APPROXIMATION OF THE SPECTRUM OF A MANIFOLD BY
DISCRETIZATION

ERWANN AUBRY

ABSTRACT. We approximate the spectral data (eigenvalues, eigenfunctions and heat kernel)
of compact Riemannian manifold by the spectral data of a sequence of (computable) discrete
Laplace operators associated to some graphs immersed in the manifold. We give an upper
bound on the error that depends on upper bounds on the diameter and the sectional curvature
and on a lower bound on the injectivity radius.

1. INTRODUCTION

We prove that the spectral data (eigenvalues, eigenfunctions, heat kernel) of any closed
Riemannian manifold can be approximated by the corresponding spectral data of the Laplace
operator of some graphs geodesically immersed in the manifold. It is an extension of the finite
elements method to the Riemannian setting. The two main points of our method are the
following.

(1) The error made on the spectral data are bounded above by universal functions of some
bounds on the geometry of the manifold (i.e. bounds on the injectivity radius, the
sectional curvature and the diameter) and of the graph (i.e. bounds on the thinness
and mesh of the graph). This errors tend to 0 as the mesh of the graph tends to 0.

(2) The Laplace operator of a metric graph is a universal and explicitly computable function
of its edge-lengths.

Before stating our main results, we need a few definitions and notations.

1.1. Definitions and notations. We will work with a special kind of immersed graphs, that
we will call geodesic triangulations (see the definition in Section 2). They are not necessarily
actual triangulations of M (for instance the simplices of dimension greater than 1 are not
necessarily realized as subset of M) but are more easier to construct.

A geodesic triangulation T' of an n-dimensional Riemannian manifold (M™,g) is a set of
points (x;)1<icn of M endowed with a structure of abstract simplicial complex K which satisfies
the two properties 2.1 and 2.2 of section 2. We denote by S, the set of closed p-simplices of K.
We identify the edges of K with some minimizing, geodesic segment between their vertexes.
For any closed simplex o of K, we set St(o) (resp. St,(o)) the set of the closed simplices (resp.
of dimension p) of K that contains o. The vertices of any o € S, are naturally ordered by
their indices (0 = {4, (0, - - -, i, (p) } With i5(0) < ... <'is(p)). We set X, = z;,,, and for any
distinct 0 < k < n, we set v{ a vector of Tx, M such that z; x) = expx, (v]). We set also A”

the associated Gramm matrix (g(vg, vl")) . Given a geodesic triangulation of (M™,g),

1<1<n
1<k<n
we note mq its mesh (the maximal length of its edges) and O its thinness, i.e the quantity
length(e
Or = max( max mr(det A")*ﬁ, max 97(1)>
o €Sy, (e1,e2)€5: length(es)

0<k<n

Key words and phrases. Spectral theory, graphs, finite elements, Riemannian geometry, finite elements,
discretization.
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Eventually, on the set RY of functions y : T — R, (where N is the number of vertices of 7' and
we identify T with Sp), we define two quadratic forms by the formulae

(1.1) |y|§~:(L Z Yilj Z Vdet A,

n
+2)! 1<i<j<N €Sty ([@4,75])

1 SN
(1.2) = Z Vet A7 > (A" (i, (1) =i (0)) Wi (1)~ Vi (0)-
€S,

k=1

Note that if K is a sub-complex of R™ then |y|r and g7(y) give respectively the L?-norm and
Dirichlet energy of the affine-by-parts expansion of y.

1.2. Main results. For any closed, Riemannian n-manifold (M, g), we denote by dps its di-
ameter, by R an upper bound of all its sectional curvatures and by i,; its injectivity radius.
We denote also by 0 = A\g(T) < -+ < Ay_1(T) the eigenvalues of gr with respect to | - |2 and
0=XA(M) <A\(M) <--- < (M) <--- the eigenvalues of (M",g).

Theorem 1.1. Let n > 2 be an integer, and e €]0,1[ be a real number. There exists a constant
C(n) such that if

i) (M™,g) is a closed, Riemannian n-manifold which satisfies §3; |R| < A?,

i) T is a geodesic triangulation of M which satisfies ;”Tj < C’(n)(z¢

)3n3
€
om Orectp

7

then we have
(1= e)Ap(T) < Ap(M) < (1 +€)Ap(T).

Remark 1.2. The constant C(n) is computable. The second condition says that any finite
number of eigenvalues can be approrimated provided the mesh of the graph is small enough and
the thinness is controlled.

Remark 1.3. The matrices A° depend on the angle between some edges of T issued from a
same vertex, but the same result is valid if we replace the coefficient g(vy,vy) by

1

3 d*(Xo, 2, 1)) + A2 (Xo, 21, 1)) — d* (24, (k) xic,(”)}

in the definition of the matriz A°. This gives approzimation of the eigenvalues of M by the
eigenvalues of a discrete Laplace operator whose coefficients are universal functions of the
lengths of a geodesically immersed graph of M.

Note that in [4], the authors get the same result for another geometric quadratic form qr,
whose coefficients depend on the volume of the Voronoi cells associated to a lattice (x;);cr which
need not to be the vertices of a geodesic triangulation.

We denote by (fI) the eigenvectors of gr with respect to | - |% and let (fi);en be a L2
orthonormal family of eigenfunctions of (M™,g) such that Af; = A;f; for all i € N. For
some integers p < ¢, we set E, , (resp. F},,) the sum of the eigenspaces of A(M) (resp. gr)
associated to the eigenvalues (A\;(M))pr1<i<q (resp. (Mi(T))p+1<icq and Py 4 (resp. Qp4) the
normal projection on E, , (resp. F, 4).

Theorem 1.4. Under the assumptions of Theorem 1.1, if there exist some integers p < q

and n > 0 such that A\p + 1 < Apy1 and Ay + 1 < Agqa, then for any f € E,, we have
Clgm,AZMLy o

IR(f) = Po.go RUNT < — 7 (5L)&= | R(f) |7, and for any (yi) € Fp, we have [W (y:) -

Qpa© WH)IZ < Cla,n, A, 328, 0) ()5 [W () 2.
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To get an approximation of the spectral data of (M™, g) by those of g7 in Theorems 1.1 and
1.4, we need some geodesic triangulations with arbitrary small mesh but bounded thinness.
The existence of such fat triangulation is often admitted or conjectured but we do not know
complete published proof of this fact. For sake of completeness, we give a constructuve proof
of the following result (based on the previous work of J.Cheeger, S.Miiller and R.Schréader).

Theorem 1.5. Let n > 2 be an integer and D, iy and A be some positive real numbers. There
exist some constants S(n) and C(ig/D,A,n) such that for any Riemannian manifold (M™, g)
with diameter §y; < D, sectional curvature 5%/1 |R| < A? and injectivity radius iy; > ig and for
any € €]0,C(io/D, A, n)|, there exists a geodesic triangulation T of M with mesh my < € and
thinness ©p < 1/C(ig/D, A, n).

Remark 1.6. Once again the constants of Theorem 1.5 are explicitly computable. Combining
Theorems 1.5 and 1.1, for any compact manifold (M™,g), any N € N and any € > 0 we get a
method to construct a geodesic triangulation T of M such that we have (1—e)\p(T) < Ap(M) <
(14 €e)Ap(T) for any p < N.

