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Introduction
°

Motivation

@ Advances in molecular spectroscopy

Dissociation energy of H,: 36118.06962(37) cm ™'
lonization energy of HD: 124 568.48581(36) cm ! 2
2-0 S(2) transition in Do: 6241.12764(2) cm™* 3

1J. Liu et al., J. Chem. Phys. 130, 174306 (2009);
2D, Sprecher et al., J. Chem. Phys. 133, 111102 (2010);
3D. Mondelain et al., J. Mol. Spectr., (2016).
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@ Testing newly developed theories and methodologies

Nonrelativistic quantum electrodynamics (NRQED)

QED effects in molecular spectra ~1073 cm™!

Beyond the Standard Model of physics

Proton charge radius puzzle; finite size effect on Dy is 107 em ™!
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@ Testing newly developed theories and methodologies

Nonrelativistic quantum electrodynamics (NRQED)

QED effects in molecular spectra ~1073 cm™!

Beyond the Standard Model of physics

Proton charge radius puzzle; finite size effect on Dy is 107 em ™!

@ Supplying benchmarks of energy and other properties
E(Hy) = —1.174 475931400 217 165(2) E}, (unpublished)

1J. Liu et al., J. Chem. Phys. 130, 174306 (2009);

2D, Sprecher et al., J. Chem. Phys. 133, 111102 (2010);
3D. Mondelain et al., J. Mol. Spectr., (2016).

4E. Salumbides et al. Phys. Rev. D 87, 112008 (2013);



Adiabatic approximation
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Schrodinger equation

E(a) = aF o? ERgL + o’ EQED aF at EHQED

H¢ = E¢
H = Hq+H,
a(F B) = ¢a(7) x(R)
Hage = Ea(R) ol
¢ = P X+ Pna

<6¢na|¢)el>e1 =0



Adiabatic approximation
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[(Hel - gel) + (gel + Hn - E)]|¢el X + 5¢na> =0

(gel - Hel)‘6¢na> = (gel + H, - E)|¢el X+ 6¢na>

‘6¢na> = ! 7 [Hn|¢e1 X> =+ (Eel +H, — E)|5¢na>]

(gel - Hel)
<¢cl|€cl + Hn - E|¢cl X+ 6¢na>cl =0
(gel + ga + Hn - E)|X> = _<¢61|Hn‘6¢na>el

(ol + Ea+ Ho — B)x) = —(H® + H® + H® + .. )|x)




Adiabatic approximation
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Adiabatic approximation
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Nonadiabatic perturbation theory, NAPT

Nonadiabatic radial Schrédinger equation from NAPT®

1 9 R* 0 J(J+1)
R2 OR 2/,L”(R) OR QMJ_(R) R?

y(R) = gel(R) + ga(R) + 55na(R)
is a nonadiabatic potential energy function

@ K. Pachucki and J. Komasa, J. Chem. Phys. 130, 164113 (2009);



Adiabatic approximation
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Nonadiabatic perturbation theory, NAPT

Nonadiabatic radial Schrédinger equation from NAPT®

1 9 R 0  J(J+1) c (R = E+
R28R2M(R)6R+MJ_(R>R2+))(R):|XJ(R)EXJ(R)

where
Y(R) = Ea(R) + Ea(R) + 60a(R)
is a nonadiabatic potential energy function
L .1 i - Vel | = |7t - Vro
2 (R) " 2 2\ G —Hoy TR
1 1 1 (69 —nind) /_, 1 4
= — ———( Vite| | Ve
2p1 (R)  2pn + w2 2 < RPel (& — Hyp)' qul>el

@ K. Pachucki and J. Komasa, J. Chem. Phys. 130, 164113 (2009);



Adiabatic approximation
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Effective nuclear masses in H,
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Adiabatic approximation
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Relativistic correction, o’ Epgy,
E(er) = (Eo + BEap + B°Ena) + + o® Eqep + o Euqep

— expectation value of the Breit-Pauli Hamiltonian for '3 states

— finite nuclear size effect

VA
EREL = Z [—; (Ga1 |Vi| Ger)y + Z % (et [0(rir) ¢el>61]
T

j ¢el> ]
el

+ Z lﬂ (e1 [6(ri5)| Pet)y

% <¢el

27
+ 3 Zzﬂ”ch <¢e1
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Adiabatic approximation
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The leading QED correction, o’ Eqip

E(a) = (Eo + BEAD + B2Exa) + o Erpr, + + a* Buqep

— results from exchange of one or two virtual photons, vacuum
polarization, electron self-energy, etc.

