly* convergent series in S),. Then,
there is a Bn family, more precisely a Pct family, which contains the series as
sub-family.
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Proof. Let 3" (uy)pe, be such series and assume it is weakly* convergent to
a tempered distribution u*. Consider a sequence f = (f;)$2; of functions in Dy
such that f; = 7;(fo), for every i, where fy a smooth function in D; with the
following properties:

e fo(0)=1;
e fo(z) €10,1], for every real x;

e suppfy = B(0,1/2).

Define the family v in S/, as follows

vp = 715 Zfi(P)Uzy
i=1

for every real number p. Note that the sequence of partial sums of the series
S (fi(p)u)$2, is definitely constant, and then the series is o(S),)-convergent.
Moreover, v; = u;, for every natural j. We have to prove that, if g is a test
function of class S, then v(g) is of class B2. Let g be a test function in S,,
then for any multi-index p there is an integer j in the closed ball B(p, 1/2) such
that

v(g)(p) = wvplg) =

I
N
=
S
£
S
|

So the function
v(g) =Y uilg)f:
i=1
is smooth and vanishing at infinity with all its derivatives. In fact, being the
numerical series Y (u;(g))$2; convergent, for every test function g, we have

lim |u;(g)| =0,
i—00

hence
. - h (o) f:] <
Jim fo(g)(p)] Jim fu;(9).f3] <
< max fp- lim |u;(g)| =
11— 00
= 0.
Analogously, for every natural k, we have
. (k) _ o ‘ . (k)‘ <
Jim o)D) = lim fus(0)7)"| <

IN

max fék) - lim |u;(g)] =
71— 00

= 0.
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Hence v(g) belongs to B¢. To prove that v is of class D1, note that, for every
integer k > 0,

/R»U(g)(k)dl‘ — A;ui(g)fi(k)dl
N, *
= Lu) /R P
= / fék)dl'7

thus v(g) is smooth and of class £! with all its derivatives, then, following
Schwartz, v(g) belongs to the space D .. B

Corollary. Let Y (uy)je, be a weakly* convergent series in S| to a
tempered distribution u*. Then u* is a superposition of a Dgi-family. As a
consequence, each Dpi-closed subset of S, is sequentially weakly* closed.

Proof. Consider the series of distributions Y (6;);~; in (D1)’ ; it is conver-
gent in (D,1)". In fact, for every s in D1, the series Y (s(4))l; is convergent,

and we have

Z di(s) = Zs(z)

Let v be the family of class D1 built in the proof of the above theorem, we

obtain
( / ia> (@) = (i &-) (v(g)) =
= ivi(g)=
= S wohii) =

i=1j=1

= Zui(g)z
= u*(g).

Hence u* is a D i-superposition of v. Now, a set F' is sequentially weakly™*
closed if and only if contains the sum of every series in F' sequentially weakly™*
convergent, and this concludes the proof. B

Corollary. A subset of the space S!, is Dri-closed if and only if it is se-
quentially weakly™ closed.
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Proof. To prove that every weakly* closed subset F' of S;, is D1 closed it
is sufficient to note that the linear hull of the Dirac family is weakly* dense in
D', indeed the space (D,1) is continuously imbedded in (S,,) and so the linear
hull of the Dirac family is dense in (D,1)’ that is a subspace of (S,). At this
point applying (as usual) the Banach-Steinhaus theorem we conclude that every
superposition of a D i-family is in F. B

e Let us prove that there are sequences whose associated series are weakly™
convergent but which are not rapidly decreasing at infinity.

Proof. Let u be a tempered distribution and let consider the sequence

v=((1/*)u)Z,.

The sequence v has a series weakly™ convergent but v is not of class S. Indeed, let
g be a test function, then the image v(g) is the sequence ((1/i%)u(g))$°; that is
not rapidly decreasing at infinity. Now this sequence cannot be a subsequence of
an Sfamily, since every subsequence of ®families is a rapidly decreasing sequence.
|
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Chapter 12

STLinear operators

12.1 Introduction

Let X and Y be two vector spaces on the field K (the real field R or the complex
one C). A function f from X into Y is called linear if, for any two points z,y
of the space X and for each scalar A € K, the equality

fOx+y) =Af () + f(y),

holds true. Equivalently, a mapping f from X into Y is linear if and only if
for every integer k € N, for any k-tuple z = (Uﬁi)le of points of X and for any

k-tuple of scalars A = (/\i)f:1 of K, setting

k
Z k/\IC = Z)\le
i=1
and f (z) := (f (a:i))le, we have

f (Z k/\l’) => A f(2),

135
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i.e., the image of the A-linear combination of a family x is the A-linear combina-
tion of the image f(z) of the family x under the function f; in indexed notation,

we have i i
f (Z Aﬂi) = Z Aif (CUZ) .
i=1 i=1

The aim of this chapter is to extend the last definition to the class of $families of
tempered distributions indexed by the Euclidean space R¥, using, as coefficient
systems, locally integrable maps from R* to K and, more generally, Schwartz
tempered distributions from R¥ to K (which, as we already have seen, are so
viewed as “non-locally defined” families in K indexed by R¥). If v = (v;); g is
an ®family in S/, i.e. if for every test function ¢ € S, the function

v(p) :RF 5 K:i v;(¢),

belongs to Sy, and if A € S}, is a tempered distribution defined on the index set
of the family v, we put

/Rk)\v::)\oﬁ:t(ﬁ)()\),

where * (v) is the transpose of the operator
0:8, =2 Sp: o= (o).
The idea is very natural:

e an operator L : S! — S! is said Slinear if, for every integer k € N, for
every distribution X € S}, and for every v € S (Rk,S;L), the image of the
S family v is an © family and the equality

L(/ka> Z/Rk)\L(U),

holds true.

12.2 “Operators

First of all we have to act on a family of tempered distribution by means of
operators defined on spaces of tempered distribution, the definition is absolutely
straightforward.

Definition (image of a family of distributions). Let W be a subset of
the space S, let A: W — 8! be an operator (not necessarily linear) and let
v = (Vp)perr be a family of tempered distributions in the subset W, i.e. a family
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with trace set {v,},ere contained in the subset W. The image of the family
v under the operator A is by definition the family A(v) in S}, defined

by
A(v) = (A(vp))pers;
i.e., the family A(v) such that, for all index p € R¥, we have A(v), = A(v,).

We can read the above definition saying that:

e the image under an operator of a family of vectors is the family of the
images of vectors.

Definition (operator of class S). Let W be a subset of the space S, and
let L: W — S/, be an operator (not necessarily linear). The operator L is
said an S operator or operator of class S if, for each natural k and for each
family v e S( RF,S!) such that the trace set {vp}perr is contained in W, the
image family L(v) is an Sfamily (that is belonging to the space S(R¥,S!)).

We can read the above definition as follows:

e An operator L is of class S if the image by L of an € family is an © family
too.

12.3 SOperators defined on S/,

The following property proves that the class of linear ¢ operators defined on
the entire space of tempered distribution contains the class of weakly* contin-
uous linear operators on that space, indeed we shall see that the two class are
coincident.

Theorem (the transpose of an operator). The transpose of a weakly
continuous linear operator defined among two spaces of Schwartz test functions
is an S operator. Consequently, every weakly* continuous linear operator defined
among two spaces of tempered distributions is an S operator.

Proof. Let A:S,, = S,, be a continuous linear operator with respect to the
pair of weak topologies (o (S,,),0 (Sn)). Then, the operator A is transposable
(i.e., for every tempered distribution a € S/, the functional a o A lies in the
space S;,) and its transpose is (by definition) the operator

PA: S, =S, arao A
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Let v € S(R*,S!) be an Sfamily, we have, by definition of image of a family,
"A(v), = "Alvy),
and hence we deduce

AW (9)(p) = "A(v),(9)
= tA(Up) (¢)
= v (A(9))
= v(4(9)) (p),

so, taking into account that v is an ®family, we deduce that the image

"A(v) (¢) =T (A(9))

belongs to the space Si. Concluding, the image family ‘A (v) is a family of class
S belonging to the space S(R¥,S!), and thus the operator ! A, sending families
into ¢ families, is an S-operator. W

Application. Let L : S, — S), be a differential operator with constant
coefficients and let v be an Sfamily in the space ~ S),. Then L(v) is an ®family,
in fact L is the transpose of some differential operator on the space S,, . For

instance, the Dirac family (6;),cgn is obviously an Sfamily, and so the family

of i-th derivatives (Jg(f))zem is an ¢ family, for every multi-index 4.

12.4 Characterization of “operators on S/,

The following property proves that the class of linear ¢ operators defined on
the entire space of tempered distribution coincides with the class of weakly*
continuous linear operators.

Theorem (characterization of Soperators). A linear operator defined
among two spaces of tempered distributions is an S operator if and only if it is
weakly™ continuous.

Proof. We have already proved that every continuous linear operator defined
on a space of tempered distribution is an Soperator. Vice versa, if L : S/, — S/,
is a linear operator, then the image of the Dirac family L() is a family of class
S. So for every test function h in S, the image of the function h by the family
L(9) is a family of class S (belonging to the space S),), namely the function

L(6)(h) = @ = L(3z)(R),
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so the operator L is weakly topologically transposable, and its transpose is
defined by
'L .8, — Sn:h— L(6)(h),

or, equivalently, defined by the classic transpose definition

(u' L(h)),, = (L(u), h),,,

for every tempered distribution u in the space S, and for every test function h
in the space S;,,. Since every weak topologically transposable operator is weakly
continuous we conclude that every linear Soperator is weakly continuous. B

12.5 SLinear operators on S/

In this section we shall introduce the main concept of the chapter.

Definition (°linear operators on the entire S!). Let L : S/ — S/
be an S operator (not necessarily linear). The operator L is called ©linear
operator if, for each positive integer k, for each family v € S(R*,S!) and for
every tempered distribution a in Sy, the equality

L[ o)~ [

Property (linearity of the ®linear operators). An Slinear operator is
linear.

holds true.

Proof. Indeed, in the conditions of the above definition, for each couple of
scalars b, ¢ and any couple of tempered distributions in the space S/, if § is the
Dirac basis of the space S),, we have

L </Rk(au+bw)5> =
_ /R (ot bw)L(5) =

a / wL(0)+b [ wL(s) =
Rk

Rk

aL</Rku5)+bL(/Rkw5)

= aL(u) 4+ bL(w),

L(au + bw)

as we desired. W

But we will see more than this preliminary remark about ¢ linear operators.



140 CHAPTER 12. SLINEAR OPERATORS

12.6 Examples of ®linear operators

In this section we propose two important examples of ®linear operators. We
note that the first is a particular case of the second one, and indeed we shall see
that every Slinear operator defined on the entire S/, is of the type presented in
the second example.

12.6.1 The superposition operator of an ®family

Recall that if v € s(R¥,S!)) is any family of tempered distributions indexed
by an Euclidean space R* and if w € S(R™,S/) is any ®family of tempered
distributions, the family in S/ indexed by R¥ and defined by

/ vw = (/ v,,w) ,
m " pERK

is called the superposition of the Sfamily w with respect to the family v.

We have already proved that, if the family v belongs to the space S(R*, S/ )
then the superposition [p,, vw belongs to the space S (R*, &) and the op-
erator associated with this superposition is the composition of the operators
associated with the two families v and w , precisely we have

A
vw | =0odw.
m

In this case, sometimes, it is also convenient to denote the superposition

/ vw

by the product notation v.w and we call it also the ¢ product of the family v
by the family w.

Proposition. Let w € S(R™,S!) be an ©family of distributions and let
L: S, — S be the superposition operator of the family w, defined by

L(a) = /m aw,

for all tempered distribution a € S!,.  Then, the operator L is an ©linear
operator.

Proof. The operator L is an Soperator, indeed we know that L is the trans-
pose of the continuous linear operator associated with v and then it is weakly*
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continuous. But we want to see this fact directly. If v € S(R*,S!,) is an Sfamily
then its image by the operator L is L (v) = v.w and the product of two Sfamilies
is an Sfamily. Let a € S], be a tempered distribution and let v € S(R*,S/,) be
an Sfamily, we have

(o) = Lo (L)
= foo(L)-
= /R aL(v).

Note in fact that, for each index p € R¥, we have

L), = L(v) =

= / 'Up’u) =
Rm,
- (/ vw) ,
Rm P

and the proof is completed. B

12.6.2 Transpose operators

Lemma (the image under a transpose operator). Let B € L(S,,,Sp) be
a linear continuous operator and let v € S(R*.S! ) be an ©family. Then, the
image of the family v by the transpose operator B is the product of the family
v by the family generated by the operator B, in symbol we have

'B(v) :/ vBY,
RE

so0 in particular, the transpose operator 'B is an S operator.

Proof. For each index p € R¥, we have

(), = [

= YpoO (BY)" =
vpo B =
= tB(Up) =
= 'B(v)(p),
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and hence
/ vBY = 'B(v),

as we desired. W

Theorem (°linearity of a transpose operator). Let B € L(S,,,S,,) be
a linear and continuous operator and let v € S(R¥,S! ) be an © family. Then,
for each tempered coefficient system a € S, we have

tB(/Rkav):/RkatB(v).

Proof. We have

([ ) = ([ )en-

(aoﬁ)oB:
= ao(VoB)=

/Rk a(@o B)Y =
o
/Rk a'B(v),

Application (derivatives of a distribution). As a simple application,
we prove the formula
u = / ud’,
R

where ¢’ is the “family in ] defined by 6’ = (6])per. Let 6 be the Dirac family
of the space Sj, then for each tempered distribution u € S7, we have

u:/u(s,
R

W = 8(/Ru5>:
- /Rua(é):
_ /Rué’.

as we desired. W

and consequently
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More generally, in the space S/, we have

L) = [ ui(o)

for every differential operator L, and every tempered distribution wu.

12.7 Characterization of Slinear operators

Now, we can show the true nature of the Slinear operators defined on S,.

Theorem (characterization of Slinearity). Let L : S/, — S, be an
operator. Then, L is S-linear if and only if there exists a linear and continuous
operator B € L (S,,,Sy) such that L = *(B).

Proof. Sufficiency. Follows from the above theorem. Necessity. Let § be
the Dirac family in the space S),, we have

s = o[ w)-
- /nuL(é):

= (LO)") W),
L="(L()"),

as we desire. W

Before to give the last complete characterization of Slinear operators, we
recall the following classical definition from Linear Functional Analysis.

Definition (of transposable operator). A linear operator L : S|, — S,
is said to be transposable with respect to the canonical pairings (S,,S))
and (S,,,S.,) if and only if there exists a linear continuous operator B €
L(Sm,Sn) such that L = *(B).

Recalling that the operator L is weakly continuous if and only if it is strongly
continuous if and only if it is transposable, we derive the following definitive
characterization.

Theorem (characterization of “linearity). Let L : S, — S be a
operator. Then, the following assertions are equivalent

1) the operator L is S -linear;
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2)
3)
4)
9)
6)
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there exists an operator B € L (S, Sy) such that L = *(B);
the operator L is linear and weakly continuous;

the operator L is linear and strongly continuous;

the operator L is linear and transposable;

the operator L is linear and of class S.
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Applications of Slinear
operators

13.1 “Bases of subspaces

The preceding theorem allow us to state and prove some definitive results about
the existence of Sbases for a subspace of S,.

Theorem. Let V be a subspace of S),. Then

1) the subspace V has a system of ©generators if and only if there is an
Slinear operator A:S' — S’ , for some integer m, such that

m n’

AS),) =V;

2) the subspace V has an basis if and only if there is an injective © linear
operator A : 8!, — S, for some integer m, such that

A(S,) =V

145
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Proof. 1) It’s obvious, because every Sfamily v univocally determines a
transposable operator v : S,, — S,,, that is univocally determined by the ®linear
operator v : S/, — S/, and vice versa. Moreover, for every ®family v, we have

Sspan (v) = '5(S),).

B(a) = /m av.

Then the conclusion follows immediately from the definition of ®linear indepen-
dence.

2) Remember that

The preceding result can be reread in the following way.

Theorem. Let V be a subspace of S),. Then

1) the subspace V has a system of ©generators if and only if there is a
continuous linear operator A : S, — Sy,, for some integer m, such that

LA(S,,) = V;

2) the subspace V has an Sbasis if and only if there is a continuous linear
operator A : S,, — Sy, for some integer m, such that its image imA is

dense in S, and
PAS! ) = V.

13.2 SBases of closed subspaces

By the preceding and by the Dieudonné-Schwartz theorem (see later), it follows

Theorem. Let V be a weakly* closed subspace of S!,. Then

1) the subspace V has a system of S generators if and only if there is a strict
morphism A : S/ — S/, for some m, such that

A(S),) =V

2) the subspace V has an ©basis if and only if there is an injective strict
morphism A :S] — S/, for some m, such that

ASL) =V

Corollary. Let V be a weakly® closed subspace of S),. Then
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1) the subspace V has a system of ©generators if and only if there is a
surjective strict morphism L : S/ — V, for some integer m;

2) the subspace V has an Sbasis if and only if it is topologically isomorph
with some space S, ; that is if and only if there a topological isomorphism
L:S,, —V, for some integer m.

‘We recall the classical results we have used.

Theorem (Dieudonné-Schwartz). Let E and F be two Fréchet spaces
with topologies Tg and Tr respectively, E' and F’ their topological duals, and
let uw: E — F be a linear and continuous map. Then the following conditions
are equivalent:

1) the operator wu is a strict morphism for the topologies Ty and Tr;

2) the operator u is a strict morphism for the weak topologies o (E,E') and
o(FF");

3) the image u (E) is closed in F;

4) the transpose operator ‘u is a strict morphism for the weak* topologies
o(F',F) and o (FE',E);

5) the image tu (F") is closed in the dual E' for the weak* topology
o(F,E).

Corollary. Let E and F be two Fréchet spaces, E' and F' their topological
duals, and v : E — F be a linear continuous map. Then,

1) the operator u is an injective strict morphism if and only if its transpose
operator is surjective, i.e. if and only if

2) the operator u is a surjective strict morphism if and only if the image
tu (F') is closed in E' for the weak* topology o (E', E) and the transpose
tu is injective;

3) the operator u is an isomorphism if and only if its transpose operator ‘u
is an isomorphism for the weak™ topologies o (F', F) and o (E', E).
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13.3 SBases of barreled subspaces

The Ptak open mapping theorem allows us to state and prove some definitive
results about the existence of bases for a barreled subspace of S/,.

Theorem. Let V' be a barreled subspace of S),. Then

1) the subspace V has a system of ©generators if and only if there is a
surjective strict morphism L : S/ — V, for some integer m;

2) the subspace V has an ©basis if and only if it is topologically isomorph
with some space S, ; that is if and only if there a topological isomorphism
L:S), =V, for some integer m.

Proof. Indeed, the Ptdk open mapping theorem affirms that if FE is a Ptak
space and F' a barreled space, then every surjective continuous linear operator
of E onto F is a topological homomorphism. Now, every space S/, is a Ptdk
space, since it is the dual of a Fréchet space and the subspace V is barreled
by assumption. Let v be a system of ©generators of the subspace V, then the
corresponding superposition operator A is a linear continuous operator of S/,
into S/, whose image is V. Let L be the codomain restriction of the operator A
to the subspace V, it is a surjective continuous linear operator of the space S/,
onto V; applying the Ptak theorem, we conclude that L is a surjective strict
morphism. The second assertion is an obvious consequence of the first one.

13.4 Superpositions of “linear operators

In this section we desire to define the superposition of a continuous family
of continuous linear operators among two distribution spaces. Let us start
immediately with the action of a family of operators on a distribution.

Definition (image of a distribution under a family of operators).
Let A be a family of weakly* continuous linear operators from the space S}, into
the space S'., indexed by the k-dimensional real Euclidean space R¥. For
every tempered distribution u in S,,, we define the action of the family A on

the distribution u as the family

A(u) == (Aqg(u))gerr
of tempered distributions in S!,,. In other terms, the image of a tempered dis-
tribution by a family of operators if the family of the images of the distribution
by any single operator of the family.
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Definition (family of operators of class S). We say that the family A
of operators is a family of class S if the family of distribution A(u) is of class
S, for any u in S),.

Definition (superpositions of an ®family of operators). If A is a
!

family of operators in the space L(S.,S!,) indezed by R¥ and of class S, we
can consider the superposition in S,

| aatw.

for every distribution u in S), and every distribution a in Sj,, this superposition,
we repeat, is a distribution belonging to the space S),. So we have constructed

an operator, denoted by
/ aA,
RE

from the space S), into S}, - that we say the superposition of the family A
by the system of coefficients a - defined by

(/R aA> (u) = /R aA(u),

for any distribution u in S),.

Is this operator a linear continuous operator? Let us see that it is indeed an
Slinear operator.

Theorem. Let A be a family of operators in the space L(S),S),) indexed
by R¥ and of class S, and let a be a distribution in S;.. Then, the superposition

/ aA
Rk

is a linear continuous operator and (equivalently) an S linear operator.

Proof. Let ¢ be the Dirac basis of the space S}, and let u be a vector of SJ,.
For any index ¢ in R*, we have

([ G4A)(u) = S A(u) =
Rk Rk

= Au)g =
= Aq (u)a
so the superposition ka dqA is the operator A, (as was already clear), which

is a continuous operator. Now it is also clear that the superposition ka aA of
the family A with respect to a coefficient distribution in the linear hull span(d)
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is an operator in the linear hull span(A), hence a linear operator. Since every
distribution a in the space S, is the weak™ limit (and then a strong limit too)
of a sequence d in  span(d), we have that, for any « in S/, , we have

(38180 Tim ( / Ao A ) = BEDES) T [ dyA(w) =
Rk

k—o0 k—oo Jpk

= / A8 lim d, A(u) =
Rk k—oo

= [ aaw)

so that the linear operator ka aA is a pointwise limit (with respect to the pair of
strong topologies (8(S},), 8(S},))) of a sequence of continuous linear operators,
applying the Banach-Steinhaus theorem (we can since it works when the first
space of the operators is barreled, taking into account that strong duals of
Montel spaces are Montel spaces, that Montel spaces are barreled and that the
Schwartz space S,, is a Montel space) we conclude that this operator must be
continuous. W

13.5 ©“Linear operators and ®bases

Proposition. Let A : S, — 8!, be an ®linear operator. Then A sends
Slinearly dependent families into Slinearly dependent families. Consequently, if
the image of an S family is S linearly independent the S family must be S linearly
independent too.

Proof. Let v be an Slinearly dependent family indexed by R, then there
exists a nonzero distribution a such that

av = 0g/ ,
Rk "

applying the linear operator A we have

Os;,, = A(0s;) =

A(/Rk av) =
= [ eat.

so the family A(v) is Slinearly dependent too. W

Theorem (basic properties of “linear operators). We have the follow-
ing results:
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1) a surjective Slinear operator transforms S generating systems of its do-
main space into S generating systems of its codomain space;

2) an injective °linear operator sends ©linearly independent family into
Slinearly independent family;

3) a bijective Slinear operator transforms Sbases into © bases;

4) if two Slinear operators defined among the same pair of spaces coincides
on an ¢ basis, of their common domain, then they coincide on the

entire domain space;

5) if v is an basis of a space S!, and w is an © family of a space S', indeved
on the same index-set of the family v, then there exists and it is unique
an Slinear operator sending v into w.

13.6 Invertibility of ®linear operators

Theorem (invertibility of Slinear operators). We have the following re-
sults:

1) the inverse of a bijective S linear operator is an S linear operator too;

2) an Slinear operator A has an Slinear left inverse if and only if A is
injective, its image A(E) is weakly® closed and A(E) has a topological
supplement;

3) an Slinear operator L has an Slinear right inverse if and only if it is
surjective and its kernel ker (L) has a topological supplement. Namely, if
there exists a continuous right inverse R of the surjection L, a topological
supplement of the kernel of L is the image of R.

Proof. (1) Let us prove this one. If A :S), — S/, is such bijective linear con-
tinuous operator then its transpose ‘A is a bijective continuous operator from
the Fréchet space (S,,) onto the Fréchet space (S, ), by the Banach homomor-
phism theorem for Fréchet spaces this transpose is a topological isomorphism
and then also A will be a topological homomorphism, so the inverse of A is
continuous and then an Slinear operator. W
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13.7 SLinear operators on subspaces

We recall that an Soperator is a not necessarily linear nor continuous operator
sending any ®family in its domain into another ®family (of its image obviously).

Definition (of Slinear operator on subspaces). Let V be an € closed
subspace of the space S|, and let L : V. — S, be an Soperator. We say that
the operator L is an Slznear operator if, for each positive integer k, for any
tempered distribution a € S, and for each Sfamily ve S(R* S') in V,

i.e. whose image imv s contained in the subspace V, the equality

L(/Rk(u;):/RkaL(v),

holds.

As in the case of Slinear operators defined on the entire space of tempered
distribution, the Slinear operators defined on subspaces are linear, but the proof
is of another nature and requires the Sconnectedness of the subspaces of the
space of tempered distributions.