1.3. Main steps of the proof. Let (E,(-,-)) be a Euclidean space endowed with a bilinear
symmetric form ¢, and Ao < -+ < AgimpE—1 be the eigenvalues of ¢ with respect to (-, ). Using
the min-max principle we readily infer the following spectral comparison principle.

Proposition 1.7 (small eigenvalue principle). Let (El, (-, )1) and (Eg, (- >2) be two Fuclidean
spaces endowed respectively with quadratic forms q1, q2. If there exists a linear map ® : By — Ey
and two positive real numbers o, B such that

(@(z), ®(x))2 = afz,z) and 72(®(2), 2(z)) < Bar(z,2),
then we have A\i(q2) < g)\k(ql) for any k.

Proposition 1.7 is usually used to compare spectra under small perturbations on the metric
or on the manifold. It is the key tool of our eigenvalues approximation method.

Given a manifold M and a geodesic triangulation T' of M, we denote by (x;)1<i<n the
vertices of a T, by E, the subspace of H?(M) spanned by the p + 1 first eigenfunctions
(fi)o<i<p of M, by R : E, — RY the natural restriction map R(f) = (f(x;))1<i<n, by {-,-) the
scalar product on E, induced by the L?-norm on M, and we set ¢(f) = [}, |df|*. The spectrum
of ¢ with respect to (-, -) is given by the p + 1 first eigenvalues (counted with multiplicities) of
M. We then proceed in two steps.

(1) A Moser’s iteration scheme gives bounds of the quotients Hﬁ?f”!‘” on E, \ {0} by a

universal function of A,, § and A (see proposition 3.1). This Hessian bounds imply the
following estimates (see Propositions 4.1 and 4.2)

(13) (R RG— [ P <ome [ 1
(1.4 ar(R() < (1+Cma) [ P

for any f € E,, where |- |7 and gr are the discrete quadratic forms on RY given by the
formulae (1.1) and (1.2), and where C' is a constant which depends on bounds on A,
and on the geometries of (M™, g) and T'. Proposition 1.7 gives then some lower bounds
on the spectrum of (M™, g) of the form (see Theorem 4.7) A\i(M) > (1 — Cmy ) Ae(T)
for any k < p.
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(2) In Section 4.3, we construct an expansion (Withney) map W : RN — C>(M) such
that R o W = Idg~ and which satifies the following estimates

(15) 1wl = [ W] < cmr (1l + arw).

(16) /M AW () < (1+ Cma)ar (),

for any (y;) € RY. From Proposition 1.7 again we infer that for any & < p we have
(1= Cmq)Ae(M) < \g(T) (see Theorem 4.8). The construction of the withney map is
the main technical difficulty of the proof. It is done by local mean of the affine expan-
sions obtained by identifying the simplex of the geodesic triangulation with Euclidean
simplicex through the Riemannian exponential maps at the vertices of the simplex.

Note that J. Dodziuk [9] developed another generalization of the finite element method to
compact Riemannian manifolds in which, to any smooth triangulation of (M, g) is associated
the subspace of H12(M™, g) of the continuous functions on M which are affine on each simplex
(this subspace has finite dimension). The authors consider on it the quadratic forms induced
by || - [|2 and the ambient Dirichlet form ¢(f) = [}, |df|* . They prove that the spectrum of the
discrete Dirichlet form with respect to the the discrete L? norm converges to the spectrum of
(M™, g) when the mesh of the triangulations tend to 0 with controlled thinness. However, they
do not prove that the error is bounded by geometrical bounds on the manifolds, and moreover,
the discrete quadratic forms cannot be explicitly computed as function of the geometric data
(edge’s lengths, edge’s angle) of the triangulations.

The proof of Theorem 1.4 is done in section 5 using the above estimates and the technique
developed by Y. Colin de Verdieére in [8].

Aknowledgement We thank S.Gallot for fruitful discussions and C.Vernicos for bringing our
attention to the paper [4].

2. GEODESIC TRIANGULATIONS

2.1. Definition. A geodesic triangulation T" of an n-dimensional Riemannian manifold (M™, g)
is a set of points (x;)1<i<n of M endowed with a structure of abstract n-dimensional simplicial
complex K whose simplices are all contained in a n-dimensional simplex of K and which satisfies
two more properties for which we need to complete the notations of the introduction.

For ¢ € S, and any distinct 0 < k,l < p, vf; is a vector of Ty, , M such that z;, ) =
1#k "
m £k
For any vertex = of T and any o € St(x), C, is the cone of T, M spanned by the vectors
(Ué“)*l(z)l)()glép' Note that for any o € S, we have X, = z;_ (o), L] = L§;, and A7 = AJ
(according to the definitions given in the introduction section). For any simplex o of K, we
denote by N, (o) the set of all the simplices of dimension p that intersect o.

We set F = {(6;) € R"*1/ 3.0, = 1}. For any A € R, A} is the closed n-simplex F' N
[1 — A\, +oo["™! (we will denote A™ = AF). Given o € S, and 0 < k < n, we get some local
barycentric coordinates on M by the formula

Bi:(6:) € Frexp, (Z Olvgl).
1#k

We set A - T, = BJ(AY}). Eventually, a geodesic triangulation T has to satisfy the following
two properties.

expxia(k)(vgl) and |vf;| = LY, = d(z;,x), i, 1)) We set A7 the matrix (g(vgl,vgm))

(2.1) For any vertex z of T', (Cy)scst(z) induces a triangulation of the unit sphere of T, M.
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(2.2)  For any disjoint 0,0’ € S,, and any 0 < k, k" < n, we have BZ(A™) N By (A™) = 0.

Eventually, a geodesic triangulation with boundary T of an n-dimensional Riemannian
manifold (M™,g) is a set of points (x;)1<i<n of M endowed with a structure of abstract n-
dimensional simplicial complex K whose simplices are all contained in a n-dimensional simplex
of K and which satisfies condition (2.2) but condition (2.1) only for vertexes not on the bound-
ary of K, where we call boundary of K the complex of the simplices of K that are contained
in a n — 1 simplex of K itself contained in only one n-dimensional simplex of K.

2.2. Metric estimates. We now study some metric properties of the geodesic triangulations
in bounded geometry. We first recall some estimates on the Riemannian exponential map whose
proofs can be found in [5].

Theorem 2.1. Let (M™,g) be a compact, Riemannian manifold with 63;|c| < A

Let v € T, M be fized, y = exp,(v) and for any w € T, M, let w(t) be the parallel translation
of w along t — exp,(tv). If we define two maps from T, M to M by F(w) = exp, (v +w) and
G(w) = exp, (w(1)), then they satisfy the following estimates

A A
A(F (). G(w)) < gd(a.g)luly, 3 sinh (3 (d(z.9) + [ul,.)).
sinh(A 2L
e, )~ w(D)] <l G 1),
s

Theorem 2.2. Let (M",g) be a manifold with 63;|c| < A% and € < inf(iM, %{) be a positive
real. Then for any x € M, the map exp, is a diffeomorphism from B(0,,€) C T, M to B(x,¢)
and for any u,v € B(0,,€) we have that

€

Onm

€

(1= A=) |u = vlg, < d(exp,(u),exp,(v)) < (1+ AQ((;M )?)lu—vlg,

If T is a geodesic triangulation of (M",g) with mesh smaller than iy, /10, then for any
o €S, and any 0 < k < n, the map Bj gives some coordinates on a neighbourhood of Af.
We can compare these coordinates for fixed o but different values of k.

