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Consider the following ODE{
du(t) = f (u(t))dt, t ≥ 0,
u(0) = x ∈ Rn

f : Rn → Rn (f is Lipschitz ), for all x ∈ Rn there exists a unique
global solution u(t, x) with

u(t + s, x) = u(t, u(s, x)), 0 ≤ s ≤ t

‖u(t, x)− u(t, y)‖ ≤ ‖x − y‖eLip(f )t , t ≥ 0, x , y ∈ Rn.

Set
Ptϕ(x) = ϕ(u(t, x)), ϕ ∈ Cb(Rn)

A. Es-Sarhir invariant measures for SPDE’s
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(Pt)t≥0 is a family of bounded linear operators with Ptϕ ∈ Cb(Rn)
for any ϕ ∈ Cb(Rn).
Moreover,

u(t + s, x) = u(t, u(s, x)), 0 ≤ s ≤ t =⇒ Pt+s = PtPs

Suppose that for some x0 ∈ Rn, lim
t→+∞

u(t, x0) = 0. Then for every

ϕ ∈ Cb(H) we have

lim
t→+∞

Ptϕ(x0) = lim
t→+∞

ϕ(u(t, x0)) = ϕ(0).

In particular for any s ≥ 0

lim
t→+∞

PtPsϕ(x0) = lim
t→+∞

Psϕ(u(t, x0)) = Psϕ(0).

But
lim

t→+∞
PtPsϕ(x0) = lim

t→+∞
Pt+sϕ(x0) = ϕ(0)

A. Es-Sarhir invariant measures for SPDE’s
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Thus for all s ≥ 0 and ϕ ∈ Cb(Rn)

Psϕ(0) = ϕ(0) ⇐⇒ 〈δ0,Psϕ〉 = 〈δ0, ϕ〉

δ0 is invariant for Pt

{f (x0) = 0} ⇒ δx0 is invariant for Pt .

Aim:

I Existence and properties of invariant measures corresponding
to dynamical systems governed by some class of SPDEs.

I Uniqueness results for associated Kolmogorov operators.
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Stochastic heat equation
Stochastic heat equation

Heat equation {
du(t) = ∆u(t)dt, t ≥ 0.
u(0) = u0 ∈ L2(Rn)

For all u0 ∈ L2(Rn), there exists a unique solution which is
continuous on R+ × Rn and such that u(0, x) = u0(x) for all
x ∈ Rn

u(t, x) =
1

(4πt)
n
2

∫
Rn

e−
|x−y|2

4t u0(y) dy = et∆u0

Additional term (inhomogeneous term)

du(t, x)

dt
= ∆u(t, x) + g(t,x).

A. Es-Sarhir invariant measures for SPDE’s
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Variations constants formula

u(t, ·) = et∆u0 +

∫ t

0
e(t−s)∆g(s, ·) ds

Stochastic heat equation
If the term g is a random process wet get a stochastic heat
equation.

du(t, x)

dt
= ∆(u(t, x))dt + Ẇ (t, x)︸ ︷︷ ︸

Noise

where Wt is a Wiener Process (Brownian motion) on the state
space H

Formally u(t, ·) = et∆u0 +

∫ t

0
e(t−s)∆W(ds,dy)︸ ︷︷ ︸
Stochastic Integral

A. Es-Sarhir invariant measures for SPDE’s
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Definition: A Wiener Process on H is a family of continuous
random variables (Wt)t≥0 on H having the following properties

I W0 = 0 and Wt −Ws is a Gaussian random variable with law
N (0, (t − s)Q), for 0 ≤ s < t, Q positif, symmetric operator

with Tr(Q) =
+∞∑
k=1

λk < +∞ (λk := 〈Qek , ek〉).

I If n ∈ N and 0 < t1 < · · · < tn, the random variables

Wt1 , Wt2 −Wt1 , · · · ,Wtn −Wtn−1

are independent.

Wt =
+∞∑
k=1

√
λkβk(t)ek , βk are iid real BM

If Q = Id, (Wt)t≥0 is a cylindrical Wiener process.

A. Es-Sarhir invariant measures for SPDE’s
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Examples of Motivation:
Ornstein-Uhlenbeck equation:

dX (t) = AX (t)dt + CdWt ,

where A and C some linear operators on some Hilbert space H.
Stochastic reaction diffusion equations

dX (t) =
(

∆X (t) + f (X (t))
)

dt + CdWt

• on L2(0, 1)

• f (t) = a2n+1t2n+1 + . . .+ a1t with a2n+1 < 0

stochastic Cahn hilliard equations{
dX (t) =

(
−∆2X (t)−∆F (X (t))

)
dt + CdWt , t ≥ 0.

X (0) = X0

A. Es-Sarhir invariant measures for SPDE’s
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Stochastic Burgers equation{
dX (t) =

(
∆X (t) + ∂ξ

(
X (t)2

))
dt + CdWt , t ≥ 0.

X (0) = X0

Abstract formulation{
dX (t) =

(
AX (t) + F (X (t))

)
dt + CdWt , t ≥ 0.

X (0) = X0 ∈ H.

I A is the generator of C0-semigroup (etA)t≥0 on H

m
Well posdness du

dt = Au, u(0) ∈ D(A).

I F is a nonlinear function.

A. Es-Sarhir invariant measures for SPDE’s
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• Strong solution

X (t) = X (0) +

∫ t

0

(
AX (s) + f (X (s))

)
ds +

∫ t

0
C (X (s)) dWs︸ ︷︷ ︸

Itô Integral

.

• Weak solution

〈X (t), η〉 =〈X (0), η〉+

∫ t

0

(
〈AX (s) + f (X (s)), η〉

)
ds

+

∫ t

0
〈C (X (s)), η〉 dWs . η ∈ D(A∗)

• Mild solution

X (t) = etAX (0)+

∫ t

0
e(t−s)Af (X (s))ds+

∫ t

0
e(t−s)AC (X (s))dWs .

A. Es-Sarhir invariant measures for SPDE’s
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Existence
Ergodicity
Uniqueness

Invariant measures for Markov process:

Let X (t)t≥0 be a continuous Markov process on a filtered
probability space (Ω,F , (Ft)t≥0,P) with values in E (separable
Banach space).

