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Abstract

This paper presents and analyzes a method for the simulation of the dynamical behavior of a coupled magneto-

mechanical system such as a damping machine. We consider a two-dimensional model based on the transverse magnetic

formulation of the eddy currents problem for the electromagnetic part and on the motion equation of a rotating rigid

body for the mechanical part.

The magnetic system is discretized in space by means of Lagrangian finite elements and the sliding mesh mortar

method is used to account for the rotation. In time, a one step Euler method is used, implicit for the magnetic and

velocity equations. The coupled differential system is solved with an explicit procedure. � 2002 Elsevier Science B.V.

All rights reserved.

Keywords: Domain decomposition method; Magneto-mechanical coupled problem; Non-conforming finite element approximation;
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1. Introduction

The full simulation of electro-magnetic devices involves the solution of systems of linear or non-linear
partial and ordinary differential equations. There is a well-known interaction among the electro-magnetic
field distribution, the heating and the dynamics of the device. Although the models of each separated
phenomenon can be chosen linear, the coupling is, in general, non-linear. Few analysis and/or numerical
methods are available in this context and they strongly depend on the application. We refer, e.g., to [12,13]
for the analysis of a coupled electromagnetic-heating system and to [11] for the simulation of a magneto-
mechanical system.
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In this paper we are concerned with the modeling, the analysis and the simulation of a damping machine
as the one presented in Fig. 1.

The forces resulting from the magnetic field make the structure move. The variation in the configuration
of the structure modifies the distribution of the magnetic field and consequently of the induced forces.
Therefore, the interaction between magnetic and mechanical phenomena cannot be simulated indepen-
dently and, in this article, we propose a simulation of the coupled problem. As an example we study a
system composed of two solid parts: the stator, which stands still, and the rotor, which can turn around a
given rotation axis.

For the electromagnetic part, we consider a two-dimensional model resulting from the following
assumptions:

• The electric field is a vector, orthogonal to the section of the physical system we are analyzing: we con-
sider the transverse magnetic (TM) formulation of the problem.

• The displacement currents are neglected with respect to the conducting ones: we have to solve a degen-
erate parabolic problem.

• The magneto-mechanical interaction is here analyzed when the rotor moves: we work in the time-depen-
dent domain.

Concerning the spatial system of coordinates, since Maxwell equations are naturally stated in Lagran-
gian variables, we choose this system in order to avoid the presence of a convective term in our equations.
Among the possible variables to describe the involved phenomena, we select the magnetic vector potential.

A similar problem has already been presented, without a rigorous mathematical analysis, in [11] where
the moving band technique has been used to take into account the rotor movement. In this paper, we adopt
a discretization based on the mortar finite element method in space and we analyze the convergence of the
complete system.

The coupling is obtained by means of Lagrange multipliers and the problem is set in the constrained
space (the Lagrange multipliers are eliminated). This method is now known in the literature as the mortar
element method. It has been first introduced in [5] and intensively studied in the last years. See [6,7] or [1]

Fig. 1. Simplified example of an electromagnetic brake. Conducting disks are installed on the axes of the vehicle and electromagnets

are placed around them such that the disks move in the gap of the electromagnets. When the mechanical brakes are applied, a current is

passed through the electromagnet and the braking effects of the mechanical and magnetic brakes are added together. We note,

however, that the braking effect assumes a non-zero speed for the disks. For this reason, electromagnetic brakes can not be used to

completely stop the vehicle, only to slow it down.
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and the references therein for a list of papers on the subject. For what concerns the discrete problem, the
weak coupling between the solution in the stator and rotor part allows for non-matching grids at the in-
terface.

This technique leads naturally to a sliding mesh method which has several advantages with respect to
other approaches:

• re-meshing and interpolation procedures are avoided,
• no heavy constraints are imposed among the time step dt, the spatial parameter h and the rotation angle

at every time step.