Lemma 2.3. Let (M™,g) be a manifold with §3;|c| < A% and T be a geodesic triangulation
with mesh 10myp < inf(z'M7 %{) For any o € Sy, any 0 < k1, ks < n and any (0;) € AY,, we
have

(o o m
(B, (6:), BL,(6:)) < 10A2(5—;)2m3pz 16;].

Proof. Let (0;) € Afy. Weset v =17, and wg =, 0;(v7 ; — v ,)- Then we have Bf (0;) =

exp,,. (h)(v + wp). If we(t) is the parallel transport of w along s ~ exp,. (kl)(svgl,m) then
Theorem 2.1 implies that

- A
A(BE, (00), 050, (w00(1) = d(exp,, o, (0 + wa),expy,, (wo(1)) < (5 ) 316,
For 9; = §;; we get

d(Bgl (5”)7eXpITU(hz)(wlszl(]‘))) = d(expl’ia(kZ)(,Uz‘-gl)’expmia(k?)(w(sil(]‘))) S (E)szw
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A
|g$i(r(k2) < <E

g o
from x;_(r,) to x;_(x,) of the vector vf ; — vy ;. . Hence we get

d(BY, (6:), BE, (6:)) < d(Bf,(0),exp,.,_ . (wo(1))) + d(exp,,_, (ws(1)), BE, ()

A
T DI EL CC <; 01uf,1). exD, @ )

A
g(éM)me mTZWl

so, by Theorem 2.2, we have |uf_,—v{ , )?mi., where ug_, is the parallel transport

<(

For any 7 € S, with 1 <p <n —1, we set

p
= |J U_jesp., ({Z()jvgigl(ww))/oj >0,30, g1}>,

o€St,(T)

.= |J Uioexp,, ({ZGJ Vit 0 20D 05 < 1})

€Sty (1)
For any subset A C M, we set B(A,r) the tubular neighbourhood of A and radius r. If A is
empty we set B(A,r) = 0.

Lemma 2.3 implies the following result.

Corollary 2.4. There ezists a constant C(n) such that if (M"™,g) and T satisfy 63;|c] < A?
and 10mrp < inf(iM, %) then we have the following properties
1) 67, <mp(l+ 10(2& =) 2m3.) for any o € Sy,
2) the (1—n)-T,) veg, are disjoints and the (1+n)-Ty,) ses, cover M,
3) for any 0,7 € K such that o N7 =0, we have d(Ty,T,) > ==L
)

(
(
( = Cc(mez’

(4) for any o € Sy and T € K, the tubular neighbourhoods B (TT, artl ?—MTmT) and B (Ta\

B(Tam, OépgﬂmT) aPtl ?—TmT) are disjoint,

where n = C(n )@2"( )mT and o = W

Proof. We set m = mp and © = Or. Since the points x;_ () are in B(Xg,m) the n- simplex
Ay = (0x,,05,-..,05,) of Tx, M has a diameter less than W < m(1 4 2(A2)2m?).
Moreover, if ¢’ is a (n — 1)-face and H is the iso-barycentre of AU, then the distance from H
to o’ is equal to (ni\{())lvAola/ > C(n)@%. Hence, Theorems 2.3 and 2.2 imply that we can choose
C(n) large enough so that T, have diameter less than m(1+ 4(%)27712), the (1+n)T, contain
all the BJ(A™) (0 < k <n) and (1—n)T,NBY (A™) = for all o' € S,,\ {o} and all 0 < k < n.
In Particular the ((1 — n)T[,)UGS are disjoint.
Let 7 € S), be a simplex of T. We now show by recurrence on p that

oM

Ny = U Bi';l(a:i-,-(k))(A )
o € Np(7)
0<k<p
is a neighbourhood of T; in M and that d(T,ON,) > W.

Note that for any o € S5,,, A, has heights greater than "\\,/c‘:ll ﬁ"

face of o with dimension n — 1 and smallest volume. So the case p = 0 derives from the first
axiom of geodesic triangulations and from Lemma 2.3.

> C(n’)”@%, where o’ is the
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If 7 is of dimension p > 1 then exp, ({Z;Lo 93-1)]‘;,1(90 ))/9j >0, Y. 60; < 1}) is interior
i = s (@i

to U ngl(u(k)) (A™) for any 0 < k < p, by the first axiom of the geodesic triangulation
€St (Tiy (k)

and the smallness of m. Its boundary is also included in N, by the recurrence assumption and

Lemma 2.3. So T7 is a subset of N;. It remains to show that d(T7,0N:) > zrjgz, which

combined with Lemma 2.3 will imply that T is included in N, and that d(T;,90N,) > ﬁ

for C(n) large enough. By pulling back the vertices of N to T}, (o) under the map XDy, ) WE
can assume that (M™, g) = (R", eucl) (by Lemma 2.3 this operation does not change m and ©
too much for C'(n) large enough). In that case T’ is a real simplex and by convexity argument
on the distance function, d(T,,9N,) is bounded from below by the infimum of the distances
between disjoint faces of a n-simplex of T;. For a n-simplex with mesh m and thinness O,
an easy computation, based on multi-linearity of the determinant, gives that this distance is
bounded from below by W.

We easily infer (3) from what precedes and from the second axiom of the definition of the

geodesic triangulations. We also have U Ur_oBr (A™) both closed and open in M, and so
ocES),
equal to M. This implies that the sets ((1 + n)Tg)UGSn cover M.

The property (4) is obvious when ¢ C 7 or 7 C ¢ and follows from (3) when e N7 = 0. In
particular, (4) is true when o or 7 is a vertex. We now suppose that 7 and ¢ intersect and no
one is a subset of the other. As for Point (3), we pull back o and 7 in T, M, where z is a vertex
of o N 7. By Lemma 2.3 it remains to show that (4) is satisfied in the Euclidean case.

Let a(n) > 0 such that for any k-face o and any face 7 of A™ we have
B(o\ B(oNr,a"),a")nB(r,a"") =0
By dilation based on a vertex of 7 N o and rate r < 1 we get
B(o\ Blonr,a"r),a* ) N B(r,a"r) =0
Since the linear map which maps A™ to any T for s € S, is auto-adjoint with eigenvalues in

[C(Z))m,C(n)m] and by Lemma 2.3, we get point (4). O

Given a geodesic triangulation T of M, we set, for any € M, dimy(z) = inf{p > 0/30 €
Spyd(z,T,) < %ﬁlmT}. This is well defined by Point (2) of Corollary 2.4 as soon as

M

5 .
myp < WM' For any simplex o € S, we set
mTaP'H mTadim T+1
5, = B(T, " )\ U B(r )
oM oM
TCOo
S, = 5
TCo

The following properties follow readily from Lemma 2.3 and Corollary 2.4. It fundamental for
our application to spectral approximations. It says that, even if a geodesic triangulation is not
an actual triangulation of the manifold, you can decompose the manifold into some thickening
of the generalized faces Ty.