Theorem (linearity of Slinear operators on subspaces). An Slinear
operator defined on a subspace V' of the space S!, is linear, as in the case of
Slinear operators defined on the entire space S!,.

Proof. Indeed, note that a subspace of S}, is star-shaped at the origin and
so it is Sconnected. Then, let z,y be any two points of the subspace V and a, b
two scalars. Let v be an Sfamily indexed by the real line such that vy = = and
vy =y (it exists by connectedness), we have

Laz +by) = L(a/50v+b/61v> -

a50 +b51 > =

/(a60+b61) (v) =
= aL(vo) + bL(v1),

so L is linear, as we desired.
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13.8 Compositions of “linear operators

The composition of two Slinear operators (when it exists is Slinear).

Theorem. Consider two S closed subspace V and W of S!, and S!, respec-
tively and two Slinear operators A:V — S and B: W — S, such that A(V)
is contained in W. Then the composition BA is an Slinear operator.

Proof. Indeed, if v is an Sfamily in V, since A is an Soperator, then the image
family A(v) is an Sfamily in W; since B is an Soperator the image B(A(v)) is an
Sfamily and consequently the composition operator BA is an Soperator. Now

o BA(/R) - B(A(/R)>
B(/RhaA(v)):

= | aBla) -

/Rh aBA(v),

so that the composition BA is also an linear operator, as we claimed. W
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Chapter 14

SHomomorphisms

In this chapter we study a condition sufficient to guarantee that the Slinear
hull of an Sfamily is ¢ closed, and consequently that this Slinear hull is the
smallest Sclosed subspace containing the family, i.e., the Sclosed linear hull of
the family. However, the concept of S homomorphism is interesting per se and
it is necessary to study the Slinearity of the coordinate operator and for the
existence of Green’s families of an operator.

155
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14.1 SHomomorphisms

We recall that:

e if V and W are two subspaces of the two spaces S;, and S/,,, respectively, for
every positive integer k and for every family v = (v;);er+ in the subspace
V', the image of the family v under an operator A : V' — W is the family
(in the subspace W) defined by

A(v) := (A(vi))icrr-

e an Soperator is an operator (not necessarily linear nor continuous), defined
among two subspaces of spaces of tempered distributions, which sends
Sfamilies into ¢ families;

e we proved that a linear Soperator defined on an entire space of tem-
pered distributions is a weakly* continuous operator and (equivalently)
and Slinear operator.

Consider an Soperator A. If v is an € family in the domain of A, then its
image A(v) is an € family in the image of A; but, if we consider an Sfamily w
in the image of the operator A, the question is:

e is it possible to find an Sfamily v in the domain of A whose image is the
Sfamily w?

This problem is a problem of smooth choice (in the sense of the  Choice
Aziom); let us explain. If w is a family in the image of A , indexed by some
Euclidean space I, then, for every index p in I, there is a maximal (with respect
to the inclusion) subset V,, of the domain of A whose image is the singleton
{wp}, namely the anti-image A~ (w,) of the element w,. We so find an ordered
family of subsets of the domain of the operator A indexed by the set I, precisely
the family V' = (V,)per. We know that, by the axiom of choice, there exists
a family v indexed by I such that v, belongs to V}, for every index p in I -
sometimes such families are called choice families of the family V', or simple
choice of the family V' - the question is:

e is it possible to find an S choice of the family V ¢

As we shall see later, the answer in general is negative, therefore we need
the following definition.

Definition (of Shomomorphism). Let A : S/, — S! be an Soperator.
We say the operator A an S homomorphism if, for every family u, indexed
by some Euclidean space, in the image A(S!,) there exists an S family a in the
space S), such that its image under the operator A is the family u. Analogous
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definition we give for an operator defined among two subspaces of spaces of
tempered distributions.

Motivation. A first motivation for introducing this concept is that, as we
shall see, any Shomomorphism is € closed (i.e., the operator A sends Sclosed
subsets into Sclosed subsets).

Remark. Every Shomomorphism is an ¢ operator and then, if it is linear
and defined on the whole of a space of tempered distributions, it is a weakly™
continuous operator.

14.2 Injective linear Shomomorphisms

Let us see a characterization of injective linear ¢ homomorphism.

Theorem. Let A: S/, — 8!, be a linear operator. Then, the following two
conditions are equivalent:

e the operator A is an injective linear $homomorphism;

e for every family v in the space S, indexed by some Fuclidean space, the
image of the family v under the operator A is an S family if and only if v
is an S family.

Proof. (=) Since the operator A is injective, then for every family w in
the image of the operator, indexed by an Euclidean space I, there is only one
family v in the domain of the operator such that A(v) = w. By definition
of Shomomorphism, this family v must be an Sfamily, since there is at least
one ¢ choice for the family of anti-image (A~ (w,))per. (< ) Assume that the
linear operator A is not injective. It follows that there is a nonzero distribution
u belonging to the kernel of A. Let now v the constant family with unique
element u, the family v is not an Sfamily but its image is the zero family, which
is an Sfamily, and this goes against our assumption that every family having an
Simage must be an Sfamily. Bl

Theorem. Let A : S/, — S/, be an Slinear operator. Assume that the
operator A has a (surjective) linear continuous left inverse, that is assume that
there exists a continuous linear operator L :S) — S! such that

LoA= ()5;}

Then, the operator A is an injective linear ©homomorphism.
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Proof. Let L be a continuous left inverse of the ¢ linear operator A. The
operator A is injective since it has a right inverse. Using the above characteri-
zation, we have only to prove that, if v is any family in the domain of A, and
if its image A(v) is of class S, then v is of class S too. Indeed, let v be such a
family with image A(v) of class S. Since L is a continuous operator defined on
the whole of the space S/,, it is an Soperator and hence the image L(A(v)) is
a family of class S; but the image L(A(v)) is exactly the family v and so the
condition of Shomomorphism is verified. W

14.3 Surjective linear *homomorphisms

Let us see a characterization of surjective linear $ homomorphism.

Theorem. Let A : S/, — S!, be an Slinear operator. Then, the following
two conditions are equivalent:

o the operator A is a surjective linear S homomorphism;

e the operator A has a (injective) linear continuous right inverse, that is
there is a continuous linear operator R : S), — S, such that

AOR:(.)S;”.

Proof. (=) Since the operator A is surjective, the Dirac family p of S, is in
the image of A. Since the operator A is an Shomomorphism there is an Sfamily
G in 8/, (indexed by R™ since p is indexed by R™) such that A(G) = p. Consider
the superposition operator R of the family G, for every tempered distribution
a in S)., we have

m?

Ao/Rk(.,G)(a) _

and this means exactly that
AR = ()s: -

(«=) Vice versa. Let R be a continuous right inverse of the operator A. The
operator A is surjective since it has a right inverse. We have only to prove
that, if w is any ®family in the image of A, there exists a reciprocal image of w
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which is of class S. Indeed, let w be such a family and let R(w) be its image
by the inverse R. Since R is a continuous operator defined on the whole of the
space S’ it is an Soperator and hence the image R(w) in a family of class S;
moreover, the image A(R(w)) is w and so the condition of Shomomorphism is
verified. l

14.4 SStable families

Definition (of stable family). We say that an S family v, indexed by some
R™ and in the space S!,, is Sstable if, for every family w, indexed by some
Euclidean space R* and in the € linear hull of v, there is an S family a = (a;);crr

in S), such that
w = / av.

In other terms, the family v is said S stable if and only if its superposition
operator me(-, v) is an Shomomorphism.

Remark (on the “linearly independent ®stable families). An Sfamily
v in the space &/ and indexed by R™ is an “linearly independent Sstable family
if and only if, for every family a = (a;);er+ in the space S;,, the superposition

av
m

(which is necessarily a family indexed by R¥ and in the ®linear hull of v) is an
Sfamily if and only if the family a is an Sfamily. In other terms, the family
v is an Slinearly independent Sstable family if and only if the corresponding

superposition operator
/ ('7 U)

Theorem. Let v be an ©stable family in the space S!,. Then, the ©linear
hull Sspan(v) is ©closed and hence it coincides with the ©linear closed hull of
the family v and with the  Sclosed hull of the family, i.e.,

is an injective Shomomorphism.

Sspan(v) = “span(v) = cl(v).

Proof. Let the family v be indexed by R™ and let w be an Sfamily in the
Slinear hull of v, indexed by R*. Then, by definition of Sstable family, there is
an Sfamily a such that

/ av = w.
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Applying the Slinearity of the superposition operator of the family v, for every
coefficient distribution b in Sj,, we have

foo = L) -
[ ([ )

and hence any superposition of the family w must belong to the Slinear hull of
v.

Corollary. Let v be an © stable family in the space S!. Then the ©linear
hull ®span(v) is the intersection of all the © closed subset of S! containing the
family v, in particular it is © closed.

Question. If the Slinear hull of an S family is © closed, then is the S family
an Slinearly independent S stable family?

Answer. The Answer is in general negative. Indeed, consider a family v such
that its superposition operator is surjective but not injective, for instance the
derivative of the Dirac family in S]. Then the Slinear hull of the family v is
S closed (it is the entire space S}) but the superposition operator of v is not
injective and consequently it cannot be an injective *homomorphism. B

Question. If the Slinear hull of a family is ©closed, then is the family
Sstable?

Answer. We will see that if A is a surjective linear Shomomorphism, then it
is necessarily a surjective topological homomorphism with the kernel admitting a
topological supplement. Consider a surjective topological homomorphism A (or
equivalently, since its image is topologically closed, a surjective linear continuous
operator) which doesn’t have a kernel with a topological supplement. Then, the
associated family v = A(9) is an family whose ®linear hull is Sclosed (the entire
space) but that is not Sstable (since its superposition operator A is not an
Shomomorphism). W

14.5 SLinear operators and “closedness

Proposition. Let A:S! — S/, be an Slinear operator. Then the kernel of
the operator A is S closed.



14.5. SLINEAR OPERATORS AND S CLOSEDNESS 161

Proof. Let v be an Sfamily in the kernel ker A of the operator A, indexed
by R*¥. The image A(v) of the family v is the O-family in S/, so, for any
Sdistribution of coefficients a feasible for the family v, we have

A(/Rkav> S CCE
- /Rkao:

OS’ )

m

consequently the Slinear combination

av
Rk

lives in the kernel ker A of the operator A. B

More generally, is the preimage of an S closed subspace an © closed subspace?

Proposition. Let A:S! — S/ be an ®linear operator. Then the preimage
of an S closed set under the operator A is S closed.

Proof. Let C be an “closed subset of the space S/,. Let v be an ®family in-
dexed by R¥ in the preimage A~ (C) of the Sclosed C and let a be any coefficient
distribution for the family v. We must prove that the superposition

av
Rk

is in the preimage A~(C). We have that the image A(v) is an Sfamily in the
subset C', so the superposition
/ aAv)
Rk

lives in the subset C too (since C' is closed) but the above superposition a.A(v)
is equal to the image A(a.v) (by Slinearity) so that the image A(a.v) belongs
to C and this means that the superposition a.v is in the preimage of C' by the
operator A. W

Open problem. Is the image of an S closed subspace, by an ©linear oper-
ator, an © closed subspace too?
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Note. Let A be an Slinear operator from S/, into S.,. If C is an Sclosed
subspace of the domain of A, consider an ®family w in the image A(C). By
definition of image of a subset, there exists a family v in C such that A(v) = w.
But, can we affirm that this family v is an “family? In general an ®linear
operator transforms Sfamilies into ®families; but, if the image w of a family v
is an Sfamily, we cannot conclude nothing about the family v. For this reason,
we shall assume the operator A an Shomomorphism, which is such that any
Sfamily in its image is the image of at least an © family. So the answer to above
question seems to be negative, but we need a counterexample.

14.6 SHomomorphism and ¢ closedness

We conclude the following result.

Proposition. Let A : S/, — S! be an Slinear operator which is also an
Shomomorphism. Then the image of an ©closed subset of S! is an S closed
subset of S! . In other terms, we can say that any linear Shomomorphism is
an S closed operator.

Proof. If C'is an Sclosed subset of the domain of the operator A, consider an
Sfamily w indexed by R” in the image A(C). By definition of Shomomorphism,
there exists an Sfamily v in C such that A(v) = w. For any distribution a in

S, we have
/ aw = / aA(v) =
Rk Rk

The above superposition a.v lies in C (since the subset C is Sclosed), thus the
superposition a.w lies in A(C) and we can conclude that A(C) is Sclosed. B

14.7 Invertibility of linear © homomorphism

We we consider an homomorphism among Sclosed subspaces, the linearity of
the operator (in general) does not imply the ®linearity. We shall call the Slinear
Shomomorphism, simply, ®linear homomorphism.
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Theorem. Let V and W be two S closed subspaces of the spaces S and
S!. respectively and let AV — W be a bijective © linear homomorphism. Then
the inverse A~ is a bijective Slinear homomorphism.

Proof. The operator A~ is obviously a linear © homomorphism. We have
only to prove that it is an ®linear operator. Let w be an Sfamily in the subspace
W, indexed by some k-dimensional Euclidean space. Since A is a bijective
Shomomorphism, there is an Sfamily v in V such that A(v) = w, or equivalently
such that v = A~ (w). We have, for every a in Sy,

A_(/Rkaw) _ A‘(/RkaA(v)>:
= (a([Lo)) -
/}Rkav:

= [ e

as we claimed (note that all the above superpositions live in the domains of the
operators by “closedness of the domains themselves). B

14.8 Left inverse of linear * homomorphisms

Let us see a characterization of injective Slinear operator with a continuous left
inverse. We recall that a projector of a set onto one of its subsets is a surjective
and idempotent mapping.

Theorem. Let A : S/, — S, be an Slinear operator. Then, the following
two conditions are equivalent:

1) the operator A is an injective linear S homomorphism and there is an

linear projector
p:S, = A(S,)

of the space S,, onto the image A(S),);

2) the operator A has a (surjective) linear continuous left inverse L, that is
there is a continuous linear operator L : S!, — SI, such that

LoA= (')S;n.
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Proof. Let the assumption 1) be satisfied. Since A is an Shomomorphism, its
image W is Sclosed. Consider the codomain restriction R of the operator A to
the image W, i.e. the bijective operator R : S, — W, defined by R(u) = A(u),
for every distribution v in S),. The inverse operator R~ : W — S/, is defined on
an “closed subset of S’ . is an Soperator since A is an Shomomorphism and is
Slinear since it is the inverse of an Slinear operator. Consider the composition

L=R"op,

)., composition of two surjective Slinear operator,
consequently it is a surjective linear operator from S/, onto S/, (and hence also
continuous). We have only to prove that the composition L o A is the identity
operator of S/,. For, let v in S/, we have

L(A(w) = R (p(Au)) =

this is a mapping of S/, into S,

= u’
as we claimed. W

Corollary (characterization of bijective ¢ linear homomorphism).
An Slinear operator A : 8! — 8! is a bijective linear ©homomorphism if and
only if it is a topological isomorphism.



Chapter 15

SGreen’s families

15.1 Introduction

This Chapter is devoted to the concept of Green’s family of a linear contin-
uous endomorphism on the space of tempered distributions S/. The concept
of Green’s family is an operative and rigorous version of the formal Green’s
function used in physics and engineering. The relationship with the modern
approach by fundamental solutions is showed, to solve inhomogeneous linear
equations.

15.1.1 Green’s functions

In this section we give a definition of a Green’s function of a linear continuous
operator that stays between the classic one (definition which very often in the
applications is far from being a rigorous one) and our new definition of Green’s
family of a linear endomorphism on the space SJ,.

Definition (semi-classic definition of Green’s function). Let O be
an open subset of the Euclidean space R™ and let L : D'(O) — D'(O) be a

165
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linear operator, acting on the space of distributions over the open subset O.
Any function G : O? — K, such that the section G(.,s) is Lebesque measurable
and locally summable, for every point s of the open subset O, is said a Green’s
function of the linear operator L if it satisfies the following equality

L([G(.;9)]) = b,

for any point s of the open subset O, where 05 is the Dirac delta distribution
of D'(O) centered at the point s and the distribution [G(.,s)] is the regular
distribution canonically associated with the locally summable function G(.,s).

Remark (fundamental solutions at a point). Let O be an open subset
of the n-dimensional Euclidean space R™ and let L : D'(O) — D’(O) be a linear
operator. When the equality L(u) = 5 is satisfied for some point s of O and
some distribution u in D'(0), we say that the distribution w is a fundamental
solution of the operator L at the point s. So, in the conditions of the above
definition, we can say that the function G is a Green’s function for L if the
(distribution associated with the) section G(., s) is a fundamental solution of L
at the point s, for every point s of the open subset O.

15.1.2 Motivations for Green’s families

We are going to introduce the Green’s families because the requirement that
the “object” G, such that L(Gg) = d,, must be a function is too strict in order
to give to the concept itself reasonable manageability and effectiveness in the
applications. A way to extend the classic definition can be to consider the
Green’s function G as a distribution on the product O x O, but this choice
gives some problem to the definition itself, since we could no longer consider the
parameter s as a “true” parameter.

Classically, the definition property of a Green’s function can be exploited to
solve differential equations of the form

L(u) = a,

where a is a given regular distribution on the open set O. To solve such equations
we need to find a Green’s family and in general, an operator L does not need
to have a Green’s function and if L has a Green’s function it can have many
Green’s functions.

In this chapter:

e we shall define the concepts of Green’s family and ¥Green’s family;

e we show how to solve a linear equation (not necessarily a linear differential
one) via superpositions, precisely a linear equation L(.) = a, when L has
an $Green’s family when L is an endomorphism on S
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e we study the existence of ®Green’s families;

e we shall study the special case of linear operators commuting with the
translations.

15.2 Green’s families in S,

In this section we introduce the main concept of the chapter. Let us start with
the classic definition of fundamental solution in our context.

Definition (of fundamental solution for a linear operator). Let L be
a linear endomorphism on the space of tempered distributions S!,. When the
equality L(u) = 64 is verified for some point s and some distribution u, we say
that the tempered distribution u is a fundamental solution of the operator
L at the point s.

Now we can define Green’s families for linear operators.

Definition (Green’s families of tempered distributions). Let L be
a linear endomorphism on the space of tempered distributions S),. Any family
G = (Gg)sern of tempered distributions is said a Green’s family of the linear
operator L if it satisfies the equality

L(Gs) = s,

for any point s of the space R™, where 05 is the Dirac distribution centered at
the point s. In other terms, a family G = (Gs)sern of tempered distributions
1s said a Green’s family of the linear operator L if the distribution G is a
fundamental solution for the linear operator L at the point s, for every index p
of the family.

Note that our definition is not bounded to linear differential operators.

The Green’s family of an endomorphism L of S}, is the (ordered) family of
fundamental solutions, at each point p in R™, of the operator L.

Theorem (on the existence of Green’s families). Let L be a linear
endomorphism on the space of tempered distributions S!,. We have

e if L is a surjective endomorphism on the space S),, then L admits a
Green’s famaly;

e if L is a strict (topological) endomorphism on the space S!,, then L admits
an Green family if and only if L is surjective.
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Proof. The first assertion is evident, since L is surjective, every element of
the Dirac basis must have at least an anti-image. For the second one it is enough
to prove that the existence of a Green family implies the surjectivity. Indeed,
by the Dieudonné-Schwartz theorem, the image of L must be closed and, by
definition of Green family, it must contain the Dirac basis; consequently (since
the Dirac basis is dense in S),) the image must coincide with the entire S,. W

15.3 SGreen’s families

The SLinear Algebra is necessary for the next step development.

Definition (SGreen’s families). Let L : S/, — S/, be a linear operator,
acting on the space of tempered distributions. An S Green’s family (respec-
tively, a Green’s family of class E) of the linear operator L is a Green’s
family of the operator L which is of class S (respectively of class E).

Sometimes we will call SGreen operators the ¢ linear operators with an
SGreen family.

Theorem (surjectivity of the SGreen operators). Let L be a contin-
uous endomorphism on the space S admitting an  Green family, that is an
S Green operator. Then

1. the operator L is surjective;

2. any © Green family of the operator L is ©linearly independent.

Proof. Surjectivity. Indeed, if L admits a Green family G then L(G) = é.
Now, for every u in the space S/, we have

L(/n u@@) /n uL(G) =
- /n“5:

= u

)

so that any u is the image of some distribution (namely the superposition u.G).
SLinear independence. Let G be any ©Green family of the operator L. The
image of the family G is an ®basis, which is necessarily ®linearly independent,
consequently the family G is ®linearly independent too, because the image of an
Slinearly dependent family by an Slinear operator is ®linearly dependent too.
|
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15.4 Application to linear equations

In this section we study the linear equation
E:L()=a

associated with a linear continuous endomorphism L, on the topological vec-
tor space (S))s, and with a tempered distribution a belonging to that space.
Observe that the set of all solutions of the equation F is simply the reciprocal
image

L™ (a),
but this is far from explain us how to determine this set of solutions or even one

particular solution of the equation E. We will show that,

o if G is an S Green’s family of the operator L, then we can find explicitly
a distribution u that is a solution of the linear equation E, namely, this
particular solution will be the superposition

/ aG,

that is the superposition of the family G with respect to the coefficient
distribution a.

Indeed the above result follows immediately by the theorem on ¢Green op-
erators of the preceding section and by its proof, but we state and prove again
in the more explicit way.

Theorem (solution of a linear equation). Let L: S/, — S), be a contin-
uous endomorphism on the space of tempered distributions S,, and let assume
there exists an S Green’s family G = (Gy)sern of the operator L. Then, for
every tempered distribution a in S, a (particular) solution u of the equation

E:L()=a

can be determined by the following superposition

u:/ aG.

Moreover, the datum a is the coordinate system of the particular solution u in
the Slinearly independent family G.
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Proof. To see that the superposition [, aG is a solution of the above equa-
tion is straightforward. Indeed, applying °linearity of the operator L, we have

L(/naG) = /RnaL(G):

as we desired. W

Remark. Note that any solution u of the above equation E verifies the
relation

L(u) = L(/ a@).
Indeed, since G is an $Green’s family for the operator L, then we have
L(G) =6,

from the very definition of Green’s family; by superposition, from the preceding

equality, we obtain
/ aL(G)z/ aé = a;

thus, if « is distribution such that L(u) = a, we have

L(u) = / aL(G);

since the operator L is a linear continuous operator, we can use its linearity,
obtaining

L(u) = L(/ a@).

In the condition of the above theorem the particular solution v = a.G is said
the Green solution of the equation E with respect to the Green family

G.

Note that the Slinear hull of the family G is exactly the set of all Green
solutions obtainable from the family G.

15.5 Interpretation of the solution

Consider the linear continuous equation L(.) = a. To find a particular solution
of E, we can proceed by steps:
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we expand the datum a in the Dirac basis §, obtaining the same equation
in a slightly different form
L() = / ad;

. then (if possible) we find a solution G, of the linear equation

E,:L(.) =04,
for every index x in R™ (this is possible, for instance, when L is surjective);
choice the system G = (G )zern of particular solutions in such a way that
it should be an Sfamily (this is possible, for instance, when the operator

L is surjective and an Shomomorphism);

at last, make the superposition

/aG

of the Ssystem G of particular solutions by the weight system a.

Thus, we can obtain a solution u of the equation L(.) = a through knowledge
of an SGreen’s family G for the operator L and the source term a. This process
results from the Slinearity of the operator L.

If the operator L is injective the solution is unique.

Let us formalize a first existence result.

Theorem (on the existence of an ®Green’s family). Let L : S, — S/,
be a surjective continuous endomorphism on the space of tempered distributions
S! and let assume the operator is an Shomomorphism. Then, there exists an
S Green’s family G of the operator L.

Proof. Since L is surjective its image contains the Dirac family. Since L is a
weak Shomomorphism and the Dirac family is an Sfamily, there is an Sfamily
G whose image is the Dirac family, and this implies that G is an $Green family
of the operator L. B
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15.6 Characterization of Green’s families

The problem now lies in finding an ©Green’s family G for an operator L, that
is an Sfamily G satisfying the equality

L(G) = 6.

Not every linear and continuous operator L admits an ¢ Green’s family, as we
shall see later. More precisely, in this section, we shall obtain a characterization
of those Slinear operators admitting an ©Green’s family.

The key observation to determine the existence of $Green’s family is the
following one:

o an ° Green’s family determines a continuous right inverse of the operator
L and vice versa.

Theorem. Let G be an © Green’s family (necessarily of class S) of a linear
continuous operator L € L(S))). Then,

1) the superposition operator of the family G is a continuous right inverse of
L. In other terms, we have

Lo 'G=()s,

n

or equivalently

Lo/n(.,G) ~ ().

2) Vice versa, if R:S] — S), is a (not necessarily linear nor continuous)
right inverse of a linear operator L then the family G = R(0) is a Green’s
family of the operator L.

3) Moreover, let R be an  operator (not necessarily linear nor continuous)
which is a Tight inverse of a linear operator L, then the image family
G = R(6) is an S Green’s family of the operator L.

