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Consider the following ODE

{ du(t) = f(u(t))dt, t>0,
u(0) = x e R”

f: R" — R" (f is Lipschitz ), for all x € R" there exists a unique
global solution u(t, x) with

u(t+s,x) =u(t,u(s,x)), 0<s<t

lu(t,x) = u(t, y)|| < x = yl[ePD £ >0, x, y € R,

Set
Prp(x) = ¢(u(t,x)), ¢ € G(R")
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(Pt)t>0 is a family of bounded linear operators with Prp € Cp(R")
for any ¢ € Cp(R").
Moreover,

u(t+s,x) = u(t,u(s,x)), 0<s<t= Pys=P:Ps
Suppose that for some xg € R”,
¢ € Cp(H) we have

thoo u(t,xo) = 0. Then for every
Jim Pep(x0) = lim_(u(t.x0)) = (0).
In particular for any s > 0

lim PtPs(P(XO) = tkToo PSQO(U(t,Xo)) = PS (0)

t—+400

But
t—liToo PePso(x0) = t—Ii—Too Prisp(x0) = ¢(0)
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Thus for all s > 0 and ¢ € Cp(R")

Psp(0) = p(0) <= (do, Psp) = (do, ¥)
do is invariant for P;

{f(x0) =0} = 0y, is invariant for P;.

Aim:
» Existence and properties of invariant measures corresponding
to dynamical systems governed by some class of SPDEs.

» Uniqueness results for associated Kolmogorov operators.

A. Es-Sarhir invariant measures for SPDE’s



Outline

Introduction Semilinear equations
Stochastic heat equation Stochastic convolution
Examples of SPDEs Invariant measure
Invariant measures for Markov Moments estimates
process Kolmogorov operator
Existence L -uniqueness
Ergodicity Reaction diffusion equations
Uniqueness

Cahn-Hilliard type equation
Invariant measure
Maximal dissipativity

Linear equations
Ornstein-Uhlenbeck equation
Regular properties
Invariant measure Burgers equations

A. Es-Sarhir invariant measures for SPDE’s



Introduction

Stochastic heat equation

Stochastic heat equation

Heat equation

du(t) = Au(t)dt, t>0.
{ u(0) = up € L2(R")

For all up € L2(R"), there exists a unique solution which is
continuous on R™ x R" and such that u(0, x) = up(x) for all

x € R"

1 Ix—y|?
u(t,x) = —— / 5T up(y) dy = e ug
(47t)2 Jrn

Additional term (inhomogeneous term)

du(t, x)

b Au(t,x) + g(tx).
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Introduction

Stochastic heat equation

Stochastic heat equation

Variations constants formula

t
u(t, ) = eup —|—/ elt=5)8g(s,.) ds
0

Stochastic heat equation
If the term g is a random process wet get a stochastic heat
equation.
du(t,x .
Ut X) A (u(t, x))dt + Wt )
dt ——

Noise
where W; is a Wiener Process (Brownian motion) on the state
space H

t
Formally u(t,-) = e®up +/ e(t==)A y/(ds,dy)
0

Stochastic Integral
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Introduction

Stochastic heat equation

Stochastic heat equation

Definition: A Wiener Process on H is a family of continuous
random variables (W;)>0 on H having the following properties

» Wy =0 and W; — W; is a Gaussian random variable with law
N(0, (t — s)Q) for 0 < s < t, Q positif, symmetric operator

with Tr(Q) = z M < +o0o (Mg = (Qex, ex)).

» If ne N and O < t; <--- <ty the random variables
tha Wtz - Wt17 R th - th,1
are independent.

+o0o
W = Z \/Ykﬁk(t)ek, By are iid real BM
k=1

If @ =1d, (W;)e>o is a cylindrical Wiener process.
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Introduction

Stochastic heat equation

Stochastic heat equation

Examples of Motivation:
Ornstein-Uhlenbeck equation:

dX(t) = AX(t)dt + CdW,,
where A and C some linear operators on some Hilbert space H.
Stochastic reaction diffusion equations
dX(t) = (AX(t) + f(X(t)))dt + CdW,
e on [%(0,1)
o f(t) = apn1t?" ™+ ...+ art with agp1 <0
stochastic Cahn hilliard equations
dX(t) = ( ~A2X(t) - AF(X(t))) dt + CdW,, t> 0.
X(0) = Xo
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Introduction

Stochastic heat equation

Stochastic heat equation

Stochastic Burgers equation
dXU):(AXU}+&(XUY)%#+CdW@ t>0
X(0) = Xo

Abstract formulation

dxa):(Axu)+FQQQUdr+cmm, t>0
X(0) = Xo € H.