Proposition 2.5. Let (M™, g) be a manifold with §3; |o| < A? and T be a geodesic triangulation

of M with 10my < inf(ip;, ——2%—— ). We hawve the following properties
f r < inf (i, Ggat i) f g prop

(1) for any o € S,, we have S, = {x € T,,/ dimp(z) = p},
(2) M is the disjoint union of the (Sy)scx and for any (o,7) € K2, we have S, NS, =
g(ﬂ'ﬁ”

(3) for any o € S, and T € St,(0) we have that Vol S, < C(n)(?—MT)nfp Vol S;.
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2.3. Construction of good geodesic triangulations. Given a compact manifold, we can
use the Riemannian exponential maps to construct some geodesic triangulations at the neigh-
bourhood of any point with bounded thinness and arbitrarily small mesh (image of some Eu-
clidean triangulations of the tangent space) and then adapt the Cheeger-Miiller-Schrader ([6])
procedure to interpolate these local triangulations in a global, controlled triangulation of the
manifold.

To make easier the control of the thinness in our construction, we will work with an alter-
native (fortunately equivalent in bounded geometry) thinness Or of triangulations. In that
purpose we replace the Gramm matrix A% by the matrix

<o 1
A7 = (5 {dz(xm%m) + (X, wi,0)) — d2(ffia<k>,ffia<n)D

in the definition of the thinness given in the introduction. By Theorem 2.2, if (M™, g) satisfies
§2/lol < A% and mp < inf(zM, ‘;ZX) then we have

(1= W25 g G < d(Xoi, ) < (14 A2(5207) e
(1= M0 07 5y < A, 0)? < (14 A2(GEDP) 1P

mr 2 o o 2 &
(1 _A2(E) ) o7 =715 < d(@i, s i, m)? < (1+A2(E) ) lo7 = vl

k,l

which easily gives ’Agl —Ag, ‘ < 6m7.(AFE)?. This easily implies the existence of some functions

C, Cy such that 1 < C1(O7,n) and O < CQ(C:)T,n) as soon we have mr < inf(iM, ‘;—1‘1()
Note that this two thinnesses coincide for Euclidean simplicial complexes and the our thinness
is essentially the inverse of the fatness used in [6].

Let (2;)i;er be a maximal family of points of M such that the balls B,,(10+/¢) are disjoint.
Let Iy,---, I} be a partition of I into (non empty) parts such that each (B, (40y/2))ic1, is
a maximal family of disjoint balls among the (By,(40v/€))ier\uy.,1,- Since for iy € I and
for each j < k, By, (40y/) has to intersect at least one ball By, (40y/€) with z;, € I;, the

Bishop-Gromov inequality gives us
Vol B,, (160+/2)

kVol By, (12012) < ZVolB (160v&) < ZVOIB 10\[)”1“W

< C(n) Vol B, (120V/)

(n)
and so we have k < C(n )foranyg\cf.

By iteration, we will construct a family of geodesic triangulations, possibly with boundary,
Ci,---,Cy in M with mesh less than eC(i,n), thinness ©¢, < C(i,n) and whose vertices of
the boundary are outside the set U%_; Ujer, Ba, (30v/€ — ¢(i,n)e) for any e < C(ipr, n, §). For
t=kand ¢ < C(ip,m, A) C W111 be a geodesic triangulation of M (without boundary since
UB,,(20y/c) = M) with mesh less than C(k,n)e and thinness less than O(n) = C(k,n).

For any e > 0, there exists a constant C'(n) > 0 such that R™ admits a triangulation with
mesh less than ¢ and thinness less than C(n). For any i € I, let T; be such a triangulation of
T;;M and T the subcomplex whose simplices are those of T; contained in By, (30y/€) C T., M.
For any j € {1,---,k}, we set K the simplicial complex U;cr,T]. K is naturally identified
with an abstract simplicial complex of M with vertices {exp,, (y),y € T},i € I;}. By Theorem
2.2, we have mg,; < ¢/2 and C:)K < 2C(n) for any € < C(n, iM,‘SA ).

We set C; = K 1. Assume that C; is constructed. We now construct C; 1 by interpolation of
C; with K,1;. For any [ € I;11, we consider in T, M the complex 7] and the complex S; whose
vertices are the pull back by exp,, of the vertices of C; that are contained in By,, (40y/2), and
whose simplices have the same combinatorial than in C;. Using Theorem 2.2 as above we get
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that S; is an Euclidean complex with mesh less than 2C(i,n)e and thinness less than 2C (i, n)
1

for e < PID) inf (i, %) for n(i,n) large enough. In what follows, for any Euclidean complex
T, we denote by T its support, i.e. the union of its simplices. Let A; (respectively Aj) be the
complex formed by the simplices of T} (respectively not) contained in Sy, and B; (respectively
B)) be the complex formed by the simplices of S; (respectively not) contained in T’;. We set
D; the set of simplices of T,;, M that are intersection of a simplex of A; and of a simplex of
B;. Let Ej be the set of the simplices o of A} disjoint from Bj and whose intersection with Dy
is either empty or a union of faces of . Similarly, we set Fj the set of the simplices o of B]
disjoint from A] and whose intersection with Dy is either empty or a union of faces of o.

Dy is a polyhedral complex. We obtain a triangulation D;] of D; by first barycentric subdi-
vision as follows. Let C be a cell of D;. It is a closed, convex polyhedral cell, as an intersection
o No’ with o in A; and ¢’ in B;. For each face o, C C, we set p, the isobarycentre o,. The
simplices of Dj are those spanned by all sets pq,, ..., Pa,, With 04, € 04,,, forany 1 <i <t—1.
By the proof of Lemma 6.3, p.439-440, and by Lemma 7.1 3) of [6], there exists some con-
stants f(©,m,n), g(©,n) and h(O, n) such that, up to a move of the vertices of T} by at most
€2C(i,n) f(2C(i,n),n), the thinness of D is less than ¢(2C(i,n),n) and its mesh less than
eh(2C(i,n),n). Actually, we perform this deformation of the complex T} before the definition
of the complexes A;, A}, By, B}, D;, E; and F;. Since [6] allows a control of the thinness of the
first barycentric subdivision of any intersection cell of a simplex of (the deformation of) 7} and
of a simplex of Sj, there is no circular definition.

To extend this triangulation to F; U F}, we keep unchanged the simplices of E; U F; that do
not intercept Df and we subdivides all the n-simplices of E; (or F}) with non-empty intersection
with Dy. For such a simplex o of E;, we have 0 "Dy = 0o N JDy, since any cell of D; is covered
by some simplex of Aj, and so different from o. The triangulation D] induces a partition of
oNDy, which by definition of F; is a triangulation (90)’ of do. We then subdivides o by forming
all the simplices spanned its barycentre and by a face of (0c)’. Thus we get a triangulation Gy
of E; U F;. Once again, by Lemma 7.1 3) of [6], the thinness of G is less than g(2C(i,n),n)
and its mesh less than h(2C(i,n),n).