Markov transition probability

P(t, x ,A) = P(X (t) ∈ A|X (0) = x), A ∈ B(E ).

Chapman-Kolmogorov equation

P(t + s, x ,A) =

∫
E

P(t, y ,A)P(s, x , dy),

Transition semigroup

Pt f (x) = E(f (X (t))|X (0) = x) =

∫
E

f (y)P(t, x , dy), f ∈ Bb(E )

Pt+s = PtPs , P0 = Id .A. Es-Sarhir invariant measures for SPDE’s
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a probability measure µ is invariant for Pt if∫
E

Pt f (x) µ(dx) =

∫
E

f (x) µ(dx), f ∈ Bb(E ).

µ is stationary state for the transition probabilities P(t, x , ·):

PX (t0) = µ =⇒ PX (t) = µ, for all t ≥ t0.

P(t, x ,A) = P(t0 + (t − t0), x ,A) =

∫
E

P(t − t0, y ,A)P(t0, x , dy)

=

∫
E

P(t − t0, y ,A)µ(dy) =

∫
E

Pt−t01Aµ(dy)

=

∫
E

1Aµ(dy) = µ(A)

A. Es-Sarhir invariant measures for SPDE’s
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Existence of invariant measures:
Definition: (Feller property): The transition semigroup Pt is

I Feller: Pt f ∈ Cb(E ) for all f ∈ Cb(E )

I strong Feller: Pt f ∈ Cb(E ) for all f ∈ Bb(E ).

Recall the transition semigroup corresponding to X (t, x)

Pt f (x) = E
(
f (X (t, x))

)
Sufficient condition for the Feller property:

lim
n→+∞

‖xn−x‖H = 0,=⇒ lim
n→+∞

‖X (t, xn)−X (t, x)‖H = 0 in prob.

This holds in particular if we have

E
(
‖X (t, xn)− X (t, x)‖2

H

)
≤ Ct‖xn − x‖2

H .

A. Es-Sarhir invariant measures for SPDE’s
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Mean occupation time measures

µT (A) :=
1

T

∫ T

0
P(X (t, x) ∈ A) dt, A ∈ B(E ).

Theorem: (Krylov-Bogoliubov) Assume that for some T0 > 0

• The transition semigroup (Pt)t≥0 is Feller.

• The family (µT )t≥T0 is tight, i.e., for all ε > 0 there exists a
compact subset Kε ⊂ E with µT (Kε) > 1− ε, T ≥ T0. Then
there exists an invariant measure µ for Pt . Moreover, every
limit µ∞ of some weakly convergent subsequence (µTn)n≥1

with Tn → +∞, is an invariant measure.

A. Es-Sarhir invariant measures for SPDE’s
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Sufficient condition for the tightness :
Lyapunov function

V : H → R ∪+∞, {V ≤ α} is compact

with

sup
T≥T0

∫
V dµT <∞⇔ sup

T≥T0

1

T

∫ T

0
E(V (X (t))) dt <∞.

=⇒ tightness of {µT}T≥T0 .

A. Es-Sarhir invariant measures for SPDE’s
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Ergodic measures:
Definition: Let µ an invariant measure for Pt . The set A ∈ E is
invariant with respect to Pt if for all t ≥ 0

Pt1A = 1A µa.s.

The measure µ is ergodic if µ(A) ∈ {0, 1} for any invariant set A.
Theorem: If µ is an ergodic measure for Pt . Then for any
f ∈ L2(E , µ),

lim
t→+∞

1

t

∫ t

0
Ps f ds =

∫
E

f (x)µ(dx) in L2(H, µ).

Application: If µ and ν are two ergodic measures with respect to
Pt and if µ 6= ν, then µ and ν are singular.

A. Es-Sarhir invariant measures for SPDE’s
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Let A ∈ B(E ) such that µ(A) 6= ν(A). There exists tn →∞

lim
n→+∞

1

tn

∫ tn

0
Ps1A(x) ds = µ(A) for any x ∈ M with µ(M) = 1.

lim
n→+∞

1

tn

∫ tn

0
Ps1A(x) ds = ν(A) for any x ∈ N with µ(N) = 1.

We have M ∩ N = ∅ and µ(M) = ν(N) = 1.
Remark: If µ is the unique invariant measure for Pt , then µ is
ergodic.

A. Es-Sarhir invariant measures for SPDE’s
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Uniqueness of µ (Sufficient conditions:)
Proposition: Suppose that Pt is Feller. Let µt,x denote the
distribution of X (t, x). If µt converges weakly to µ as t → +∞ for
all x ∈ H, then µ is the unique invariant measure for Pt .
Proof: For ϕ ∈ Cb(H)

Ptϕ(x) = E
(
ϕ(X (t, x))

)
=

∫
H
ϕ(y) dµt,x(y) −→

∫
H
ϕ(y) dµ(y).

Thus for any fixed s > 0

Pt+sϕ(x) −→
∫
H
ϕ(y) dµ(y) as t → +∞.

Pt+sϕ(x) = Pt(Psϕ)(x) −→
∫
H

Psϕ(y) dµ(y) as t → +∞.

Hence for all s > 0

∫
H

Psϕ(y) dµ(y) =

∫
H
ϕ(y) dµ(y)

This implies that µ is invariant for PtA. Es-Sarhir invariant measures for SPDE’s
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Uniqueness: For any invariant measure ν of Pt , we have∫
H
ϕ(x) dν(x) =

∫
H

Ptϕ(x) dν(x) ∀ t ≥ 0

= lim
t→+∞

∫
H

Ptϕ(x) dν(x) =

∫
H

∫
H
ϕ(y) dµ(y) dν(x)

=

∫
H
ϕ(y) dµ(y)

Thus for all ϕ ∈ Cb(H)∫
H
ϕ(x) dν(x) =

∫
H
ϕ(y) dµ(y)

Hence the uniqueness of µ.

A. Es-Sarhir invariant measures for SPDE’s
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Definition: X (t, x) is irreducible if for all t > 0, x ∈ E

P
(
X (t, x) ∈ O

)
> 0 for any open set O in E

Pt1O > 0 for any open set O in E

(The process X (t, x) visits the whole space, for all choice of the
initial state x .)