» A is the generator of Cp-semigroup (e**);>0 on H

0

Well posdness % = Au, u(0) € D(A).

» F is a nonlinear functlon.
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Introduction

Stochastic heat equation

Stochastic heat equation

e Strong solution

X(t) = X(0) + /0 (AX(s) + F(X(s))) ds + /o C(X(s)) dW .

[t6 Integral

e Weak solution
(X(t),m) =(X(0),n) +/0 ((AX(s) + F(X(s)),m)) ds

+ C(CX(s))m) dWs. 1 € D(AY)
0
e Mild solution

X(t) = e X(0)+ / t e(=9AF (X (s))ds+ / t e(E=AC(X(s5))dWs.
0 0
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Invariant measures for Markov process Existence

Ergodicity
Uniqueness

Invariant measures for Markov process:

Let X(t)¢>0 be a continuous Markov process on a filtered
probability space (2, F, (Ft)t>0,P) with values in E (separable
Banach space).

Markov transition probability
P(t,x,A) =P(X(t) € AIX(0) =x), A€ B(E).

Chapman-Kolmogorov equation

P(t+s,x,A):/P(ta%A)P(SvX’ dy),
E

Transition semigroup

Prf(X)ZE(f(X(t))!X(O)=X)=/Ef(y)P(f7X’dY)7 f € By(E)
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Invariant measures for Markov process Existence
Ergodicity

Uniqueness

a probability measure p is invariant for P; if

/ j(dx) = /f u(dx), € By(E).

( is stationary state for the transition probabilities P(t, x, -):

Px(ty) =+ = Px(s) = u, for all t > to.
P(t,x,A) = P(to+ (t — tp), x, A) = /E P(t — to,y,A)P(to, x, dy)
= [ Pte=to.y. At = [ PeosLan(ey)
= /E Lap(dy) = n(A)
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Invariant measures for Markov process Existence
Ergodicity

Uniqueness

Existence of invariant measures:
Definition: (Feller property): The transition semigroup P; is

> Feller: Pif € Cu(E) for all f € Cp(E)
» strong Feller: Pif € Cp(E) for all f € By(E).
Recall the transition semigroup corresponding to X(t, x)
P:f(x) = E(f(X(t,x)))
Sufficient condition for the Feller property:

lim ||xp—x||g =0,= lim || X(t, xn)—X(t,x)||y =0 in prob.

n—-+o0o n—-+o0o

This holds in particular if we have

E([IX(t,xn) = X(t,x)lIE) < Cellxn — xIl3.
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Invariant measures for Markov process Existence

Ergodicity
Uniqueness

Mean occupation time measures
1 T
jr(A) = T/ P(X(t,x) € A) dt, A e B(E).
0

Theorem: (Krylov-Bogoliubov) Assume that for some To > 0
e The transition semigroup (P¢)¢>0 is Feller.

e The family (p7)e>T1, is tight, i.e., for all € > 0 there exists a
compact subset K. C E with u7(K.) >1—¢, T > Ty. Then
there exists an invariant measure u for P;. Moreover, every
limit poo of some weakly convergent subsequence (u7,)n>1
with T, — 400, is an invariant measure.
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Invariant measures for Markov process Existence

Ergodicity
Uniqueness

Sufficient condition for the tightness :
Lyapunov function

V:H—=RU+oco, {V <a}iscompact

with

1 T
sup /Vdur<oo{:) sup — E(V(X(t))) dt < oo.
T>To T>To 0

= tightness of {u7}7>7,.
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Invariant measures for Markov process Existence

Ergodicity
Uniqueness

Ergodic measures:
Definition: Let p an invariant measure for P;. Theset A€ £ is
invariant with respect to P; if for all t > 0

Pt]-A = ]-A pna.s.

The measure p is ergodic if (A) € {0,1} for any invariant set A.
Theorem: If u is an ergodic measure for P;. Then for any
f e L?(E,p),

im 1 t = X x) in L2
I /0 Psf ds /Ef( Yu(dx) L2(H, p).

t—+oo t

Application: If ;1 and v are two ergodic measures with respect to
P; and if u # v, then p and v are singular.
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Invariant measures for Markov process Existence

Ergodicity
Uniqueness

Let A € B(E) such that p(A) # v(A). There exists t, — 0o

tn

lim E Ps1a(x) ds = u(A) for any x € M with u(M) = 1.

n—+oo t, 0

1 [t
lim — Ps1a(x) ds = v(A) for any x € N with p(N) = 1.
n—+oo t, 0
We have MN N = () and u(M) = v(N) = 1.
Remark: If 14 is the unique invariant measure for Py, then p is
ergodic.
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Invariant measures for Markov process Existence

Ergodicity
Uniqueness

Uniqueness of 1 (Sufficient conditions:)

Proposition: Suppose that P; is Feller. Let p  denote the
distribution of X(t, x). If u: converges weakly to p as t — +oo for
all x € H, then p is the unique invariant measure for P;.