For the mechanical part, the motion of the rotor (a rigid rotating body) is the solution of a second order
ordinary differential equation. Its coefficients depend on the mechanical features of the system such as the
moment of inertia of the rotor, the friction coefficient and, more importantly here, the global magnetic
torque acting on the rotor axis due to the induced electromagnetic forces.

To analyze the magneto-mechanical system we have to solve simultaneously the electromagnetic and the
mechanical equations. It is then necessary to evaluate the global magnetic torque acting on the moving part
of the structure through the numerical computation of the magnetic field. The algorithm we consider is
based on an ‘‘explicit’’ coupling procedure that consists in solving alternatively the magnetic equations and
the mechanical ones. At each time step, the magnetic force obtained from the field solution is inserted in the
mechanical equation to compute the displacement. The latter is imposed to the moving part for the next
step of the magnetic field calculation. A procedure to check the convergence of either the force or the
displacement is necessary.

Concerning the structure of the paper, Section 2 is devoted to the derivation of a model problem both
for the magnetic equation and the mechanical one. The coupled problem is also stated. In Section 3 the
well posedeness of the problem is analyzed together with the regularity of the solution of the model
problem. Section 4 concerns then the discretization of the involved equations (linear PDEs and ODEs).
The discrete scheme is proved to be stable and an optimal error estimate for the coupled problem is
provided. Finally, in Section 5, the results of the numerical simulations are presented: the first set de-
scribes, through mechanical quantities, the phenomena taking place in a damping machine. Through the
second set of results, we analyze the accuracy of the adopted method when applied to this coupled
problem.

2. The model of a damping machine

In this paper we consider a simplified model of a real induction engine. The physical system is mod-
eled as an infinitely long cylinder D in R3 with Lipschitz transverse section X. We fix a system of coor-
dinates ðx; y; zÞ such that the transverse ones are ðx; yÞ. The system is composed of materials whose
characteristics will be specified later and there is an internal, infinitely long cylinder with circular section
which is allowed to turn around its axis. According to that, the section X is split as X ¼ �XX1 [ X2 where X1

is the moving part, X2 the static one and C ¼ oX1 \ oX2. The magnetic permeability l is supposed to
be constant and we set m ¼ l�1. The conductivity r belongs to L1ðDÞ and it respects the symmetry of
the domain, i.e. rðx; y; zÞ ¼ rðx; yÞ. From now on, for the analysis of the problem, we make use of
the following assumption on the set C, support of r over X: we assume that C � X1. The system
of Maxwell equations in D for industrial frequencies, when the displacement currents are neglected,
reads
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ðaÞ curl E ¼ �oB=ot in D

ðbÞ curl H ¼ rEþ Js in D

ðcÞ div B ¼ 0 in D

ðdÞ B ¼ lH in D

ðeÞ initial conditions in D

ðfÞ boundary conditions on oD

ð1Þ

where E and H are the electric and magnetic fields, B is the magnetic induction and Js is the source currents
density. We assume that E ¼ ð0; 0;EzÞ, Js ¼ ð0; 0; JzÞ and H ¼ ðHx;Hy ; 0Þ and we denote by curl2 and curl2,
respectively, the scalar and vector operators

curl2
vx
vy

� �
¼ ovx

oy

�
� ovy

ox

�
; curl2s ¼

os=oy
�os=ox

� �
:

So we have that

curl2
Hx

Hy

� �
¼ rEz þ Jz; ð2Þ

curl2Ez ¼ �l
o

ot
Hx

Hy

� �
: ð3Þ

Let us introduce the magnetic vector potential A such that

A ¼
0
0
Az

0
@

1
A with l

Hx

Hy

� �
¼ curl2Az and Az ¼ �

Z t

0

Ezðt0Þdt0:

If we integrate (3) on ½0; t� we obtain

curl2Az ¼ l
Hx

Hy

� �
: ð4Þ

Applying the curl2 operator to both sides of (4), we obtain

curl2ðmcurl2AzÞ ¼ curl2
Hx

Hy

� �
: ð5Þ

We use (2) in (5)

curl2ðmcurl2AzÞ ¼ rEz þ Jz:

Finally, using the definition of Az we have

r
oAz

ot
þ curl2ðmcurl2AzÞ ¼ Jz;

that can be written as

r
oAz

ot
�r � ðmrAzÞ ¼ Jz: ð6Þ
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The system of Maxwell equations has been rewritten as a scalar equation for the third and only non-zero
component of the magnetic vector potential. For a complete derivation of this equation from the system
of Maxwell equations we refer to [10] and it is also briefly recalled in [8].