4 4
Eqep = Z{ [1165 + % 1na} (Pe1 [0(745)| Del)y

i>]
14 1 1
S ()| oo)

+ Z |:19 + 111(0472) — In k0:| Z AZ1 <¢el ‘5(Ti1)| ¢el>e1
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Adiabatic approximation
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4 4
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Adiabatic approximation
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Higher order QED correction, o Eyqrp

E(a) = (Eo + BEap + B2Ena) + o Erpr, + o® Eqep +

— very difficult to evaluate in complete, estimated from the dominating
component

139 5 In2
7 4 2 == 4 - 7 ;
EuqED % w27 (128 + 193 > > E (Gel 10(i1)| Pet )y
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Theory vs experiment
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Dissociation energy of the ground state of H,
JCTC 5, 3039 (2009)

Component Dg/em™1!
Epo 36112.5927(1)
+BEap +5.7711(1)
+58%Exa +0.4340(2)
+02ERgL —0.5318(5)
+03Eqep —0.1948(3)
+0a*Eugep —0.0016(8)
E 36118.0696(11)
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Theory vs experiment
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Dissociation energy — comparison with experiment

Dg/em™1!
Hy D
Experiment (1993)° 36118.06(4) 36748.32(7)
Experiment (2004)° 36 118.062(10) 36 748.343(10)
Experiment (2009/10)"-8 36 118.069 62(37) 36 748.362 86(68)
Theory (2009)° 36118.0696(11) 36 748.363 4(9)
Difference 0.0000(12) 0.0005(11)

5E. E. Eyler, N. Melikechi, Phys. Rev. A 48, R18 (1993);

2% Zang et al., Phys. Rev. Lett. 92, 203003 (2004);

7Liu, Salumbides, Hollenstein, Koelemeij, Eikema, Ubachs, Merkt, JCP 130, 174306 (2009)
8Liu, Sprecher, Jungen, Ubachs, Merkt, J. Chem. Phys. 132, 154301 (2010);
9Piszczatowski, Lach, Przybytek, Komasa, Pachucki, Jeziorski, JCTC 5, 3039 (2009)
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Theory vs experiment
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Fundamental excitations (in cm~')

J=0-1 H. v=0-1
Theory 118.486 812(9) 4161.166 1(9)
Experiment 118.486 84(10)'0 4161.166 0(3)"
Difference —0.00003(10) 0.0001(9)

J=0—1 D v=0-1
Theory 59.780615(3) 2993.6171(2)
Experiment 59.78130(95)12 2993.6130(19)"3
Difference —0.00068(95) 0.0041(19)

10p, E. Jennings, S. L. Bragg, and J. W. Brault, Astrophys. J. 282, L85 (1984)

T\, Stanke, D. Kedziera, S. Bubin, M. Molski, L. Adamowicz, J. Chem. Phys. 128, 114313 (2008);
21 jy, Sprecher, Jungen, Ubachs, Merkt, J. Chem. Phys. 132, 154301 (2010);

135, Bubin, M. Stanke, M. Molski, L. Adamowicz, Chem. Phys. Lett. 494, 21 (2009)



Theory vs experiment
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Dissociation energy of HD — a comparison
PCCP 12, 9188 (2010)

Do/cm~! §/ecm~t

36405.7828(10)

Theory
Stanke et al. (2009) +a? + o* 36405.7814 —0.0014
Wolniewicz (1995) 36405.787 0.004
Kotos, Rychlewski (1993) 36 405.763 —0.020
Experiment
Zhang et al. (2004) 36405.828(16) 0.045
Balakrishnan et al. (1993) 36 405.83(10) 0.05
Eyler, Melikechi (1993) 36 405.88(10) 0.10

Herzberg (1970) 36406.2(4) 0.4
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Theory vs experiment
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Fundamental rotational excitation in HD (in cm™1)
PCCP 12, 9188 (2010)

Component AE(J=0-—1) AE(J=0—2)

Fgo 89.270 629 267.196 840
+FEap —0.036 086 —0.107 842
+Exa —0.007 782(6) —0.023287(19)
+a?ERgL 0.001948(2) 0.005 813(5)
+a’Eqrp —0.000771(1) —0.002 303(2)
+a' Euqep —0.000007(4) —0.000018(9)
E 89.227933(8) 267.069 205(22)
Experiment 89.227950(5)" 267.086(10)"S

14K, M. Evenson et al., Astrophys. J. 330, L135 (1988)
15B. P. Stoicheff, Can. J. Phys. 35, 730 (1957)
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E 89.227933(8) 267.069 205(22)
Experiment 89.227950(5)" 267.086(10)"S

89.2279326(3)'6

14K, M. Evenson et al., Astrophys. J. 330, L135 (1988)
15B_ P. Stoicheff, Can. J. Phys. 35, 730 (1957)
6B, Drouin of JPL, High Resolution Molecular Spectroscopy, Poznari, Sept. 7-11, 2010



Rovibrational energy levels of the v = 3 state of H,

Theory vs experiment

[eJe] le]

AEne(J

0(exp — the)

N o s W N 2

11883.4876(3)
12084.6965(3)
12384.0818(4)
12778.8151(3)
13265.2684(4)
13839.1172(38)
14495.4509(77)

)

11883.4877(25)
12084.6970(25)
12384.0817(25)
12778.8152(25)
13265.2681(25)
13839.1133(25)
14495.4431(25)

—0.0001
—0.0005
0.0001
—0.0001
0.0003
0.0039
0.0078

Y. Tan, J. Wang, C.-F. Cheng, X.-Q. Zhao, A.-W. Liu, S.-M. Hu, J. Mol. Spectr. 300, 60 (2014).
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Dissociation energy of all the bound rovibrational

states of H,, HD, and D,

Rovibrational levels of H; (in cm™)

