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In this work, we compare two nonconforming movement techniques: the mortar element method and the Lagrange multipliers. We
present a unified formulation that can be easily used for electrical machines analysis. The anti-periodicity conditions as well as the use of
high-order interface are discussed. The obtained linear systems are compared and results are shown for a permanent magnet machine.

Index Terms—Hierarchic elements, Lagrange multipliers, mortar element method, movement.

I. INTRODUCTION

THE TECHNIQUES based on Lagrange multipliers are
very efficient to perform the movement, especially for

electromotive force and torque evaluations, which are deter-
minant to coupled or dynamic problems. This paper shows
the way to obtain the final systems for mortar element method
(MEM) [1], [2] and Lagrange multipliers method (LM) [3].
The aim of this work is to demonstrate that is possible to obtain
the final system for MEM and for LM using the same matrices
to couple the subdomains. We compare the final systems and
the computational cost of the methods. In fact, the two methods
produce the same results, but the final systems are different,
and care must be taken to solve them. It is also verified that
we can use high-order interface and anti-periodicity conditions
with either MEM or LM.

II. MORTAR ELEMENT METHOD

This work presents an MEM formulation called “con-
strained” because the coupling condition is applied directly to
the discrete space. The MEM considers two subdomains that
are connected by a sliding interface .

The meshes of these subdomains are condensed indepen-
dently as in the traditional finite-element method. One domain
is considered the slave and the other the master. We choose the
rotor as the master and stator as the slave. The vector potential
at the nodes of the slave interface side is a function of the
master interface side . A brief introduction to the MEM can
be found in [1], and it can be expressed by

(1)

where

(2)

and may be calculated by line integrals over

(3)
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The functions and are the base functions of slave and
master discretizations on node , respectively. As the potentials
at the nodes of the slave interface are functions of the poten-
tials on the master interface , they can be eliminated in the
final system. The potentials over the whole domain, slave and
master, can be linked as follows:

(4)

which can be noted as

(5)

where is the coupling matrix, is the identity matrix, and
and are the potentials out of the interface in the slave

and master meshes, respectively.
Applying the coupling matrix on the original finite-element

system , or

(6)

we have

(7)

, and are the conventional stiffness matrices
and load vectors of each domain.

The resultant system above is sparse and positive definite. So,
it can be easily solved by iterative methods.

III. LAGRANGE MULTIPLIERS

A. Formulation

The whole domain is decomposed, as shown in Fig. 1, in two
subdomains and connected by a sliding interface .

One way to find the LM formulation is from the weak form
of the magnetostatic field formulation [4]. The integration by
parts is performed over each of the two subdomains and
separated by the sliding interface . As the flux integrals associ-
ated with the linked (anti)-periodicity boundaries and
as well as the boundaries with Dirichlet conditions vanish,
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Fig. 1. Subdomains 
 and 
 separated by a sliding interface �.

only the flux integral associated with the interface remains on
the variational formulation

(8)

(9)

In the equations above, and are test functions, and
the current densities, and and the vector potentials in

each domain. and are remanent induc-
tion components and and the magnetic permeabilities.
The terms and may be written as

and , which represent the
tangential components of magnetic field on . From the conser-
vation of the tangential component of magnetic field on , we
have

(10)

Using (10) on (8) and (9) we have

(11)

(12)

The continuity of the vector potential on the interface has not
been ensured yet. It is imposed in weak sense by

(13)

Another way to find the equations (11)–(13) of the LM for-
mulation is to minimize the energy functional associated with
the magnetostatic problem [3], [4], [7]

(14)

and, to ensure the continuity of at the interface , a new func-
tional is added

(15)

where is the Lagrange multiplier. With the first variation of
, exactly the same equations are obtained and the La-

grange multiplier is identified again as the tangential compo-
nent of the magnetic field on [3].