Eq. (6) is expressed in Lagrangian variables and it is important when dealing with non-stationary ge-
ometries. It is standard to see that with Dirichlet, Dirichlet–Neumann, Neumann boundary conditions, this
equation admits a unique solution.

The presence of a magnetic field in the physical system described above generates an induced electro-
magnetic force which acts as a torque on the moving part, X1. In particular the magnetic field time variation
induces an electric field and so dissipative currents rE. The electromagnetic force F is

F ¼ ðrEþ JsÞ � lH� 1
2
jHj2rl þ f 0:

Since simulations are led with l constant everywhere in X and magnetostriction phenomena are neglected
(f 0 ¼ 0), the expression of the force density in terms of the magnetic vector potential becomes

F ¼
�
� r

oA

ot
þ Js

�
� curl A

and it produces a torque which is parallel to the cylinder axis

Tm ¼
Z

X1

r� FdX

where r is the radial vector (with respect to the center of X1). In our system of coordinates, it reads
Tm ¼ ð0; 0; TmÞ and from now on we shall refer to a scalar magnetic torque Tm.

Now, when a torque is present, the moving part of the system turns around its geometrical center with
the following law:

J
dx
dt

þ kx ¼ Tm; x ¼ dh
dt

ð7Þ

with initial conditions xð0Þ ¼ x0 and hð0Þ ¼ h0 and where

• x is the angular speed and h the rotation angle,
• J is the moment of inertia of the rotor per unit of length,
• k is the friction constant (k > 0),
• Tm is the magnetic torque value.

Now, we can state the coupled magneto-mechanical problem. We denote by rt : X1 ! X1 the rota-
tion operator which turns the moving part around its axis of an angle h ¼ hðtÞ solution of (7). We
adopt thenotationX1ðtÞ ¼ rtX1ð0ÞwhereX1ð0Þ is of course the initial configurationofX1.Moreover, fromnow
on, we denote the third component Az of the magnetic vector potential A by u or, when useful, by the couple
ðu1; u2Þ where u1 and u2 denote the restrictions of u to X1 and X2 respectively.

Finally the magnetic potential depends on the angular speed of the moving part: this means that
Maxwell equations and the structure equations are coupled. Then the behavior of the system is described by
the following non-linear system of partial differential equations:

F. Bouillault et al. / Comput. Methods Appl. Mech. Engrg. 191 (2002) 2587–2610 2591



ðE1Þ rðxÞ ou1
ot

�r � ðmru1Þ ¼ Jz; X1ð0Þ��0; T ½

ðE2Þ � r � ðmru2Þ ¼ Jz; X2��0; T ½

ðE3Þ Tm ¼
Z

X1

�
� r

ou1
ot

þ Jz

�
r � curl2u1 dX

ðE4Þ J
dx
dt

þ kx ¼ Tm; x ¼ dh
dt

; �0; T ½

ðIC1Þ u1ðr�tx; tÞ ¼ u2ðx; tÞ; C��0; T ½

ðIC2Þ mðr�txÞ
ou1
on

ðr�tx; tÞ ¼ mðxÞ ou2
on

ðx; tÞ; C��0; T ½

ðIC3Þ xð0Þ ¼ 0; hð0Þ ¼ h0

ðBCÞ u2ðx; tÞ ¼ 0; oX��0; T ½

ð0CÞ uðx; 0Þ ¼ 0; C � f0g

ð8Þ

where x ¼ ðx; yÞ, T is the final time, the partial differential equation ðEiÞ is in the sense of distributions in
Xi��0; T ½ (i ¼ 1; 2), n is at every x 2 C the unit vector normal outward to X2 and noX the unit vector normal
outward to X. Concerning the physical interpretation for the interface conditions ðIC1Þ and ðIC2Þ, we refer
to [8].