Proof: For ¢ € Cp(H)

Peelx) = E(p(X(t.)) = [ o) duest) — [ o) duy)
Thus for any fixed s > 0

Piisp(x) — / )du(y) ast— +oo.

wan—M&mw—%L&ﬂnww as t = +oc.

)
Hence for all s > 0 /H Pso(y) du(y) = ; o(y) duly)
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Invariant measures for Markov process Existence
Ergodicity

Uniqueness

Uniqueness: For any invariant measure v of P;, we have

/H () dv(x) = / Peo(x) dv(x) ¥t>0

[ o= | 0y
= /H e(y) duly)

Thus for all p € Cp(H)

[ e dv) = [ oty) duty)

Hence the uniqueness of L.
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Invariant measures for Markov process Existence
Ergodicity

Uniqueness

Definition: X(t,x) is irreducible if for all t > 0, x € E
P(X(t,x) € O) >0 for any open set O in E

P:1op >0 for any open set O in E

(The process X(t, x) visits the whole space, for all choice of the
initial state x.)

Theorem: (Doob’s Theorem) Let p an invariant measure for P;.
If P; is irreducible and strong Feller, then p is the unique invariant
measure for P;. Moreover, i is equivalent to all transition
probability f1x(¢x), t > 0.
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Consider the linear stochastic equation on a separable Hilbert
space H
{ dX(t) = AX(t)dt+ CdW(t),
X(0) =xeH.
Hypothesis (H1):
e A: D(A) C H — H generates a strongly continuous
semigroup (e4);>o on H.
e ( is a bounded linear operator on H.
o (W;)e>0 is a cylindrical Wiener process on (2, F, P).
e The linear operator Q; : Ht—> H defined by
Q:x :/ e CC*e™ x ds
is a trace class operator.

Remark: In particular Tr(Q;) < +o0 if Tr(CC*) < +o0.
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Write for an orthonormal basis (ex)x>1 of H

+oo
Wi =" Bi(t)ex
k=1

where ) are independent real Brownian motions.
Under hypothesis (H1) the linear equation has a unique mild
solution .
X(t,x) = etAx+/ eI=)AC dw,
0
which is a Gaussian, Markov process in H. (Ornstein-Uhlenbeck
process).
The stochastic convolution

t
Wa.c —/ e(t=9)AC AW, is an H-valued process.
0
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Wa,c(t Z/ (24 Cey dBr(s).

The series converges in L2(Q, P, H):

“+00 t
BIWAc(? =X /0 (=94 Cey |2 ds

t +oo
/ ZHe(t DA Ce||? ds
_/ r (eACC ™) ds)
0

= Tr(Q:) < +o0.

A. Es-Sarhir invariant measures for SPDE’s



Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

The corresponding transition semigroup is
R:f(x) = Ef(X(t,x)), f € Bp(H)

t
=Ef(e"x + / et=AC aws).
0

By using
t
Wa.c :/ e(F=)AC dW, = N (0, Q).
0

We get the (Mehler formula)
R(1)f(x) = /H Fly) M(e%x, Q1) dy

_ / F(ePx + y) (0, Q1) dy.
H
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Strong Feller property:
Hypothesis (H>):

1
eA(H) € Q2(H), forall t > 0. (Range condition)

Theorem: Under (H3), the semigroup R; maps Bp(H) to C;°(H).
In particular R; is strong Feller.

_1
(Hy) = A; = @; €™, t >0 is a bounded operator

Cameron-Martin's theorem: If u; = N(a, Q), and u2 = N (0, Q)
are two Gaussian measures with a € Q%(H). Then p1 and pp are
equivalent and

dra _ 110 a2 (@ a0 by

, X €H.
dp2
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

dN (e"x, 1 -3
plxn) = sl = e (~gln + (e @) )

Thus,
R(D)o(x) = /H 2()p(x, N0, Qe)(dly).
(DR(t)(x), h) = /H (Neh, Q3 (y — ex)) o(y)N (™%, Q2)(dy)
- /H (Aeh, @ Ey)p(ex + yIN(0, Qc)(dy).

IDR:@lloo < [IAellllllo
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Irreducibility:

Theorem: If Ker C = {0}, then the transition semigroup R; is
irreducible.

Proof: For all t > 0, Rt1p > 0 for any open non-empty set O of
H? equivalently P(X(t,x) € O) > 0.