We set Cf,, ; = GiUDj and C(i+1,n) = max(1,g(2C(i,n),n), h(2C(i,n),n)). Then Cf,
is a simplicial complex of Ty, M with mesh less than eC'(i+1, n) and thinness less than C(i+1,n).
Indeed, since G; and D] are simplicial complexes, we just need to remark that a simplex of G,
and a simplex of Dj intersect along a simplex of D] by what precedes. Moreover, any point
of T{ U8, is either in Dy or contained in a n-simplex of Aj or of Bj. So (TjUS))\ Ci,,, is
covered by the simplices of A] (respectively of Bj) that intersect B (respectively A;) or whose
intersection with D, is not a union of their faces. In the former case, the simplex obviously
intersects both 95; and 97} and so is at distance from 08y and from 9T} less than 2mcl(+u.
It is the same in the latter case, since if o is a simplex of (for instance) A] whose non empty
intersection with Dy is not a union of face of o, then a face ¢’ of o must satisfy ¢’ "Dy # 0 and
o'\ Dy # ). Tt first gives that o intersect S; (but is not contained in S;) and so is at distance
from 0S) less than mey,, - By definition of D;, ¢’ N Dy is covered by some simplices of T}
contained in S, and since T} is a simplicial complex, we get that ¢’ C Sy. So ¢’ is covered
by some simplices of S;. Since ¢’ is not in D, we infer that o’ intersect some simplex of Bj.
Hence, ¢’ is at distance from OTj less than mey,, and o is at distance from 0T less than
2mcy, - We infer that (T7US1) \ Ci 4, is covered by the intersection of the 2mcy, , -tubular
neighbourhoods of 97} and 05;.

We now set C 41, the union of the vertices of C;\ By, (35y/€) and of the image by exp,, of the
vertices of G; U D;. We endow it with the abstract structure of complex obtained by gathering
that of C; \ By, (304/€) and that of G; U Dj. Since the complex S; is not deformed during the
previous interpolation and since the only vertices of S; that disappears during the interpolation
are in By, (35+/¢), we really get an abstract structure of simplicial complex on C;41; such that
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any simplex is contained in a n-dimensional simplex. Moreover, by Theorem 2.2, C;11,; is a
triangulation with boundary of (M™, g) with thinness less than 2C(i 4+ 1,7n) and mesh less than
2C(i+1,n)e for any € < C(n, iy, ). Finally, by what precedes the vertices of the boundary of
C;+1, are the same as the vertices of the boundary of C; outside By, (30y/+C(4,n)e) and are at
distance less than C(i, n)e from 0B;, (301/2) inside By, (30y/e+C(i, n)e) for any e < C(n, iy, $)
(once again by Theorem 2.2). From this, we get that the vertices of the boundary of C;41, are
outside (U'_; Uper, Ba, (30v/€ — c(i + 1,n)e)) U By, (30y/2 — (i 4 1,n)e).

Ciy1, is just the interpolation between C; and 7]. But since the family of balls B, (40y/2),
I € I;4; are disjoint, we can interpolate C; with all the 7] (I € I;;+1) simultaneously to get
Ci+1. Note that the constant ¢(i + 1,n) and C'(i 4+ 1,n) will be the same whatever the cardinal
of I;14 is since the operations done during the interpolation of two different 7] do not interact.
So we get the geodesic triangulation C;;1 with all the needed estimates.

Note that the image of any simplex of our geodesic triangulation by the barycentric co-
ordinates map associated to its vertices gives an embedded simplex of M and thus a true
triangulation of M whose edges are minimizing geodesic segments.

3. ESTIMATES ON THE EIGENFUNCTIONS

The following proposition gives bounds on the gradient and Hessian of the eigenfunctions.

Proposition 3.1. Let (M,g) be a compact Riemannian manifold with delta’;|o| < A%. For
any f € E,, we have that

(3.1) 1]l < C)e T2+ 82, Ap) E]| ]2,
(3.2) s ldf oo < Cn)e T 1+ 62, 0) % sar lldf |y < C(n)e (1 + 62, M) T [|£llos
(33)  6u | Ddf |0 < C(n)e™ M1+ 62, A)F df [l oo < Cn)e> (1 + 63, A,) T | df -

Remark 3.2. The three first inequalities of Proposition 3.1 are valid under the weaker assump-
tion §3; Ric > —A?g.

Proof. The proof of Proposition 3.1 is based on a Moser iteration schema. For any f € H'(M),
we have the Sobolev inequality || f[| 2 < C(n)es™ gar ||df|l2 + || f]l2 (if M is a surface, this
inequality, and what follows, is valid with n = 4).

Let A = D*D be the rough Laplace operator on covariant tensors of (M™, g) (where D* is the
L? adjoint of D). The rough Laplace operator coincides on the functions with the usual Laplace
operator and, on the 1-forms it is related to the Hodge Laplace operator by the Bochner formula
A = A + Ric. For any tensor T on M it satisfies the equality (AT, T) = |DT|? + A(|T|?).

Let T be any tensor on M and V be a field of symmetric endomorphisms on the covariant
tensor bundle of M. Fix a real V. > 0 such that <V (T),T> > —V|T|? for all tensors T. We

set u = +/|T|? + €2, then we have that

uAu = %A(@ﬂ) + |dul® < ZA(T*) + |DT|? = (AT, T) < |(A + V)T|u + Vu?.

N

This inequality and the Green formula gives, for any real k£ > 1/2

Hd(uk)H2 _ k2 / (du, d(u?*—1)) _ k2 / (uAu)u?F—2
27 2% —1)y VoM 2k—1Jy VolM
2

<
—2k—-1

(A + V)T ok [lull 3" + V3]
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We apply the above Sobolev inequality to the function u* and make then e tends to 0. This
gives us the following inequality

C(n)kSare?

O I + VT I + VTR

(34) Tl < (ITIE +

We have E, = Vect{f;, i < p}. For any k > 1, we set A, = sup [FA
rer oy [1f2
lldf |«

fer\{o} lldfll2

(resp. By =

). Since E,, is stable by A we have

[Afllar < Agil|[Afll2 < Az Ayl fl2, |Adf ||lar. < Bok||Adfl2 < BagApl|df||2-

Hence, by applying inequality 3.4 to T = f and V =0 (resp. to T = df and V = Ric), for any
f e Ey, we get

2Ak 2N
Aonr < 1—|—C ¢ 51” Aoy
V2k —

C(n)e3’k

Bawm < |14

1/k
(n—1)A2 + 62, )\p) Bay,

We multiply the inequalities obtained by setting successively k = v/ with v = —5 > 1 and
j € N. Since A,, tends to Ay, (resp. By, tends to Bs,) when m tends to co, we get

oo 2 A

ZALj )
max(Ase, Boo) H( njez v (n—l)A2+5]2V[>\p> .