Remark 1. Here we impose homogeneous Dirichlet boundary conditions only for the sake of clarity in the
theoretical analysis. Any other type of boundary conditions (Neumann, mixed Dirichlet–Neumann) is
allowed and physically significant. The theory that we develop applies almost unchanged to all these cases.
Actually, the regularity results fall in the general case of mixed boundary conditions, but, without any loss,
they can be replaced by local regularity results on the rotor and in a neighborhood of it.

3. Well posedness of the continuous problem (8)

We are going to use a fixed point theorem of Schauder type in order to prove that (8) admits at least one
solution. To this aim, we first fix a angular speed x 2 C0ð0; T Þ and we analyze the existence and regularity
of the magnetic potential u resulting from ðE1Þ, ðE2Þ, ðIC1Þ, ðIC2Þ, ðBCÞ and ð0CÞ. Above all, we need a
variational formulation of this problem and, following [8], we introduce the notation

HsðXÞ ¼ HsðX1Þ � HsðX2Þ; s > 0;

jjujj2
H;s ¼ jju1jj2s;X1

þ jju2jj2s;X2
8u 2 HsðXÞ ðbroken normÞ;

juj2
H;s ¼ ju1j2s;X1

þ ju2j2s;X2
8u 2 HsðXÞ ðbroken semi-normÞ:

ð9Þ

Of course HsðXÞ are Hilbert spaces with the natural norms and semi-norms (9). We abbreviate the notation
jj � jj

H;1 as jj � jj
H
.

We set

Ut ¼ fðu1; u2Þ 2 H1ðXÞj9v 2 H 1
0 ðXÞ; vðxÞ ¼ ðu1ðr�tx; tÞ; u2ðxÞÞ8 tg: ð10Þ

Clearly Ut is a time-dependent space and, for every fixed value of t, it is a closed subspace of H1ðXÞ.
Moreover it is isomorphic to H 1ðXÞ through the mapping
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R�t : Ut ! H 1ðXÞ
ðu1ðx; tÞ; u2ðx; tÞÞ ! ðu1ðr�tx; tÞ; u2ðx; tÞÞ:

Finally, the space L2ð0; T ;UtÞ is the set of functions v in L2ð0; T ;H1ðXÞÞ which, for almost every t in
�0; T ½, belong to Ut. This is a Hilbert space provided with the norm

jjvjjUt :¼
Z T

0

jjvð�; �Þjj2
H
dt

� �1=2

:

Let now u 2 L2ð0; T ;UtÞ, by definition, U ¼ Rtu 2 L2ð0; T ;H 1
0 ðXÞÞ. Thus otujX1

¼ RtðotU þ V � rUÞ )
rotu 2 H�1ð0; T ; L2ðX1ÞÞ.

By standard arguments (see [10]), integrating formally, we obtain the following variational formula-
tion:

Find uð�; �Þ 2 L2ð0; T ;UtÞ \ C0ð0; T ; L2ðCÞÞ such that 8v 2 Ut:

r
ou
ot

; v
� 	

XðtÞ
þ
Z

X1

mru1 � rv1 dX þ
Z

X2

mru2 � rv2 dX ¼ ðJz; vÞX:
ð11Þ

Eq. (11) can be understood in the sense of distributions in time (see [8]), ð�; �ÞX denotes the L2ðXÞ scalar
product and Jz is the datum.

We adopt the notation

aðu; vÞ ¼
X2
i¼1

aiðui; viÞ ¼
X2
i¼1

Z
Xi

mrui � rvi dX: ð12Þ

The following proposition is proved in [8].

