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This work analyzes the use of conforming and nonconforming movement techniques for torque calculation with high-order hierarchic
interpolation in electrical machines thin air gaps. For the nonconforming movement formulation, the Lagrange multipliers are used. The
moving band is used for the conforming case. The behavior of torque results as a function of interpolation order and air-gap thickness
is discussed. In order to compare formulations, results for two thin air-gap machines are shown.
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I. INTRODUCTION

THERE ARE several works about torque calculation while
considering the movement, but the use of nonconforming

meshes combined with high-order interpolation has not been in-
vestigated yet. The aim of this work is to clarify the use of high-
order interpolation for torque calculation; in particular, when
no constraints are imposed to the rotor displacement. Many pa-
pers indicate the use of high-order interpolation to improve the
torque accuracy [7]–[10]. These works, however, consider the
rotor displacement step equal to the length of an element in the
air gap. In other words, there is no deformation of the elements
or nonconformity between the meshes. Moreover, the torque
is not studied with high-order interpolation for small displace-
ments of the rotor in small air gaps. So this subject deserves
more attention. This work demonstrates that if the air gap is
thin, the high-order interpolation is not recommended and the
first-order one produces better results.

The torque accuracy essentially depends on the torque calcu-
lation method, the movement method, the interpolation order,
the discretization, and the rotor displacement step. We choose
the Maxwell stress tensor to calculate the torque, which has
been used successfully when considering the movement [1]. To
perform the movement the Lagrange multipliers method (LM)
is used with hierarchic interpolation on the slipping interface

. We compare LM method with a conforming technique: the
moving band (MB), used also with hierarchic interpolation [6].

II. LAGRANGE MULTIPLIERS

The whole domain is decomposed in two subdomains and
connected by a sliding interface .

One way to find the LM formulation is to minimize the energy
functional associated with the magnetostatic problem added to
a new functional to ensure the continuity of the vector potential
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at the interface [5]. In this way, the following variational formu-
lation is obtained:

(1)

(2)

(3)

In the equations above, , and are test functions,
and the current densities, and and are the vector po-
tentials in each domain. , and are rema-
nent induction components and and are the magnetic per-
meabilities. is identified either as the Lagrange multiplier or
as the tangential component of a magnetic field on . The dis-
cretization of the equations above produces a symmetric system.
This system is ill conditioned and nonpositive definite. How-
ever, it is possible to reformulate the final system in a well-con-
ditioned and positive definite form equivalent to the mortar ele-
ment method. In this way, the matrices to couple the subdomains
are calculated as shown in [2] for first- and second-order hierar-
chic interpolation on .

III. RESULTS AND DISCUSSION

A. Thin Air-Gap Synchronous Machine

For this machine (Fig. 1), which has an air-gap thickness of
0.3 mm, the discretization shown in Fig. 2 is used. The rotor
displacement step is 0.12 . To overpass one edge on , ten rotor
displacement steps are necessary.
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Fig. 1. Thin air-gap synchronous machine with polar pieces.

Fig. 2. Detail of the mesh for the synchronous machine with polar pieces with
81 edges on �, along with 1772 elements and 1015 nodes.

Fig. 3. Static torque for two phases connected in series with 10-A excitation.
First–order interpolation on � and on moving band.

The results presented in Fig. 3 for first-order interpolation,
with two phases connected in series with a 10-A excitation,
show good results for either LM and MB. But LM produces a
more stable result as shown in the detail of Fig. 4. If the interpo-
lation order is augmented to two (using hierarchic interpolation
on and hierarchic complete elements on moving band), the
results presented in Fig. 5 are obtained. In this case, against ex-
pectations, we obtain a worst result with more oscillations than
with first-order interpolation.

Fig. 4. Detail of Fig. 3.

Fig. 5. Static torque for two phases connected in series with 10-A excitation.
Second-order interpolation on � and on moving band.

Fig. 6. Five-phase 10=8 switched reluctance motor. Phase 1 (stator poles 1
and 6) under excitation.

B. Switched Reluctance Motor

Because the torque calculation in thin air gaps may surprise,
the switched reluctance motor [4] shown in Fig. 6, which has an
air gap of 0.25 mm, is also simulated.

For this machine, two discretizations (Fig. 7) are used: mesh
1 (with 2486 elements, 1605 nodes, 120 edges on and four
layers of elements in the air gap) and mesh 2 (with 4861 ele-
ments, 2730 nodes, 240 edges on , and 2 layers of elements in
the air gap). The air-gap thickness g is 0.25 mm. The interface

is placed in the middle of the air gap. The MB is placed in
the layer next to the rotor side of . The torque is always cal-
culated in the layer of quadrilateral elements placed next to the
stator side of . The Maxwell stress tensor contour passes by
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Fig. 7. Detail of (a) mesh 1 and (b) mesh 2. Slipping interface � for LM and
Maxwell stress tensor integration surface S.