ZVJ

To get a more convenient upper bound, note that 1+avb < v/1+ b (1 +a) and that the infinite
1

product [72, (1 + \/215771 ) v converges, hence

max(As, Boo) < C'(n)e 8 (14 (n — A2 + 62, ),) ¥

This gives us the first three inequalities of proposition 3.1. For any f € E,, we have (see for
instance [1])

(3.5) <ZDdf,Ddf>g<(D*R)df,Ddf>+C(52) |Ddf|* 4 (DAdf, Ddf).
M

Now, if we set u = \/|Ddf|? + €2, we have uAu < (ADdf, Ddf). From Lemma 3.5, we infer

/M ld(u*)]? < %kg /(uAu) (k—1)

kK2 /C -
= 2k — 1( - ) i3 +/M<DAdfa Ddfyu?*=Y +/M<D*Rdf, Ddf>u2(k*1)>

(3.6)
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The divergence theorem applied to the field u?* =V (Adf, Dodf)#, gives (Vk > 1)
[ (DB Day D — [ R < o - 1) Y (S, D (el
M M i

g/ |de|2u2<k—1>+2(k_1)/ Adf | dufu2=D)
M M

< E/ |du|2u2<k*1>+(2k—1)/ |Adf)?u?*—D
2 M

k-1
< S5 [ auPtD ok = 1) [ (A + Rl Pt
M

k-1 _ C(n -
< B2 [ 1ok - nagiz + SO e, [ ween,
2 M é M

M

The same process applied to u2(k’1)(tr173(<R(.7.)df, Do Ddf)))#, combined to the equality

S (Rdf(es, ), DS (er, 7)) = 5| RAfP,

,J

gives:
/ (D* Rdf, Ddf yu**~Y
M
/ SIRAf)PuFD 420k — 1 Z/ (€1, €5)df, De, df ydu(e;)u* 3

k—1
<= [ |dul?u®®Y 4 (2k — 1)/ | Rdf |Pu?=1
1

2 M
k—1
<A 2@ 4 (2% — 1) COA e / 2(k-1)
2 Jy 5t

M

Since [, [dul?u?*~1) = L [ |d(u¥)[?, inequality (3.6) implies:

C(n)A? C(n)A*
S S

(s

)3 < 413 ( I 23573 + N Adr 2l 3572 )

Now, since ||Adf||co < BoolAdf||2 < BOO)\pdeHOO, we get

2 4
Ja(utyig < 1 EE 22l + 1 D14 52007

We can now apply the Sobolev inequality to get:

df | s n
1Dy < 1D + KCG)A | Das (1D o + L2214 52,0, 1)
st e
< DA 5 1Dd o (14 Ol K(1 4 (14 63 0) 5 = Trp o))

< IDAf 551 Do (1 + )M (1 + 53, >"+“)

since we can suppose that §as [|Ddf||co > ||df]|co. Hence (set k = a;/2+ 1)

NS

Fuas < [+ O 1+ 63 0,) 4] B,
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ap
where v = 25 > 1, I} = (Hgg;”‘”)"l and (a;) is the sequence defined by ag = 2 and

ary1 = 75 (a; +2). Since the sequence a;/v! tends to n, we get
|1 Ddf [l oo ( npa 1/
1+C 1+ 62 )
ol = 1] (et ail1+ 03 2p)

The previous inequality gives
n3
IDdf | < Cn)e’= (L + 634 Ap) | Ddf |2

But if we integrate the Bochner formula (Adf,df) = $A|df|* + |Ddf|* + Ric(df, df ) we easily
get

(nt)n

or [ Ddf 12 < /63, Ay + (n — DA df 2
So we have
3 (n+2)2
5ar [ Didf o < Clm)e™ (1 + 53, Ay) ™

Proposition 3.1 implies that at small scale, the eigenfunctions are almost affine.

Lemma 3.3. Let (M,g) be a compact n-manifold which satisfies 6%|o| < A2, and T be a
geodesic triangulation of M such that 10mp < inf(ipy, ‘;JX) For any o € S,, we define a
function LY on 10 - T, by

L (expx, () 0,09)) = )+ Za (23, () — [(Xo)].
=1
Then we have the followirjg estimates on 10 - TU
I = Bl < CONe™ 1+ 53 0) 5 (521
ldf = dLE o < Cm)OH A1+ 620,) @ndfng

Proof. We set v = >>7_, 0;u7 and ~(t) = expx_(tv), then we have that

160) - 105 - 0o (D@ A0)| = | [ [ 45 onttyavas

< ’/ / \Ddf| o~(t) dt ds
0 0
This implies that

[Flexpxe, (3 005)) = £(Xa) = D ,9.(Df (). v])

BN < |par L)L

n3 (41?2 M\ 2
< Ce (1483 2) 7 (50) e
If we set 0; = §;i, then this inequality gives that
(1) [f@iw) - F(X0) = ga(Df (), 0D)| < CYP A1+ 63 4y)

which combined with the previous inequality gives the first result
Set L the linear form on Tx, M such that L] = Loexpy'. For any w € Tx, M we set w(t)
the parallel transport of w along . Then by Theorem 2.1, we have that

<n+1>
(

) Il £1l2,

(38) 4zt (w(1)) - ()] < 20| dexpx? (w(1) — ] < 4Ll ()2
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On the other hand, we have that

1
d —d ))d Ddf (4, w(t))d Ddf || so|v||w].
) @) <| [ Sar)al<| [ patww)i] < 1
Hence we get
(3.9) [(dLd = dfyw(D)] < (20df = LI+ Cn)e™ (1 + 80 dflloe ) ]
Now, by Inequality (3.7) we have that
|df (v]) = LO§)| = [df 0F) = F(i, ) + F(Xo)] < C)O™ (1 + 53, A 0)F

and so

m
7d [ee}}
|

jdf — LI> =Y (A7 )judf — L)@)(df — L)(07) < |4 Z[(df - L)(wf)P?

ik
< O Cm) ML+ 83 )™ (5
If we combine this inequality with Inequality (3.9), we get

dLf — df| < C(n)0%e"™ M1+ §2x,)%
4 5

[1f Il oo
which gives the result by Proposition 3.1. ]

4. PROOF OF THEOREM 1.1
4.1. A discrete L? norm. We prove that |R(f)|% gives an approximation of || f||3 on E,.

Proposition 4.1. Let (M™,g) be a compact Riemannian manifold with §3; o] < A? and T a
geodesic triangulation with 10mp < inf(iM, %). Then, for all f € E,, we have
T

[ £ 1r0R| < cme e 1 s (BL) [ g

Proof. Corollary 2.4 (2) implies that

Z /1 T, = / A /1+n)T .

oc

We have / f2< / (LD + (2] fll o + ||L£ — fllo)ILE = flloo- By Lemma 3.3 and
1+n)T. (14+mTs

Proposition 3.1, we have

/ i< / (LL? + Cn)e™™ M1+ 63, 0)* (& ) 1£113 Vol((1 +n) - T,)
(1+n) (1+0)T.

By Theorem 2.2 we have that

/(1+n)Ta<L£)2 - /(1+n)A (f (Xo) + Z 0 [f (@i, f(XUﬂ)QdUeXP;(U g

<@ +4A2(%)2)”/

1+ A, =1
[ (e ZH (ras) — T ) g, + 270 FI (227 4+ ) Vol A,
< 2vdet A, Zf i, (7))

(n+2)!