Theorem: (Doob’s Theorem) Let µ an invariant measure for Pt .
If Pt is irreducible and strong Feller, then µ is the unique invariant
measure for Pt . Moreover, µ is equivalent to all transition
probability µX (t,x), t > 0.

A. Es-Sarhir invariant measures for SPDE’s
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Ornstein-Uhlenbeck equation
Regular properties
Invariant measure

Consider the linear stochastic equation on a separable Hilbert
space H {

dX (t) = AX (t) dt + C dW (t),
X (0) = x ∈ H.

Hypothesis (H1):

• A : D(A) ⊂ H → H generates a strongly continuous
semigroup (etA)t≥0 on H.

• C is a bounded linear operator on H.

• (Wt)t≥0 is a cylindrical Wiener process on (Ω,F ,P).

• The linear operator Qt : H → H defined by

Qtx =

∫ t

0
etACC ∗etA

∗
x ds

is a trace class operator.

Remark: In particular Tr(Qt) < +∞ if Tr(CC ∗) < +∞.

A. Es-Sarhir invariant measures for SPDE’s
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Write for an orthonormal basis (ek)k≥1 of H

Wt =
+∞∑
k=1

βk(t)ek

where βk are independent real Brownian motions.
Under hypothesis (H1) the linear equation has a unique mild
solution

X (t, x) = etAx +

∫ t

0
e(t−s)AC dWs ,

which is a Gaussian, Markov process in H. (Ornstein-Uhlenbeck
process).
The stochastic convolution

WA,C =

∫ t

0
e(t−s)AC dWs is an H-valued process.

A. Es-Sarhir invariant measures for SPDE’s
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WA,C (t) =
+∞∑
k=1

∫ t

0
e(t−s)ACek dβk(s).

The series converges in L2(Ω,P,H):

E‖WA,C (t)‖2 =
+∞∑
k=1

∫ t

0
‖e(t−s)ACek‖2 ds

=

∫ t

0

+∞∑
k=1

‖e(t−s)ACek‖2 ds

=

∫ t

0
Tr
(
etACC ∗etA

∗)
ds
)

= Tr(Qt) < +∞.

A. Es-Sarhir invariant measures for SPDE’s
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The corresponding transition semigroup is

Rt f (x) = Ef (X (t, x)), f ∈ Bb(H)

= Ef
(
etAx +

∫ t

0
e(t−s)AC dWs

)
.

By using

WA,C =

∫ t

0
e(t−s)AC dWs = N (0,Qt).

We get the (Mehler formula)

R(t)f (x) =

∫
H

f (y) N (etAx ,Qt) dy

=

∫
H

f (etAx + y) N (0,Qt) dy .

A. Es-Sarhir invariant measures for SPDE’s
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Strong Feller property:
Hypothesis (H2):

etA(H) ⊂ Q
1
2
t (H), for all t > 0. (Range condition)

Theorem: Under (H2), the semigroup Rt maps Bb(H) to C∞b (H).
In particular Rt is strong Feller.

(H2) =⇒ Λt = Q
− 1

2
t etA, t > 0 is a bounded operator

Cameron-Martin’s theorem: If µ1 = N (a,Q), and µ2 = N (0,Q)

are two Gaussian measures with a ∈ Q
1
2 (H). Then µ1 and µ2 are

equivalent and

dµ1

dµ2
= e−

1
2
‖Q−

1
2 a‖2+〈Q−

1
2 a,Q−

1
2 x〉, x ∈ H.

A. Es-Sarhir invariant measures for SPDE’s
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ρ(x , y) =
dN (etAx ,Qt)

dN (0,Qt)
(y) = exp

(
−1

2
|Λtx |2 + 〈Λtx ,Q

− 1
2

t y〉
)
.

Thus,

R(t)ϕ(x) =

∫
H
ϕ(y)ρ(x , y)N (0,Qt)(dy).

〈DR(t)ϕ(x), h〉 =

∫
H
〈Λth,Q

− 1
2

t (y − etAx)〉ϕ(y)N (etAx ,Qt)(dy)

=

∫
H
〈Λth,Q

− 1
2

t y〉ϕ(etAx + y)N (0,Qt)(dy).

‖DRtϕ‖∞ ≤ ‖Λt‖‖ϕ‖∞

A. Es-Sarhir invariant measures for SPDE’s
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Irreducibility:
Theorem: If Ker C = {0}, then the transition semigroup Rt is
irreducible.
Proof: For all t > 0, Rt1O > 0 for any open non-empty set O of
H? equivalently P(X (t, x) ∈ O) > 0.
But X (t, x) is a Gaussian process with law N (etAx ,Qt), and
remark that

Ker C = {0} =⇒ Ker Qt = {0} for all t > 0

Thus, N (etAx ,Qt) is a nondegenerate Gaussian measure, hence it
has a full support. This means that N (etAx ,Qt)(O) > 0 for any
open non-empty set O of H

A. Es-Sarhir invariant measures for SPDE’s
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Invariant measure:
If µ is invariant for Rt then∫

H
Rt f (x)µ(dx) =

∫
H

f (x)µ(dx) for all f ∈ Cb(H), t ≥ 0 .

Given h ∈ H, and set fh = e i〈h,x〉, then Rt fh coincides with the
characteristic functional of the measure N (etAx ,Qt) and we have

Rt fh(x) = e i〈h,e
tAx〉− 1

2
〈Qth,h〉, x ∈ H.