Fig. 8. Static torque for a 2-A excitation. First-order interpolation. Mesh 1.

Fig. 9. Static torque for a 2-A excitation. Second–order interpolation on� and
on moving band. Mesh 1.

the midpoints of the quadrilateral element edges (Fig. 7). The
rotor displacement step is 0.15 for all results. To overpass one
edge on 10 (for mesh 1) and 5 (for mesh 2), rotor displace-
ment steps are necessary.

If we compare conforming and nonconforming formulations
for mesh 1 with first-order interpolation, Fig. 8 shows that the
LM gives better results than the MB. However, Fig. 9 shows
strong oscillations for the torque calculation with second-order
interpolation, with either LM or MB, as observed for the first
example.

The results presented in Fig. 10 for mesh 2 show that for this
more dense discretization (which has better-shaped elements,
that is, minor length/width ratio) LM and MB produces equiva-
lent results for first-order interpolation. For second-order inter-
polation (Fig. 11), the oscillations are reduced when compared
with the result for mesh 1 (Fig. 9). But the result for first-order

Fig. 10. Static torque for a 2-A excitation. First-order interpolation. Mesh 2.

Fig. 11. Static torque for a 2-A excitation. Second-order interpolation on �
and on moving band. Mesh 2.

Fig. 12. Torque for various air-gap thickness. LM with second-order
interpolation on �. Mesh 2.

interpolation (Fig. 10) is again better than with the second-order
(Fig. 11).

To study the oscillations with second-order interpolation, we
use the mesh 2 with LM. If we change the original air-gap thick-
ness g from 0.5 g to 2 g, as shown in Fig. 12, one observes that a
thin air gap produces a more intense oscillation. We can accept
it when analyzing the behavior of the torque results as a function
of the radial and tangential components of the magnetic
induction. The torque may be expressed by

(4)
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Fig. 13. B and B along the air gap for LM. Air-gap thickness of 0.125 mm
or 0.5 g. Rotor at � = 3:6 .

Fig. 14. B along the air gap for LM. Air-gap thickness of (a) 0.125 mm or
0.5 g and (b) 0.50 mm or 2 g. (c) Rotor at � = 3:6 .

where is the radius of the Maxwell stress tensor integration
surface , and is the axial length of the machine.

It is well known that has a regular form along the air
gap. It is large at the intersection of the rotor and stator pole
arcs and vanishes elsewhere (Fig. 13). But the tangential induc-
tion component has a very irregular shape. Near the pole
corners, as a result of the small air gap, it has a strong vari-
ation. As shown in Fig. 14(a), when the air gap is very thin
(0.5 g), the second-order interpolation produces strong oscilla-
tions at near the stator pole corner. This oscillation occurs
either with conformity or nonconformity between the stator and
rotor meshes. We can state that first-order elements, by their own
nature, tend to smooth (or average) the field values, which are
physically coherent. When the air gap is 2 g, the results for first-
and second-order interpolation are close [Fig. 14(b)]. In fact,
we have a singular point for the solution on the stator and rotor
pole corners under excitation. This singularity is higher with a
thin air gap. If we consider adaptivity mesh concepts [3], the
high-order elements do not handle such singularities. It is nec-
essary for first-order elements to do so.

Its important to observe that as shown in [2], the high-order
interpolation ensures more efficiently the continuity of the
vector potential on . This means that , which is calculated
with the derivative of the vector potential with respect to tangen-
tial direction, is well computed with high-order interpolation
(Fig. 13 shows that for second- and first-order interpolation
are very close). But, as the torque calculation depends on the
product , the strong variation of near corner poles is
reproduced on the torque results.

We point out that the above results were obtained for the
vector potential formulation. It is likely that the same oscilla-
tions may occur with different formulations, since it seems that
the oscillations are due to the high interpolation order rather than
the formulations themselves.

IV. CONCLUSION

This work shows that nonconforming LM formulation pro-
duces better torque results than MB with first-order interpo-
lation when no constraints are imposed to the rotor displace-
ment step. Moreover, against expectations, it demonstrates that
second-order interpolation does not provide good accuracy for
torque calculation with thin air gaps and small displacements
of the rotor, which are necessary for dynamic cases or coupling
with the circuit. However, as shown in [2], high-order interpo-
lation may produce good results for electromotive-force calcu-
lation even in thin air gaps.
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