IN

Am 4

F (@i, ) + C)O* (==)? || flIz Vol(1 — )T,

0<j<j’<n
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So, we have

2y/det 4,
/(1+ )T. = Z F@io ) f (@i, 1)
M To

0<j<j'<n

-~ (n+2)!
FOM)E™ N (14 63 0) P07 ()13 Vol (1= n) - Tr)

By summing on o € S,, we get [, /> —|R(f)|* < C(n)e5”3A(1+512w )\p)3”2(%)292n [y /2 By
the same way, we get the reverse inequality. ([l

4.2. A discrete Dirichlet energy. We prove that g (R(f)) approximates ||df||3 on E,.

Proposition 4.2. Let (M™,g) be a compact Riemannian manifold with §3; o] < A? and T a
geodesic triangulation of M with 10mp < inf(iM, %). Then for any f € E,, we have
that

n n3 n2 M
ar(R(N) ~ [ 157 < Comer e N1 4 a2, L [ g,
M M JM
Proof. As in the proof of Proposition 4.1, we have

TL3 77,2 m
[P [ ngR s cmet s g g Vol (1) - 7).
(1+0)T, (14T oM

Using Lemma 3.3 and the fact that [, [L|? = Y4%4e > i—1 A L(vE) L(v)

o ¢ ), where L is the
linear map defined in the proof of Proposition 4.1 (i.e. L(vk) = f(z; x)) — f(X5)) we get the

result. O

4.3. A Withney map. We construct an extending (i.e. Withney type) map which to each
(y;) € RN associates a function f : M — R such that f(x;) = y; for all 1 < i < N. This
function f has to be such that [ f? and [ |df|? be close to |y;|3 and gr(y;). In that purpose
we take f almost linear by part.

We need first some controlled partitions of the unity on M associated to the geodesic trian-
gulations.

Lemma 4.3. Let (M",g) be a compact, Riemannian n-manifold with 6(M)?|oc| < A? and T
. . . . . 6 .

be a geodesic triangulation of M with 10mp < (zM, Wg@#ﬁ) There exists some smooth

functions (vs)ees, such that

(1) @5 : M —1[0,1], 9o =1 on Sy and Supp @, C S, for any o € S,

5n2
(2) Ypes, Po =1 and |dp,| < W for any o € S,,.
n T

Proof. We set ¢ = ©--mZ Since the distance in Tx_M,gx.) between (14+()A, and Tx_ M
2om o - -
(142¢)A, is larger than n%% (see the proof of Corollary 2.4) and since expy_is a 1+A?(2)%-

Lipschitzian map, there exists a function ¢, : M — [0, 1] such that ¢, =1 on (1+()7T,, s =0
outside (1 + 2<)Ta and |d1/}a‘ < 4"@2”_ We set ¢, = Ewi", which is well defined since by

m e, Ur
Corollary 2.4 we have U,cg, (1 + ¢)Tr = M. By the same kind of arguments as in the proof of
Corollary 2.4, we have (1—40)T,N(1+20)T, = 0 for 7 # o, and S0 p, = Y, = 1 on (1—4¢)T,.
We have obviously ¢, = 0 outside (1 + 2¢)7T,. By a volume argument, the number of non zero
term in the sum ) _d,1); is bounded from above by 27027 and so we have that

s Ve Y. dipy 5n2n@4n
dipy| = P e .
el = s, e | S m
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Definition 4.4. Let fr = (y;) € RY. For anyo € K, we set L7 : (0),) € F — Y, 0xY;_ (k). For

mp small enough, the function LIT = L7 o (B§)™" is defined on S, and W (fr) = Z 0o LIT
g€Sy,
is well defined on M.

This extending map W satisfies the following properties.
" ; Sm

Proposition 4.5. If 10mp < 1nf(zM, W) then

(1) RoW = Idgnw,

(2) for any fr € RN, we have that

|| WOR = )] < a0+ MO (2 (1frif + 53 ar ().
(3) for any (fr) € RN, we have that
[ W) = ar(fr)] < OO Zarfr).

Proof. Point (1) is obvious. We now prove point (3). By Inequality (3.8), we have HdL,];T‘Q -
|Lo|?| < 16|Lo|?(2)?. Since

n

\La|2 = Z (Aa)kl(yig(k) - yiU(O))(yia(l) - yi(,(o)),

k=1
we have
/mwﬁ>2/mwr Z/MW
gES, o€S,
A n
> 3 Vol T, (1-16(=)?) “(km) [Lof? > (1= C(n) 5 ar(fr).

gES,
On the other hand, we have that

[ 1aw Z/ AW (fr) mzz/ AW (f)P

oceS, p=0T1€S,
<(1+Cn KQTfT erzo;/ [dW (f1)]?,

and for any 7 € K

[ awir= [ > ke

o€St,
32/ ( > @oldLir]) +2/ B Lde%\ .
St 5eSta(r) 0EStn(7)

Since |[dLIT| < (1 + 8(£2)?)|L,|, and by Proposition 2.5, we have

ZZ / > eeldLiT) <ZZ 1+16Am) > |Lo[* Vol S,

p=0T1€S, oESt, (1) p=0T1€S, 0ESt, ()

gc’(n)(sﬁ Z |Ly|? Vol S, < C(n )TQT(JCT)

cES,
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To bound the remaining term [ |ZU€Stn(T) L({ngoaf, we set o € St,(7) and 79 the reali-
sation of 7 associated to expx.,, - Then there for any x € S, there exists ' € 79 such that
d(z,z') < %QP—H. Hence we have |LI7 () — LI (2')] < 2|L00|m72ap+1. Note that the barycen-
tric coordinates (0x) of 2’ in the simplex o satisfy 0 = 0 if z;, ) & 7. For any o € St,,(7),

we set z, the point whose barycentric coordinates in o are 9;_1(30) = Gi_l(I) if x is a vertex of
o 70

7 and 0}, = 0 otherwise. By applying Lemma 2.3 at most twice, we get d(z’,z,) < 200/\2’;—;.
Since LI (z,) = LIT(2'), we have that

m2

|LJ7 (2) — LT ()] < |LJF () — LI (wo)| + L5 (@) — LT (2)] < C(n)(ILo | + Laol) 5

Since ) _ dy, =0, Lemma 4.3 gives us

zz/|sz% Sy s = iy

p=17€Ss, ocESty p=17€S, og€St,
< Z 3T OO #St, (1) Y. Lol + |Lgy|?) VOIS,
p=1T1€S, oESt, (T)
< C()©* "N L, P Vol S, < C(n)02 ™ I g (fr).
5M g€eSs 5

We now prove point (2). As in the proof of point (3), we have that
SN RULIEY NITALED o RUSES b o) ML
oES, o€ES, p=0T€ES),

and

n—1

Sy [wer=X [ 1% e

p=071€S, Sy p=0T1€S, UESt ,(T)
<zz:z:c<W/ww me™ 3 [ ke
p=071€ES, c€St,(T) oES,

Hence we have that

[ wonr =% [ wrr<cwen S [

ocES,

and since by Theorem 2.2, we have
A n A n -
(HT?")?) o= 0= G55 / (L)
A A
<Z/ (LIT)? < (14 (&) Z/ (L7)? +( m) )" | frl7

it only remains to bound from above [5 | g |LJ7 2. If we set ¢ = n©?*"a™ 1 then S, \ T, C
(1+0)A,\ (1 —-¢)A, and so