Hence µ is an invariant measure for Rt if and only if its
characteristic functional µ̂ is given by

µ̂(h) = µ̂(etA
∗
h)e−

1
2
〈Qt ,h,h〉, h ∈ H

A. Es-Sarhir invariant measures for SPDE’s
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Theorem: Suppose that

sup
t>0

Tr(Qt) < +∞

Then there exists an invariant measure for Rt .
Proof: Set

Q∞x =

∫ +∞

0
etACC ∗etA

∗
x ds

Then, Tr(Q∞) < +∞ and the Gaussian measure µ = N (0,Q∞)
satisfies the condition

µ̂(h) = µ̂(etA
∗
h)e−

1
2
〈Qt ,h,h〉, h ∈ H

We have µ̂(h) = e−
1
2
〈Q∞,h,h〉 and

µ̂(etA
∗
h) = e−

1
2
〈Q∞etA

∗
h,etA

∗
h〉 = e−

1
2
〈etAQ∞etA

∗
h,h〉

= e−
1
2
〈Q∞,h,h〉e

1
2
〈Qt ,h,h〉

A. Es-Sarhir invariant measures for SPDE’s
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‖etA‖ ≤ Me−αt , α > 0 =⇒ sup
t>0

Tr(Qt) < +∞.

Theorem: lim
t→+∞

Rtϕ(x) =
∫
H ϕ(y)µ(dy) for any ϕ ∈ Cb(H).

Proof: Set Mt =
∫ t

0 esAC dWs , L
(
WA,C (t)

)
= L

(
Mt

)
. We have

lim
t→+∞

Mt = M∞ =

∫ +∞

0
esAC dWs in L2(Ω,H).

(E‖Ms+t −Ms‖2 = Tr(esAQte
sA∗) ≤ M2e−2αs Tr(Q∞).)

Rtϕ(x) = E
(
ϕ(X (t, x))

)
= E

(
ϕ(etAx + WA,C (t))

)
= E

(
ϕ(etAx + Mt)

)
.

etAx → 0, and Mt → M∞ = N (0,Q∞) in law.

A. Es-Sarhir invariant measures for SPDE’s



Outline
Introduction

Invariant measures for Markov process
Linear equations

Semilinear equations
Cahn-Hilliard type equation

Burgers equations

Invariant measure
Invariant measure
Moments estimates

Kolmogorov operator
L1-uniqueness
Reaction diffusion equations

Semilinear equations{
dX (t) =

(
AX (t) + F (X (t))

)
dt +

√
QdWt , t ≥ 0.

X (0) = x ∈ H.

• A∗ = A, 〈Ax , x〉 ≤ −ω‖x‖2.

• A−1 is compact, 〈Qx , x〉 > 0.

• F is a nonlinear vector-field.
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(A1) ∫ t

0
s−2α‖esA

√
Q‖2

HS ds <∞, 0 < α <
1

2
.

T ∈ LHS(H)⇐⇒ ‖T‖2
HS =

∞∑
k=1

‖Tek‖2 < +∞,

(A2) F (Vγ) ⊂ Vγ , locally Lipschitz continuous and bounded on
bounded sets of Vγ . 0 < γ < α.

Vγ := (D((−A)γ), ‖ · ‖γ).

(typical example : H = L2(Ω),A = ∆ Vγ = H2γ(Ω)).

(A3) There exists a : R+ −→ R+

〈F (y + w), y〉 ≤ a(‖w‖γ)(1 + ‖y‖2
γ) for y , w ∈ Vγ .
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Comments on (A1):
∫ t

0 s−2α‖esA
√

Q‖2
HS ds <∞, 0 < α < 1

2 .

The stochastic integral Mt =
∫ t

0 Φ(s) dWs is continuous (Doob
martingale inequality). However, the stochastic convolution

WA(t) =

∫ t

0
e(t−s)A

√
Q dWs

will not be in general pathwise continuous.
Factorization method (Da Prato, Kwapien, Zabczyk 87): If A
generates an analytic semigroup and∫ t

0
s−2α‖esA

√
Q‖2

HS ds <∞, 0 < α <
1

2
.

then WA has a modification that is Hölder-continuous with values
in Vγ for any γ < α.
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∫ t

0
s−2α‖esA

√
Q‖2

HS ds <∞ ⇒ WA(t) =

∫ t

0
e(t−s)A

√
Q dWs

has a continuous version in Vγ .
By using hypotheses (A2) and (A3) and a fixed point principle, we
get existence and uniqueness of the mild solution for all initial
conditions x ∈ Vγ .

X (t) = etAx+

∫ t

0
e(t−s)AF (X (s))ds+

∫ t

0
e(t−s)A

√
QdWs , t ≥ 0.

Transition semigroup:

Pt f (x) := Ef (X (t, x)), t ≥ 0, f ∈ Bb(H),
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Under hypothesis (A1) we have

M := sup
t≥0

E(‖WA(t)‖2
α) =

∫ ∞
0
‖(−A)αetA

√
Q‖2

HS dt <∞.

In particular,

sup
t≥0

E(‖WA(t)‖2
γ) <∞, and sup

t≥0
E
(

eε0‖WA(t)‖2
γ

)
<∞

for all γ ∈ [0, α], ε0 small enough.
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Write∫ ∞
0
‖(−A)αetA

√
Q‖2

HS dt =
∞∑
k=0

∫ k+1

k
‖(−A)αetA

√
Q‖2

HS dt

=
∞∑
k=0

∫ 1

0
‖(−A)αetAekA

√
Q‖2

HS dt

≤
∞∑
k=0

‖ekA‖2

∫ 1

0
‖(−A)αetA

√
Q‖2

HS dt

≤
∞∑
k=0

e−2ωk

∫ 1

0
‖(−A)αetA/2‖2‖etA/2

√
Q‖2

HS dt

(Using hypothesis (A1)) ≤ 22α
∞∑
k=0

e−2ωk

∫ 1

0
t−2α‖etA/2

√
Q‖2

HS dt < +∞.
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Invariant measure:
Lyapunov type conditions:

(A4) ∃ Ψ : H → R+ Fréchet-differentiable, Θ : V 1
2
→ R+,

lim
‖y‖V 1

2

→+∞
Θ(y) = +∞

and β, δ ∈ R+, such that

〈Ay + F (y + w),DΨ(y)〉 ≤ −Θ(y) + βe
ε0‖w‖2

Vγ + δ

for all y ∈ D(A), w ∈ Vγ .
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(Da Parto, Zabczyk). If there exists α1 > 0, α2, α3 ∈ R

〈Ay + F (y + w), y〉 ≤ −α1‖y‖2 + α2‖w‖2 + α3

for y ∈ D(A), w ∈ H.