Proposition 2. Let Jz 2 L2ð0; T ; L2ðXÞÞ. The problem (11) is uniquely solvable and its solution u verifies ðE1Þ,
ðE2Þ, ðIC1Þ, ðIC2Þ, ðBCÞ and (0C) in the sense of distributions.

We pass now to study the regularity of the solution u of (11). We have

Theorem 3. Let u 2 L2ð0; T ;UtÞ \ C0ð0; T ; L2ðCÞÞ with rðou=otÞ 2 L2ð0; T ; ðUtÞ0Þ be the solution of problem
(11) for a given speed x 2 C0ð0; T Þ. Suppose that X is convex. If Jz 2 H 1ð0; T ; L2ðX1ÞÞ, then we have

ou
ot

2 L2ð0; T ; L2ðCÞÞ and u 2 L2ð0; T ;H2ðXÞÞ \ L1ð0; T ;H1ðXÞÞ: ð13Þ

Moreover, assume r 2 H 1ðX1Þ, Jz 2 H 1ð0; T ;H1ðXÞÞ and x 2 W 1;1ð0; T Þ, we have then

u 2 W 1;1ð0; T ; L2ðCÞÞ \ H 1ð0; T ;H1ðXÞÞ \ L1ð0; T ;H2ðXÞÞ: ð14Þ

Proof. For the proof of (13), we refer to Theorem 1.4 in [8] where it is proved that ðou=otÞ 2 L2ð0; T ; L2ðCÞÞ
and u 2 L1ð0; T ;H1ðXÞÞ. With this regularity, we get that any such solution of problem (11) is also a so-
lution of (8). It remains to prove that actually u 2 L2ð0; T ;H2ðXÞÞ. Using the regularity of the datum and
of the derivative in time of u in the equations ðE1Þ and ðE2Þ, we know that Dui 2 L2ð0; T ; L2ðXiÞÞ for
i ¼ 1; 2. Now let

Uðx; tÞ ¼ uðr�tx; tÞ 8x 2 X1 and Uðx; tÞ ¼ uðx; tÞ 8x 2 X2: ð15Þ
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The function U is the Eulerian transformation of u and, by using ðIC1Þ and ðIC2Þ of (8) together with the
regularity of Dui, i ¼ 1, 2, we obtain that DU 2 L2ð0; T ; L2ðXÞÞ. Since the domain X is assumed to be convex,
we have that U 2 L2ð0; T ;H 2ðXÞÞ. Using again the transformation (15), we obtain then u 2 L2ð0; T ;H2ðXÞÞ.

Proof of (14): In order to prove this further regularity of the solution, we need to consider the equation
satisfied by U. Computing the total derivative with respect to time, we have

ou
ot

ðr�tx; tÞ ¼
oU
ot

ðx; tÞ þ V � rUðx; tÞ

where V is the speed associated with the rotor. The function U is the solution of the following problem:

re

oU
ot

þ reV � rU � mDU ¼ Jeðx; tÞ; X��0; T ½

Uðx; 0Þ ¼ 0; X � f0g
Uðx; tÞ ¼ 0; oX��0; T ½

ð16Þ

where the first equation is intended in the sense of distributions (now the symbol o stands for the Eulerian
derivative), reðx; tÞ ¼ rðr�txÞ and Jeðx; tÞ ¼ Jzðr�tx; tÞ are the Eulerian transformation of r and Jz respec-
tively. We set W ¼ ðoU=otÞ. The equation verified by W can be found by differentiating in time (16). We
have

re

oW
ot

þ ore

ot
W þ reV � rW � mDW ¼ oJe

ot
� reAV � rU � ore

ot
V � rU ; X��0; T ½

reðx; 0ÞWðx; 0Þ ¼ Jeðx; 0Þ; X1 � f0g
Wðx; tÞ ¼ 0; oX��0; T ½

ð17Þ

where AV is the derivative in time of the speed V. Under our regularity assumptions on the data, problem
(17) admits a unique solution W 2 L2ð0; T ;H 1