But X(t,x) is a Gaussian process with law A'(e*x, @;), and
remark that

Ker C = {0} = Ker Q; = {0} forallt >0

Thus, N(etAx, Q:) is a nondegenerate Gaussian measure, hence it
has a full support. This means that A'(ex, Q;)(O) > 0 for any
open non-empty set O of H
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Invariant measure:
If p is invariant for R; then

/ R:f(x) u(dx) / f(x) u(dx) for all f € Cp(H), t > 0.

Given h € H, and set f, = e'{"X) then R;f, coincides with the
characteristic functional of the measure N'(e®x, @;) and we have

Rtfh(x) = ei<h7etAX>_%<ch’h>, x € H.

Hence p is an invariant measure for R; if and only if its
characteristic functional /i is given by

(k) = (e h)e 2(Qehh) ey
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

Theorem: Suppose that

sup Tr(Qr) < +o0
t>0

Then there exists an invariant measure for R;.
Proof: Set

+0o0 N
Qoox = / e"CC*e™ x ds
0

Then, Tr(Qs) < 400 and the Gaussian measure p = N(0, Q)
satisfies the condition

(k) = (e h)e~2(Qehh) ey
We have ji(h) = e~ 2(Qx:mh) and

1 A% A% 1 A A%
ﬂ(etA* h) _ e—§<Qooet h,e™ hy _ e—§<et Qoo™ h,h)

)

N

— e~ 3(Quoshh) o3 (Qeshih)
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Ornstein-Uhlenbeck equation
Linear equations Regular properties

Invariant measure

e < Me@t, a > 0= sup Tr(Q:) < +oo.
>0

Theorem: t—I:T Rep(x) = [, o(y)u(dy) for any ¢ € Cy(H).
Proof: Set M; = fot eAC dW, E(WA7C(t)) = E(Mt). We have

“+oo
lim M; = My :/ eACdW, in L2(Q, H).
0

t——+o0
(E|Msi e — Ms||2 = Tr(eA Qi) < M?e72%° Tr(Qx).)

Rep(x) = E(p(X(t,x))) = E(p(e”x + Wa (1))
= E(p(e”x + My)).

eAx — 0, and M; — My, = N(0, Q) in law.
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

Semilinear equations

dX(t) = (AX(t) + F(X(t)))dt +V/QdW,, t>0.
X(0) = x € H.

e A=A (Ax,x) < —w|x|?
e A7l is compact, (Q@x,x) > 0.

e F is a nonlinear vector-field.
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

t
1
/ 520]|eA\/Q|2s ds < 00, 0<a < .
0

2
o
T € Lus(H) <= |ITI}s = D Il Texl® < +oo,
k=1

(A2) F(V,) C V,, locally Lipschitz continuous and bounded on
bounded sets of V. 0 <y < a.

Vy = (D(=A)) - [l)-
(typical example : H = L?(Q), A=A V, = H*(Q)).

(A3) There exists a: Rt — RT

(Fy +w),y) < a(lwl,)(1+llyl3) for y, we V.
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Invariant measure

Invariant measure

Moments estimates
Kolmovomv operator

1! -uniqueness

Reaction diffusion equations

Semilinear equations

Comments on (A1): [y s72%(|e*V/Q|}gds < oo, 0<a<i.
The stochastic integral M; = fo (s) dWs is continuous (Doob
martingale inequality). However, the stochastic convolution

t
Wa(t) = / e(t=9)A/Q dw,
0

will not be in general pathwise continuous.
Factorization method (Da Prato, Kwapien, Zabczyk 87): If A
generates an analytic semigroup and

t
1
/s2a\|es’4\/5”%45ds<oo, 0<oz<§.
0

then W, has a modification that is Holder-continuous with values
in V,, for any v < o
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

‘ t
/ S—zaHesA\/aHf_,s ds <oco = Wu(t) = / e(t—s)A\/adWs
0 0

has a continuous version in V.

By using hypotheses (A2) and (A3) and a fixed point principle, we
get existence and uniqueness of the mild solution for all initial
conditions x € V.

t t
X(t) = ex+ / e(t=)AF(X(s))ds+ / e(t=9A/QdW,, t>0.
0 0
Transition semigroup:

P:f(x) == Ef(X(t,x)), t>0, feBy(H),
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

Under hypothesis (A1) we have
M = iggE(H Wa(t)l2) = /0 I(—A)*e™V/Q|I}s dt < oco.