Proof. 1) For every a in S),, we have

n’

Lo/n(.,G)(a) - L(/naG)
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as we claimed. 2) Vice versa, if R is a right inverse of the operator L we have
L(R(6p)) = bp,

for every index p of the Dirac family, and this means exactly (by the very
definition of Green’s family) that the family R(4) is a Green’s family of the
operator L. 3) Moreover, if R is an $ operator, the image R(§) of the Dirac
Sfamily 6 is an Sfamily too. W

15.7 Existence of Green’s families

In this section we solve the problem of existence of SGreen’s family for a linear
and continuous endomorphism on the space S/,. We start with some elementary
considerations.

Proposition. Let L be a bijective endomorphism of the space S),. Then the
reciprocal image L~1(0) is the unique Green’s family of L.

Theorem. Let L be a continuous and bijective endomorphism of S),. Then
the inverse image L~(8) is (not only the unique Green’s family of the operator
L but also) an S Green’s family of the operator L.

Proof. By the Banach theorem on the inverse of a continuous operator among
dual of Fréchet spaces, the inverse operator L~! is linear and continuous too
and so the inverse image L~1(§) is an Sfamily. B

From the characterization of the preceding section, using the following the-
orem, we can deduce the conclusive existence theorem for © Green’s family of
an operator.

Theorem. Let E and F be two topological vector spaces and let L be a
continuous linear map from E into F. Then, there exists a continuous linear
map R from F into E such that Lo R is the identity map Ig from F into itself
if and only if the linear operator L is a surjective topological homomorphism
and the kernel ker (L) of the operator L has a topological supplement in E.
Precisely, if there exists a continuous right inverse R of the surjection L, a
topological supplement of the kernel of the operator L is the image of R.

Theorem (characterization of the existence of °Green’s family).
A continuous endomorphism L on the space S!, has an © Green family if and
only if it is a surjective topological homomorphism and its kernel ker (L) has a
topological supplement in S),.
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Corollary (characterization of the existence of Green’s family).
Let L be a continuous endomorphism L on the space S),. The following asser-
tions are equivalent:

e the operator L is a linear surjective S homomorphism on the space S);
e the operator L has an € Green family;

e the operator L is a surjective topological homomorphism and its kernel
ker (L) has a topological supplement in S);

e there exists a continuous linear right inverse of L.

15.8 Translation invariance and convolutions

Theorem. Let the linear operator L : S, — S}, be translation invariant (in the
physical sense), i.e., let the operator L commute with any translations operator
Tp, which it means that

TpL(u) = L(mpu),
for any p in R™. Then,

e 1) if the operator L admits a fundamental solution, a Green’s family there
exists and can be constructed by that solution (by translations), further-
more this Green family is of class € ;

e 2) if the operator L admits a Green’s family, a Green’s family can be
generated by only one distribution (by translations);

o 3) if the operator L admits a fundamental solution in the space O, an S

Green’s family there exists and it can be constructed by that fundamental
solution (by translations).

In any of the above cases the superposition operators of the Green’s families
are convolution operators.

Proof. 1) Let the operator L commute with translations and assume g € S},
be a fundamental solution of the operator L at 0, that is L(g) = dp. We put
G, = Tpg, for each p, so that

L(Gy) = L(mpg) =
mL(g) =
= Tp50 =

= 61”



15.8. TRANSLATION INVARIANCE AND CONVOLUTIONS 175

hence G is a Green’s family of the operator L. We already have noted that this
family is a smooth family, so we can consider its superposition operator

/ (.G): €, =8,

/aG = /a(Tpg)peR":

= axg,

we have

for every distribution a in &, so that

|60 =ey s,

as we claimed. (2) follows immediately by (1), indeed, if L has a Green family
then it has a fundamental solution. (3) the proof is exactly as for (1), not-
ing that, if the fundamental solution g is in the space O (n), then the family
(Tp9)pern is a family of class S. Moreover in this case the superposition operator
of the Green family is defined on the entire space S;,. B

15.8.1 Example: the Laplacian

We know that the smooth function

— ‘R -5 R
A7

defined on the Euclidean 3-dimensional R? minus the origin is a locally summable
function. Moreover, for any test function ¢ in S, we have
Vo
w(=—77) = 0(0),
Ar ||

where p is the Lebesgue-Radon measure on R3. The above equality can be
immediately reread as
1
L] -+
Az |-l

so that the regular distribution
=
Ar ||

is a fundamental solution of the Laplacian operator V at 0. The Laplacian V
commutes with any translation, so we can write

v [w_(;)} 5,
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for every point x of the Euclidean space R®, where (clearly) d denotes the
Euclidean distance of the 3-space . Thus we have found a smooth Green’s
family of the Laplacian V and the distribution defined by the superposition

Lorllmm])

is a solution of the Laplace equation

V() =p,

for any distribution p with compact support.

15.9 SGreen’s families relative to *bases

In this section we introduce a generalization of ¢Green’s family.

Definition (Green’s families with respect to a basis). Let L : S/, — S,
be a linear operator, acting on the space of tempered distributions and let v be
an Sbasis of the space S!,. Any family G = (Gs)sern of tempered distributions
is said a Green’s family of the linear operator L with respect to the
Sbasis v if it satisfy the following equality

L(Gy) = vy,
for any point s of the space R™.

Definition (°Green’s families). Let L : S, — S/, be a linear operator,
acting on the space of tempered distributions. An S Green’s family of L with
respect to a basis is a Green’s family for L with respect to that basis of class S.

Theorem (solution of a linear equation). Let L : 8] — S|, be a linear
continuous operator acting on the space of tempered distributions S/, and
let assume there exists an  © Green’s family G = (Gy)sern for the operator L
with respect to an Sbasis v. Then, for every tempered distribution a in S, a
solution of the equation

E:L()=a

can be determined by the following superposition

u= [ (.0,

where (a), is the unique coefficient distribution such that (a),.v = a.
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Proof. To see that the superposition fRn (a),G is a solution is straightfor-
ward. Indeed, applying Slinearity of the operator L, we have

L @6 = [ @Le -

- /n(a)vv —

= a7

as we desired. W
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Chapter 16

SCoordinates

16.1 Systems of coordinates

The elementary base remark is the following.

Remark. If an Sfamily v of the space S!,, indexed by some m -dimensional
Euclidean space, is  linearly independent and if u is a vector of the S linear hull
Sspan (v), then there exists a unique system of coefficients a € S/, such that

u = av.
m

Proof. Indeed the superposition operator of the family v is injective.
So, we can give the following definition.
Definition (system of coordinates). Let v € S(R™,S!) be an © linearly

independent family and let u be a vector of the Slinear hull Sspan(v). The only
tempered distribution a € S), such that

u = av
m

181
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is denoted by [u|v] or by (u), and is called the coordinate system of u in
the family v.

So, in the conditions of the preceding definition, the coordinate system [u|v]
of any distribution u in the Slinear hull V of v is the unique distribution in S,

such that
u:/ [u|v] v.

It is also clear that, for any a in the coefficient space S/, we have

- [/ avlol.

16.2 Coordinate operators

Definition (of coordinate operator of an “linearly independent fam-
ily). Let w € S(R™,S!) be an Slinearly independent family. The coordinate
operator of the family w is the operator

[ |w]: Sspan(w) = S :u— [u]w],

which we will denote also by ().

Example (on the Dirac family and the (a,b)-Fourier family). Let
0 be the Dirac family in S). For any tempered distribution u € S/, we have
[u] 0] = u (since u = u.d), and hence the coordinate operator of the Dirac basis
is the identity operator on Sy, i.e. [- [ §] = (-)s; . Now, let ¢ be the (a, b)-Fourier
family in the space S/, (C). For each v € S/, by the Fourier expansion theorem,

we have
fu | o] = Fioly (),

and hence the coordinate operator of the Fourier family is the inverse Fourier
transform, i.e.

I
[ ¥] = f(a,b)-
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16.3 Basic properties of coordinate operators

16.3.1 Linear properties

Theorem. Let w € S(R™,S!) be an Slinearly independent family in the space
S!.. Then, the coordinate operator [-|w] of the family w is a bijective linear
operator (an algebraic isomorphism) of the Slinear hull ®span(w) onto S!,.
Moreover, in this conditions, the reciprocal algebraic isomorphism of the coor-
dinate operator is the codomain restriction of the superposition operator of the
family to the S linear hull of the family itself.

Proof. Let A € K be a scalar and u,v be two vectors of the “linear hull
Sspan(w), then we have

U+ = /m[u|w]w+/\/m[v|w}w:
[ (el + Al

and thus, we deduce
[u+ Av|w] = [u|w] + Alv|w],

as we desired. The coordinate operator is surjective because, if a is in S;,, then
the superposition a.w is in the Slinear hull Sspan(w) and moreover

(a.w)y = a.

The coordinate operator is injective since from the equality of two systems of
coordinates (u), = (v), we deduce

which is equivalent to u = v. The assertion that the codomain restriction
M:S, -V

of the superposition operator of the family w, to the ¢ linear hull V of the
family itself, is the reciprocal isomorphism of the coordinate operator follows
immediately from the two relations:

u= [ fufulw
a= [/m awl|w.

and,
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for any u in the Slinear hull V' and for any a in the coefficient space S/,. W

Diagrams. Let v be an Slinearly independent family indexed by the Eu-
clidean m-space. Denoted by V the  linear hull of the family v, the relation
among the coordinate operator of v and its superposition operator o can be
expressed by the following commutative diagram

sy
T (O
S/

m

where jy is the immersion of V in §/. On the other hand, the invertibility of
the coordinate operator (.), can be expressed by the following two commutative
diagrams

vy s My

™Mo, 0.0
S S

m m

where M is the codomain restriction of the superposition operator of the family
v to the subspace V', (.)y is the identity mapping of the subspace V and (.) is
the identity operator of S),.

16.3.2 ©“Linear properties

Reminder. An Slinear operator A : V. — W, where V and W are closed
subspaces, is said an linear isomorphism if and only if it is bijective and its
inverse operator is Slinear too. We proved that an linear operator A : S/, — S!,
is a continuous linear operator (with respect to the pairs of weak* and strong
topologies) so that, by the Banach inverse operator theorem for Fréchet spaces,
if the operator A is bijective then the operator is a topological isomorphism,
and consequently an Slinear isomorphism.

Theorem. Let w € S(R*,S!) be an S family of tempered distributions and
let A:S! — S be a bijective Slinear operator (and consequently an Slinear
isomorphism). Then, the following assertions hold true

1) the family w is © linearly independent if and only if the image family
A(w) is Slinearly independent;

2) the Slinear hull of the A-image of the family w is the A-image of the
Slinear hull of the family w, that is

Sspan(A(w)) = A(®span(w));
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3) if the family w is Slinearly independent, for each vector u of the image
A(Sspan(w)), the system of coordinates of the vector u in the image family
A(w) is the coordinate system of the reciprocal image A~'(u) of the vector
in the family w:

[w] A(w)] = [A7H(u) | w].

Proof. Proof of 1). Let w be “linearly independent and let a belong to S},
and such that

Applying A~!, we obtain

05& = Ail(OS/)Z

= [ e aw)) -

= aw.
Rk

Since the family w is Slinearly independent, we deduce a = Os;, and then

the image family A(w) is Slinearly independent too. Proof of 2). Let u €
A(Sspan(w)). Then, there exists an a € S}, such that

)

Thus, by Slinearity, we have

u= [ ad(w),

so that the vector u belongs to the Slinear hull Sspan(Aw), and hence we have
the first inclusion
A(®span(w)) C Sspan(Aw).

Vice versa, let u be a point of the Slinear hull span(Aw). Then, there exists
an a € S;, such that

which equivalently means
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and hence the vector u belongs to the image A(®span(w)), thus we have the
second inclusion

Sspan(Aw) C A(Sspan(w)).
Concluding the two Slinear spans must coincide:
Sspan(Aw) = A(Sspan(Aw)).

1

Proof of 3). For every vector u in span(A~'w), we have

u= / [u| A= w] A w,
applying the operator A, we obtain

Alu) = /m [u| A7 ' w] AA™ w =

= [ A,

so, the image vector A(u) belongs to Sspan(w) and
[Au) [ w] = [u| A w],

as we desired. H

16.3.3 Topological properties

By the Dieudonné-Schwartz theorem we immediately deduce a characterization
of those Slinearly independent families having the Slinear hull closed with re-
spect to the weak* topology.

Theorem. Let v € S(R™,S!) be an Slinearly independent family of distri-
butions and let V be its S linear hull Sspan (v). Then the following assertions
are equivalent

1) the Slinear hull V is closed with respect to the weak* topology o(SL);

2) the superposition operator of the family v s an injective topological
homomorphism for the weak* topologies o(S),) and o(S));

3) the coordinate operator [-|v] of the family v is a topological isomorphism of
the S linear hull V' onto the space S'., with respect to the relative topology

m?’

o(S),) v and to the weak™ topology o(S,,).
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Proof. The equivalence for 1) and 2) follows immediately by the fact that
a continuous linear operator defined among the duals of two Fréchet spaces is
a topological homomorphism if and only if its image is weakly* closed. We
have, then, to prove only the equivalence between 2) and 3). The superposition
operator of v is an injective weakly™ topological homomorphism if and only if (by
definition of topological homomorphism) the inverse of its restriction to the pair
of sets (S/,, V), i.e., the coordinate operator [-|v], is a topological isomorphism,
with respect to the topology induced by ¢(S/) on the ®linear hull V and to the
topology o(S),). So the claimed is proved. B

16.4 Coordinate operators of ®stable families

Theorem. Let w € S(R™,S!) be an Slinearly independent family. Then the
following assertions are equivalent:

e 1) the coordinate operator [-|w] is an ©operator;
e 2) the coordinate operator [-|w] is an $homomorphism;
e 3) the superposition operator [g,, (-,w) is an S homomorphism;

e /) the family w is an ©stable family.

Proof. 1) implies 2). Let the coordinate operator of the family w be an
Slinear operator. Let v be a family in the Slinear hull Sspan (w) such that the
coordinate family [v]w] is of class S. We have

v= [ flulw.

and, since the superposition operator me (-,w) is an Soperator, the family v
should be of class S. 2) implies 3). Let us assume that the coordinate operator
of the family w be an Shomomorphism. Let a be a family in S/, such that the

superposition
V= aw
m

is a family of class S, we have, by Slinear independence of w, that the family a
must be the coordinate family [v|w] of v with respect to w. Since the coordinate
operator [-|w] is an Soperator, the family [v|w] is necessarily of class S. 3) im-
plies 1). Let the superposition operator of the family w be an “homomorphism.
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Let v be an Sfamily in the Slinear hull Sspan (w), we have to prove that the
coordinate family [v|w] is of class S. But, we have again the expansion

v= [ lulw.

and so, being the superposition operator me (-,w) an Shomomorphism, the
coordinate family [v|w] is of class §. 4) is equivalent to 1). Simply by
definition of Sstable family. B

16.5 Hulls of Sstable families

Theorem (Sclosedness of ®span(w)). Let w € S(R™,S!) be an Slinearly
independent family such that its coordinate operator [-|w] is an © operator. Then,
the Slinear hull Sspan (w) is closed in S,

Proof. To prove that the Slinear hull ®span(w) is ®closed, let k& be a natural
number, let v € S(R*,S!) be a family in the Slinear hull ®span(w) and let
a € S}, be a distribution. Then,

v= [ lulw.

w o= [ llue=
= [ lulu-
([ lrww)

for any index p € R¥. Thanks to the ®linearity of the Slinear combinations, we

have
/Rkav /Rka</m[v|w]w>:
= /m(/Rka[v|w}>w,

and thus the superposition ka av belongs the linear hull span(w). B

in fact

Open problem. We do not know if the Sclosedness of the Slinear hull
Sspan (w) implies that the coordinate operator [-|w] is an Soperator.
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However, we have the following result.

Theorem. Let w € S(R™,S!) be an Slinearly independent family such that
its Slinear hull Sspan (w) is o(S!,)-closed. Then, the coordinate operator [-|w]
is an S operator.

Proof. Note that, since the Slinear hull $span (w) is 7(51) closed, the operator
@ is surjective. Consequently, for every Sfamily v in the hull span (w), holding
the equality

u(g) = [v[w] (w(g)),

we have that the coordinate family [v|w] is an Sfamily, and so the coordinate
operator [-|w] is an Soperator. B

Theorem. Let v be an © linearly independent family in S!,, let its coordinate
operator [-|v] be an ©operator and let F be the collection of all the Sclosed
subsets of S, containing the family v. Then, we have the following equality

Sspan(v) = NF,

in other terms, the Slinear hull of the family v is the smallest © closed subset of
the space S), containing the family v itself.

Proof. Let index the collection F' by a set I and denote the corresponding
family by F itself. Since any member F; of the family F is ®closed and contains
v, the $ span(v) is contained in Fj, for every i € I. Consequently the Slinear
hull Sspan(v) is contained in the intersection NF. Since the coordinate operator
[ | v] is an Soperator, the Slinear hull Sspan(v) is ®closed, moreover it contains
v, thus Sspan(v) is a member of the family F, and hence we have also the
inclusion NF C Sspan(v). A

16.6 SLinearity of the coordinate operator

Theorem (Slinearity of the coordinate operator). Let w € S(R™,S!)
be an Slinearly independent family such that its coordinate operator [-|w] is an
Soperator. Then, the coordinate operator [-|w] is also an ©linear operator of the
Slinear hull © span(w) into the space S/, .

Proof. The coordinate operator [-Jw] is of class S for our assumption. For
each natural number k, for any distribution ¢ € S;, and for every family v €
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S(R¥,S8!) in the Slinear hull Sspan(w), we have

/ av / a (/ [v|w] w) =
Rk Rk m
/ < / a [U|w]) w,
m Rk
and thus, by the definition of system of coordinates, we conclude
[|w] (/ av> = [/ av|w} =
RE RF
~ [ alolul.
Rk

Corollary. Let v € S(R™,S!)) be an ©linearly independent family of distri-
butions and let V be its S linear hull ®span (v). Then the following assertions
are equivalent

as we desired. W

1) the family v is and © stable;

2) the superposition operator of the family v is an injective Slinear ho-
momorphism;

3) the coordinate operator [-|v] of the family v is an S linear isomorphism of
the Slinear hull V onto the space S.,.

Proof. 1) is equivalent to 2). The superposition operator is always linear.
A family v is Slinearly independent if and only if its superposition operator
is injective and v is Sstable if and only iff its superposition operator is an
Shomomorphism. 2) implies 3). We have only to prove that the coordinate op-
erator is ®linear with its inverse (the coordinate operator is always an algebraic
isomorphism). Well, since the superposition operator of v is an Shomomorphism
the coordinate operator is an Soperator and then ¢ linear by the above theo-
rem. Its inverse is the codomain restriction of the coordinate operator to the
Slinear hull V, and it is so Slinear. 3) implies 2). We already know that
the superposition operator of an Slinearly independent ®family is an (injective)
Shomomorphism if and only if its coordinate operator is an operator (and our
coordinate operator is ®linear and then an Soperator). W



Chapter 17

Applications of
SCoordinates

17.1 Invertibility of “homomorphism

Theorem. Let L:S!, — S/, be an Slinear operator such that its image V has
an  stable basis v. Then, the operator L is a linear ©homomorphism if and
only if there is an Slinear right inverse R of the surjection canonically associated
to L, that is of the operator M : 8], — V defined, for any tempered distribution
in the space S}, by M(u) = L(u).

Proof. (=). Assume the basis v be indexed by the k -dimensional Euclidean
space R¥. Since the mapping L is an homomorphism there is an Sfamily G
such that L(G) = v. Note that G must be Slinearly independent since v is
Slinearly independent. Define an operator R : V — S/ by

Ria) = [ (6.

for every a in V, where (a), is the only distribution in S, such that

/Rk (a)yv = a.
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We have, for every element a of V',

L(R(a))

H([o)

- [ @re-

= /Rk (a)yv =

= a,

so Ris a right inverse or L. Let as prove that the right inverse R of L is an ®linear
operator too. Let w be an ¢ family in the subspace V, since the superposition
operator of the basis v is an “homomorphism (the basis v is stable) the family
(w), is an Sfamily. We have

and the product of two Sfamilies (or equivalently the superposition of an family
with respect to an family) is an ¢ family. Moreover, we have

R=Go()y,
and the composition of two Slinear operators is an linear operator too. W
Another way to state the above theorem is the following.

Theorem. Let L :S! — S! be an Slinear operator such that its image V
has an S stable basis v, indexed by some space R¥. Then, the operator L is a
linear ©homomorphism if and only if there is an S family G in S!,, indexed by
the space R¥, such that the diagram

s My
M6 (),
S

is commutative, where M is the surjection canonically associated to L, that is
of the operator M : S|, — V defined, for any tempered distribution in the space
S, by M(u) = L(u). In this conditions the composition 'G o (.), is an Slinear
right inverse of the surjection M.

17.2 Projectors

A linear projector on a subspace V of a vector space F is a linear function
p: E — V such
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e for every u in V', we have p(u) = u;

e for every u in E, we have p(p(u)) = u.

Theorem. Let V be a subspace of the space S!, having an Sbasis e, indexed
by the m-dimensional real Euclidean space. Then, the following two assertions
are equivalent

e the family e is Sstable and there exists an ©linear projector p: S/, — V;

e the subspace V is ©closed and there exists an S linear extension h : S! —
S!. of the coordinate operator [.|e] of the Sbasis e.

Proof. (=) Let p be an “linear projector of the space S, onto the subspace
V. Consider the operator h : S/, — S/, defined, for every distribution in S/, by

The operator h is the composition of the projector p and of the coordinate
operator of e. Since both the preceding operators are Slinear (the projector by
assumption and coordinate operator since the basis e is stable), the operator
h is Slinear. Moreover, it is evident that h is an extension of the coordinate
operator e, since, if u is in V then p(u) = u. (<) Let h be an Slinear extension of
the coordinate operator of the Sbasis e. Since the subspace V is € closed and the
coordinate operator of the Sbasis e is the restriction of an Slinear operator, the
coordinate operator itself must be Slinear; moreover it is in particular Slinear,
and consequently the family e is € stable. Consider the operator p : S/, — V
defined, for every tempered distribution w in S/, by

p(u) = /m h(u)e.

First of all, note that the above distribution p(u) belongs to V, since it is an
Slinear combination of the Sbasis e . The operator p is the composition of
the extension h and of the superposition operator of the Sbasis e. Both the
preceding operators are Slinear, so the composition p is Slinear too. We have
to prove that the operator p is a projector. Let u be in the sub space V', since
h is an extension of the coordinate operator, we have

/m h(u)e =
/m [ule]le =

= u.

p(u)
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Moreover, for every u in S/, we have

sot) = p( [ nowe) -

and so the operator p is an Slinear projector of S/ onto V. B

17.3 Change of basis

Notation (the set of Sbases of a subspace). Let X be a subspace of S/,.
In the following we shall use the notation B(R™, X) for the set of all the Shases
of the subspace X indexed by R™, that is for the set

{ve S(R™,S)) : ker('"d) =0 A 9(S],) = X}.
Definition (the change family). Let v € B(R*,S!) and w € B(R™,S!,)

be two Sbases of the space S!,. We say change  family from v to w the
following family

fole] = ([wple]), cgon -

Theorem (change of basis). Let v € B(R*,S!) and w € B(R™,S!,) be
two Sbases of the space S!. Then, the change family from w to v is an Sbasis
too, more precisely we have

[v | w] € B(R*,S!).

Moreover, for every tempered distribution u € S}, the following equality holds

wlul= [ fuldlv]vl.
Proof. Since

we have
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/. 50, being @ surjective (w is an Sbasis and thus
it is invertible), [v | w] is an Sfamily. Moreover, the same equality shows that

for every test function ¢ € S/;

~ ~\ —1

vo(w) /"

=v|w

b

and then [v | w] is invertible, that is an  basis. Now, applying the Slinearity
of the ¢ linear combinations, we have

w = /Rk[uhj]v:
Lt ([ wrule) -
= [ ([ wrdera)e

and thus by definition of system of coordinates in an Sbasis

wlul= [ ool

as we desired. W

17.4 Superpositions respect to operators

Definition (superposition of a family with respect to an operator). Let
X C S, be a subset of S, A: X — S, be an operator and v € S(R™,S))
be a family of distributions. We define superposition of the family v with
respect to the operator A, the operator

/ Av: X = 8 curs A(u)v.
m R’"L

Proposition. Let X be a subspace of S}, let A: X — S! be an operator
and let v be an Sfamily in S, indexed by R™. In these conditions,

1) if the operator A is a linear operator, the superposition

/Av

of the family v with respect to the coefficient operator A is also a linear
operator;
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2) if the operator A is a continuous operator with respect to the pair of topolo-
gies (T, am,), where T is a topology on X and o, is the strong (respectively,
the weak* topology) on S, then the superposition

/Av

is continuous with respect to the pair of topologies (T,ay), where T is a
topology on X and where oy, is the strong (respectively the weak™ topology)
on S);

3) if X is an Sclosed subspace and the operator A is Slinear, then the su-
perposition

Av
Rm

is also Slinear.