Am -
fomrE<ae G A
So\To (1+OAN1-OA,
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Let Hy) be the dilation in F' of factor A and centred at the iso-barycentre of A™. By the
fundamental theorem of the calculus we have

oo foon 0 [0 <[ ) - 007 6)]

We set h = (n+1)5-(. Since

[(L7)? (Hyi—uaye () — (L)* ()] < 2027 ()[I1dL7 [P 6ar +]| AL 53, b
m

< C(n)(y)Q(IL"(y)I2 + 03 4L [?)
M

then we have

1 m

[T fyoon, & = [ EV S OONG [ 0+ dietinl

By the same way we get

m

T T o, 0 [ @ sCmG? [ wm st

o o

Hence ¢ f(l"l'C)Aa\(l_C)Ao‘ |L|? < C(n)(%)2(|fT|2T+512VI qr(fr)), which combined with the
previous inequalities gives the result. (|

4.4. Conclusion. By Propositions 4.1, 4.2 and 1.7 we can almost bound from below the first
eigenvalues of (M™, g) by the eigenvalues of gr with respect to (-, ). To have an error bound
that depends on p and not on A,, we use the following rough version of a well known result due
to S. Cheng.

Lemma 4.6. Let (M",g) be a compact Riemannian manifold such that §2, |o| < A2. For any
neA
k € N, we have §2; \y < C(n)(24)2e*5 k2.

M
M

We infer the following theorem.

Theorem 4.7. Let € €]0, 1] be a real number, (M™, g) be a compact Riemannian manifold such

. 3n°
that 52, |o| < A% and T be a geodesic triangulation of (M™, g) such that FE< e(%) ,
M OTE”
then we have Ap(gr) < A\p(M™,g)(1 + €).

Once again, by Propositions 4.5 and 1.7 we can bound from above the eigenvalues of (M™, g)
by the eigenvalues of g7 with respect to (-, -)r. Note that to bound A,(gr), we just have to use
Theorem 4.7.

Theorem 4.8. Let € €]0, 1] be a real number, (M™, g) be a compact Riemannian manifold such

. 3n3
that §3; |o] < A% and T be a geodesic triangulation of (M™, g) such that :S”—T < e(%) .
M on Ore’ p
Then, we have that

Ap(M™, g) < \p(gr)(1 +e).

Proof. When applying Proposition 1.7 with F; the space spanned by the p+1 first eigenfunction
of g7, Proposition 4.5 gives a > 1-C(n)e 02" (L)% (14483, Ay (gr)) and 3 < 14-C(n)©20n" m

oM’
n

2 C(n) 83 e’s p?
Now, by Theorem 4.7 and Lemma 4.6, we have §5; A\p(gr) < s ) O

™M
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5. PROOF OF THEOREM 1.4

5.1. Approximation of the eigenfunctions. To get the relations between the eigenfunc-
tions of (M™, g) and the discrete eigenfunctions, we first prove the following result, where the
notations are the same as in the introduction.

Lemma 5.1. Let § > 0 and assume that A,(M) + 1 < )\pH(M)

For any f € By, we have | R(f) = Py R(P)|3 < S2WA50 (mr) 2 | R ) . where P is

the orthogonal projection from RY to the space F,, spanned by the first p eigenfunctions of qr.
For any (y) € Fy, we have |[W(y:) — Qp o W (y:)[3 < Clp,m, A, B, 1) (Z2) & W (3;) 3.
where @, is the orthogonal projection from L*(M) to E,.

Proof. We use the same idea as in [8]. We consider in AP*1RY the operator A(vg A -+ Av,) =
> ovo Ao AAp(v;) A A vy, where Ap is the symmetric operator such that gr(z) =
(Ar(z),z)7. The eigenvalues of A are exactly the sum \; (T') +--- + A, (T') with 0 <4y <

-+ <ipp1 < N, and so its first eigenvalue is Ag(T)+- - -+ A, (T). We set R : APT1E, — APTIRN
defined by R(fo A+ A fp) = R(fo) A+ A R(fp). Since |[R(fo A+ A fp)|% = (det G)?, where
G is the Gramm matrix of the family R(fo), -, R(fp), and since there exists C}, such that
|(det G)? — 1] < Cp|G — Ip41] for G near I,;1, Proposition 4.1 and Lemma 4.6 give us

= 1)
[[R(fo A= A fp)l7 = 1] < Cp.n, ©, A, ﬂ)(E)Q
By Propositions 4.1 and 4.2 and by Theorem 1.1, we get

[(AR(fo A+ A fp), R(fo A+ A ) ZA WR(fo A A )]

'M"@

Il
o

(R(fo) A+ AA(R(fi) = X(T)R(fi) A+ ANR(fp), R(fo) A+ AR(fp))]

?

M@

3,7=0
= |Z G"(det G)*(qr(R(f;)) — Ni(T)|R(f)|17)]
=0
< |32 G et G ar(RU) — IR + 3 Gi(det G2 () — A(T))|
=0 1=0

P

+[D2 G (et GPA(T) (1~ [R()B)] < Clpon, 0,4, 2) () oz

=0 i OM

Let (y;) an orthonormal family of eigenfunctions of g associated to the eigenvalue (A;(T)). We
set R(fo A+ A fp) = ayo A+ Ay, +n with n orthogonal to yo A--- Ay,. The above estimates

. m 1
give us |o? + [n|? — 1| < C(p,n, 6, A, fg)( 1;) and d&|n|? < C’(p,n O, A, fﬁ)(éM) 5.2 | from
which we easily get

1

C(p,n, ©,A, (22 )5r
N

The proof of the other estimate is exactly the same, but we first have to bound from below
the gap Ap41(T) — Ap(T) using the bound on the gap A,11(M) — A,(M) and Theorem 1.1. O

ZHRﬁ (RUDIE < [B(fo N Afp) —yo A Agpl? <

(R(fo) A+ AAR(F:)) = M(T)R(f:)), R(F)GYR(f3) A+ ANR(fp), R(fo) A+ AR(fp))]
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We easily infer Theorem 1.4 from the previous Lemma. Indeed, by Proposition 4.1, the
1
quadratic form |P, o R|? on E, takes only values less than 1+ C (%F)5n? on the unit sphere of

E, and so its trace with respect to (-,-)r is less than p + C(?—MT)aﬁ (complete an orthonormal
basis of the kernel of P,oR). But the previous lemma, applied for the spectral gap at p, implies
that the trace of |P, o R|? on E,, is close to p and so p — C’(:()TL—MT)GT%2 + 2 pri<icg 1Ppo R(f)|? =

1 _1_ . .
tr|Pyo R <p+C(5L)2, and s0 3, i, [P o R(fi)|? < C(52%)52. This gives the result
when combined with the previous lemma applied to the spectral gap at q.
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