B. Discretization

We apply the classical nodal approximation for the vector po-
tential as and , where

and are the number of nodes of the discretizations of the
subdomains and . and are the approximation base
functions of node . If the numbering of nodes in each domain is
made such that that those belonging to the interface take the
first places and if the same discrete space of the approximated
solution in is used to the discretization of the Lagrange
multiplier (as its support is only in the interface of ), we
have

(16)

where is the trace of on and is the number of
nodes belonging to . For the approximation of the test
function on we have

(17)

Using (16) and (17) on the first term of (11)

(18)
or

(19)

where

(20)

and is a set of Lagrange multipliers . For , the
functions vanish at , because they do not belong to it.
We can then write

(21)
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where is a matrix with

(22)

For the approximation of the test function on , we have

(23)

Using (16) and (23) on the first term of (12)

(24)

or

(25)

where

(26)

As is zero for , where is the number of nodes
belonging to

(27)

where is a matrix with

(28)

If the same approximation of the Lagrange multiplier in
(16) is used to the discretization of the test function on (13),
as shown in [4]–[6], we have

(29)

Using (29) and the vector potential approximation on the
first term of (13)

(30)

or

(31)

where

(32)

as is zero for

(33)

where is a matrix with

(34)

In the same way, for the second term of (13), we have

(35)
or

(36)

where

(37)

as is zero for

(38)

where is a matrix with

(39)

Finally, the following symmetric system is obtained:

...
...

...
...

...
...

(40)

where and are the conventional stiffness ma-
trices and load vectors of each domain. While and are
the potentials on and and are the ones
out of in and . The system (40) is ill conditioned and
nonpositive definite.

It is clear at this point that, if we consider as slave and
as master, the integrals (34) and (39) are identical to (3),

because over and in the MEM are defined exactly as
and in the LM. They are 1 on the node and zero

on the other nodes of the interface , i.e., they are traditional
finite-element functions defined over . That is, we use the same
discrete space on for either MEM and LM. Thus, the matrices

and in (34) and (39) are identical to (3). This means that we
can construct these matrices as shown in [2] for first-, second-,
or third-order hierarchic interpolation on . In other words, if
we construct the matrices and , we can use them with either
MEM in the “constrained” form, applying the transformation on
(7), or LM using the system (40).

C. MEM From the LM Formulation

From the last line of (40) we have

(41)

If we call as slave, because the potentials on are
functions of the potentials on , and as master, we have
exactly the mortar condition expressed in (1). The potentials at
the nodes of the slave interface are then eliminated in
the final system as shown in Section II. Reference [8] shows



602 IEEE TRANSACTIONS ON MAGNETICS, VOL. 42, NO. 4, APRIL 2006

Fig. 2. View of nonzero elements for (a) MEM and (b) LM methods. Mesh 3.

TABLE I
COMPUTATION TIME

Fig. 3. Electromotive force for mesh 1.

a similar equivalent MEM formulation for a harmonic sliding
interface technique.

IV. RESULTS AND DISCUSSION

The resultant systems shown in Fig. 2 are for a permanent
magnet machine (mesh 3 in Table I) with the rotor at 20.5 de-
grees (nonconforming position). We can observe that even with
the small system dimension the MEM has more than two times
more nonzero elements than LM. However, the resultant matrix
for MEM is positive definite and may be solved by an iterative
method like ICCG. The system for LM is ill conditioned (the
condition number is of order 10 ) and is nonpositive definite
(it has negative eigenvalues). So, it cannot be solved by ICCG.
We can obtain the convergence with the biconjugate gradients
method and minimum residual method (which are faster than the

other tested methods like generalized minimum residual method
and symmetric LQ method), but they still need about 7000 itera-
tions. So the Gaussian elimination method is used. Table I shows
that for meshes with more than about 1000 nodes, MEM with
ICCG becomes faster than LM with Gaussian elimination. The
inversion of matrix , necessary to apply the MEM, demands
an insignificant time, compared with the system solution, be-
cause the matrix is diagonal, symmetric, and sparse (Fig. 2).

The electromotive force (e.m.f.) calculation is appropriate to
show the convergence of the two methods because a little dif-
ference on the potential vector may affect the e.m.f., since it is
calculated by time derivatives. According our tests, the vector
potential results for MEM/ICCG are identical to those obtained
with LM/Gaussian elimination until about the seventh decimal
digit for a tolerance of 1e-6 for ICCG. This is sufficiently ac-
curate to produce the same e.m.f. (Fig. 3) and torque results for
both methods. As expected, MEM and LM produce exactly the
same results when using Gaussian elimination.

V. CONCLUSION

This work demonstrates that is possible to obtain the final
system for MEM and for LM using the same matrices to couple
the subdomains. We can use high-order interface and anti-peri-
odicity conditions with either MEM or LM. They produce the
same results, but the final equation systems are different. MEM
produces a sparse and positive definite matrix and may be solved
by ICCG, while LM has an ill conditioned and nonpositive defi-
nite system that, according our tests, is better handled by a direct
method. MEM is faster than LM when the system dimension
increases.
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