Proof. 1-2) In fact, note that, for every tempered distribution u in the
domain of the operator A, we have

(/mAv)(u) = /mA(u) v =

= "0(A(u),

so we have that the above superposition is nothing but the composition of the
superposition operator of the family v with the operator A, in symbols

/mAU:/m(.’U)OA'

Since the superposition operator me(-,v) is continuous (with respect to the
pairs of topologies strong-strong and weak*-weak*) and equivalently Slinear, if
A is continuous then the superposition

/Av

is also continuous. Let us prove that, if the subspace X is an ®closed subspace
and A is linear, then the superposition A.v is also ®linear. Indeed

Ao (fuee) = (L) (L) =
= (Lemea) (o) -
= (L) (a(fom)) =
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LA )=
L[ adtwo-
/Rka/mA(w)fu:

[ at] v -
= /R’« a Av(w),

as we desired. W

17.5 Resolution of the identity

This section is devoted to the resolution of the identity, that is to the expansion
of the identity operator of a subspace of the space of tempered distribution S,
as a superposition of a Slinearly independent family of tempered distributions
with respect to its coordinate operator. This “resolution” is widely used in
Quantum Mechanics.

Theorem (resolution of the identity). Let X be a subspace of the space

S! and let v € S(R™,S!) be an Slinearly independent family in X. Then, the
family v is an Sbasis of X, belonging to B(R™, X), if and only if

ix= [ Flole,

where jx is the canonical injection of the subspace X into S,.

Proof. (=) If v € B(R™, X), then, the subspace X is the Slinear hull of the
family v and the coordinate operator is thus actually defined on the subspace
X. Moreover, for any distribution u € X, we have

u:/m[u|v]v,

= ([ tlae)w.
ix= [ Flole

ie.,

and thus
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(<) If the immersion of X in &), is the superposition

ix= [ Flee,

then this two operators must have the same domain, so the subspace X must
coincide with the Slinear hull ¥(v). Moreover, for each point u € X, we have

u = jx(u)=

= ([ F1oe)
_ /Rm[u\v]u,

and we conclude. l



Chapter 18

SMatrices

This chapter is devoted to the interpretation of S-families as matrices associated
to linear and continuous operators. We are dealing with our standard pairings
of the type (Sp,S),), and we shall associate to every linear continuous operator
in the space L£(S,,Sn) and L(S],,S),) an S-family in order to represent those
monoids (with respect to the composition) into two different monoids having
the same set S(R™,S))) as underlying set of the structures.

18.1 Introduction

An ordered basis of the vector space R™ is a n-tuple e = (e;)_; of linearly
independent vectors. With any ordered basis we can associate a square matrix,
exactly the following one

E = ((e:);)ij=1,
where E;; = (e;); is the j-th component of the vector e;. This matrix is in-
vertible, in fact, its determinant is different from zero because its row vectors
€1, ..., en are linearly independent. Conversely, let A = (A4;;)7;_; be a matrix
in R™", it is obvious that the n-tuple of the rows of A

(Ri)iza

199
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is an ordered basis if and only if A is invertible. Thus, there exists a bijective
correspondence among the family of the ordered bases of R™ and the set of the
square invertible matrices on R™™. In other words, let (R™)™ be the set of all
the n-tuples of vectors of R™, for each n-tuple € (R™)™ we can associate the
square matrix

(@) = ((@i);)i =1,

i.e., the matrix having the vector x; as i-th row. At this point:

e there exists an operation . on (R™)™ such that the pair (R™)™,.) is a
semigroup and moreover it is transformed by the bijection

,¢ . (Rn)n — Rn,n
in the row-column multiplication on R™"? So, there exists an operation
RN x (R = (R™)™,
such that for every x,y € R™™ we have ¥(x.y) = Y(x)(y)?

The answer is already known, we can put for every index ¢ € N<,,

n
(€.9)i = > wijy;-
j=1

And it’s obvious that the collection of invertible elements with respect to . is
transformed by the bijection % in the group GL(R,n) of the invertible matrices
on R™™ (those having determinant different from zero). The aim of this chapter
is to study in detail the multiplication in the space of all the S-families (which
first of all are ordered sets of distributions, i.e., ordered sets of “non-local de-
fined” systems of elements belonging to the field K. We can evict, that this
multiplication is a generalization of the operation . to the infinite dimensional
space S(R™, S!). This is very interesting from the theoretical point of view and
also in the applications of the Theory of Distributions.

18.2 Product of families

Definition (product of two Sfamilies). Let v € S(R¥,S!) and w €
SR™,S!) be two families of distributions. The product of the family v
by the family w is the family of superpositions (in S, ) defined by

vaw = (/ VpW) peRrk -
m
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It is nothing but the superposition f]Rm vw of the family w with respect to the
family v. Hence, for each index p € R*, we have

Example. Let v be a family in S/, indexed by R™ and 6 be the Dirac
family in Sj,. Then,

e if § is the Dirac family in S, we have

d.v = (/m dpV) perm = U;
e if § is the Dirac family in S/, we have

v.0 = (/m Upl)perm = U;

e if, in particular, n = m and if § is the Dirac family in S}, we have

5%:&&4/1@®%W:&
RTL

We have already proved that the product of two S-families is an S-family
and that

(v-w) =Dow,
Moreover the correspondence
S(R™,S!) — L(S,,Sm) :v+— 0
is bijective, and so, in the particular case m = n, it is a bijective representation

of the unitary semigroup (S(R™,S),), ) onto the unitary semigroup (£(S,), o).

Definition. If A is an operator belonging to L(S,,Sm) the family AV is
called the canonical S-matrixz representation of the operator A.

The product among families is the natural product when we shall deal with
the families associated with linear continuous operators among spaces of test
functions.
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18.3 Transpose product of families

The transpose product among families will be the natural product when we
shall deal with the families associated with a linear continuous operator among
spaces of tempered distributions.

Definition (transpose product of two S- families). Let v € S(R*, S!))
and w € S(R™,S)) be two families of distributions. The transpose product
of the family w by the family v is the family (in S, ) defined by

wy = (/ va) .
" PpERF

This new product is nothing but the opposite or transpose of the product of two
families, indeed, for each p € R, we have

(wo)y = (war)y, = [ v,

m

The semigroup (S(R™,S]),.) has a transpose (or opposite, see Bourbaki,
Algebra) semigroup, namely the semigroup (S(R™,S,), *.), where the transpose
operation t. , denoted just by a juxtaposition, is defined by

VW = w.v,

for every pair of families.

Theorem. Let v € S(R*, S!

') and w € S(R™,S)) be two families of distri-
butions. Then we have

"(wo)" = (@) o (D).
In particular the correspondence
SMR™,S!) — L(S)) v o
is a bijective representation of the semigroup (S(R™,S.), 1) onto the semigroup
(L(S}),0).
Proof. We have

Hwv)t = Ho-w) =

and the remaining part is evident. H
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Definition (the canonical representation of linear continuous op-
erators). The correspondence S(R™,S!) — L(S!,,S.) defined by v — v
s a linear isomorphism and is called the canonical representation of the
space S(R™,S))) onto the space L(S),,S)), its inverse is called the canonical

representation of the space L(S],,S]) onto the space S(R™,S),).

18.4 Invertible families

Definition (of invertible Sfamily). Let a € S(R™,S!) be a square family of
tempered distribution. The family a is called invertible if it is an invertible ele-
ment of the semigroup (S(R™,S)),.), i.e. if there exists a family b € S(R™,S))
such that a-b=0b-a =46.

Remark. We have to note that:

e To say that a square family v is invertible with respect to the product of
families it’s one and the same thing to say that it is invertible with respect
to the transpose product of families.

e Moreover, if b is the inverse of a with respect to one of the two product it
is the inverse of a with respect to the other one.

e It’s easy to prove that, for each invertible family a € S(R",S),), there
exists only a square family b € S(R",S/) such that a-b="0-a = §, this
is a simple fact of semigroups. This family is denoted by a~. It derives
also immediately from the fact that the semigroup of square families is
isomorphic to the semigroup of linear continuous endomorphisms on the
space 8], (or S,,) with respect to the composition.

e Moreover, it can be proved that the operator generated by a is invertible
and ()" = (@)~. And this depends again on the above isomorphism.
We can prove it directly as an exercise. In fact, for each test function
¢ € S, we have

Analogously we have o (a7)" = (-) s,» and hence @ is invertible and

()" =@

Theorem. Let v,w € S(R™,S)) be two S-linearly independent family.
Then, their product v - w is S -linearly independent. Moreover, if w is in-
vertible (i.e. an S-basis) we have

[u|w.v] = /“ [u|v]w™ = [ulv].w™.
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Proof. Let a € S}, be such that [, a(v-w) = Os: , we have

Os/

= ao(Vow)=
= (aod)ow=

/ K / v,

Since w is S-linearly independent, we have f]Rn av = Ogs . And because v is S
-linearly independent, we have a = Og/ . So v - w is S-linearly independent. If
w is invertible then w is invertible and we have

I
=
j—
£
=
(@]

g
SN—
g
=

and hence

I
T
T
=)
g\

as we desired. W

Example. Let w € S(R™,S),) be an S-linearly independent family and let
v € s(R*,8!) be such that v, € Sspan (w), for each p € R¥. Then, for each

p € R¥, we have
Up = / [vp | w] w,

o=l = plulw.

where [v|w] is the family in S/, defined by

ie.,

[o|w] = ([vp|w])pers-



18.5. COORDINATES AND INVERTIBLE FAMILIES 205

In fact

([ bldo)e) = [ ol

= [l

= Up.

Remark. Obviously, in the conditions of the above definition, if v €
S(R*,S!), we have
/ VW=V - w,

and thus [, vw € S(R¥,S)).

18.5 Coordinates and invertible families

Definition (of representation of a family in an S-linearly independent
family). Let w € S(R™,S))) be an S-linearly independent family and let v be
a family in Sspan(w) indezed by the set 1. The family in S,

[v]w] : =([vp|w])per

1s called the representation of the family v in the family w.

If the family w is invertible we have [v|w] = v.w™, indeed v = [v|w].w.
In general, if w is linearly independent and the coordinate representation is of
class § we have from the same expansion equality the following equality for
superposition operators

= 'wo 'u|w)".

If L is a left inverse of the superposition operator of the family w we have
Lo o= [v|jw]",

and if L is continuous (if we assume the S-hull of w closed in the weak* topology
we have both the conditions satisfied) there is a right inverse with respect to
the product of families of w, say [, and we have

[v|w] = v.l = lv.

Example. Let § be the Dirac basis in S, and v be a family in S, we have
[v] 6] =w.
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Remark. More generally, if v is a family in S/, indexed by a set I and
A: 8], — 8] is an operator, we denote by A(v) the family (A(v,))per. Now,
let w € S(R", S!) be a family in Sspan(w). One has

[olwlp = [vp|w] = [Jw](vp) = [Jw](v)(p),

and hence [v|w] = [.|w](v).

Theorem (invertible version of the “change of basis theorem”).
Let v € S(R™,S],) be an S-basis and let w € S(R™,S],) be an invertible square
family. Then, the family [v | w] is an S-family and we have

el = [ 1ol

Proof. First of all we prove that [v | w] is of class S. Recalling the definition
of superposition of a family with respect to a family, we have

v= [ bl

in fact, for each p € R", we have
[ ol =

[ ol =
([ oruie) o

And hence, for all ¢ € S,,, we have

u(d)p) = upl¢) =

([ ol wle) (o) =
[vp | w](@(9)),
now, for all ¢ € S, because @ is surjective, there exists a ¢ € S,, such that

¥ =w(9), so

Up

[wlwl(®)(p) = [oplwl(¢) =
= [vpwl(w(9)) =
= U(e)(p)
ie. [v|w](¥) = v(¢p) € Sy, and concluding [v
(¢) = [v|w|(w(p)) =
= [vlw)(@(9)) =
= (wlw]" o w)(¢)

| w] is a family of class S. Moreover
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and so U = [v| w]" o @, applying to both sides (@)™, we have [v| w]" = Vo (@)™,
and hence [v|w]” is a continuous operator, so [v|w] is of class S. The “change
of basis theorem” completes the proof. B

Remark (important). Thanks to the Dieudonné-Schwartz theorem, we
proved that every invertible family is an S-basis and vice versa.. Then, the
preceding result can be stated in a more elegant way, assuming both v and w be
S-bases. Nevertheless, in the form in which we gave the statement and proof,
we need no resort to the characterization of invertible families.

Corollary Let v € B(R™,S!). Then, we have [v|v™] =v? and

[u|v™] = /n [u| v]v?.

[vjv™] = v = v

Proof. We have

and, from the change of basis theorem, we deduce

[ fabliolo™] =
[ e,

Theorem. Let v € B(R™,S!)) be an invertible family. Then, the coordinate

’ n
operator [.|v] is invertible and moreover we have

[ol” =[1v7].

[uf v7]

as we desired. W

Proof. Let u € S, we have

(Lol 1vT]) (w) = [0l [v7](u) =
= [v(fufv7]) =

= [fufv7]v].

Now, we have already seen that,

o) = [ e,

(Llo7lo[|v7](w) = [lulv7]|v] =

and thus
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Analogously, we have

(LlvTo o) (w) = [lo7)([]v](w) =
= [fo7(ulv]) =
= [lulv][v]=
= [u] v]v =
o
So, the operator [ | v] is invertible and [- | v]” =[-|v"]. W

Theorem. Let v € S(R",S!) be an Sbasis such that the family [5|v] is of
class S and the operator [ | v] is invertible. Then, v is invertible, we have
v~ =[] v]. Moreover

") =[1v".

Proof. First of all we see that v is invertible. For each p € R", we have

5 = /Rn[é | v]pv = ([0 | v] - v)(p),

and hence [0 | v] - v = d. On the other hand, by the “change of basis theorem”

we have
[ wbiu

[ wlapl

[vp] V]
= 5,

(v-[8]v])(p)

and thus v- [0 | v] = §, so v has a left and a right inverse and then v € B(R",S),)
and moreover

v =1[d]v].

Now, because v is invertible, the operator [-|v] is invertible. We shall prove that

[v]” = "(®).
For each u € SJ,,
u = / [u ] v]v,
ie.
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ie, ()s: = ") o[ | v], and hence *(T) = [- | v]". W

209



210 CHAPTER 18. S MATRICES



Chapter 19

Representations in QM

In the present section we give a rigorous and greatly enriched version of the
representation theory introduced by Dirac in [Di] (page 66). A pure state o of
a quantum system is a mono-dimensional subspace of the space S}, each ¢ € o
is a vector-state representing o.

19.1 Representation of *endomorphisms

Let ¢ = (¥)pern be an S-basis of the space S), and let A € L(S],) be an S-
linear endomorphism of S},. For every index p € R™ of the § -basis, by definition
of coordinate operator, we have

Ay = [ 14w |40
Following Dirac, we call the family of coordinate distributions

(A), = (AW | ), g

the matriz representation of the operator A in the © basis ).

211
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Interpretation. The S-family (A), must be interpreted as the S-matrix
having for columns the systems of coordinates of the images of the elements of
the S-basis in the S-basis itself. Of course, we shall have

(A)y(w)y = (A(u))y,

as soon as we define suitably the representation of a vector in an  S-basis and
the product of an S-matrix by a vector, and we will see this in early.

Concerning the matrix representation of the product of two operators we
have the following result.

Theorem. The family representing the product of two S-endomorphism on
8!, is the transpose product of the families representing the two operators.

We recall that the transpose product is defined as follows.
Let v and w be two families in S(R™,S],). The transpose product of v by

w is the family vw (note: there is no dot) defined as the superposition of the
family v with respect to the family w, i.e. by

VW = WU = / wuv,
n

where w.v is the product of the family w by the family v.

Proof. Let A, B be two S-linear operators on S);, we have
AB) = A (B [0]4) =
]Rn
- [ ®yaw-

- [ ®y [ w,e-
- [ ([era,)e

so it follows

as we claimed. W

Interpretation. The family representing an operator A € £(S),) takes the
place of the matrix representing a linear operator among two finite dimensional
vector spaces. For this reason we shall call the S-families also with the name S
-matrices.
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19.2 Representation of vector states

For any tempered distribution u in the space S;,, we have, moreover, that

u= [ fwlvlv.

We call the non-locally defined family (tempered distribution)

(u)qp = [u [ 4],

the representation of the vector u in the basis 1.

‘We have

AW = [ @A) =

[y [ -
= [ ([ @)

(A(u)), = / (), (4),

n

thus we proved that

19.2.1 First examples

A simple kind of observables often used in Quantum Mechanics is that of the so
called “multiplication operators by a scalar”, let us see in the following example
their definition and their matrix representation.

Example (the multiplication by a scalar). If we regard, following Dirac,
the multiplication by a scalar ¢ as the observable (endomorphism) M, defined
by M. (u) = cu, for any distribution u in S}, we have

M.(u) = cu=
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Then we have

A O

= [ .

so the S-family representing the observable M, is the diagonal family (¢d,)pern,
i.e., the family ¢d.

More generally we can consider the observable “multiplication by a smooth
function” more precisely by an Oy, function.

Example (the multiplication by a smooth function). If we regard,
following Dirac, the multiplication by a scalar function f as the observable
(endomorphism) My defined by My (u) = fu, for any distribution u in S}, we
have

Mf((sp) = fop=

= [ (#8156
~ [ twse.

so the S-family representing the observable M/ in the Dirac basis is the diagonal
family (f(p)dp)pern, i.e., the family fd.

19.3 The representation correspondence

Theorem. The correspondence that sends every S-endomorphism to its corre-
sponding S-matriz, that is the representation

()y 1 £(S,) = S(R™, Sy),

1s bijective.

Proof. In fact, (A),, = (B),, implies, for every u in S,
(Aw)y = (A)y(u), =

[, ), -

= [ w,®), -

= (B)¢ (U)¢ =
= (B (u))¢ )
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and thus Au = Bu, for every u in 8/, i.e. A = B, so the representation is
injective. M

Theorem. The representation (-), is also surjective.

Proof. In fact, if v = (vp)pern is an S -family, we put

A = [ Wy ([ o)

A = [ wo ([ ov) -
-
- (),
— [

Let (-),, the inverse of (-),,. In the above proof we have deduced that

= [ @, ([ w).
If we choose the canonical basis §, we have (as we already know)
Wi = [ ([ )=
= / uv.

If we put (as in the finite-dimensional case)

vui= ()5 ()= [ .

(vu is called the image of the vector u under the matrix v, or the transpose
product of v by u) we obtain

W@, = [ (W, ), -

we have

and thus (A), =v. B

as we claimed in the first section.
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19.4 Representation of S-linear operators

The generalization to the case A € L(S],S!) is, at this point, very natural.

Let 1) an S-basis of S!, and ¢ be an © basis of S!,. We define Smatriz
associated with A in the pair of basis (1, ¢) the S-family (A), ) in S(R",S},)
defined by

(A, = [ @), Wy
We have
(A)(qp,<p) = (A(¥))e = ((A(¥q)))gerr,
indeed
[ wostawn, = [ spaw), -
= (Al

and, using S-linearity, if it is true for a basis its is true for every vector.

Or, equivalently using the transpose product, the S-matrix such that

(A(w), = (A (W), -

Remark. Note that on the contrary the family associated to and endomor-
phism A € £(S,,Sy,) is the family

(A)(lp,@) =(ppoAo 1/b\_ )perm -

And we have

(Bo A)(a,'y) = (B) (4)

B (a,8) 2
where - is the product of two families (and no the transpose product!).

It’s simple to prove that 1) is an S-basis of the entire space if and only if tﬂ)\
is bijective. In this case we have

up = (@)~ (w) = (@) (u).

And moreover, denoted by 1~ the families associated with the operator 12)\_, the
following decomposition holds

@ = [ Av

This relations will be used in the following classic examples.
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19.5 Classic examples in QM

19.5.1 “Matrix representations

Example (the representation of the position operator in the momen-
tum basis). Let
X:8 =8 :u—(u

be the position operator and let ¢ be the (1, —1/%)-Fourier family, then we have
(X)gop = /X(pp(p_ =
R
= / Irppp™ =
R
NG /
- (= -\ =
- () (L)

. !
ih (‘Pp)g; =
= ih(%.
Example (the representation of the momentum operator in the
momentum basis). Let
P8 — 8 tu— —ild

be the momentum operator of a particle. We have

(P = [ Pow -

= /p@p@_ =
R

p(op)y =
= pip.

and hence (P),, = Igd.

Example (the representation of the kinetic energy operator in the
momentum basis). Let

T:8 — S8 tu— (R?/2m)u” = (1/2m) P*(u)

be the kinetic energy operator of a nonrelativistic particle, we have

@p = [ Tew -
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1
— P2 =
/R 2m vr¥

_ 1/2 -
= o VY =
1

— = 2 _
= 5P (@p)@*

I
= —p°0,.
2mp p

19.5.2 Operator representation

Definition (of representation of an operator in an invertible family).
Let A : S, — S be an operator and v € B(R",S]). We define (operator)
representation of the operator A in the basis v the following operator

[Alo == [A oo [v7].

Example (a representation of the momentum operator). Let v be
the family in §] defined by

Up = s

ﬁ {eu/h)p(-)}

for every p € R, i.e., the (v/2mh, —1/h)-Fourier family. Let u € &7, from the
Fourier expansion theorem we have

u:/R}"(;,b)(u)v,

where a = V27h and b = —1/h, we have

Fapn = Fen/pla-b) =
= Fon/(-1/rVarR)1/R) =
- ‘7:(\/27rh,1/h) =
= Fla,—b)

and hence
[ulv]= f(@;/n)(“)-

Moreover, let
P:8 = 8 tu— —ih



19.5. CLASSIC EXAMPLES IN QM 219

be the momentum operator, we have

[P(u)|v] = [=ihd(u) | v] =
= Famnam(—ihd(u)) =
= _ihf(\/ﬁ,l/h) (O(u)) =
= —ih(i/h)" () Farmp)(u) =
= () F@-n(w),
now let
X:8 =8 :u—(Hu
be the position operator, we have
[Ple = [Plo]o[[vT]=
(*) Fla—b) © Flap) =
(X o]:(ay,b)) o Flap) =
0 (Fla,-t) © Flab)) =

X
X.

Example (the representation of the position operator in a Fourier
basis). Let
X:8 =8 :um (u

be the position operator, we have
[(X]o = [X [v]el |v7];
now
(X(u)|v] = ]:(\/ﬁ,l/h)(X(“)) =
= -F(\/gfrm/n)((')“) =

- (1;h> (]:(\/ﬁ,l/h)(W)/:
= —-P (]:(\/m,1/n)(u))-

Hence,

(X]y = —(PoFu-b)oFap =
= —Po(Fa-t)0Fap) =

_p=

—  _(—ihD) =

= {hD.
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Concluding

Example (a repre
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[X], = —P = ihD.

sentation of the kinetic energy operator). Let

h2
T:S{%Si:urﬁf?u"
m

be the kinetic energy operator of a nonrelativistic quantum particle. And let v
the (v2rh, —1/h)-Fourier family. One has

[T(w)]v] =

Hence, we have

[Tv]o[]o7]

Concluding

h2 12
-F(\/zwm/h)(T(“)) = f(\/zwm/h) <_2m“ ) =

h? :
g (LR () F i oy () =
Oy (u) =
om,” (Verh,1/m) M) T
X2

am ° ]:(\/27rh,1/h) (u).

X2
- <2m Of(x/ﬁ,l/h)) ° F(arh,~1/m) =
X2
= o’ (}—Wﬁ,l/h) °© (\/ﬁ,—uh)) =
X2
= 5-°0)s =
X2
= o
X2
[T}v =5
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Chapter 20

Multiplicative operators in

S(R™, S))

20.1 Introduction

In the Spectral Theory of Slinear operators, the eigenvalues corresponding to the
elements of certain Sfamilies have fundamental importance. If L is an “linear
operator and v is an Sfamily, the family v is defined an eigenfamily of the
operator L if there exists a real or complex function [ - defined on the set of
indices of the family v - such that the relation

L(vp) = l(p)vpa

holds for every index p of the family v. As we already have seen, in the context
of Slinear operators, it is important how the operator L acts on the entire family
v. Taking into account the above definition, it is natural to consider the image
family L(v) as the product - in pointwise sense - of the family v by the function
[, but:

e is this pointwise product a binary operation in the space of © families?
e what kind of properties are satisfied by this product?

In this chapter we define and study the properties of such product.

223
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20.2 9vFunctions

We recall, for convenience of the reader, some basic notions from theory of
distributions.

Definition (of slowly increasing smooth function). We denote by

Ou(R™ K), or more simply by OE\Z), the subspace of all smooth functions f
belonging to the space C*(R™ K) such that, for every test function ¢ € S,
the product ¢f lives in S,,. The space Op(R™,K) is said to be the space of
smooth functions from R" into the field K slowly increasing at infinity
with all their derivatives.