Ψ(y) =
1

2
‖y‖2 and Θ(y) = α1‖y‖2

(Goldys, Maslowski). If there exist α1 > 0, α2, α3 ∈ R, s ≥ 2

〈Ay + F (y + w), y〉 ≤ −α1‖y‖2
V 1

2

+ α2‖w‖sVγ + α3

for y ∈ D(A), w ∈ Vγ .

Ψ(y) =
1

2
‖y‖2 and Θ(y) = α1‖y‖2

V 1
2
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Define {
µT :=

1

T

∫ T

0
µX (t,x) dt, T ≥ 1

}

Proposition: The family of measures {µT}t≥1 is tight on H.

⇓

Existence of an invariant measure µ for (Pt)t≥0 if it is a Feller
semigroup .
Proof:

Y (t) := X (t)−WA(t) .

E
(

Ψ(Y (t)) +

∫ t

0
Θ(Y (s)) ds

)
≤ C (t + 1) .
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d

dt
Ψ(Y (t)) = 〈AY (t) + F (Y (t) + WA(t)),DΨ(Y (t))〉

≤ −Θ(Y (t)) + βe
ε0‖WA(t)‖2

Vγ + δ.

Therefore

Ψ(Y (t)) +

∫ t

0
Θ(Y (s)) ds ≤ Ψ(x) + β

∫ t

0
e
ε0‖WA(s)‖2

Vγ ds + δt.

By taking the expectation, we obtain that

E
(

Ψ(Y (t)) +

∫ t

0
Θ(Y (s)) ds

)
≤ C (t + 1) for t ≥ 0 and C > 0.

A. Es-Sarhir invariant measures for SPDE’s



Outline
Introduction

Invariant measures for Markov process
Linear equations

Semilinear equations
Cahn-Hilliard type equation

Burgers equations

Invariant measure
Invariant measure
Moments estimates

Kolmogorov operator
L1-uniqueness
Reaction diffusion equations

To prove tightness, take ε > 0. Since Θ and w 7→ ‖w‖Vγ both are
coercive on Vγ , there exists Rε > 0 such that

ε
(

Θ(y) + ‖w‖2
Vγ

)
≥ 1

for w , y ∈ Vγ with ‖w + y‖Vγ ≥ Rε. Consequently

µT (H \ B(0,Rε)) = E
(

1

T

∫ T

0
1{‖X (s)‖Vγ≥Rε} ds

)
≤ εE

(
1

T

∫ T

0
Θ(Y (s)) + ‖WA(s)‖2

Vγ ds

)
≤ ε

(
C

(
1 +

1

T

)
+ M

)
≤ ε (2C + M)
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Theorem: (ES, Stannat: JEE 08’)
Assume that there exist α1, α2, α3 > 0, s ≥ 2

〈Ay+F (y+w), y〉 ≤ −α1‖y‖2
V 1

2

+α2‖w‖sVγ+α3, y ∈ D(A),w ∈ Vγ .

∫
H
‖x‖2

Vγ µ(dx) <∞,
∫
H

eε‖x‖
4
s µ(dx) <∞ ,

Proof: ρ : Vγ → R+, be a continuous function such that

ρ(y + w) ≤ c1Θ(y) + c2e
ε0‖w‖2

Vγ + c3 y ,w ∈ Vγ .

Then ∫
H
ρ dµ <∞.
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Pt f (x) := Ef (X (t, x)), t ≥ 0, f ∈ Cb(H),

Kolmogorov equation
d

dt
Pϕ = LFϕ

LFϕ(x) =
1

2
Tr(QD2ϕ(x)) + 〈x ,ADϕ(x)〉+ 〈F (x),Dϕ(x)〉,

ϕ ∈ FC 2
b (D(A)) := {ϕ ∈ C 2

b (H), ϕ(x) = fm(〈x , e1〉, . . . , 〈x , em〉),
fm ∈ C 2

b (Rm)}.
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∫
H

Ptϕ dµ =

∫
H
ϕ dµ for all ϕ ∈ Bb(H)

Pt 99K P̃t on L1(H, µ).

P̃t is C0-sgp on L1(H, µ) with generator (L̃F ,D(L̃F ))

Uniqueness of P̃t?

LFϕ(x) =
1

2
TrH

(
QD2ϕ(x)

)
+ 〈x ,ADϕ(x)〉+ 〈F (x),Dϕ(x)〉

invariance of µ =⇒
∫

LFϕ dµ = 0 ∀ ϕ ∈ FC 2
b
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=⇒ (LF ,FC 2
b (D(A))) is dissipative on L1(H, µ)

∃λ > 0 with (λ− LF )(FC 2
b (D(A))) is dense (range condition)

⇓

(L̄F ,D(L̄F )) generates a C0-semigroup of contrations on L1(H, µ)

⇓

L1-Uniqueness
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du(t, x) =

(
d2u

dx2
(t, x) + f (u(t, x))

)
dt + (−A)−β dWt(x),

on L2([0, L]), 0 < β < 1
2 .

A =
d2

dx2
, D(A) = H1

0 (I ) ∩ H2(I ).

A∗ = A, 〈Ax , x〉 < 0.

en(x) =

√
2

L
sin
(nπ

L
x
)
, n ≥ 1 ,

Aen = λen, λn = −
(π

L

)2
n2.
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f (t) = a2n+1t2n+1 + . . .+ a1t, a2n+1 < 0.

F (u)(x) = f (u(x)) , u ∈ B(I ) .

F is local Lipschitz and bounded on bounded sets of Vγ , γ > 1
4 .

‖uv‖Vγ ≤ cγ‖u‖Vγ · ‖v‖Vγ .

‖F (u)− F (v)‖Vγ ≤ Cγ‖u − v‖Vγ
(
1 + ‖u‖Vγ + ‖v‖Vγ

)2n
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〈F (u+v), u2r+1〉 ≤ a2n+1

2

∫
u2(r+n+1) dx+α2‖v‖(2n+1)2(r+n+1)

Vγ
+α3 .