In particular,

sup E(||Wa(t)|2) < oo, and supE(eEOHWA(t”'%) < 00
t>0 t>0

for all v € [0, @], o small enough.
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Invariant measure

Invariant measure

Moments estimates
Kolmovomv operator

1! -uniqueness

Reaction diffusion equations

Semilinear equations

Write
o A 2 > kel A 2
/0 I(—A)yet ﬁnHSdt:Z /k I(—A)*e™/Q|%s dt
o0 1
-3 / I(—A) ek /Q|s dt
0

<31 [ 1Are Vs o
<Y ek / (A 2220 /Q 2,5 dt
k=0

(Using hypothesis (A1)) Z 2”/ *2a||etA/2\/5||%45 dt < +o0.
k=0

A. Es-Sarhir invariant measures for SPDE’s



Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

Invariant measure:
Lyapunov type conditions:

(Ag) 3V : H— Ry Fréchet-differentiable, © : V% — Ry,

lim  O(y) =40

lyllv, —+o0
2

and 3, 6 € RT, such that

(Ay + Fly +w), DU(y)) < ~8(y) + eI + 5

forall y € D(A), w € V.
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

(Da Parto, Zabczyk). If there exists a; > 0, ap, az € R
(Ay + Fly + w),y) < —aallyl® + ao|w? + o3
for y € D(A), w € H.

1
Wy)=5lyl*  and  O(y) = aaly|?
(Goldys, Maslowski). If there exist a3 > 0, ag, a3 € R, s > 2
(Ay + F(y + w),y) < —aallylly, +e2lwl}, + a3
2

for y € D(A), w € V.

1
V) =5lyI*  and  B(y) = alHyH%/%
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Invariant measure

Invariant measure

Moments estimates
Kolmovomv operator

1! -uniqueness

Reaction diffusion equations

1 T
{IUT = T/ .UX(t,X) dt, T 2 1}
0

Proposition: The family of measures {p7}¢>1 is tight on H.

Semilinear equations

Define

4

Existence of an invariant measure p for (P¢)¢>o if it is a Feller
semigroup .
Proof:

Y(t) = X(t) — Wa(t).

IE( /@ )SC(t—i—l).
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

%‘U(Y(t)) = (AY(t) + F(Y(t) + Wa(t)), DV(Y(t)))
< —o(Y(1)) + g MO, 15
Therefore

t t
WY (1) +/ O(Y(s)) ds < W(x) + /3/ IWA@IR, g 4 5y
0 0
By taking the expectation, we obtain that

E (W(Y(t))—i—/t@(Y(s))ds) <C(t+1) fort>0and C>0.
0
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

To prove tightness, take € > 0. Since © and w > ||w/||y, both are
coercive on V., there exists R. > 0 such that

e (6 +Iwl}, ) =1
for w, y € V, with |w + y||\, > R.. Consequently
_ 1 [T
pr(H\B(0,R.)) =E (T/o Lx@)v, 2R} d5>

)
<8 (1 [ e+ Iwal3, as)
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

Theorem: (ES, Stannat: JEE 08’)
Assume that there exist o1, an, oz >0, s > 2

(Ay+F(y+w),y) < —aalylly, +eallwly, +as,y € D(A),w € V,.
2

4
I @) <oe, [ e e < oc.
Proof: p: V, — R, be a continuous function such that

eoflwll

2
oy + w) < a0O(y) + e i+ y,weV,.

Then

/pd,u<oo.
H
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

P:f(x) == Ef(X(t,x)), t=>0, fe Cy(H),
Kolmogorov equation

I wZLFQD

Lro(x) = %TF(QD%(X)) + (5, ADp(x)) + (F(x), Dp(x)),

¢ € FCR(D(A)) := {p € C3(H), p(x) = fm((x, e1), ..., (x, em)),
frn € C2(R™)}.
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll-uniqueness

Reaction diffusion equations

Semilinear equations

/Ptgpd,u:/cpd,u for all ¢ € Bp(H)
H H

P. --» Py on LY(H, p).
P; is Co-sgp on L(H, 1) with generator (Lr, D(LF))

Uniqueness of P,?

Lrp(x) = %TrH (QD%*p(x)) + {x, ADg(x)) + (F(x), Dy(x))

invariance of,u:>/LF<pdu:0 Ve FC?
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll-uniqueness

Reaction diffusion equations

Semilinear equations

= (Lg, FCZ(D(A))) is dissipative on L'(H, y)

I\ > 0 with (A — Lg)(FCZ(D(A))) is dense (range condition)
4

(Lr, D(LF)) generates a Co-semigroup of contrations on L(H, )

4

L1-Uniqueness
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

&

du(t, x) = < dxz(t,x)—l—f(u(t,x))> dt + (—A) P dWi(x),
on L%([0,L]), 0<pB<4i.
d2

A= —
dx?’