In other terms, the functions f in the space (’)(Mn) are the only smooth func-
tions which can be generate a multiplication operator
Mf : Sn — Sn

of the space S, into the space S, itself, (obviously) by the relation My (g) = fg.
This is the motivation of the importance of these functions, and the symbol
itself Ops depends on this fact.

Proposition. Let f € £, be a smooth function. Then the following condi-
tions are equivalent:

1)  for all multi-index p € Ny there is a polynomial P, such that, for any
point x € R™, the following inequality holds

07 f ()] < [Bp(x)l;
2)  for all test function ¢ € S,, the product ¢f lies in Sp;

3)  for every multi-index p € Nj  and for every test function ¢ € S, the
product (0P f) ¢ is bounded in R™.

20.2.1 Topology

The standard topology of the space OEG) is the locally convex topology defined
by the family of seminorms
Vo.p(¢) = sup |p(z)0" f(z)]
zER"

with ¢ € S, and p € Nij. This topology does not have a countable basis. Also,
it can be shown that the space (’)EC}) is a complete space. A sequence (or filter)
(f;)jen converges to zero in (’)EC}) if and only if for every ¢ € S,, and for every
p € Ng, the sequence of functions (¢9” f;);e n converges to zero uniformly on
R™; or, equivalently, if, for every test function ¢ € S, the sequence (¢f;);jen
converges to zero in S,.
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20.2.2 Bounded sets in O(Mn)

A subset B of (’)E\Z) is bounded (in the topological vector space (’)(Mn)) if and
only if, for all multi-index p € Nj, there is a polynomial P, such that, for any
function f € B, the following inequality holds true

|07 f ()] < Pp(a),

for any point « € R".

20.2.3 Multiplications by 17 functions

The bilinear map

(I)OE\Z)XSH*)SH(¢7f)+_>¢f

is separately continuous with respect to the usual topologies of the spaces (9%3)
and S,,. It follows immediately that the multiplication operator My, associated
with an © function f, is continuous (with respect to the standard topology on
Sp). Moreover, the transpose of the operator M is the operator

th : S;L — S':z
defined by

"My(u)(g) = u(Mg(g)) =
= u(fg)=
fulg),

for every w in S/, and for every g in S,,; so that, the transpose of the multiplica-
tion My is the multiplication on S), by the function f. Indeed, the multiplication
of a tempered distribution by an © function is defined by the transpose of M 75
since this last operator is self-adjoint with respect to the canonical bilinear form
on S, X &y; in fact, obviously, we have

(Mg (g), h) = (g, My(h)),

for every pair (g, h) in that Cartesian product.
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20.2.4 SFamily of the multiplication operator M ¥

We can associate to the operator My : S, = S, an Sfamily v, in the canonical
way, we have

Up = (va)p:
6pOMf =
= th(5p):

|
~
&

|

for every p in R™.

20.3 Product in £(S,,S,,) by ““functions

The basic remark is the following.

Proposition. Let A € L(S,,,Snm) be a continuous linear operator and let f
be a function of class (’)x[n). Then, the mapping

fASn‘}Sme'_)fA((b)
18 a linear and continuous operator too, it is indeed the composition
Mf o A,

where My is the multiplication operator by the function f.

Proof. It is absolutely straightforward. First of all we note that the product
fA is well defined. In fact, we have

(fA)(¢) = fA(¢),

and the right-hand function lies in the space S,, because the function f lies in
the space (95\7 and the function A(¢) in the space S,,. Moreover, the bilinear
application

®: 00 XS, = S i (f,0) = fo

is separately continuous and since we have
(fA)(P) = [A(9) =
= ©(f,A(¢) =
= M (A(9)),
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ie.,
fA = O(f,-)oA=
= MfOA,

hence the operator fA is the composition of two linear continuous maps and
then is a linear and continuous operator. H

Definition. Let A € L(S,,,S) and f € Ox[n). The operator
fA: S, = Smid— fA(P)
18 called the product of the operator A by the function f.

Proposition. Let A, B € L(S,,Sn) be two continuous linear operators and
frg be two functions in OEVT). Then, we have

1) (f+9A=fA+gA; f(A+B) = fA+ fB; 1gmA = A, where the
function 1gm is the constant function of R™ into K with value 1;

2) the map
®: O\ XL(Sn,Sm) = L(SnySm) : (f,A) > fA

18 a bilinear map.

Proof. It’s a straightforward computation. ll

The above bilinear application is called multiplication of operators by Oy
functions.

20.3.1 The ring O}

It’s easy to see that the algebraic structure ((’)E&n), +,+) is a commutative ring

with identity, with respect to the usual pointwise addition and multiplications.
For instance, the multiplication is the operation

O < O =08 < (f,9) — fa,

where, obviously, if f,g € (95(}”, then the pointwise product fg still lies in Og&l).

The identity of the ring is the function 1p,, := 1gm. Moreover, we have that

subspace S, of the space OJ(&") is an ideal of the ring Og\?). The subring of

OEVT) formed by the invertible elements of OE\T) is exactly the multiplicative

subgroup of those elements f such that the multiplicative inverse f~! belongs
(m)

to the space O,," too.
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20.3.2 The module L(S,,S,,)

Proposition. Let - be the product operation defined in the above theorem.
Then, the algebraic structure (L£(Sp,Sm),+,:) is a left module over the ring

(05\21),4‘, )

Proof. Recall the preceding theorem, we have to prove only the pseudo-

associative law, i.e. we have to prove that for every f,g € O](CI"), for every
A e L(Sy,Sm), we have

(f9)A = f(gA).

In fact, for each ¢ € S,,, we have

[(f9)Al(¢) = (f9)A(o

as we desired. W

20.4 Product of °families by ?*functions

The central definition of the chapter is the following.

Definition (product of families by smooth functions). Let v €
S(R™,S") be an S family of distributions and let f € C®(R™,K) be a smooth
function. The product of the family v by the function f is the family

fvi= (F(p)vy)pern.

Theorem. Let v € S(R™,S),) be an Sfamily and f € O%T). Then, the
family fv lies in S(R™,S),). Moreover, we have

(fo)* = fo.
Consequently, concerning the superposition operator of the family fv, since

fv=M;ou, we have
f(fo) = "o "My,

[ atto)= [ rap.

for every coefficient distribution a in S),.

or, equivalently,
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Proof. Let ¢ € S,,, we have
(fv)(@)(p)

(fo)p(9) =

(f(p)v

Ju(¢

Jup(6) =
(

p) (@) =

)(p

229

fp

fp
and hence the function (fv)(¢) equals fv(¢) which lies in S,,. Thus, the product
fv lies in the space S(R™,S!). For any test function ¢ € S,, by the above

consideration, we deduce

(fv)" () = fi(9),

that is,
(f

V)"

= fv,

where fv, is the product of the operator v by the function f, which belongs to
L(Sm,Sn) . Moreover, concerning the superposition operator of the family fv,

[ atro) =

3 !
for every a in S;,. B

2) The map

&: 0 x S(R™,S) — S(R™, 8 : (f,v) — fv

s a bilinear map.

Proof. 1) For all p € R™, we have

[(f +9)v](p)

"(fv)"(a

)=

(‘o "My)(a) =

"5("My(a))

"o(fa)

| e,

Theorem. Let f,g two functions in the space OE\T) and v,w two families
in the space S(R™,S)). Then, we have

1) (f+g)v=fot+gv, flv+w)=

fv+ fw and 1p,,v = .

(f+9)p
(f(p) +

(fo)p

Yo, =

9(p))vp =

fP)vp + 9(p)vp =

+ (9v)p;
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ie. (f+g)v= fv+gv. For all p € R™, we have

[flo+tw)](p) = flp)v+w),=

(p)

f(p) (Up + wp) =

= f)vp + f(P)wp =

= (fv)p + (fw)p,

ie. f(v+w)= fv+ fw. For all p € R™, we have
(Igmv)(p) = Lrm (p)vp = vp;

ie. Igmv =v. 2) follows immediately by 1). B

The bilinear application of the point 2) of the preceding theorem is called
multiplication of families by Oy functions.

Theorem (of structure). Let - the operation defined above. Then, the
algebraic structure (S(R™,S,,),+,-) is a left module over the ring ((95\7), +,°)-

Proof. Tt’s analogous to the proof of the corresponding proposition for op-
erators. M

Theorem (of isomorphism). The application
()N S(R™,S) — L(Sn,Sm)

is a module isomorphism.

Proof. It follows easily from the above theorem. W

20.5 9“Functions and ¢  basis

In this section we study some relations among a family w and its multiples fw.

Theorem. Let w € S(R™,S,,) and let f € OJ(\ZL). Then, the hull Sspan(w)
contains the hull Sspan(fw). Moreover, if a distribution a represent the distri-

bution u in the family fw then the distribution fa represent the distribution u
in the family w.

Proof. 1) Let u be a vector of the Slinear hull Sspan(fw). Then, there exists
a coefficient distribution a € S), such that

u= [ atfw).
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and this is equivalent to the equality

hence the vector u belongs also to the Slinear hull Sspan(w). Hence the “linear
hull Sspan(fw) is contained in the Slinear hull span(w). W

Theorem. Let w € S(R™,S)) and let | € (95\7) be a function different
from O at every point. Then, the following assertions hold true:

1) if the family w is © linearly independent, the family fw is Slinearly inde-
pendent too;

2) the hull Sspan(w) contains the hull Sspan(fw);

3) if the family w is Slinearly independent, for each vector u in the hull
Sspan(fw), we have

[w|w] = flu| fw];

4) if the family w is an S basis of a subspace V, then fw is an Sbasis of its
Slinear hull Sspan(fw) (that in general is a proper subspace of Sspan(w)).

Proof. 1) Let a € S}, be such that

/m a(fw) = 0Osy,

we have

o = [ -

[ taw.

thus, because the family w is Slinearly independent we have fa = Os: . Since f
is different from 0 at every point we can conclude a = Os; .
2) Let u be a vector of the span “span(fw). Then, there exists a coefficient
distribution a € S/, such that
u = / a(fw),

u=[ (o,

or equivalently
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and hence the vector u belongs also to span(w). Hence the span ®span(fw) is
contained in the span “span(w).

3) If w is Slinearly independent, from the above two equalities we deduce
(u) f = a and (u),, = fa, from which

(u)w = fa=
= f(u)fuw,

as we claimed. 4) is an obvious consequence of the preceding properties. B

20.6 9vInvertible functions and Sbasis

We recall that an invertible element of OJ(\T) is any function f everywhere dif-
ferent from 0 and such that its multiplicative inverse f~! lives in (’)5\?) too. The
set of the invertible elements of the space (’)5\?) is a group with respect to the
pointwise multiplication, and we will denote (sometimes) it by gj((}).

Theorem. Let w € S(R™,S)) and let f € QZ(\ZL) be an invertible element

of the ring C’)E\Zl) (in particular, it must be a function different form 0 at every
point). Then, the following assertions hold true:

1) the family w is © linearly independent if and only if the family fw is
Slinearly independent;

2) the hull Sspan(w) coincides with the hull Sspan(fw);

3) if the family w is Slinearly independent, for each vector u in the hull
Sspan(w), we have
[u| fw] = 1/f)[u]w].
4) if the family w is an Sbasis of a subspace V if and only if its multiple

fw is an Sbasis of the Slinear hull Sspan(fw) (that in this case coincides
with Sspan(w)).

Proof. 1) Let a € S}, be such that

/ aw = Os/ ,
m

we have
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thus, because fw is linearly independent we have f~'a = 0s: . Since flis
different form 0 at every point we can conclude a = Os; .
2) Let u be in Sspan(w). Then, there exists an a € S/, such that

u = aw.
m

u= [ G,

Now, we have

so the distribution u lies in “span(fw), and hence span(w) is contained in
Sspan(fw). Vice versa, let u be in Sspan(fw). Then, there exists an a € S/,

such that
uz/ a(fw).

u=[ (o,

and hence u lies also in Sspan(w), hence Sspan(fw) is contained in Sspan(w).
Concluding

Now, we have

Sspan(w) = span(fw).

3) For any u € S}, we have

u= [ fwlule,

u= [ (4 ulul) ().

as we desired. 4) It follows immediately from the above properties. B

hence

Theorem. Let e € B(R™,S!) be an Sbasis of the space S!, and let f € (’)g\tfn)
. Then the multiple fe is an Sbasis of the space S if and only if the factor f

s an invertible element of the ring Og\}n)

Proof. We must prove that, if fe is an Sbasis of S’

., then f is an invertible
element of the ring O&T). First of all observe that, since fe is a basis, then fe
is Slinearly independent and consequently linearly independent in the ordinary
algebraic sense; consequently every distribution f(p)e, must be a non zero dis-
tribution and this implies that any value f(p) must be different from 0, so we
can consider the multiplicative inverse f~!. We now have to prove that f~!
lives in OE\T)’ or equivalently that, for every ¢ in S,,, the product f~!g lives in

Sm- To do this, let g be in S,,, since fe is a basis, its associated operator from
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S,, into S,,, is surjective, then there is a function h in S, such that (fe)"(h) = g,
the last equality is equivalent to

fe(h) =g,

that is
g =e(h),

so that f~1g actually lives in the space S,,. B

Theorem. Let e € B(R™, V) be an S basis of a (weakly*) closed subspace V
of the space S), and let f € (95\2"). Then the multiple family fe is an Sbasis of
the subspace V if and only if the factor f is an invertible element of the ring

olm.

Proof. We must prove that, if fe is an Sbasis of the subspace V, then f is an
invertible element of the ring Og\?). First of all observe that, since fe is a basis,
then fe is ®linearly independent and consequently linearly independent in the
ordinary algebraic sense; consequently every distribution f(p)e, must be a non
zero distribution and this implies that any value f(p) must be different from 0.
So we can consider its multiplicative inverse f~! . We now have to prove that
f~ ! lives in (95\7), or equivalently that, for every g in S,,, the product f~1g lives
in S,,. To do this, let g be in S,,, since fe is an © basis of a topologically closed
subspace, its associated operator from §,, into S, is surjective, then there is a
function h in S,, such that (fe)"(h) = g, the last equality is equivalent to

fe(h) =g,

that is
g =e(h),
so that f~1g actually lives in the space S,,,. B



Chapter 21

Spectral expansions

21.1 Spectral Sexpansions

In the following we shall use the notation £(S]) = £(S},S),) for the space
of Slinear endomorphisms on the space S, it is just the space of continuous
linear endomorphisms with respect to the weak* topology (or with respect to

the strong* topology) on SJ,.

Let E, F be two vector spaces and let A be a linear operator of E into F. The
set of all the eigenvectors of the operator A is denoted by E(A). The set of all
the eigenvalues of the operator A is denoted by e(A); moreover the eigenspace
relative to an eigenvalue ¢ € K is denoted by |a) 4, or by E,(A). For every
eigenvector u of A, there is only one eigenvalue a such that A(u) = au, so that we
can consider the projection p : E(A) — e(A) associating with every eigenvector
u of the operator its eigenvalue. It is clear that the set E7 (A), the eigenspace
of A corresponding to the eigenvalue a without the zero vector, coincides with
the fiber p~(a). So that we have constructed a fiber space (E(A4),e(A),p).

Definition (of eigenfamily). Let A € L( Sh) be an Slinear endomor-

phism on the space S),, a € (’)5\?) and v € S(R™,8)) be an © family. We
say that the family v is an © eigenfamily of the operator A with respect

235
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to the system of eigenvalues a if, for each index p € R™, the vector v, is
an eigenvector of the operator A with respect to the eigenvalue a(p). In other
terms, the family v is an ©eigenfamily of the operator A with respect to the
system of eigenvalues a if, for each inder p € R™, we have

A(vp) = a(p)vy,
which, in terms of families can be written as A(v) = av.

Now we can state and prove the principal theorem of this chapter.

Theorem (of Sspectral expansion). Let A € L(S!) be an Slinear en-

domorphism, a € OJ(\ZL) and let v € S(R™,S!)) be an Slinearly independent
eigenfamily of the operator A with respect to the system of eigenvalues a. Then,
we have the spectral © expansion

for each w in the Slinear hull Sspan(v).

Proof. For each distribution v in the ®linear hull Sspan(v), we have

Alw) = A(/m[u|v]v):
_ /m[u|v]A(v):
_ /m[u|v](av):
_ /m(a[u|v])v.

In fact, the third equality holds because
Aw)y = Alvy) =
= a(p)v, =
= (av)(p)7

as we already have noted; and the fourth equality holds because
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as we well know in the general case; this concludes the proof. B

Remind. Recall the definition of superposition of an ®family with respect to
an operator. Let X be a subspace of the space S;,, A € Hom(X,S],) be a linear
operator and v € S(R™,S!,) be an Sfamily of distributions. The superposition
of the family v with respect to the operator A, is the operator

Av: X =8 tu— A(u)v.
R™ R™

Remark. So, in the conditions of the above theorem, we can write

Ax = /R al.Jv]o,

saying that the restriction of the operator A to the ¢ linear hull of the family
v is a superposition of the family v with respect to the coordinate operator of
the family.

Remark. The above theorem generalizes the Resolution of Identity theo-
rem. Indeed, every Sbasis of the space S/, is an Seigenfamily of the identity
operator with respect to the constant unitary system 1gm, so that we have

s, = [ Lol

for every ®basis v of the space S/, . Moreover, if jx is the injection of the linear
hull X of an Slinearly independent family v, we have

ix= [ L,

since jx is just the restriction to X of the identity operator on the space S),.

Remark. The above theorem holds in the particular case in which there
exists a Shasis of the space S/ constituted by eigenvectors of the operator A.
This case is the theme of the following chapter.

21.2 “Expansions and ¢ linear equations

Let A be an Slinear operator on the space S/, and let v be an “basis of the
space S/, such that Av = av, with a function of class Oy;. We desire to solve

the Slinear equation
E:A()=d,
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with d in S),.

Theorem. Let A be an Slinear operator on the space S), and let v be an
Sbasis of the space S!,, indexed by the m-dimensional Buclidean space, such that
Av = av, with a function of class Opr. Then, the S linear equation

E: A()=d,

with d in 8!, admits (at least) one solution if and only if the representation d,,,

of the datum d in the Sbasis v, is divisible by the function a. In this case, a
solution of the equation E is the representation of any quotient q, of the division
of dy, by a, in the inverse basis of v, that is the superposition

/ qu.

Proof. (=) Let u be a solution of the equation E. We have

Au) = /m afulv]o,

by the spectral Sexpansion theorem and
d= [d|v]v,
R’IYL

by the definition of representation of d in the basis v. Since v is ®linear inde-
pendent, we obtain the eigen-representation of the equality F(u), that is

afulv] = [d|v],

so that, if the distribution d,, is divisible by the function a, that is there exists
a distribution ¢ such that
aq = dy.

(«) It is also clear that, if the representation d, is divisible by the function a,
then any quotient ¢ of the division of d, by a is a solution of E. Indeed,

() = -
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as we claimed. W
We can see an interesting application.

Application (the Malgrange-Ehrenpreis theorem). We obtain, as a
very particular case the Malgrange theorem, using the Hérmander division of a
distribution by polynomials. First of all consider that the partial derivative 0;
has the Fourier basis as an © eigenfamily, indeed we have

Ai(e7 1)) = —jpe=i Pl
for every positive integer i less than n. Consequently we have
& (e Py = (—p)lalpTe—ipl)

for every multi-index j; thus a differential operator D with constant coeflicients,
say
D = Yc;07,
has the Fourier basis v = (e’i(m'))peRm as an Seigenbasis. If ¢ is the quotient
of the division of a distribution d by a polynomial %(—i)Vlc;(.)P, the Slinear
equation
Du=gq

[

by the above theorem, and this is exactly what the Malgrange theorem says.

has the solution

21.3 Existence of Green families

Theorem. Let L € L(S!) be an Slinear operator. Let \ be an S eigenfamily of
the operator L with corresponding eigenvalue system 1, i.e. let the equality

L(Ap) = Up)Ap,
hold true, for every p in the index set, say I, of the family . Assume that

e there is another Sfamily p such that the Dirac family of the space S), can
be factorized as
WA =74,

in other terms assume that the family \ has an Sleft inverse with respect
to the product of families;

e the function | is an ©™ function and nowhere zero and its inverse 1= is
of class Oy, that is it is an element of the group of invertible elements of
the ring Oy .
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Then, the operator L has an © Green family, namely the family G defined
by

Go= [ /A

for every index p in I.

Proof. Indeed, for every index p, we have

LGy = L ( / n(l/l)p,,A) _

= [ /-
= [ /-
= [ a/imir-

= [ 10/ =
Rn

= / Mp)\:

= 6])7

as we claimed. W

The above assumptions imply that the family X is a system of $generators
for S/ and that the family y is Slinearly independent. In the particular case in
which p.p is the factorization of the Dirac basis we deduce that the family p
must be a basis too.

Let us generalize the preceding result.

Theorem. Let L € L(S!) be an Slinear operator with an S eigenfamily
and corresponding eigenvalue system 1. Assume that

e there is another Sfamily pu such that

WA =0,

o any member of the family p is divisible by the function [, that is there is
a family v of distributions such that

lvp = pp,

for every index p of I (v, is the quotient of the division of u, by 1).
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Then,

e the operator L has a Green family, namely the family G defined by

sz/ UpA,

o If, moreover, the family v is of class S, the operator L has an © Green
family, namely the family defined by the product of ©families G = v.\.

for every index p.

Proof. Indeed, for every index p, we have

(]
[ wir
[ i
IROE

(lvp)A =

L(Gy)

[ )
Rn

Rn"

Ops

as we claimed. W

Open problem (the position operator). We know that, on the real line,
the product of the identity mapping (.) by the Dirac distribution dg is the zero
distribution, i.e.

(:)d0 = Os;;

then, by derivation, we deduce
do + ()(56 =0,

so the Dirac distribution centered at 0 is divisible by the identity mapping (.) on
the real line and the quotient of this division is the distribution —§;. Consider,
now, the position operator on the real line P : §] — S7, defined by P(u) = (.)u.
We have

(')VP = 617’
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where the distribution v, is
vp =p~ (8 — h(p)do),
h in D] with h(0) = 1 and A'(0) = 0, for every real p different from 0, and

vy = —6&,. So we can apply the preceding result and deduce that there is a
Green family of P, namely the family v itself, since

Gp:/ Vpd = Vp.

Is the family v of class S? Indeed, we have

v(9)(p) = vp(g) = p~ ' (9(p) — h(p)g(0)),

for every p different from 0, and

v(9)(0) = =dy(g) = ¢'(0).

Is the function v(g) of class S? So that the family G is an Green family?

21.4 Superpositions in Oy,

Let f = (fy)qerr be a family in the space (95\3), we say that f is an Sfamily in
O(Mn) iff for every tempered distribution w in the product S,/ , the function

Flu) :RF = K« f(u)(q) = ulfy),

is an S function. This is equivalent to say that the family

u(f) = (u(fy)) gepr

is a family of class.

In Particular, for every x in R™, the scalar family

f(@) = (f4(2))gerr = 02(f)

is a scalar family of class S, canonically identified with its test function f(d,).

Let ¢ be a distribution in S, , we define

([ er) =] ero

for every x in R™.
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Let us see that the superposition lives in Op;. It follows form the Banach

Steinhaus theorem. We have
([Ler)atar = ([ ert@)atea) =
= of(z))g(z) =

c(g(@)f(x)) =

= ([ ear) @

where the family of functions gf = (g(z)f(z))zern (a simple pointwise prod-
uct) is of class S, indeed it is a family of Sfunctions and moreover for every
distribution ¢, the function

since the function ¢(f) is S,.
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Chapter 22

SDiagonalizable operators

22.1 SDiagonalizable operators S/,

Definition (of “diagonalizable operator). Let A € L(S!) be an Slinear
endomorphism of the space S',. The operator A is said ©diagonalizable if
there are a function a € (’)RT) and an Sbasis a € B(R™,S!) such that, for
every index p € R™, the vector oy is an eigenvector of the operator A with
respect to the eigenvalue a(p), that is if

Alap) = a(p)ayp.

In terms of families, we can also write A(a) = aa. Moreover, in these condi-
tions, the basis « is said an eigenbasis of the operator and the function a
1s said the system of eigenvalues of the operator A associated with the
etgenbasis «.

Note that an Seigenbasis of an operator determines uniquely a system of
eigenvalues.

The origin of the preceding definition and nomenclature is naturally ex-
plained by the following proposition.

245
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Theorem. Let a be an S eigenbasis of an S diagonalizable operator A, and
let a be the system of eigenvalues of the operator A with respect to the © basis
a. Then, the Smatriz representation of the operator A in the ©basis o is

(A),, = as,

[e3

where § is the identity Smatriz, i.e. the Dirac family.

Proof. Recall that the Smatrix representation of an operator L in an Sbasis
v is the unique $ family (L), such that the transpose product of the ¢ family
(L), by the coefficient distribution (u),, that is

for every distribution w in S/,. We have

(ad)(u)a = ad(u)q =
= a(u)a =
= (au)a =

(Au)q,

for every distribution u, as we desired. W

Definition (of Sdiagonal matrix). We call an Smatriz (that is an S
family) S diagonal iff it is of the form ad for some ©M function a, where § is the
Dirac basis.