〈Au + F (u + v), u〉 ≤ −‖u‖2
V 1

2

+ α2‖v‖2(2n+1)(n+1)
Vγ

+ α3,

⇓

Existence of µ.∫
‖x‖2

Vγ µ(dx) <∞.∫
eε‖x‖

2
(2n+1)(n+1)

µ(dx) <∞ for ε small .

⇓∫
‖
√

Q
−1

F‖2 dµ <∞ .
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Cahn-Hilliard equations{
dX (t) =

(
AX (t) + (−A)

1
2 F (X (t))

)
dt + dWt , t ≥ 0

X (0) = x

(Hs
1) F : V 1

4
→ V 1

4
continuous, F (V 1

2
) ⊆ V 1

2
,

‖F (x)‖ 1
4
≤ a(1 + ‖x‖r1

4
), x ∈ V 1

4
.

(Hs
2)

Range(I − F ) = H, 〈F (u)− F (v), u − v〉 ≤ 0, u, v ∈ V 1
4
.
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LFϕ(x) = Lϕ(x) + 〈F (x), (−A)
1
2 Dϕ(x)〉, ϕ ∈ FC 2

b (D(A))

Lϕ(x) :=
1

2
Tr D2ϕ(x) + 〈x ,ADϕ(x)〉

l{
dZ (t) = AZ (t)dt + dWt .
Z (0) = x ∈ H.

1. Find a probability measure µ such that
∫
H LFϕ(x) µ(dx) = 0,

ϕ ∈ FC 2
b (D(A)).

2. Maximal dissipativity of LF in L1(H, µ).
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∃ Fα global Lipschitz, dissipative, Fα(x)→ F (x) pointwise.

‖Fα(x)‖ ≤ a(1 + ‖x‖r1
4
), a > 0, x ∈ V 1

4
.

Consider

(Eα)

{
dXα(t) =

(
AXα(t) + (−A)

1
2 Fα(X (t))

)
dt + dWt , t ≥ 0.

Xα(0) = x ∈ H.
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From ∫ t

0
s−2α‖esA

√
Q‖2

HS ds <∞, 0 < α <
1

2

we get existence of the solution Xα(t, x) in V 1
4
.

Xα(t) = etAx+

∫ t

0
e(t−s)A(−A)

1
2 Fα(Xα(s))ds+

∫ t

0
e(t−s)AdWs , t ≥ 0.

Pα
t f (x) := Ef (Xα(t, x)), t ≥ 0, f ∈ Bb(H).
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Theorem: (ES: JMAA 09’)

I (Pα
t )t≥0 is strong Feller semigroup (Pα

t ϕ ∈ Cb(H),
ϕ ∈ B(H)).

I (Pα
t )t≥0 is irreducible (Pα

t ϕ > 0, ϕ ≥ 0).

I There exists a unique invariant measure µα for (Pα
t )t≥0.

∫
H

Pα
t f (x)µα(dx) =

∫
H

f (x)µα(dx), f ∈ Cb(H), t ≥ 0 .
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Moreover, ∫
H
‖x‖2

1
4
µα(dx) ≤ κ,

∫
H
‖x‖4 µα(dx) ≤ θ

κ and θ are independent of α.
Proof: Suppose that Fα ∈ C 2

b (H,H) and consider the
approximation problem{

dXn(t) =
(

AXn(t) + AnFα(X (t))
)

dt + dWt , t ≥ 0.

Xn(0) = x

where An := (−A)
1
2 nR(n,A) = −n(−A)−

1
2 AR(n,A).
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The solution Xn(t, x) is differentiable with respect to x , for h ∈ H

DXn(t, x) · h = ηhn(t, x)

{
d
dt η

h
n = Aηhn + (−A)

1
2 DFα(X (t, x)) · ηhn ,

ηhn(0, x) = h ∈ H.

|ηhn | ≤ et
(Lip(Fα))2

4 |h|, t ≥ 0.

Bismut-Elworty formula

〈DPn
t ϕ(x), h〉 =

1

t
E
(
ϕ(Xn(t, x))

∫ t

0
〈ηhn , dWs〉

)
for all ϕ ∈ C 2

b (H).
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For ϕ ∈ C 2
b (H)

|DPn
t ϕ(x), h〉|2 ≤ t−2‖ϕ‖2

∞

∫ t

0
|ηhns|2 ds

≤ t−2‖ϕ‖2
∞

∫ t

0
e

Lip(Fα)2

2
s |h|2 ds

≤ t−2‖ϕ‖2
∞

2

Lip(Fα)2
(e

Lip(Fα)2

2
t − 1)|h|2 for all n ∈ N.

Letting n→∞ we get

|DPtϕ(x)| ≤ t−1

√
2

Lip(Fα)
(e

Lip(Fα)2

2
t − 1)

1
2 ‖ϕ‖∞.

|Ptϕ(x)− Ptϕ(y)| ≤ t−1

√
2

Lip(Fα)
(e

Lip(Fα)2

2
t − 1)

1
2 ‖ϕ‖∞|x − y |.
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Var(Pt(x , ·)− Pt(y , ·)) = sup
{ϕ∈Cb(H): ‖ϕ‖∞≤1}

|Ptϕ(x)− Ptϕ(y)|

= sup
{ϕ∈C2

b (H): ‖ϕ‖∞≤1}
|Ptϕ(x)− Ptϕ(y)|

Therefore, for all x , y ∈ H

Var(Pt(x , ·)− Pt(y , ·)) ≤ t−1

√
2

L
(e

Lip(Fα)2

2
t − 1)

1
2 |x − y |.

For ϕ ∈ Bb(H) we have

|Ptϕ(x)− Ptϕ(y)| =

∣∣∣∣∫
H
ϕ(u)(Pt(x , du)− Pt(y , du))

∣∣∣∣
A. Es-Sarhir invariant measures for SPDE’s
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Consequently for ϕ ∈ Bb(H)

|Ptϕ(x)− Ptϕ(y)| =

∣∣∣∣∫
H
ϕ(u)(Pt(x , du)− Pt(y , du))

∣∣∣∣
≤ ‖ϕ‖∞ Var(Pt(x , ·)− Pt(y , ·))

≤ t−1

√
2

Lip(Fα)
(e

Lip(Fα)2

2
t − 1)

1
2 ‖ϕ‖∞|x − y |.