D(A) = Hy (1) n H(1).

A*=A, (Ax,x)<0.
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Invariant measure

Invariant measure

Moments estimates
Kolmogorov operator
Ll—uniqucn('ss

Reaction diffusion equations

Semilinear equations

f(t) = apni1t®™ + ...+ art, axnp1 <O.
F(u)(x) = f(u(x)),u e B(I).
F is local Lipschitz and bounded on bounded sets of V., v > %.

luvllv, < & llullv, - Ivilv,-

2
IF(u) = F(Mlv, < Gllu—vllv, 1+ llullv, + [Ivilv,)™
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Invariant measure

Invariant measure

Moments estimates
Kolmovomv operator

1! -uniqueness

Reaction diffusion equations

Semilinear equations

<F(U+V), u2r+1> < a2r21+1 /u2(r+n+1) dX-f-Oéz”V‘|(\Zn+1)2(r+n+1)—l—a3

2n+1)(n+1)

(Au+ F(u+v),u) < _”U||v1+042” vilv + as,

4

Existence of u.

/ IxI3, p(ex) < o0

T
/ el x| GrH1ntD) u(dx) < oo for e small.
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Cahn-Hilliard equations

dX(t) = (Ax(t) + (—A)%F(X(t))) dt + dW,
X(0) = x

(Hj) F: Vi — Vi continuous, F(V1) C Vi,
3 r

2 2

IFCl

<al+[x5). xe Vi
4

1
4

(H3)

Range(/ — F)=H, (F(u)— F(v),u—v) <0,

A. Es-Sarhir invariant measures for SPDE’s

u, ve V.
4




Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Lrp(x) = Lp(x) + (F(x), (~A)2Dg(x)), ¢ € FCZ(D(A))

Lo(x) = %Tr D?p(x) + (x, ADp(x))

!
{ dZ(t) = AZ(t)dt + dW;.
Z(0)=x € H.

1. Find a probability measure p such that [, Lro(x) pu(dx) =0,
v € FC3(D(A)).
2. Maximal dissipativity of Lr in LY(H, p).
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

3 F, global Lipschitz, dissipative, F,(x) — F(x) pointwise.

[Fa()ll < a1+ Ix[l3), a>0, xe& V1.
4

Consider

(E.) { dXa(t) = <AXa(t)+ (—A)EFa(X(t)))dt—det, t>0.
Xo(0) = x € H.
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

From

t

1

/ 5_20‘He5A\/5||%_,5 ds<oo, 0<ac< 5
0

we get existence of the solution X, (t,x) in Vi.
4

t t
Xa(t) = ePx+ / e(E=A(_ A)2 F,(Xo(s))ds+ / (=9 Aqw,, t>o.
0 0

Pif(x) :=Ef(Xa(t,x)), t>0, f € By(H).
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Theorem: (ES: JMAA 09’)

> (Pg)¢>0 is strong Feller semigroup (Pg'¢ € Cp(H),
¢ € B(H)).

> (Pg)¢>0 is irreducible (Pg'p > 0, ¢ > 0).

» There exists a unique invariant measure /i, for (P§)¢>o0.

[ PO a(@) = [ Fpal).  FeCulH). 2 0.
H H
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Moreover,

/ IxI3 pald) < / Il o)

k and 6 are independent of «.
Proof: Suppose that F, € Cg(H, H) and consider the
approximation problem

dX,(t) = (AX,,(t) + A,,Fa(X(t))) dt +dW,, t>0.
Xn(0) = x

where A, := (—A)2nR(n, A) = —n(—A) "2 AR(n, A).
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

The solution X, (t, x) is differentiable with respect to x, for h € H

DX, (t,x) - h=n"(t,x)

1
S0 = Anf + (=A)2 DFo(X(t,x)) - 0},
nh(0,x) =h € H.

Lip(Fa))?
£ P4a))

mhl < e lhl, t>0.

Bismut-Elworty formula

(©PLo(:)u) = 15 (w0ex) [ Gidwiy) o it € G(H)
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

For ¢ € C2(H)

t
IDPPo(x). W) < £72] |2 /0 infhs[? ds

L Lin(Fa)®
gt—znsonio/o 55 P2 ds

2 ip(For)?
2 )2(eLp(§)t—1)|h|2 for all n € N.

< t_2||<p||ooW
«

Letting n — oo we get

V2 Lip(Fa)? 1
—1)2 .
(R Dol

\ﬁ Lip(Fa)2t 1
—1)2 —vyl.
Ty e = Db~

[DPep(x)| < ¢

|Peo(x) = Prp(y)| < t71
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Var(Pi(x,-) — Pe(y,-)) = sup |Prp(x) — Pro(y)|
{p€Ch(H): [lplloc<1}
= sup |Pro(x) — Prp(y)]

{peCE(H): llelloo<1}
Therefore, for all x, y € H

12
L

Li(Fa)®
e 2

Var(Pe(x,-) — Pe(y,-)) < ( —1)3|x — yl.