In other words, we can give the definition of ®diagonalizable operator as it
follows:

o an Slinear operator is said © diagonalizable if and only if there exists an
Sbasis of the space S!, in which the S matriz representation of the operator
is < diagonal.

We note, moreover, that in the definition of ®diagonalizable operator is not
necessary to assume the function a of any class.
Theorem. Let A be an Slinear endomorphism of S!. Assume that there

are a function a and an ©basis a such that A(a) = ac. Then the function a is
an ©M function.

Proof. Indeed, we have, for any test function g,

A(ap)(9) = a(p)ap(g),
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that is
A(a)(g) = aa’(g),

now, since the operator associated to an ®basis is surjective, there is a test
function g such that the smooth function a”(g) is nowhere zero, so that the
function a is a pointwise quotient of two smooth functions

A(a)"(g)

=)

and thus is a smooth function too. Moreover, since the operator o’ is surjective
and since both the functions A(a)"(g) and o”(g) are of class S, any product
ah of the smooth function a by an Sfunction is an ®function, and hence a is a
function of class O,,;. R

Note that, by the Dieudonné-Schwartz theorem, the preceding proof works
also in the case in which the family of eigenvectors of the operator A is an Sbasis
of a weakly™ closed (or equivalently strongly closed) subspace of the space S,.

22.2 SDiagonalizable operators on S,

We now pass to another characterization of the ¢ diagonalizable operators on
S’. To give it in a more complete way, we define the diagonalizable operators
on S,.

Definition (of diagonalizable operator in S,). Let A be an operator
in L(S,) we say A Sdiagonalizable if there is an invertible linear continuous
operator L in L(S,) such that

LAL ' = a(.)gn,

for some ©M function a, where we denoted the composition by the multiplicative
notations.

Definition (of Sdiagonal operator in S,). We say that an endomor-
phism A of the space S, is ©diagonal if it is of the type a(.)s, for some O
function a.

In other terms, recalling the definition of similitude among linear continu-
ous operators and the definition of ®diagonal operator, we can reformulate the
definition saying that

e an operator is diagonalizable if it is similar with a diagonal operator.
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Now we present the characterization, whose proof is trivial.

Theorem. Let A be an operator in L(S]). Then the following assertions
are equivalent:

e the operator A is © diagonalizable;

o the operator *A is S diagonalizable;

e there are an Sbasis o and a smooth function a such that
ao 'Aocat=a()s,;

e there are an Sbasis o and a smooth function a such that

ta loAdo ta= a(.)s:;

e there are an Sbasis o and a smooth function a such that

Ao 'a = "aoal()s;
e there are an Sbasis o and a smooth function a such that
(4, 'a] = tao (a()s: — A);

o there are an basis o and a smooth function a such that the following
commutation relation does hold

A [ ol = [ (a0~ A

Rn

e there are an invertible linear continuous operator L in L(S]

1) and a smooth
function a such that

LAL™' =a()s;

22.3 Algebra of “diagonalizable operators

In this section we shall study the natural algebra in the space of ©diagonalizable
operators. To understand better this algebra we introduce the notion of multi-
fiberspace.

Let £ and B be two non-empty set and p : £ — B be a surjective correspon-
dence (not necessarily univocal. The triple (E, B, p) is said a linear multifiber
space if, there is a vector space F' such that there is a bijection

h:BxF —FE
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such that
p(h(b, f)) = b,
for each for every b in B, and f in F. In other terms,
poh=pr,

where pry is the first projection of the Cartesian product B x F'. The non-empty
set F is said the underlying set of the fiber space; the non-empty set B is called
the base of the fiber space; the vector space F' is said the linear space of the
fiber space.

Consider an Sdiagonalizable operator A, then there is a pair (o, a) in the

Cartesian product B(S))) x Ogg) such that A(o) = aa . So we have a natural
projection
m:B(SL) x 0" = D(S!)

associating with any pair (o, a) a unique diagonalizable operator A. This cor-
respondence is not bijective and the anti-image of the operator A = 7(a,a) is
the set of all pairs (a/,a’) such that the relation

alula) = [ alule’)a’lo]
holds true, for every tempered distribution wu.
Proof.
is the set the set of basis for which there is a function satisfying that property.

Fix a basis e and consider the section
m(e,.) : (’)(Mn) — D(S)).

The image of the above section is the set D.(S;,) of all diagonalizable operators
having e as an eigenbasis.

This section is injective.
Proof. The system E of eigenvalues is univocally determined by e. B
So we have a bijection j. of D.(S),) onto O](\Z).

Proposition. If A and B have the same eigenbasis e with eigenvalue sys-
tems a and b. Then

e the linear combination cA+ dB is in D(S]

n

) and

(cA+dB)(e) = (ca+ db)e;
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e the composition AB is in D.(S}) and

ABe = BAe = (ab)e;

e the operator A is invertible if and only if eigenvalue system a is invertible
in OS\Z) and
Ale=a"te

o the power A" is in D.(S},), for every integer r, and

A"e=2d"e.

Let us see that the algebra D.(S!,) is indeed stable under Slinear combina-
tions.

Reminder. If A is a family of Slinear endomorphism of S/, indexed by the
k-dimensional Euclidean space, we say that A is of class S if, for every tempered
distribution « in S}, the family A(u) image of v under the family A, that is the
family (Aq(u))gere, is of class S.

Moreover, if v = (vg)4ers is a family, indexed by the k -dimensional Eu-
clidean space, of Sfamilies, each of one indexed by the m-dimensional Euclidean
space, we say that the family is of class S if the family v(p) = (vq(p))qers is of
class S, for every p in R™, where v,4(p) is the p-term of the family v,. In this
conditions, if @ is a distribution in Sj, we define the superposition

/R v
() oo

Our aim is to prove that:

as the family

for every index p in R™.

Theorem. If H = (Hy)epe is an Sfamily in the algebra D.(S,), then
every its superposition is still in De(S),). In other terms the algebra D.(S)) is
Sstable. In particular, if c is a coefficient distribution in S, we have

([ ett)en=([ cE0)en

for every p in R™, where the ©™ function E, is the eigenvalue system of the
operator Hg, so that
H,(e) = Ege.
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In terms of families, we have

(/RH)U:(/RE)

/ cE
Rk
is the M function defined by

</Rk CE> (p) = /Rk cE(p),

where

for every p in R™.

Proof. Let ¢ in S;,. We have

(/Rk CH) (ep) = /R cH(ey) =
/. _

indeed observe that the family

H(ep) = (Hq(ep))qeRka

that is an Sfamily in S, is nothing but the family

E(p)ep = (Eq(p)ep)qeRk .

We have only to prove the last equality

/Rk c(E(p)ep) = (/Rk CE(p)) ep,

where the right-hand side is the product of the number

/R _cE(p)

by the distribution e,; namely, the above complex number is the superposition
of the scalar family E(p) = (E,(p))qert by the coefficient distribution c. In
fact, identifying canonically the family F(p) with its associated test function we
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have

[ cB@e)o) = (Bw)e,)6) -

for every g in the test function g in S, ; note that

(E(plep)(9)(@) = (Eq(p)ey) (9) =
= Ey (pey(g) =
= (&(9)E(p)) (9),

for every ¢ in R¥, so that the proof is completely done. B

22.4 Building some observables of QM

22.4.1 The position operator in one dimension

A particle moving on the real line can be in a state in which its position is x € R.
It’s natural to assume that this state can be represented by the distribution ¢, so
if we denote by @ the observable “position” we have Q6, = xd,, i.e., Q) = IgJ,
applying the above theorem we have
/ Igul|dld=
R

AU

= HRU.

Q (u)

This justifies the definition of the position operator, which is now possible to
define, more naturally, the only observable that in the state §, assume the value
x.

22.4.2 The position operator in three dimensions

A particle moving in the space can be in a state in which its position is the
vector x € R3. It’s natural to assume that this state can be represented by the
distribution d,. In this state the position has the three components =1, xs, x3.



22.4. BUILDING SOME OBSERVABLES OF QM 253

Then, if we denote by Q = (Q1, @2, @s3) the triple of operators representing the
observable “position” in three dimensions, we have Qd, = (210.,220,,230;),
ie., Q5 = (I16,156,136). Let us apply the decomposition theorem to the i-th

component, we have
/ I [u | 66 =
R3

/RS (L) 6 =

= Hiu.

Qi (u)

This justifies the definition of the position operator, which is now possible to
define, more naturally, the only observable that in the state §, assume the
vector-value x.

22.4.3 The momentum operator

Following De Broglie, we assume that the state of a particle moving on the
real line with momentum p € R be represented by the regular distribution
[e(i/ h)(p")]. If we denote by P the observable “momentum”, we have

P {e(i/h)(pl-)} —p {e(i/m(m-)} ‘
Putting f = ([e(i/h)(m')])peR, we have thus
Pf=1Irf.

Applying the above theorem, we have

P) = /RHR[U\J‘]f=

= () (fwins) =

= —ih'.

22.4.4 The kinetic energy in dimension 1

Following De Broglie, we assume that the state of a particle moving on the
real line with momentum p € R be represented by the regular distribution
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[e(i/ h)(p|')]. If we denote by T the observable “Hamiltonian of a classic free
particle in R”, we have

T [e(i/h)(p")} = 21"i [e(i/mw-)} .
m

Putting f = ([e®/M®#P]) . we have

j4S
2
p
m

Then, applying the above theorem, we have

T(w) = /R(HR)[ufJf=

2m

~ 5 [ WPl A1r =

2 ) (o) -
w

- B

Note that the spectrum of T is the set of non-negative real numbers and that
the dimension of every eigenspace is 2.

22.5 QObservables

Actually, the spectral theory treated on this chapter requires only the concept of
S-diagonalizable operator, because the spectral decomposition concerns the S-
diagonalizable operators. Nevertheless, for completeness, we give the definition
of S -observable, that is a particular S-diagonalizable operator

Definition (of observable with a continuous range of fundamental
eigenstates). Let A € L(S]). The operator A is said to be an observable
with a continuous range of fundamental eigenstates (or an observ-
able with an °eigenbasis or more simply an °observable) if it is S-
diagonalizable and it is the extension of an adjointable operator on S,,.

For adjointable operator on S,,, we give the following definition:

e a strongly continuous endomorphism A : S,, — S,, is said to be adjointable
if there is another strongly continuous endomorphism B : S, — S,, such
that

(Azly) = (z|By) ,
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for every x and y in §,,. In the above conditions the operator B is uniquely
determined and it is denoted by At. Moreover, it is possible to prove that
an adjointable operator A is extendible to an S-linear operator on S, .

The most important kind of Sobservable is the following one. An adjointable
operator A : S, — S, is said to be symmetric or Hermitian if AT = A.

o If an S-observable A € L(S),) is the extension of a symmetric operator it
is said a real S-observable.

22.5.1 Observables with a singular spectrum

If we regard the constant function of value ¢ as an observable: M. (u) = cu,
we have that M, has ¢ as unique eigenvalue. On the other hand, every S-basis
is an S -eigenbasis of M.. So M, is an observable with a continuous range of
fundamental eigenstates but with a pointwise spectrum. Now, let v an arbitrary
S-basis of the space, we have

M.(u) = cu=

= c/]Rn[uM}v:
/Rnc[u|v]v,

for every tempered distribution u. The spectral decomposition then holds, note
that the superposition is performed on the set indexing the S-basis and not on
the spectrum of the operator, moreover it is not an integral decomposition but
an expansion via superposition.

22.5.2 The relativistic energy
Let us consider the energy of a relativistic particle moving on the real line with
rest mass mg and momentum p:

E(x,p) = moc® + pc.

Consider its square
E%(x,p) = mic* + p*c?,

and the corresponding operator on S

H? = Myzea + 20 ()"
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It’s simple to prove that the distribution
= [e%}

is an eigenvector of H? with corresponding eigenvalue mac* + p?c?>. Conse-
quently, being

)

peER
an S-basis, H? is an Sobservable. Concerning its spectrum we have
‘o(H?) = [mjc*, +oo].

If we consider the operators on Sj, defined by

5= (e )
Hy (fp) = (\/ migct +p202) fos

‘o(H_) = ]—00, —moc?]

and

we deduce simply that

and
‘o(Hy) = [moc®, +oo].

The operators H_ and H, are the Hamiltonian of a relativistic antiparticle and
particle respectively.
Recall that

S

o to define an Slinear operator is enough to give an image of an S basis.



Chapter 23

Spectrum

23.1 Supports and vanishing-laws

We recall that, a distribution w in D!, is said to vanish on an open set O contained
in R™ if, for every function ¢ in D,, with support contained in O, u(¢$) = 0.

The set of all the functions in D,, with support contained in O is denoted
by Do, so, a distribution u on R™ vanishes on O if, for every function ¢ in Do,
u() = 0.

The set Dg is contained in D,,, and we shall denote by (Do) the associated
topological vector subspace of (D,,). A distribution on an open set O is, by
definition a continuous linear functional on (Dp).

Let u be a distribution in D), then the restriction of u to Do is a distribution
on O; this restriction is denoted by u|p, and it is called the restriction of u to
0.

The topological dual of the space (Do), i.e., the space (Dp)’, is denoted
simply by Dp,; this dual has the usual natural vector space structure of duals.

It is clear that, a distribution « in D), vanishes on the open O if and only if
its restriction to the open O is the zero-vector of the vector space Dy,.

In this section we shall examine the equality fu = Op, , when f is a smooth
function and w is a distribution in DJ,.

257
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Lemma. Let K be a compact subset of R™ and let g : K — C be a smooth
function on the compact K, in the sense that there is an open neighborhood O
of K and a complex smooth function go defined on the open O such that the
restriction of go to K is g. Then there is a function h in Do coinciding with
gon K.

Proof. Recall that for every compact K and every open neighborhood O of
K, there exists a function ¢ belonging to Do equals 1 on K. With K and O as
in the assumptions, define the function A : R” — K by

h(z) :=t(z)go(x),

for any z in O, and 0 elsewhere. It is clear that h is in Do (the support of h is
contained in the support of ¢) and it coincides with g on the compact K. H

Lemma. Let f be a smooth function, let O be the co-level 0 of f, and let
T the operator from Do to Do defined by T(p) = fo. Then T is surjective.

Proof. Let 1 be in Do, let K be the support of 1. Let go := 1/fjo and
let g be the restriction of go to K. By the preceding lemma there is a smooth
function A defined on R™, coinciding on K with 1/f and with support contained
in O . We have

f@)p(z)(1/f(x)) forze K
T(wh) = foh = { f(z)-0-h(x) elsewhere ’

hence ¢ = T'(h), and T is surjective. B

Theorem. Let u € D), be a distribution and f be a smooth function.
Assume that

fu = OD;L .

Then u vanishes on the complement of the zero-level set of f.

Proof. Let O be the co-level zero of f, and let ¢ be in Dp. We have to prove
that u(1) = 0. By the preceding lemma, there is a function ¢ in Do such that

Y = f¢, now
w(@) = u(fe) = (fu) (¢) =0,

and the theorem is proved. B

Lemma. Let u € 8], be a distribution and f be a smooth function. Assume
that

fu = 057/1.

Then u vanishes on the complement of the zero-level set of f.

Proof. Consider the complement of the zero-level of f

Q={peR": f(p) #0} =R"\ f7(0).
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We have to prove that for every test function ¢ € D(Q) is u(¢) = 0. Let
¢ € D(Q?), the restriction fo does not vanish, so the quotient ¢/ f|q is defined
on 2, it is smooth and it belongs to D(2). Now, by definition of multiplication
of a test function with a distribution, we have

u(@) = u(fo/fie) =

fu(d/fia) =
= 0,

as desired. So the distribution u must be vanish in the open set

{peR": f(p) # 0},

as we had to prove. B

23.2 Structure of the eigenspectrum

We have the following results:

Theorem (on the topological structure of the eigenspectrum of an
Sdiagonalizable operator). Let A be an © diagonalizable operator. Then, if
a s the ordered system of eigenvalues of A associated to an eigenbasis of A for
S),, we have

ima = “c(A).

In particular the eigenspectrum of the operator A is a connected subset of C.

Proof of the theorem. Since the operator A is an ¢ diagonalizable operator,
there exist a function a € Opr(n) and an Sbasis a € B(R™,S!) such that, for
every point p € R, we have

Alap) = alp)ay,

i.e., such that A(«) = ac. We shall prove that the eigenspectrum of the operator
A is the image ima of the function a. Assume that e is an eigenvalue of A, then
there exists a non zero vector 7 such that A(n) = en. We then have

a([ iaia) -

— [ lalA@) -

~ [ el (ea) =

[ @hlala,

A(n)
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but on the other hand

An) en =

e/n [n]|a]a=
/ne[n|a]0¢.

from the Slinearly independence of the Sbasis a we have

anla]=eln|al,
then
(a—e)[n|a]=0.

so the distribution [n | o] must be vanish in the open set

Q = {peR":alp) # e} =
= R"\a"(e).
Assume by contradiction that e ¢ ima, then there are no p such that a(p) = e,

and then

Q, =R",
this implies

| a] =0s;,
so we deduce that 7 is zero, and this is an absurd. We then have seen that
the eigenspectrum €o(A) is contained in the image ima, the converse is true by
definition of eigenbasis. Concluding the eigenspectrum of the operator A is the
image of the function a:
°oc(A) = ima=

_ n
= a(R"),
that is a connected set because a is continuous and R"” is connected. W

Corollary. If the eigenspectrum of an diagonalizable operator is real then
it is an interval of the real line (eventually degenerate).

23.3 Structure of the spectrum

Only a question remains open:

What about the so called residual spectrum and continuous spectrum of an
S diagonalizable operator?

Recall that
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e 1) the eigenspectrum of the operator A is the set of all the complex numbers
z such that the z-characteristic operator of A, that is the operator

C.=z()s, — A,
18 not injective;

e 2) the continuous spectrum is the set of all z such that the z-characteristic
operator C, is algebraically invertible (injective and surjective) but with
muverse not continuous;

e 3) the residual spectrum is the set of z such that the z-characteristic
operator C', is injective but its image is not dense in the space of tempered
distribution.

e /) the spectrum of A is the union of the preceding ones or equivalently
the set of scalars z such that the z  -characteristic operator C, is not
topologically invertible.

Theorem. The spectrum of an © diagonalizable operator A coincides with
the union of its eigenspectrum and of its residual spectrum, since its continuous
spectrum 1S empty.

Proof. Since the operator A is an ®diagonalizable operator, there exist a
function a € Op(R™,K) and an Sbasis a € B(R",S!) such that, for every
p € R™, we have

A(ap) = a(p)ay.
Assume that z is not an eigenvalue of A, then the z-characteristic operator
Cz = Z(.)S:L —A
is injective. Moreover
CZ(ap) = Z(ap)S; - A(O‘p) =
= zop —alp)a, =

= (z—a(p))ay.

Because z is not an eigenvalue of A, the function z — a never vanishes and is of
class Oy, and then the family

B=(z-a)a

is yet an Sbasis of the space. Indeed,

u= /n (z—a)"! ug(z — a)a,
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note that the function (2 — a)~! is smooth but in general not Oy;. Moreover

it is simple to prove that, if the image of an © family by an Slinear operator is
an®basis than the operator is surjective. Indeed, let u be in S/, , then

T
= /nuﬁcz(a)z
()

Moreover, it’s simple to prove that if the image of an © linear operator contains
an Sbasis of its codomain, then the operator is surjective. Consequently, the
z-characteristic operator C, is even surjective, and consequently the residual
spectrum is empty. Even more, the operator C, is Slinear and then it is the
transpose of a certain weakly (i.e., strongly) endomorphisms on the Fréchet
space S,. This operator is bijective as the operator C, is, so by the Banach
inverse operator theorem it is a topological isomorphism. And even more, by
the Dieudonné-Schwartz theorem, the operator C, is a topological isomorphism
too. So the continuous spectrum of an Sdiagonalizable operator is always empty.
|



Chapter 24

Functional Calculus

The purpose of this section is to introduce a functional calculus for the S-
diagonalizable operators. Our goal is to state and prove a theorem that allow
us to define the action of a numerical function, defined on the spectrum of a
certain operator A, on A itself.

If A is a linear operator, by E(A) we denote the set of all the eigenvectors of
A, by ¢o(A) the set of all the eigenvalues of A, by va : E(A) — C the mapping
sending every eigenvector u of A to its unique eigenvalue. In other words, v4(u)
is the unique number ¢ such that Au = cu.

24.1 A vanishing lemma

First of all we need a lemma.

Lemma. Let M € Ny be a non-negative integer, O be an open subset of the
field K, e € O be a point of that open subset, 7 : O — K be a CM-function
with all derivatives vanishing at the point e, i.e., such that r(i)(e) = 0, for
every integer i € N<ps. Then, for every CM -function a : R® — K such that
a (R™) C O we have

(10 a)(x) = 0,

263
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for every point x € o™ (e) and for every multi-index p € N§ with |p|; < M.

Proof. Note, first, that the composition r o a is defined on R™ and is of class
CM | because it is the composition of two functions of class CM. We shall see
the proof in the case n = 1, the general case is wholly similar. Moreover, in this
case, we shall prove a more general equality, exactly we shall prove that

(T(j) o a,) © (x) =0,

for every 4,7 € No(< M) such that ¢ + 7 < M, and for every x such that
a(x) = e (in the case j = 0 we obtain the statement). We shall proceed by
induction on the sum s =i+ j. If i + j = 0 we have necessarily i = j = 0, and
we have to prove that r(a(z)) = 0, for every z € a~ (e), i.e., r(e) = 0, and this
is true by assumption. If i +j = 1, we have to prove that '(a(z)) = 0 and that
(roa)(x) =0. The first is equivalent to r’(e) = 0, that is true by assumption;
for the second we have

(roa)(z) = r'(a(x))d(z)=
= 1'(e)d(z) =

that holds still by assumption (we know that 7/(e) = 0). Now we assume (by
induction) that, fixed a positive integer k strictly less than M, the equality

(r9) o a)D(z) =0

holds true, for every couple of indices 4, j € No(< M) such that i + j < k < M,
and for every point x such that a(z) = e. We have to prove that the same
equality

(T(j) ° a)(i) () =0

holds true, for every couple of indices 7, j € No(< M) such that i+j = k+1 < M,
and for every point x such that a(z) = e. In fact, if i + j = k + 1, we have two
possibilities: ¢ = 0, in this case the equality becomes

(T(j) ) a) @ (x) = (r(j) o a) (z) =
= 1V (a(x)) =
- T(j)(e) -
- 0,

and we have nothing to prove; ¢ > 0, in this case- by applying the Leibniz
formula, first, and using, then, the inductive assumption - we have

(rmoa)”) (@) = ((r(j)oa>/>(i1) () =
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_ ((r(j+1) o a) a,)(ifl) (x) =
f ( i;l ) (r(j+1) . a) (w) (2) (a,)(i—l—w) (z) =

w=0

P — ) (i—1) o
= ( ; } ) (r(”l) oa) (2)al =" (z) =

7 —

. (i—1)
= (r(3+1) o a) (z)d'(z),
note that the chain of equalities
j+l4+w=k+1=1+j

is equivalent to w = i — 1. At this point, if i = 1 we can conclude; if, on the
contrary, ¢ > 1, applying yet the previous result, we have

(r(j) . a) ? () = (Tmz) o a) ) @ @)’

In general, if i > ¢, for some positive integer ¢, applying ¢ times the previous
result, we have

(r(j) o a) v (z) = (T(jﬂ) o a) e (z) (d'(2))".
In particular, for ¢ = 1,
(r(j) o a) v (x) = (r(j”) o a) (@) (a'(2)) =

= () (@'(@) =
07

as desired. W

24.2 Transformable ®diagonalizable operators

Definition (transformable ®diagonalizable operator). Let A : S/, — S/, be
an € diagonalizable operator, let f be a real or complex smooth function defined
on an open set of K containing the eigenspectrum ¢o(A). The operator A is
said transformable by the function f if the composition fovaoa is of class Oy
for some eigenbasis o of A.

Theorem (basic lemma on the functions of an © diagonalizable
operator). Let A be an ©diagonalizable operator on S!,, let f be a real or
complex smooth function defined on an open set of the field K containing the
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eigenspectrum ¢o(A)  of A and such that such that the composition fowva o
a is of class Oy for some eigenbasis o of A. Then, there is a unique S -
diagonalizable operator B on S), such that, for every eigenvector n of A, the
following relation holds

B(n) = f(va(n))n-

In other words, the operator B is such that vg = fowvy. Moreover, if a is
S -eigenbasis of A and a = v o « is the ordered family of the eigenvalues
associated with «, for every tempered distribution u we have

B = [ (foalulala

Proof. Eristence. Let o be an © eigenbasis of the operator A. Setting
a = v, o «, consider the operator B on S, defined by

Bu= [ (foa)lulala,

for every distribution w. The operator B is obviously © linear. Concerning its
Sdiagonalizability, we have

Bay,

[ (roa)laylala-
[ laslal (foa)a =

= [ 6(foa)a=
RTL

(foa)(p)ap =
= fla(p))ay =

= flvalap))ay.