For general Fα, proceed by approximation:

F n
α =

∫
Rn

ρn(ξ − Pnx)Fα

(
n∑

i=1

ξiei

)
dξ.

|Ptϕ(x)− Ptϕ(y)| ≤ t−1

√
2

Lip(Fα)
(e

Lip(Fα)2

2
t − 1)

1
2 ‖ϕ‖∞|x − y |.
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Existence of invariant measure
Set

Y (t) := X (t)−WA(t) .

Y ′(t) = AY (t) + (−A)
1
2 Fα(Y (t) + WA(t)) , t > 0 .

E
(
‖(−A)−

1
4 (Y (t))‖2 + α

∫ t

0
‖Y (s)‖2

1
4
ds

)
≤ C (t + 1) for t ≥ 0.

Use energy estimate in V− 1
4
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d

dt
‖Y (t)‖2

V− 1
4

= 〈AY (t) + (−A)
1
2 Fα(Y (t) + WA(t)), (−A)−

1
2 (Y (t))〉

= −‖Y (t)‖2
1
4

+ 〈Fα(Y (t) + WA(t))− F (WA(t)),Y (t)〉

+ 〈Fα(WA(t)),Y (t)〉
≤ −‖Y (t)‖2

1
4

+ 〈Fα(WA(t)),Y (t)〉

≤ −‖Y (t)‖2
1
4

+ σ‖Y (t)‖2 +
1

4σ
c(1 + ‖WA(t)‖2).

Krylov-Bogoliubov’s theorem ⇒ Existence of µα. with∫
H
‖x‖2

1
4
µα(dx) ≤ κ,

∫
H
‖x‖4 µα(dx) ≤ θ

κ and θ are independent of α.
A. Es-Sarhir invariant measures for SPDE’s
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Uniqueness of µα follows by Doob’s Theorem.

V 1
4
↪→ H compact.

⇓

There exists a probability measure µ on B(H) such that

µα ⇀ µ.∫
H
‖x‖2

1
4
µ(dx) ≤ κ,

∫
H
‖x‖4 µ(dx) ≤ θ.
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Theorem: (ES, Stannat: JDE 09’)

• µ is infinitesimal invariant for LF .

• LF is maximal dissipative on L1(H, µ).

Proof: ∫
LFϕ(x) µ(dx) = 0, ϕ ∈ FC 2

b (D(A)).

∫
LFαϕ(x) µα(dx) = 0, lim

n→+∞

∫
ψ(x)µαn(dx) =

∫
ψ(x)µ(dx),

for ψ continuous, ‖ψ(x)‖ ≤ C (1 + ‖x‖2).
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• Maximal dissipativity

(λ− LF )(D(LF )) is dense in L1(H, µ)?

Define

Fα,β(x) :=

∫
H

eβAFα(eβAx + y)N0,Qβ (dy)

Qβx :=

∫ β

0
e2sAx ds.

Fα,β ∈ C∞(H), dissipative, Fα,β(x)→ F (x) pointwise

lim
α, β→0

‖F (x)− Fα,β(x)‖ 1
4

= 0 in L2(H, µ).
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For f ∈ FC 2
b (D(A))

(λ− LFα,β )ϕα,β = f , λ > 0

ϕα,β =

∫ +∞

0
e−λtE(f (Xα,β(t, x))) dt.

Since Fα,β is regular and dissipative

ϕα,β ∈ C 1
b (H), K := sup

α,β>0
‖Dϕα,β(x)‖ 1

4
< +∞.

ϕα,β ∈ D(LF )
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If ϕα,β is a Cauchy sequence in L2(H, µ)

lim
α,β→0

ϕα,β = ϕ in L1(H, µ).

LFϕα,β = LFα,βϕα,β + 〈(−A)
1
4 (F − Fα,β), (−A)

1
4 Dϕα,β〉

=λϕα,β − f + 〈(−A)
1
4 (F − Fα,β), (−A)

1
4 Dϕα,β〉

L1(H,µ)−−−−−→
α,β→0

λϕ− f .

⇒ ϕ ∈ D(LF ), (λ− LF )ϕ = f .

⇒ FC 2
b (D(A)) ⊂ (λ− LF )(D(LF )).
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• ϕα,β ∈ D(LF ).

∫
H
ϕα,β(x)LFϕα,β(x)µ(dx) = −1

2

∫
H
〈Dϕα,β(x),Dϕα,β(x)〉µ(dx).

•
LF (ϕ2

α,β) = 2ϕα,βLFϕα,β + 〈Dϕα,β,Dϕα,β〉.

ϕα,β is a Cauchy sequence in L2(H, µ)?

Set
ϕγ,δα,β = ϕα,β − ϕγ,δ, α, β, γ, δ > 0.
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λ

∫
H

(ϕγ,δα,β(x))2µ(dx) +
1

2

∫
H
〈Dϕγ,δα,β(x),Dϕγ,δα,β(x)〉 µ(dx)

=

∫
H

(λ− LF )ϕγ,δα,β(x)ϕγ,δα,β(x) µ(dx)

∫
H

(λ− LF )ϕγ,δα,β(x)ϕγ,δα,β(x) µ(dx)

=

∫
H
〈(−A)

1
4 (Fα,β(x)− F (x)), (−A)

1
4 Dϕα,β(x)〉ϕγ,δα,β(x) µ(dx)

−
∫
H
〈(−A)

1
4 (Fγ,δ(x)− F (x)), (−A)

1
4 Dϕγ,δ(x)〉ϕγ,δα,β(x) µ(dx)

≤ 2K
‖f ‖∞
λ

(
‖(−A)

1
4 (Fα,β − F )‖L2(H,µ) + ‖(−A)

1
4 (Fγ,δ − F )‖L2(H,µ)

)
.
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Let I = [0, 1], A = − d4

dx4 : (Neumann bilaplacian). A ≤ 0, A = A∗

on Ḣ with domain

D(A) :=
{

v ∈ Ḣ ∩ H4(I ) :
dv

dx
(x) =

d3v

dx
(x) = 0, x = 0, 1

}
,

Ḣ :=
{

v ∈ L2(I ) :

∫ 1

0
v(x) dx = 0

}
.