For ¢ € Bp(H) we have

|Pro(x) — Pro(y)| =

/H o(u)(Pe(x, du) — Pe(y, du))
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Consequently for ¢ € Bp(H)

Pep(x) — Pesly \—] [ APt a) - Pt<y,du>>\

< |lplloo Var(Pe(x, -) = Pt(y;-))

V2 Lip(Fa)? 1
<t ! t_1)2 —y|.
ey e = Dol v

For general F,, proceed by approximation:

Fo= [ onle PoF (Zm) de.

V2 Lip(Fa)? 1
(e 2 "= 1)2gllco|x = yl.
«

|Pep(x) — Pep(y)| <t
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Existence of invariant measure
Set
Y(t) := X(t) — Wa(t).

Y/(£) = AY(t) + (—A)2 Fa(Y(t) + Wa(t)), t > 0.

— *% 2 o ‘ S 21 S or .
B (1A @I 4o [ IO ds) < 1) for 20

Use energy estimate in V_1
4
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

= (AY(2) + (—A) 2 Fa(Y () + Wa(1), (—A) 2 (Y (1))
= =Y + (Fa(Y(£) + Wa(t)) = F(Wa(t), Y (1))

+ <Fa(WA(t))7 Y(t»
< _Hv(t)y@ + (Fa(Wa(t)), Y (1))

1
< =YL +olYOIF + 5=+ [Wa(0)l)-
Krylov-Bogoliubov's theorem = Existence of p,. with

I ma@) < v [ el o)

k and 6 are independent of «.
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Uniqueness of i, follows by Doob's Theorem.

Vi — H compact.
4

4

There exists a probability measure 1 on B(H) such that
Ha — H-

/HXH% p(dx) < K, /HxH“u(dx)SH.
H 4 H
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Theorem: (ES, Stannat: JDE 09')
e 1 is infinitesimal invariant for Lg.

e LF is maximal dissipative on L1(H, ).

Proof:
[ oot ua =0, e FCGOW).

f Lr,p(x) pa(dx) =0, lim / Y (X) e, (dx) = /b(X)M(dXL

n—+00°

for ¢ continuous, || (x)| < C(1 + ||x|?).
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

o Maximal dissipativity

(A — Lr)(D(LF)) is dense in LY(H, 1)?
Define
Fos(x) = / ePAF, (" + y)Noq, (dy)
H

B
Qpx ::/ e2Ax ds.
0

Fo3 € C°(H), dissipative, F, g(x) — F(x) pointwise

. _ _ . 2
Jlim G = Fag(lly =0 in L2(H, )
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

For f € ng(D(A))

()\_LFaﬁ)@a,ﬁzfy A>0

+o0o
Gap = /0 e ME(f (X 5(2.%))) dt.

Since F, g is regular and dissipative

ap € Co(H), K= sup [[Dpap(x)|1 < +oo.
a,3>0 4

Pa,B € D(E)
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

If a5 is a Cauchy sequence in L2(H, 1)

l — o in LY(H, ).
Jim o= in (H, 1)

1 1
Lrpas = L, spas + (=A)H(F = Fa5), (=A)* Da,p)
1 1
=Mpap = F + ((=A)4(F = Fap), (=A)* Dpa,p)

LY(H,p
(H,pu)

Ao —f.
a,—0 ¥

= ¢€D(LF), (A\-Lr)p="*.
= FC(D(A)) € (A = Le)(D(LF)).
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

® Va8 € D(TF)

| esLEpas(nd) = = [ (D p(x). Do)l
H H

Lr(¢3 5) = 20a,8LF a6 + (Da,6, Dipa,)-
¢a.p is a Cauchy sequence in L?(H, u)?

Set
0
‘pl,ﬁ = Pa,8 — Py, & By, 6>0.
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

3 [ bR + 5 [ (De10. D) (e)
= [ =T e )

/H (A= Tr)e (x) 61 (x) ()

- [ A
- [ =

flloo 1 i
< o Ifll H (H(_A)I,(Fm5 — F) izt + 1(—A) (Fys — F)HB(H,u)).