So « is an eigenbasis for B too, and then B is © diagonalizable. More, the
defined operator verifies the required property for the Sbasis . Let us see that
the property holds for every eigenvector. If n is an eigenvector of A,

A/n[n|a]a =
_ / ] Ao =
_ / laaa =
[ atnlala.

An
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but on the other hand
An = wvalnn =
— wal) [ lrlala =
= [ vatlslala.
from the Sindependence of o we have
a[nle] =va(n)nlal,
then, putting e = v4(n), we have

(@ —e)[n]a] = Os;,.

Since [n | ] is a tempered distribution, then it is of finite order, say of order
< M. By the Taylor’s formula, there is a function r such that

r(i)(e) =0,

for every 0 < ¢ < M, and such that

M (k) e
=3y 1),
k=0 ’

for every y in the domain of f, and, particularly, for y in the spectrum of A.
Then, for every z € R™,

*) (¢
I (a(2) — o) + r(afa)),

flatw) = > 1

WE

i
o

That is,

M
k=0 :

M (k) (o
= f(e)"‘zf k!( )(a—e)k—i—roa.
k=1

Hence, multiplying by [n | ], and taking into account that, for & > 1,
(a—e)*nla]=(@—e* a—e)[n|a] =0s,
we deduce
M
f(k) e .
Do)l a] + (roa) [y o] =
k=1 ’

fle)lnlal+(roa)ln]al.

(fea)ln|al fe)nlal+
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Note that (by the previous lemma) r o @ must be vanish with all its derivatives
of order < M, in the closed set a™ (e). Moreover, since [n | o] must vanish in
the complement of this set, we have

supp [ | a] € a” (e).

Thus 7 o a vanishes on the support of [n | a] with all its derivatives of order
< M, and then, by a classic theorem on the distributions with finite order, we
have

(rea)n|al =0s,

and consequently,

(fea)[nlal=fle)lnlal.

5[ lala-
~ [ laBa-

[ laleaa=
| reaimlala=
S RCIIDES

= 7o) [ lala=
feym.

Uniqueness. Two linear operators coinciding on a same © basis are equals.

Finally, we can conclude

Bn

24.3 Functions of Sdiagonalizable operators

The preceding theorem allow us to give the following definition

Definition (the functions of an ¢ diagonalizable operator). Let A
be an S diagonalizable operator, let E(A) be the set of all the eigenvectors of the
operator A, let ¢o(A) be the set of all the eigenvalues of A and let v4 : E(A) —
C be the mapping that sends every eigenvector u of A to its unique eigenvalue
va(u) (the scalar va(u) is the unique ¢ such that Au=cu ). Let f be a real
or complex smooth function defined on an open set of the field K containing the
eigenspectrum ©o(A), such that the composition fova o« is smooth and of class
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O, for some eigenbasis a of A. The unique S diagonalizable operator B such
that, for every eigenvector u of A is

Bu = f(va(u))u,

that is, such that vg = fowva is called the image of the operator A under the
function f and it is denoted by f(A).

Remark. If A has a finite spectrum, since the spectrum is connected, there
is a unique eigenvalue of A, hence v, is a constant function, so g o v4 o « is
constant too for every smooth function g defined in an open neighborhood of
the spectrum; therefore A is transformable for every such g. Moreover, for every
u, if @ is the unique eigenvalue of A,

Aw) = /”a[u|a}a:
_ a/”[u|oz}a:
= a(0)u;

then, the multiples of the identity are the only S -diagonalizable operators with
finite spectrum, and, we have

f(A) = fa)ls;, .

Example. Let t be a real number. Consider the function f; : R — C defined
by

fi(x) = e m7.
Let H be an S-diagonalizable operator, and let n be a basis such that

Hn = En,

for some smooth real function E. Let ¢y € S] and let ¢ (¢) be the vector state
defined by

w<t>=4e—%E[wo|n1n.

Then we have

b (1) = e~ T (),

1 we denote the operator f,(H).

. _it
where with e™ &
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24.4 Compatibility with the exponential

Theorem. Let A € L(S)) be a continuous endomorphism on the space S,
that is an S-linear operator on S!,. For every tempered distribution u € S, and
for each test function ¢ € S,,, the numerical series

B,

is absolutely convergent. Moreover the series in S,

CT

1s weakly™ convergent.

Proof. Indeed, there are two positive real numbers c4 and ¢, and a contin-
uous seminorm on the topological vector space (S,,) such that

‘Am (u) (¢) ’ < chcuq(d)

m! m!

b
moreover the numerical series
2 : <C%CuQ(¢)>
' )
m: meN

is convergent (to the number ¢, q(¢)e4). Consequently, from the Banach Stein-
haus theorem it follows that, for every tempered distribution u € S/, there
exists an other distribution v, € S], such that

N AT ()
Uy = mzzzl m!

as we desire. H

So we can define the operator

A™ ()

o0

eA:ST’L%S;L:ur—) g
m!

m=1

Example. If A =1Is:, we have
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Example. Let A (u) = cu with ¢ € C, we have
A(A(u) = cA(u) = ¢(cu) = u,
inductively we have
A" (u) = A"V (A (u) = A (u) = ",

SO

Lemma. If A€ L(S!) s an Slinear operator, the power operator A™ is
Slinear too, that is it belongs to the space L(S)), for every m € N.

Proof. The proof follows immediately from the fact that the composition of
two continuous maps is still continuous. But we desire to prove the property
using the definition of S-linearity. Inductively, we have

ar(fo) = a4 fw)) -
~ e ([ o) -

= /Rk aA™ (A (v) =

o

for every tempered distribution in Sj, and every ®family belonging to S(R¥, S}),
as we desired. W

Theorem. Let A € L(S!) be an Sdiagonalizable operator with the fam-

ily a« € S(R™,S)) as an S-eigenbasis of S, with respect to the family a of
eigenvalues. Then, for every distribution u € S}, the series

= (&),

is o(S])-convergent to the superposition

/ne)‘[u\v]v,

In other terms, if e is the operator > o_, (1/m!)A™, we have

A= [ bl
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in the usual (pointwise) sense, as equality among operators.

Proof. Let ¢ € S,,, we have
A () (6) A" (fpu [n] 9]0) (6) _
m! m!
(oo [u] 1] 4™ () (6) _
m!

(Jn [ [ 0] (™)) (¢)

m!
(Jon A" [u] v]v) ()

m!

hence we have
— A¥ (u) (9)
Z k!

k=1 k=1

[l Il
3
T
3 7 N
N
™M
=% =[%
= =
= =
<
4
\@/\—/
s =
- I

and since the series

S (ei)

and since the superposition operator [p, (-,v) is 0(S},) continuous we deduce

that the series " (0) (4)
U
(=),
eN

([ @ulee) o,

that is what we had to prove.

is convergent to the limit

Remark (continuous compositions). Let A = (A,),crm be a family of
linear continuous endomorphism on S/, and assume that there is another family
H = (H,)perm of continuous operators on S}, such that A = e». We can define
the composition of the (ordered!) family A as the linear continuous operator
oA defined by

operm Ap 1= exp( ).
Rm,
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Chapter 25

The Schrodinger equation

25.1 Introduction

In the present chapter we show the resolution of the Schrodinger’s equation
associated with an operator admitting an © eigenbasis, that is associated with
an Sdiagonalizable operator. We give, for such Schrédinger’s equation with
initial condition, a theorem of existence and uniqueness. In the first section we
present the result on differentiable curves in topological vector spaces we need
in the chapter. In the second one we shall prove some results for differentiable
curves in the spaces S;, and Ops(n). In the third one we shall prove results on
the differentiation of curves in the space of tempered distributions. In the forth
one we shall prove the main results of the chapter. In the fifth we shall discuss
about applications in Quantum Mechanics.

25.2 Differentiable curve

25.2.1 Differentiable curves in topological vector spaces

First of all we begin with some background material about the differentiability of
a curve in a topological vector space, this because our existence and uniqueness

275
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theorem concerns curves in the locally convex topological vector space of the
tempered distributions.

Definition (differentiable curve in a complex Hausdorff topological
vector space). Let (X,7) be a complex Hausdorff topological vector space and
let v: R — X be a curve in X. The curve ~y is said to be " differentiable at
the point t € R if and only if the map

Y(t+h) =~ ()

re R = Xt h— 0

has (R, 7)-limit at 0. In this case we put

®R7) Jigy T (t+h)—~ (t)_
h—0 h

(V)5 (t) ==

When no confusion is possible, we shall use the notation ~' (t) that does not
emphasize the topology 7. The vector (v).(t) is called the ™derivative of

the curve v at t. If v is 7 differentiable at every t € R, v is said to be
" differentiable and the map

(1), R = Xt D7) (1),

is called the T derivative of ~.

Theorem (continuity of differentiable curves). Let (X,7) be a Haus-
dorff topological vector space and v : R — X be a 7 differentiable curve. Then
v is continuous with respect to the pair of topologies (Tr, T).

Proof. Let t € R and h € R7, we have

Fen) =@ = n Iy () =

= hw (h) +dy (t) (h),

where we put

o () = D2y

and

Obviously we have

}llli%wt (h) =0x,

moreover the "differential of v at ¢, that is the map

dy(t):R— X :h— hy'(t)
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is linear and "continuous for every ¢, in fact the multiplication by scalars of
the space X is a (©7)continuous map and dry (t) is simply one of its sections,
concluding

Tl oy (k) = 7 i (e () + dy (8) () + 7 (1)) =

v(t),

as we desired. W

Theorem (on the constant curves). Let (X,7) be a complex Hausdorff
locally convex topological vector space and v : R — X be a 7 differentiable curve.
Then ~y is constant if and only if

for every t € R.

Proof. Tt follows from the mean value theorem. B

25.2.2 Differentiable curves in S/,

Theorem. Let a : R — S), be a o(Sm) differentiable curve and let v be an
S family in S(R™,S!). Then the curve

/ av:R =S8t a(t)v
m Rm

18 "(‘S':n)diﬁerentz’able and we have
/
(/ av) = / (a);(sy,n) v.
" a(8}) m

Proof. Let t € R and h € R7, we have

2(/ma(t+h)u/ma(t)v> :/mwv,

S0, since the superposition operator me (,v) of the family v is continuous with
respect to the pair of topologies (o(S),),0(S),)), we can conclude. l

Consequently, we have the following corollary.
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Corollary. Every differential operator D : 0'(R,S!,) —® S/, with constant

coefficients, defined on the space of all weakly* differentiable curves in the space
S, of the form

k
D(u) = cid'u,
1=1

p([ o) [ vl

for every coefficient curve a in OY(R,S!) and every © family v in S.,.

’ n

is such that

25.2.3 Differentiable curves in Oy (*)

Theorem (a generalized Leibniz formula). Let f: R — Oy(n) be a O™
differentiable curve and u : R — S, be a ”(S;)diﬁerentiable curve. Then the
curve

Ju:R—= 8t f(t)u(t)

18 J(‘Sft)clz'jj‘e?"entiable and

(fu):y(sgb) = (Noy utf (“);(SJL) :

Proof. Let t € R and h € R7, then we have

(fu)E+h) - (fu) @) _ f+h) = F@)
h

_ (t+h) —u(t)
h = _— 7 7

(4+h) + f (6) ==

now, the function

ft+n) - f(t)
h

converges to ( f)IOM u by hypocontinuity of the product of €™ functions times

tempered distributions hence, by the continuity of (it is differentiable) and by
the definition of derivative, we conclude. B

h+— u(t+h)

Corollary. Let f: R — Oy(n) be a ©M differentiable curve and let u € S,.
Then, the curve
fu:R—=S8, :t— f(t)u

18 "(S;)diﬁerentiable and
(fu);(s;L) = (f)/oM .

Proof. It follows from the Leibniz formula and because the derivative of a
constant curve is the null vector at every point. l
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Corollary. Let f:R — Op(n) be a Opy-differentiable curve, a € 8!, and
let ve S(R™,S)). Then, the curve u: R — S/, defined by

t— f @) av
R’V?’L

18 ”(S;l)dijj‘erentiable and

Whisy = [ (Do, ®av

or more simply

u'(t) = I (t) av.

RmM

Proof. Tt follows from the above results and from the continuity of superpo-
sition operators. W

25.2.4 Pointwise differentiable curve in O,

We shall denote by Oas (n) the space Oy (R™, K).

Lemma. Let I be a non-degenerate interval of the real line f: I — Opr(n)
be a pointwise differentiable curve. Assume

e the derivative of the curve f at any point t of I be an ©M function and
let f': I — Oy be the pointwise derivative of f, defined by

for every t in I and x in R™;

e assume that there exists a real function M in Op(n) such that the deriva-
tive f'(t) is absolutely dominated by M, i.e.

If'()] < M,
for every real t.

Then, for every tempered distribution a, the curve f ® a in the space S),,
defined by

f®a:t— f(t)a,

is weakly star differentiable (differentiable with respect to the topology o(S)))
and its deriative is the curve

(f®a)ys,) =Ff @a,
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that is the curve in the space S!, defined by
ffoa:t— f'(t)a,

for every t in I.

Proof. We have to prove that the difference quotient

—f(t + h})L — f(t)a Ry — S

converges in the weak* topology o(S],) to the distribution f’(¢)a at 0. This is
equivalent to prove that the Fourier transform

F(LEn =10,

converges in the weak* topology o(S),) to the Fourier transform

F(f't)a),
that is

F(| HERZIO]) s 7 s agsyy FF 0D + Fa),

that is true if we prove that

F( |:f(t+h}>L_f(t):|) —o(S1) ]:([f/(t)])7

pointwise (since the convolution is separately continuous). We have

H[f(Hh})L—f(t)])(g) _ [f(t+hiz—f(t>}(sg):
_ [ feen-sog,,

this last integral tends to

F)S(g) = ['®)(Sy),
]Rn
as h tends to 0, by the Lebesgue’s dominated convergence theorem. Indeed, let
h < 1, for every x in R™, by the mean value theorem applied to the function
f()(x), there is a point ¢, in the unit interval [0, 1] such that

flt+ h)(:cf)b - f(t)(x)s(g) = f(tz)(2)S(g),
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hence we have

>
07
—
S
=
IN
T =
ol
2 =
= &
RS
=
A

so that the family of test functions

CEUE LRy

is locally absolutely bounded at the index 0 by the summable function |[MS(g)|.
The theorem is so proved. B

helo,1]

25.3 The Schrodinger’s equation in S,

25.3.1 Solutions of the eigen-representation

Theorem. Let ag € S), be a tempered distribution and let E € Opr(n) be a real
function. Then, the curve a : R — 8!, in the space S), defined by
t— e_(i/h)tan

18 ”(sé)diﬁerentiable and it is the only one verifying

o the differential equality
iha' = Ea;

e the initial condition a (0) = ag.

Proof. Ezistence. The curve a : R — S/, defined by
t— ef(i/h)tEuo,

is differentiable by the lemma on pointwise differentiable curves in the space
Onr(n). Indeed it is immediate that the curve t +— e~/ME in Oy, verifies all
the requirements of the lemma. Consequently, the curve a is such that

d(t) = —(i/h)Ee”W/MtEqy =
= —(i/h)Ea(t),
and hence it resolves the equation

iha' (t) = Ex (t).
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Moreover, we have
a(0) = e (/MO _
= ap.
Uniqueness. Let 2 : R — &/, be a ?(Su)differentiable curve such that
ihx' = Bz,
and z (0) = ag. We have
ihe @/ ! (1) = Be(/MEy (1) |

that is 4 _
ihe @M ! (1) — Bel/ME g (1) = 0.

The above equality is equivalent to
) ’
[ihe(l/h)tEx} (t) =0,

and the preceding one holds true if and only if, there exists a ¢ € Sf, such that,
for every t € R, we have '
ihe /M () = ¢.

Moreover, it’s obvious that

¢ = ihetWMOEL(0) =

= ihu%

thus we have

(/WtE, (py — &
e x (t) 7
ihuo

ih

= U,

and hence ‘
x(t) = e W/MEy

as we desire. H

25.3.2 The Schrédinger’s equation in S,

Recall the following definition.

Definition. Let A € L(S]) be a continuous linear endomorphism on the
space S!,. We say that the operator A has an ©eigenbasis of the space
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indexed by R™ if there exists an Sbasis o € B(R™,S!)) and a smooth function
a € C (R™ K) such that A(a) = ac. In this case the smooth function a is
called the system of eigenvalues of the operator A in the eigenbasis «
and we say also that the operator A is ¢ diagonalizable.

Theorem (on the abstract Schrédinger equation). Let H € L(S))
be an € diagonalizable operator with real eigenvalues. Then, for every vector
Yo € S, there exists a unique differentiable curve ¥ : R — S, verifying the
differential equality

i’ (t) = H (¢ (1)),
and the initial condition 1 (0) = 1. Explicitly, the unique solution is given by
W (1) = "W (),

for every t.

Proof. Let n € B(R™,S!) be an “eigenbasis of the operator H for the space
S! and let E be the system of the eigenvalues of the operator H in the Sbasis
7, i.e., the smooth function such that

We recall that

n

e—(i/h)tH(wO) — / e—(i/h)tE Wo | T]] 7.
Existence. Let ¢ : R — &S] be the curve defined by
vty = [ O gy [

We have by derivation

i/ (0) = | BTN [y [nn =

e g ) ()

On the other hand

e~ WMLE [y | ] H (n) =

e VWEE (o | ] (En),
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and hence, recalling the expression of ihi7)’, we deduce
iy () = H (6 (£)).
Uniqueness. Let ¢ be a solution of the Schrodinger equation we have

Os; = il (t) = H (¥ (1) =

i [ il @n-r ([ weiin) -

/an[wln]’n—/w[wIn]H(n)=
— /n(m[wln]’—E[wln])m

now, because 7 is linearly independent we have
ih[v | () =BR[] @),
ie., set a = [¢ | ] we have
iha' (t) = Ea (t).
Now, if 1 (0) = 9o, then

a(0) = [¥(0)[n]=
= [to|n],

so, applying the above result we have
a(t) = e~ /M a (0),

Concluding

as we desired. W
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25.3.3 The evolution group

Note that, for every tempered distribution v,

e~ G/RIUH (o= (/WRH (yy)  — o= (i/miH </ e~ G/RRE [ 77> _
[ e G g e )
[ e G g (e Oy
[ (e meeeGmie) 4 0) gy -

/ e~ (MUEME [y (0) n] n =
= e (I/MEMH )

So the curve U : R — L(S],) defined by
U(t) _ e—(i/h)tH’

for every real t, is a one-parameter group of endomorphisms.

25.3.4 The abstract Heat equation on S,

Theorem (the Heat equation). Let A € L(S!) be an S diagonalizable oper-
ator with real and positive eigenvalues. Then, for every g € S.,, there exists a
unique differentiable curve ¢ : R> — 8], such that

V() =—-A (1),

and 1 (0) = . Ezplicitly, the unique solution is given by

¥ (t) = e (1),

for every t > 0.
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Chapter 26

S Diagonalizable equations

26.1 Superpositions with respect to curves

Let b: I — 8! be a curve in the space S!,, and let v be an Sfamily in S!,. The
superposition of the S family v with respect to the curve b (in 1S!) is the curve

/ bv:I—8),

/ bv:tl—>/ b(t)v,
R Rn

defined by

for every t in I.in 1S’ ;

287
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26.2 Solution of the eigenrepresentations

Theorem. Let H : S, — S/, be an S diagonalizable operator, let (E,e) be an
S eigensolution of H, that is a pair (E,e) in the Cartesian product of the space

O™ times the space S(R™,S!) such that H(e) = Ee. Let X be a subspace of
the space of curves 'S/, and let

D:X = 18/

be an operator defined on that subspace X with values in the space of curves
I8!, Assume that

1) there exists a curve a in X such that the superposition

ae
n

belongs to the subspace X and such that

D </nae) = /n(Da)e,

where the superposition of an S family v with respect to a curve b in

I8! is the curve
/ bv:t— b(t)v,
n R7
in 1S!;
2) the curve a satisfies the equation
D(a)(t) = Ea(t),
for every point t in I.

Then the curve

18 a solution of the equation

for every t in the interval I. Moreover, if the property 1) of action of the
operator D under the superposition sign, is true for every curve a in the domain
of the operator, then a curve

u = be
R”L
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18 a solution of the equation if and only if the coefficient curve b satisfies the
equation

D(b)(t) = Eb(t),

for every point t in I.

Proof. First part. We have, for any ¢ in I,

D(/nae) ) = (RHD(a)e) ) =

D(a)(t)e =
RTI,

/n Ea(t)e =

~ | atoeo -
/n a(t)H(e) =

H ( / a(t)e) ,

as we claimed. Second part. We have to prove that if a curve

u:/ be

D(u)(t) = H(u(t)),
for every t then the coefficient b satisfies the equation

D(b)(t) = Eb(t).

([ pwe) -
D ( / ) be) () =
([ -

b(t)H (e) =

satisfies the equation

Indeed, we have

/ D)D)

Rn

b(t)Fe =
RTL

Eb(t)e,
R"L
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for every t, and, since the family e is linearly independent, we deduce that
the coefficient distribution D(b)(¢t) must be equal to the coefficient distribution
Eb(t). &

Remark. It is clear that any differential operator
D:9Y1,8) — 18/

with constant coefficient - with 9'(I, S},) we denote the space of all differentiable
curves defined on the non-degenerate interval I and with value in the space S},

- verifies the equality
D </ av) :/ (Da)v,

for any coefficient curve a in S/, and every Sfamily in S/,. So that the above
resolution of the Schrodinger equation can be considered a particular case of the
above theorem.

26.3 The eigenrepresentations

Definition (of eigenrepresentation of an equation). Let H : S|, — S,
be an S diagonalizable operator with S eigensolution a pair (E,e). Let X be a
subspace of the space of curves 1S! and let

D:X = 18/

be an operator defined on that subspace X with values in the space of curves
IS!. We say that the equation

where Eb is the curve t — Eb(t), is the representation in the basis e of the
equation
D(u) = Hou.

Since the curve b is the representation of the curve
be,
R?L
in the basis e, we can conclude the following corollary.
Corollary. In the conditions of the above theorem, a curve u is a solution

of the equation
D(u) = H ou,
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if and only if the representation of w is a solution of the eigenrepresentation of
the equation itself.

Remark. Let us observe that the eigenrepresentation D(b) = Eb is indeed
an eigenvalue equation but not in a vector space, it is an eigen vector equation
in a module. Indeed, the space of curves /S’ is a module with respect to the
multiplication by Oy, functions, that defined by

O (n) xI S =1 8! (f,b) — fb
with
fb:1— 1St Eb(t),

note that in the equation D(b) = Eb, the function E is one eigenvalue (belonging
to the ring of the module) and the curve b is one eigenvector corresponding to the
eigenvalue E. From a physical point of view D can be see as an observable but
the states are curves (dynamical evolutions) and the observed physical measures
are functions.

26.4 Solutions in functional form

Theorem. Assume, in the conditions of the above theorem that the curve coef-
ficient distribution a have the form

a(t) = (fi o E)ao,

for every t in I, where we put ag = a(0). Then, the solution of the equation is
the curve defined by

t = fo(H)(uo),

where by f; we mean a complex function defined on the eigenspectrum of the
operator H, for every t in the interval I, such that the composition fio FE is
function of class Oypy.

Proof. Note first that

u(0) = (/Rnae> (0) =
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so that ag = [uple]. Moreover, for every t in I, we have

</na€)(t) = (/nae)(t)
= [ e

= /”(ftoE)aoe =

= [ (o Blulele -
=)o),

as we claimed. W



Chapter 27

Feynman propagators

27.1 Propagators as family-valued functions

Definition (of Feynman propagator). We call a function
G:R* = S(R",S))
a Feynman (or group) S-propagator on the space S), if
e 1) for every real t, G(t,t) = d;
e 2) for every pair of reals to and t, the family G(to,t) is invertible and

G(to,t) = G(t, tg) ™Y

e 3) for every triple of times to, t1 and ta, we have

G(to,t2) = G(to, t1) - G(t1,12).

293
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Remark. Note that a group S-propagator G is a S-family-valued function,
indeed

G(to,t) = (G(to, t)y)yern-
Remark. Note that the property 2 of the definition derives from properties
1 and 3. In fact, from property 3 we have, for t; = tg
G<t0a tO) = G(t07 tl) : G(tla t0)7
and then, applying 1 we obtain 2.

Definition (propagator of a process). Let u : R — S/, be a dynamic
process. We say that a propagator

G :R? - S(R",S))

is an S-Green function, or an ©propagator, for the process u if

u(t) = / u(to)G(to, t),
for every tg and t in T.