D((−A)
1
2 ) = V 1

2
= {u ∈ Ḣ2(I ), dv

dx (0) = dv
dx (1) = 0} , V 1

4
= Ḣ1(I ).

f (t) = −t3.

du(t, x) =

(
− d4

dx4
u(t, x)− d2

dx2
f (u(t, x))

)
dt + dW (t, x)

A. Es-Sarhir invariant measures for SPDE’s
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Set
F (u)(x) = −u3(x), u ∈ V 1

4
.

Fα(u) := fα(u), u ∈ V 1
4
, fα(t) =

−t3

1 + αt2
.

Fα is dissipative, Lipschitz,

‖Fα(x)‖ ≤ a(1 + ‖x‖r1
4
), x ∈ V 1

4
.

duα(t, x) =

(
− d4

dx4
uα(t, x)− d2

dx2
Fα(uα(t, x))

)
dt + dWt

A. Es-Sarhir invariant measures for SPDE’s
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∫
‖vm‖2

1
4
µα(dv) < δ, for all v ∈ V 1

4
, m ≥ 1.

⇓

Existence of µ,∫
H

LF ϕ(x) µ(dx) = 0, ϕ ∈ FC 2
b (D(A)),∫

H
‖F‖2

1
4
µ(dx) < +∞.
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Burgers equations:{
dX (t) =

(
AX (t) + B(X (t))

)
dt + CdWt , t ≥ 0.

X (0) = X0

on the space L2(0, 1)

I Au = D2
ξ u, u ∈ D(A), D(A) = H2(0, 1) ∩ H1

0 (0, 1).

I B(u) = Dξ(u2), x ∈ H1
0 (0, 1).

I (Wt)t≥0 is H- valued cylindrical Wiener process.

I C is a bounded linear operator.

(Da Prato, Debussche, Temam 94), (Da Prato, Gatarek 95),
(Gyongy 98)
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For every initial valued X0 ∈ L2(0, 1). There exists a unique mild
solution

X (t) = etAX0 +

∫ t

0
e(t−s)AB(X (s))ds +

∫ t

0
e(t−s)ACdWs , t ≥ 0.

with a unique invariant measure µ.
Moment estimates of µ?

A. Es-Sarhir invariant measures for SPDE’s



Outline
Introduction

Invariant measures for Markov process
Linear equations

Semilinear equations
Cahn-Hilliard type equation

Burgers equations

Lyapunov condition of polynomial type: There exist positive
constants α, β, γ, δ and s ≥ 2 such that

〈Ay + B(y + w), y〉 ≤ −α‖y‖2
γ1

+ β‖w‖sγ2
· ‖y‖2

γ1
+ γ‖w‖sγ2

+ δ

for all y ∈ D(A), w ∈ Vγ2 .

Theorem: (ES, Stannat: JFA 10’) Suppose A and Q = CC ∗ are
simultaneously diagonalizable and that (−A)γ2+εC is
Hilbert-Schmidt for some ε > 0. Then µ satisfies the moment
estimate ∫ (

1 + ‖x‖2
γ

)
‖x‖2p µ(dx), p ≥ 0, γ < γ1.
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Proof:

〈Ay + B(y + w), y〉 ≤ −α1‖y‖2
1
2

+α2‖w‖sγ0
· ‖y‖2

1
2

+α3‖w‖sγ0
+α4

δ ∈ (0, 1
2 ), γ ∈ R.

for λ > 0 let

WA−λ(t) :=

∫ t

0
e(t−s)(A−λ)C dW (s), λ > 0.

Consider the following decomposition

X (t) = Yλ(t) + WA−λ,C (t)

dYλ(t) =
(

AYλ(t) + λWA−λ(t)
)

dt + B(Yλ(t) + WA−λ(t))dt
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Pathwise Control on the Stochastic Convolution

sup
0≤t≤T

‖WA−λ(t)‖2
γ ≤ C 2

δ

+∞∑
k=1

λ2γ
k

(λ+ λk)2δ
Mk(δ,T )2.

Here,

Mk(δ,T ) := sup
0≤s<t≤T

|βk(t)− βk(s)|
|t − s|δ

, k ≥ 1

ind. r.v., having finite moments of any order.
(λk)k≥1 and (qk)k≥1 the eigenvalues of −A and Q resp.

‖WA−λ(t)‖2
γ =

+∞∑
k=1

λ2γ
k

(∫ t

0
e−(λ+λk )(t−s)√qk dβk(s)

)2

,
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1

2

d

dt
‖Yλ(t)‖2 ≤ −α

2
‖Yλ(t)‖2

γ1
+ Rλ(t).

Where

Rλ(t) = δ + γ‖WA−λ(t)‖sγ2
+
λ2

2α
‖WA−λ(t)‖2

−γ1

λ =

(
4

α
(βMT (γ2, s) + 1)

) 1
ε
s

.

Conclude moment estimate for

X (t) = Yλ(t) + WA−λ,C (t).
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Multiplicative Noise:

{
du(t) =

(
Au(t) + F (u(t))

)
dt + g(u(t))dWt , for t ≥ 0,

u(0) = x ∈ H,

I g is Lipschitz from H into LHS(H) with Lipschitz constant L.

I F is locally Lipschitz, dissipative and there exists a continuous

function ρ : R+ → R, with lim
r→+∞

ρ(r2)
r2 = −∞ such that

〈F (u), u〉 ≤ ρ(‖u‖2
0), u ∈ Vγ .

⇒ ∀ λ > 0 ∃ Kλ ≥ 0 〈F (v), v〉 ≤ −λ‖v‖2
0 + Kλ.
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Theorem: ((ES, Scheutzow,Toelle, van Gaans) For every Lipschitz
diffusion term g . The solution

u(t) = etAx+

∫ t

0
e(t−s)AF (u(s))ds+

∫ t

0
e(t−s)Ag(u(s))dWs , t ≥ 0,

has an invariant measure µ. (Appl. Math. Optim. (2013)).

Application: Reaction diffusion equations with multiplicative noise.
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Thank you!
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