Bl=

(Fa5(x) = F(x)), (—=A)3 Dipa 5(x)) (%) u(d)

N

(Fy6(x) = F(x)), (—A)s Dipr, () 5 (x) ()
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Let / =[0,1], A= —=%: (Neumann bilaplacian). A <0, A= A*
on H with domain
D(A) := {v e HNHY(I) : ﬂ(x) = ﬂ(x) =0, x =0, 1},
dx dx
1
H::{veLz(l): v(x) dx = }

D((—A)%) V1 = {u e H(I), d—"(O) = %(1) =0}, V% = HY(1).
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

Set
F(u)(x) = —u3(x), wve V%.
—3
Foc(u) = fa(u)a ue V%, fa(t) = m
F., is dissipative, Lipschitz,
IFaGl < a(t + ix[3),  x € Vi
d* d?
du,(t, x) = (—dx4ua(t,x) - dsza(ua(t,x))> dt + dW,;
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Invariant measure
Maximal dissipativity

Cahn-Hilliard type equation

/HV"’H?1t pa(dv) <4, forallve Vi, m>1.

I

Existence of p,
/ Lr o(x) u(dx) =0, o € FCA(D(A)).

H
IFII% ps(dx) < +oo.
H 4
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Burgers equations

Burgers equations:

dX(t) = (Ax(t) + B(X(t))) dt + CdW;, t > 0.
X(0) = Xo

on the space L2(0,1)

> Au = DZu, u € D(A), D(A) = H?(0,1) N H§(0,1).

» B(u) = D¢(u?), x € H(0,1).

» (W;)e>0 is H- valued cylindrical Wiener process.

» C is a bounded linear operator.
(Da Prato, Debussche, Temam 94), (Da Prato, Gatarek 95),
(Gyongy 98)
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Burgers equations

For every initial valued Xo € L?(0,1). There exists a unique mild
solution

t t
X(t) = e"Xo +/ e(t_s)AB(X(S))der/ t=9ACdw,, t> 0.
0 0

with a unique invariant measure .
Moment estimates of u?
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Burgers equations

Lyapunov condition of polynomial type: There exist positive
constants «, 3, v, d and s > 2 such that

(Ay + By +w),y) < —allyll5, + BlIwls, - IyI3, + w3, + 6
for all y € D(A), w € V,,.

Theorem: (ES, Stannat: JFA 10’) Suppose A and Q = CC* are
simultaneously diagonalizable and that (—A)”2T¢C is
Hilbert-Schmidt for some € > 0. Then p satisfies the moment
estimate

[ @ IR ). p 20,5 <.
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Burgers equations

Proof:
(Ay +B(y +w),y) < —0<1||y||2% + aol|w|l3, - Hyllé + asl|wll3, + aa

§€(0,3), yeR
for A > 0 let

t
Wa_x(t) = / e(t=)A-NC dw(s), X >0.
0

Consider the following decomposition

X(t) = Ya(t) + Wa_x c(t)

dY(t) = (AYA(t) + )\WA—A(t))dt + B(Ya(t) + Wa-x(t))dt
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Burgers equations

Pathwise Control on the Stochastic Convolution

400 2
py 2
sup ||[Wa_x(t 2§c2§:7k My (8, T)?.
OStST” A )\( )H’y § e ()\+)\k)26 k( )

Here,

M5, T) = sup IO ZBS) oy
o<s<e<T [t — 5|

ind. r.v., having finite moments of any order.
(A)k>1 and (gk)k>1 the eigenvalues of —A and Q resp.

2
[War(0)] = ZW ([ et va angs) .
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Burgers equations

SO < =S IVA@0I2, + Ra(o):
Where
RA(t) = 0 + v[[Wa-x(8)[5, + H Wa_x(t)l%,

lS
€

- (i(ﬂMT(w,s) " 1))

Conclude moment estimate for

X(t) = Ya(t) + Wa-x,c(2).
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Burgers equations

Multiplicative Noise:

du(t) = (Au(t) n F(u(t)))dt +g(u(t))dW,, for t >0,
u(0) =x € H,

» g is Lipschitz from H into Lys(H) with Lipschitz constant L.
» F is locally Lipschitz, dissipative and there exists a continuous

2
function p: RT™ — R, with lim P(g) = —o0 such that
r—4+oo0 F

(F(u), u) < p(|lullg), ue Vs

= VYA>0 3K, >0 (F(v),v)<-=\|v|3+ K.
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Burgers equations

Theorem: ((ES, Scheutzow, Toelle, van Gaans) For every Lipschitz
diffusion term g. The solution

t t
u(t) = ePx+ / e(=)AF (u(s))ds+ / (=g (u(s))dWs, t>0,
0 0

has an invariant measure p. (Appl. Math. Optim. (2013)).

Application: Reaction diffusion equations with multiplicative noise.
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Burgers equations

Thank you!

measures for SPDE’s
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