Rovibrational levels of HD (in cm ™)

Rovibrational levels of D, (in cm ™)




Theory vs experiment
oooe

Dissociation energy of all the bound rovibrational

states of H,, HD, and D,

Rovibrational levels of H; (in cm™)

_\ ibrational levels of HD (in cm ")

1132309712 3180.3202 3079.9265 2931.5894 2737.9677 2502.5403

12 1815.8955 1774.2213 1691.8517 1570.7364 1413.7847 1224.8610

13 766.7551  735.8177  675.0810  586.8399  474.5979  343.1936

14 144.7964  127.6357 94.9453 50.2393 0.0265




New approach
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Dissociation energy of the ground state of H,

Component Dy/cm™!
Ego 36112.5927(1)
+BEap +5.7711(1)
+5%EnaA +0.4340(2)
+a2?FRreL —0.5318(5)
+aPEqep —0.1948(3)
+a*Euqep —0.0016(8)
E 36118.0696(11)
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Goal: increasing precision from
10 2cm 't0 10 %cm™!



New approach

Goal: increasing precision from
10 2cm 't0 10 %cm™!

Means: (nonadiabatic) explicitly
correlated exponential wave
functions



New approach
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Four-body nonadiabatic Schrodinger equation

solved variationally

Four-body Hamiltonian

A 1 1 1 1
H=— VQ_ 2 v2_ vQ
2M4s A 2Mp P 2me ' 2me 2

Al 1 VA VA A A
yZa2 1 Za _Za ZB _ZB
TAB 12 T1A T2A 1B 2B

The trial wave function

K
U(i, 7, Ba, Bp) =Y e Sy (71,7, Ra, Rp)
k=1

Four-particle basis of exponential functions (naJC)

Yy = exp[—arap — B (ria +rip +raa +128)]
ks

X TZOB T’fé (ria —r1B)*(roa — r28)* (r1a + r18)" (roa + r2B)
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Nonrelativistic energy of H,
JCP 144, 164306 (2016)

Convergence of Exg (a.u.) and Dy (cm™1)

Q K Exg Do

9 24211  —1.1640250305385 36 118.797 67049
10 36642  —1.1640250308214 36 118.797 73257
11 53599  —1.1640250308709 36 118.797 74343
12 76601  —1.1640250308804 36 118.797 745 52
13 106764  —1.1640250308825 36 118.797 745 97

00 00 —1.164 025030 884(1) 36118.797 746 3(2)
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Nonrelativistic energy of H,
JCP 144, 164306 (2016)

Convergence of Exg (a.u.) and Dy (cm~—1)

Q K ENR DO
9 24211 —1.164 025030538 5 36 118.79767049
10 36642 —1.164 025030821 4 36 118.797 73257
11 53599 —1.164 0250308709 36118.797743 43
12 76601 —1.164 0250308804 36 118.797 745 52
13 106 764 —1.164 025030882 5 36 118.79774597
00 00 —1.164 025030 884(1) 36118.797 746 3(2)
Ref.®  —1.16402503084(6) 36118.797736(13)

“S. Bubin, F. Leonarski, M. Stanke, and L. Adamowicz, Chem. Phys. Lett. 477, 12 (2009).



New approach
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Fundamental physical constants uncertainty

CODATA 2014
Constant Rel. uncertainty §Dg/cm ™t
Electron-proton mass ratio 9.5-107 11 1.0-1077
Rydberg constant 5.9-10712 2.1-1077

“P. J. Mohr, D. B. Newell, and B. N. Taylor, ArXiv eprints (2015), arXiv:1507.07956.
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Dissociation energy of the ground state of H,

Component Dg/cm™!
Exgr 36 118.797 746 3(2)
+02?FRgL —0.5318(5)
+a3Eqep —0.1948(3)
+a*Euqep —0.001 6(8)

E 36118.069 6(10)
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Dissociation energy of the ground state of H,

Component Dg/cm™!
Exgr 36 118.797 746 3(2)
+02?FRgL —0.5318(5)
+03Eqep —0.1948(3)
+a*Enqep —0.002 082 6(5)
E 36 118.069 1(6)
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Nonrelativistic vibrational energy splitting in H,

Convergence of AExg (cm™!) for fundamental vibrational transition

Q v=0—>1
6 4161.1711553
7 4161.165084 3
8 4161.164204 8
9 4161.1640937
10 4161.1640752
11 4161.1640715
12 4161.1640708
13 4161.1640705

00 4161.1640703(1)
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10~"em~! accuracy on nonrelativistic Dy and transition energy
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Conclusion

E(a) = Exg + o®*Fre. + o&®*Eqep + o' Fuqep + ...

@ Variational solutions to four-body Schrddinger equation enable
10~" cm~! accuracy on nonrelativistic D, and transition energy

@ o corrections have been evaluated rigorously

@ Outlook:

e The four-body wave functions will be applied to evaluate relativistic

and QED corrections
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