Remark. Hence G(to,t) is a family such that the state of u at the time ¢ is
the superposition of the family G(tq,t) with respect to the system of coefficients
coinciding with the state of u at tg.

If a process u admits a Feynman propagator, then it is a strongly causal and
reversible process. In fact, by definition, the state of the process at every time
to, determines the state of the process u at every other time ¢. Moreover, the
process u is reversible, since, if

u(t) = / w(to)Glto, 1),

then

u(to) = / w(t)G(to, ).

27.2 Evolution operators

Definition (evolution operator). An evolution operator
E:RxS, —C'R,S)),

is an operator that sends every initial condition (to,uo) belonging to R x S), into
a continuous dynamical process

E(to,ug) ‘R — 87/1
such that
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* 1) E(ty,uo)(to) = to;
hd 2) Zf E(t,u)(tO) = Ug then E(to,uo)(t) = u;
¢ 3) if E(to,uo)(tl) =uy and E(t17u1)(t2) = ug then E(to,uo)<t2) = uz.

Definition (the propagator of an evolution). Let E be an evolution
operator. We say that a function

G:R* - S(R",S))

is an S-Green function, or an Spropagator, for the evolution operator E if

E(to,uo)(t) = /n uOG(tht)7

for every ug in S), and for every to and t in R.
Theorem (characterization of evolution operators). Let E : RxS) —

CO(R,S!), be an operator that sends every initial condition (t,uo) belonging to
R x 8/, into a continuous dynamical process Etguo) 1 R — Sl and let

G:R? —» S(R",S)),

be a family-valued function such that

E(to,uo)(t) = /n HOG(t07t>7

for every state ug in S!, and for every to and t in R. Then, E is an evolution
operator if and only if G is a Feynman propagator.

Proof. Assume E be an evolution operator, we must verify the properties of
the Feynman propagator.
1) Let ¢ be a real. for every u, we have

u=Eu(t) = [ uG(t.1);

thus G(¢,t) = 6.
2) Consider two instant of time ¢y and ¢. For every ug in S], set

i By () = [ uaGto, 1)
R’ﬂ

by axiom 2, we have

o = Egg(fo) = / uG(t o),

n
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then, consequently

Uo

/,L (/ UOG<tovt)) G(t,to) =
/n uO/n G(to, t)G(t, to).

G(to,t)G(t, to) = 9,

R

This is equivalent to

and then
G(to,t) = G(t,t0) ™.

3) Consider three instants of time g, ¢; and t2, we have
G(to, t2) = G(to, t1) - G(t1,t2).

In fact, if By, 0)(t1) = ur and Ey, 4,)(t2) = uz then Eyg ) (t2) = ua. Now
Ety,u0)(t1) = w1 is equivalent to

/ uoG(to, t1) = u1,

and E, ,,)(t2) = up is equivalent to

/ ’U,lG(tl,tg) = Uus.

Hence

U2

/ ulG(tl,tg) =

/n (/ qu(to,tl)) Gty ts) =
/ o G(to, t1)G(t1,to).

On the other hand, we have

Uz = E(to,uo)(tQ):

/ U()G(to,tg),

and so
/ uoG (to, t2) :/ up ( G(thtl)G(tlat2)> )
n n R'ﬂ.

G(to, t2) = G(to,t1) - G(t1,t2).

The vice versa is a simple calculation. H

thus
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27.3 Operatorial propagators

Definition (operatorial propagator). An operatorial propagator
S:R* — L(S)),
s an operator-valued function verifying the following properties:
o 1) S(to,to) = (") s 5
o 2) S(to,t)~" = S(t, to);
e 3) S(to,t1) 0 S(t1,t2) = S(to,t2).

The following evident theorem shows the relation among operatorial and
Feynman propagators.

Theorem. Let S :R? — L(S!)) be an operator-valued function, and let
G:R? - S(R",S)),
be a family-valued function such that
G(to,t)y = S(to,t)dy.
Then, S is an operatorial propagator if and only if G is a Feynman propagator.

Let uw : R — S/, be a process. u is said generated by an operator-valued

function
S:R* = L(S)),

if, for every pair of times ¢ and ¢y, we have
u(t) = S(to,t)’u,(to).
Theorem. Let S : R? — L(S!) be an operatorial propagator, and let u :
R — S/, be a process generated by S. Then, the function
G:R* - S(R™,S)),

defined by
G(to,t)y = S(to,t)5y,

for every y in R™, i.e., by
G(to,t) = S(to,t)d,

1s a Green function for u.
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Proof. In fact, by the S-linearity of S(tg,t) we have

as we desired. W

u(t) =

S(to,t)/n u(t0)5 =
= [ utt)so. 05

Theorem. Let the operator valued function S :T? — L(S)) be of the form

S(to, t) = exp(—i(t — to)H),

for a certain S-linear operator H. Then S is an operatorial propagator.

Proof. It’s enough to prove that the Green function of S is a Feynman
propagator. For every times ¢y and ¢, we have - by definition of Green function,
the exponential assumption, expanding in the Dirac basis and applying the S-

linearity of the operator exp(—

G(t()v t)

as we desired. W

i(t—t1)H) -

S(to,t)d =
exp(—i(t —to)H)d =
exp(—i(t —t; +t1 —to)H)d
exp(—i(t —t1)H) o exp(—i(t; — to)H)(0) =
exp(—i(t — t1)H)(G(to, 1)) =
exp(—i(t —t1)H)( - G(to,11)0) =

- G(to, tl) exp(—i(t — tl)H)5 =

G(to,t1)G(t1,t) =
R

G(to,t1) - G(t1,1),

27.4 Feynman propagator of a free particle

Let us evaluate the Green function of the evolution of a free particle.

operatorial propagator, in this case, is of the form

S(te, 1) = exp(—%(t — t)H),

The
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where H is the S-linear operator defined by
H = iP?,
2m

where
P:8 =8 uw— —iliu

is the momentum operator on ;. Moreover, let ¢ be the Dirac-orthonormal
standard eigenbasis of P, that is the following family of regular tempered dis-

tributions
( 1 [ _itpl) D
p=|—|e 3 .
\/ 27Th peR

It’s obvious that Py, = py,, for every real p. We have
G(0,t)g = exp(—itH)(6q) =
= et ([ (5,1 )¢) =

- /n((sq | p) exp(—itH)(p) =

= [ Bl ety =
Rn

- / exp(—it%) (/ 6q<p‘1> p=
- / exp(—it%) (/ 6q<p) o=

= [ ont-itSh iz
n 2m 71
The family ¢ is a regular family, and denoted by f, the S-function generating
the regular tempered distribution ¢, the function

exp(fitﬁ)fi
2m 1
is an S-function (it the product of a bounded function by an S-function). Hence

the superposition
()
—_ ti
/n exp(—i Qm)wq(p

is a regular distribution of class S; say g, the generating S-function, it’s simple

to see that )

L, P\ 4
gq(q’)=/ exp(—it5—)fq(p) fy(a )dp,
n m
in fact, the superposition

) = [ e(-itsh )z
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is the Fourier transform of the tempered distribution

exp(—it%)@,

and so g, is the Fourier transform of the function

2

p > exp(—it =), (p):

Substituting the expression of f, we have

94(d) = /”eXp(—itL)Tq(p)fp(Q’)dp=

2m
1 L D? ipq ipq
onF o exp(—it o) exp(—=) exp(~——)dp
1 L p? ipg  ipg
- SR ST o dp.
pr e A ey i L

The last integral is classic, after the standard calculation, we, at last, conclude

m 1/2 im(()—a)?
610,81, = o) = [ ()" 002



Chapter 28

Evolutions in the space S/

28.1 Introduction

We start from the abstract Schrodinger equation
il (t) = H(t)u(t),

where: H(t) is a linear operator on some topological vector space (X, o), for
every real time t; u is a o-differentiable curve in that space; and u’ is the
derivative of u with respect to the topology ¢. When X is an Hilbert space,
physicists solve formally this equation using propagators, more precisely, for
every time ¢ and for every initial condition (¢g,up) € R x X, they find a unique
differentiable solution u starting from the initial condition defined by

u(t) = S(tm t)u()7

for every time ¢, where the operator S(tg,t) is given by the Dyson formula

S(to,t) = exp (zlh /tt H(T)dT) .

301
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Unfortunately, it is not true that in Hilbert spaces the abstract Schrodinger
equations has always a solution (because the operators H(t) , that are of in-
terest in Quantum Mechanics, are always unbounded-linear operators and not-
everywhere defined) and moreover in those spaces the Dyson formula has not a
precise mathematical sense. In this chapter we solve the problem in the space of
tempered distributions (where the operators of Quantum Mechanics are always
continuous and everywhere defined) we will find a unique solution, for every
initial condition, in the propagator-form desired by physicists, and we shall give
a meaning to the Dyson formula in this context. We solve in this space the
abstract heat evolution equation too, in view of financial applications.

28.2 Integral of function from R™ to S,

Let us define the integral of function from R™ to SJ,.

Definition. Let u be a function from R™ into the distributions space S,
and let ¢ be a test function in S,. We define image of ¢ by u the function

u(@) : R™ = C:u(g)(p) = u(p)(¢)-

The images by u of the test functions give informations on the entire function
u, as, for instance, states the following.

Theorem. Let u be a function from R™ into the space S). Then, u is
continuous with respect to the topology (S, Sy), if and only if the function

u(¢) - R™ = C:u()(t) = u(t)(9),

is continuous, for every test function ¢ in S,.

Proof. In fact, u is continuous at ¢y, with respect to the topology o (S}, Sx),
if and only if, for every test function ¢ (recall that o(S!,S,,) is induced by the
family of seminorms |{-, ¢)|), the semi-distance

|(u(t) — ulto), d)|

vanishes, as t — tg; on the other hand

lim [(u(t) —u(to)) (¢)| = lim [u(®)(t) — u(¢)(to)l,

t—to t—to

so u is (S8}, Sy )-continuous at ¢ if and only if for every test function ¢, the
complex function u (¢) is continuous at to. W
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The preceding theorem allow us to associate with the function w, in an
extremely natural way, an operator from S,, into the space of continuous complex
functions C°(R™, C), which in the following we shall denote by C9,.

Definition. Let u be a function from R™ into the space S),, continuous in
the topology o(S!,,S,). The operator i : S,, — CO defined by u(¢) = u (¢), for
every test function ¢, is called the operator induced by wu.

The operator associated with a continuous function in the topology o (S, S»)
is automatically continuous in the natural topologies of the two spaces S,, and
.

Theorem. Let u be a function from R™ into the space S!, continuous
in the topology o(S),S,) and let a be a Radon-measure on R™ with compact
support. Then, the composition aot is o(S!,, Sy)-continuous for every a in C2
and, consequently, the operator u is continuous in the topologies o(S,,S),) and
a(CL,CY).

Proof. Denote by C% the dual of C?, with respect to its standard locally
convex topology. The dual C¥ is, by definition, the space of Radon-measures on
R™ with compact support. Note, that the linear operator @ is continuous with
respect to the topologies 0(S,,S),) and o(CY,,CY) if and only if for every a in
CY i.e., for every Radon-measure on R™ with compact support, the functional
a ot is o(Sp, S, )-continuous (see, for example, [5],[8]). Note, moreover, that
this is true for a sequentially dense subset of C% the linear subspace spanned
by the delta-measures on R™, so by the Banach-Steinhaus theorem a o % is
o(S),,S,) -continuous, being S,, a Fréchet space and thus a Baire-space (see
Banach-Steinhaus on Laurent Schwartz’s Functional Analysis). B

Definition (integral of a function with respect to a measure). In
the conditions of the above theorem the composition a o U is said the integral
on R™ of the function u with respect to the measure a and it is denoted by

Jgm w (@) or by a(u).

Our aim is, generalizing the above definition, to integrate u on every bounded
Borel-subset of R™, with respect to a Radon-measure on R eventually not with
compact support. To this end we have the following theorem.

Theorem. Let a be a Radon-measure on R™, and let B be a bounded Borel
subset of R™ . Consider the functional ap : C9, — C defined

fro [ 1) = [ oo,

where L, is the Borel-measure associated canonically to a by the Riesz theorem.
Then, ap is a Radon-measure with compact support on R™.
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Proof. We must prove that ap is continuous in the standard topology of C?,
(that is the topology of compact convergence), it is the locally convex topology
induced by the family of seminorms (¢x ) ke (rm) indexed by the set of compact
subset of R™ and defined by

axc(f) = max | f].

Remember that a linear functional 7' on CY, is continuous in this topology if
there exists a positive real number M and a seminorm gx such that, for every
function f in CY, is

IT(f)| < Mx(f).

/deua

sup|f| - [pa| (B) <
B

|tal (B) - max|[f],
B

Indeed, we have

las(f)l

<

IN

IN

so, since the closure of B is compact, ag is continuous with respect to the
topology of compact convergence, and then it is a compact-support Radon-
measure on R™. W

We call the functional ap of the preceding theorem restriction of a to B. We
can give, so, the following definition.

Definition (integral on a bounded Borel set with respect to a mea-
sure). In the above conditions the composition ap o U is said the integral on
B of the function u with respect to the measure a, it is denoted by fB uda. In

other terms we put
/ uda := / udap.
B m

Remark. Let B be a bounded Borel-subset of R™, and apg be the restriction
of a Radon-measure a to B. Then, ap is the Radon-measure on R™ associated
with the Borel-measure defined for every Borel-set E by (1q) 5 (E) = pa(ENB)
. In fact, we have

T(f)

f (:ua)B =

R™

/Bfua =
ap(f)
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28.3 Integral of functions of R™ into L£(S))

In this section we give the definition of integral of an operator-valued function
H, namely of functions from R™ into £(S),) (the space of S-endomorphisms on
the space S, see [1] or [3]) in a Radon-measure on R™. Analogously to the
preceding section it is possible to prove the following proposition.

Proposition. A function H : R™ — L(S),) is continuous with respect to the
pointwise topology induced by the topology o (S, Sn) if and only if the function
H (u) : R™ — S], defined by

for every p, is continuous in the topology o(  S.), for every tempered distri-
bution wu.

Definition. Let H : R™ — L£(S]) be a continuous function. We define
integral of H in a Radon-measure a the operator

a(H) = Hda:S,’l—>S;L:un—>/H(u)da.
R™ R

The integral of H in the Lebesgue-measure is denoted by me H.

Theorem. Let H : R™ — L(S)) be a continuous function. Then, the
integral of H in a Radon-measure a, is continuous in the topology o(S),,Sy)
and consequently S-linear.

Proof. Recall that an linear operator T' from a seminormed space (E,p) to
another seminormed space (F,q) is continuous if for every seminorm ¢; of the
family ¢ there is a seminorm p; of the family p and a positive real M such that
q;(T(z)) < Mp;(x). Let ¢ be a test function, we have, then, to prove that there
are another test function ) and a positive real M such that

(o[ H@aa)| <rlw.0.

Concluding we have, if K is the compact support of a, that there exist an m-
index pgy (by the Weierstrass theorem) and a test function ¢ with a real M (by
continuity of the operator Hp,) such that

(o . )

N
s
=
w0
o
=)
5
=
£
S
i

I
s
iy

=
S— N N

IA
=
e
5
3
£
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So the integral of H, by a Radon-measure with compact support, is a con-
tinuous operator in the weak* topology, and consequently (D. Carfi, Topological
characterizations of S -linearity, preprint) is S-linear. W

The last definition concerns integral on bounded Borel-set.

Definition (integral on a bounded Borel set with respect to a mea-
sure). Let a be a Radon-measure on R™, B be a bounded Borel-subset of R™,
ap be the restriction of a to B and let H : R™ — L(S])) be
a continuous function. We define

/ Hda := Hdap.
B R™

The integral of H in the Lebesgue measure is denoted by fB H.

28.4 Curves of S-linear operators

From this section to the end we shall use intensively the S -linear Algebra, that
will be assumed known. For the fundamentals of S-linear Algebra and for the
functional calculus of S -diagonalizable endomorphisms see [1], [3]. We observe
only that if A is an S-diagonalizable operator and if « is one of its S-eigenbasis
for the space, then there is only a function a associating to each n-tuple p
the unique complex eigenvalues a, of A on the eigenvector cy,. We call a the
system of eigenvalues of A on the S-basis a. We remark that this function a is
necessarily a smooth function of class Oy;. In fact, from Aoy, = apa, we have

the functions A (a)” (¢) and o (¢) are, by definition of S-family, of class S; since
« is an S-eigenbasis we have that the operator o’ is surjective and injective.
Let us prove that a is smooth at every pg, let ¢ be a test function such that
a™(¢)(po) is different from 0 (it certainly exists because o’ is surjective), it
follows that there is a neighborhood of py in which a”(¢) is different from 0,
for each p in this neighborhood we have

A(@)" (9)(p)
a’(@)(p)

then a is smooth at pg. Moreover, since
A(@) (9) = aa’(¢)

and since o’ is surjective, the product of the function a with all the functions
of class § is yet of class S, and then a is of class Oyy.

a(p) =
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Now, let A: R — £(S},) be a curve of S-diagonalizable endomorphisms with
a common S-eigenbasis «, the family a = (a(t))ier of the systems of eigenvalues
of the operators A(t) on « is called the system of eigenvalues of the curve A.
For every p, we define the function a, : R — C associating to t the value of the
function a(t) on the n-tuple p: a,(t) := a(t)(p). If A is a continuous curve of
S-diagonalizable endomorphisms with a common S -eigenbasis «, the functions
a, are continuous. In fact, from the equality

A(t)(ap) = ap(t)ap,

if ¢ does not belong to the kernel of a;,, we deduce

Aop)(t)(9)
O‘p(¢) ’

for every ¢, so a,, is proportional to the continuous function A(«,)”(¢) and then
it is continuous.

ap(t) =

Theorem. Let A be a differentiable curve of S-diagonalizable endomor-
phisms on Sy, in the pointwise topology induced by o(S),,Sy). Assume that the
endomorphisms of the curve have a common S-eigenbasis for the space and real
eigenvalues. Then the curve of states

Bt exp(iA(t))
is differentiable in the topology o(S),,Sn), and

B'(t) =iA’ (t)expiA(t),

where we used the multiplicative notation for the composition of endomorphisms.
As a consequence, for every state ¥ the curve u defined by

u(t) = exp (A (1)) (v)
satisfies the differential equality

o () = iA () (u(t)) .

Proof. Let ty be a real time, we have

B (to) () = W) lim =P iA(t) (¥) — expiA (to) ()

t—to t— tO

7

if the right-hand limit exists. We prove the pointwise existence of B’(¢g) for
an eigenbasis o of A. To this aim a, : R = C will be, for every n-tuple p the
unique function such that

At)(ap) = ap(t)ap,
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it is continuous by the above argumentations; we have

expiA (t) (ap) — expid (to) (ap)

B - 1 =
(o) (cp) Jlim —
_ hm eial’(t)ap — eiap(to)ap _
t—to t — to
eiap(t) — eiap (tO)
= lim ——M oy =
t—to t— to

= iay, (to) (ewp(to)ap) =
— id) (to)expiA (to) (o) =
= 1A' (to) (expiA (to) (ap)).

Now, let z be a tempered distribution, for the difference-quotient we have

Qs (s) = S2ANEZoRil)E)

tfto [eXPA(t) (/n(z)aa> —exp A (to) (/n(z)“a)] _

L eeewati@- [ Geewato @) -

t—1p

_ / (2)a exp A (t) (o) —exp A (to) (@)

t—1to

7

passing to limit

Blto)(z) = Jlim Rn(z)ae"p"“‘(“ (0‘1:::101'14@0) (a)

[ @1aia (t0) o expid 1) (@) =

n

= 1A' (to) o expid (to) (2),

= iA'(to) oexpid (to)/ (2)acx =

B'(t) =iA’ (t)expiA(t).

Applying the preceding result, we have

u'(t) = iA'(t) (expiA(t) (¢)) =
= A (1) (u(t)),

and the theorem is proved. B

The preceding theorem can be generalized.
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Theorem. Let A be a curve of S -diagonalizable operators with a same
S-basis of the space, namely «, and let, for every n-tuple p, a, the complex
function defined on the real line such that

A(t)(ap) = ap(t)oyp,
for every real time t. Then, the curve A is differentiable with respect to the
pointwise topology T induced by the weak topology o(S),,Sy) on the space L(S),)
at a real time to if and only if a, is differentiable in to for every n-tuple p.
Moreover, in these conditions the operator A’(ty) is S-diagonalizable with the
same S-basis « and its system of eigenvalues is the system of derivatives

p = a, (to).

Proof. For every n-tuple p, assume the function a, be differentiable at a
time tp, we have to prove that the pointwise-limit

c AW = A
t—to t—to
there exists, i.e., that for every w in S), the o(S),, S,)-limit
, Al)—A(t
o(S;,) lim ( ) ( 0) (U)
t—to t—to

there exists; we begin with the basis a:

/ — a8y A Sl VA =
A (to) () = tlgrtlg t—tg ()
sy AW ()~ A0 (o) _
t—to t—to
— lim ap () ap — ay (to) ap _
t—)to t — tO
L ay(t) —ay (to) B
- tlg?o t—to (Olp) o
= ay, (to) ap.

Now, let u be a tempered distribution, for the difference-quotient, we have

M(u) - M(/n(u)aa)z

t—t(] N t_t()

— 2 (40 [ wea-at) [ wa)-
— e ([ awa- [ @, awa) -

= [ . (4O~ At)a=

t—to

/n (U’)a (M)O&,

t—to
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so by o (S8),)-continuity of superpositions, the limit

o(S) lim A(t) — Alto)
t—to t — to

(u)

exists and its value is the superposition

[ W (@) (t0) ap)yese.

as we desired.
28.5 The Dyson Formula

First of all we generalize a fact of elementary Linear-Algebra. If A and
B are two diagonalizable endomorphisms on a finite-dimensional vector space
with the same eigenbasis v, then every linear combination a A+ bB has the same
eigenbasis and
evaaton (Vi) = aeva(v;) + bevp(v;),
for every vector v; of v, where evy, is the mapping associating to every eigen-

vector of the linear operator L the corresponding (unique) eigenvalues.

Theorem. Let H be a continuous curve of S-diagonalizable operators with
the same S -eigenbasis and let p be a Radon measure on R. Let n = (1,)pern be
the common eigenbasis of the operators of the curve, and let, for every n-tuple
p , Ep: R —= C be the unique function such that

H(t)(np) = Ep(t)nm

for every time t. Then, for every n-tuple p,

( / Hapr) () = ( / Ey (1)) (1p):

Proof. 1t’s straightforward,

(| H (1)np)

to tO

I
=
=
)
=
=
~—

|

I
h
gq
S
=

I
—
=
—
=
~
~—
—
g
~—
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as we desired. W

Theorem. Let H be a continuous curve of S-diagonalizable operators with
the same S -eigenbasis. Then, for every time t,

( / X HdA) (t) = H (1).

Proof. Let n be the common eigenbasis of the operators of the curve, and
let £, : R — C the unique function such that

H(t)(np) = Ep(t)np,

for every n-tuple p and for every time t. We have, for every n-tuple p,

( /H <A>) (ny) = ( / B, <A>) ().

Let us compute the difference-quotient at a time ¢

(L[ oo = ([ ) ow- (] m)ow) -
= t_ltl (/tOEp—/tolEp%pa

passing to limit we have

)
(/t Hd)‘) (t1) (771)) = Ep(tl)(np) =

= H{(t1) (mp) -

For every u, we have

mr Lo = 2 (L) (o) -
- Jonig (= )

when t — t1, by the previous step, the right hand side tend to

[ ), Heon = He) )
and the theorem is proved. B

We finally can conclude with the main result.
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Theorem. Let H be a continuous curve of S-diagonalizable operators with
a same S -eigenbasis for the space SI,, let (tg,up) be an initial condition in
RXS), and let u be the curve in S), defined by

¢
u:t+—>exp(/ Hd)\> (uo),
to

or every real time t. Then u is o( S.)-differentiable and it is such that
[ (0 n

u' (t) = H(t) (u(t)),
for every real time t, and u(ty) = ug. Moreover, for every pair of times s and
t we have
u(t) = S(s,t)u(s),
where S : R? — L(S!) is the propagator defined by

S(s.1) = exp (/t Hd)\> .

Proof. Applying the preceding theorem we obtain

( /t :') Hd)\>/ ) (exp ( /t t HdA) (u0)> -
( / ; HdA)l (t) (u (1)) =

H(t) (u(t)).

Concerning the propagator we have

u(t) = S(to,s)S(s,t)ulto) =
= S(s,t)
= S(s,t)u

u' (t)

as we desired. W

Analogously, for the Abstract Heat equation, fundamental in the study of
financial evolution, we have the following.

Theorem (on the abstract Heat equation). Let A : R= — L(S)) be a
continuous curve of S diagonalizable operators with a common S eigenbasis for
8!, and with real and positive eigenvalues. Then, for every initial condition
(0,up) € RZ x S/, the curve ¥ : RZ — &, given by

” vt =ew (- [ AW) (o).

for every t > 0, is such that

and 1) (0) = 1)y
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