0 ðXÞÞ with reW 2 L1ð0; T ; L2ðXÞÞ. By means of the variational
formulation associated with problem (17), the following a priori estimate holds:

jj ffiffiffiffiffi
re

p
Wjj2L1ð0;T ;L2ðX1ÞÞ þ jjWjj2L2ð0;T ;H1ðXÞÞ

6C1 jjJzjjH1ð0;T ;H1ðXÞÞ

h
þ jxj2W 1;1ð0;T Þ


þ jjrjjH1ðX1Þ

�
jjrU jj2L1ð0;T ;L2ðXÞÞ

i
:

Recalling now the change of variables (15) and using the regularity result (13), we deduce that u 2
W 1;1ð0; T ; L2ðCÞÞ \ H 1ð0; T ;H1ðXÞÞ. Using then the same argument as at the beginning of the proof, we
obtain also u 2 L1ð0; T ;H2ðXÞÞ. �

Since the existence of an angular speed verifying ðE4Þ and ðIC3Þ for a given torque in L1ð0; T Þ is standard,
we pass directly to the analysis of the coupled problem.

Theorem 4. Let Jz 2 H 1ð0; T ; L2ðX1ÞÞ. System of equations (8) admits at least one solution ðu; Tm;xÞ 2
L2ð0; T ;H2ðXÞÞ \ L1ð0; T ;H1ðXÞÞ � L2ð0; T Þ � C0ð0; T Þ. For J large enough the solution is also unique.

Proof. Let T 2 R and G : C0ð0; T Þ ! C0ð0; T Þ be the open feedback operator, that associates to every
angular speed �xx 2 C0ð0; T Þ, the angular speed x calculated by means of ðE4Þ in (8) when the torque Tm is
computed by means of the solution u of ðE1Þ, ðE2Þ associated with the speed �xx.

Using the results obtained in Proposition 2, system ðE1Þ, ðE2Þ, ðIC1Þ, ðIC2Þ, (BC), (0C) admits a unique
solution u 2 L2ð0; T ;UtÞ \ C0ð0; T ;L2ðXÞÞ. Now, thanks to the regularity results of Theorem 3, in the
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‘‘open feedback’’ system, for any �xx 2 C0ð0; T Þ, the integral in the equation ðE3Þ of (8) is meaningfull and
moreover the resulting torque Tm ¼ TmðtÞ belongs to L2ð0; T Þ.

Using finally ðE4Þ and ðIC3Þ, we find the angular speed x which turns out to belong to H 1ð0; T Þ.
Moreover the following stability holds:

jjxjjH1ð0;T Þ 6CðJÞjj �xxjjC0ð0;T Þ:

Since the embedding H 1ð0; T Þ ,!C0ð0; T Þ is compact, the operator G is also compact. By applying the
Schauder fixed-point theorem [15], we deduce that G has at least one fixed point which corresponds to
a solution of system (8).

The constant CðJÞ tends to zero as J tends to infinity, as results from ðE4Þ. We deduce that, when J is
large enough, the operator G is also contractive and, by applying the Banach fixed-point theorem, we have
that such a fixed point is also unique. �

Remark 5. Theorem 4 uses only the statement (13) and not (14). Actually (14) will be necessary in the proof
of the convergence of the numerical method presented in the next section.

4. Discretization of (8)

In any discretized version of the coupled problem, the discrete solution at time t ¼ tn is computed by
means of the ‘‘calculated speed’’ and not of the exact one since this one is an unknown of the problem. The
fact of using the wrong speed surely affects the accuracy of the approximation. This ‘‘error’’ depends on the
stability of the solution of the problem (11) with respect to a ‘‘perturbation’’ of the rotation operator rt
involved in the definition of the space Ut. In the next lemma, we analyze this stability. In all what follows,
we assume that r 2 H 1ðX1Þ, Jz 2 H 1ð0; T ;H 1ðX1ÞÞ and x 2 W 1;1ð0; T Þ.

Lemma 6. Let x, ~xx 2 C0ð0; T Þ be two different angular speeds and h, ~hh be the corresponding rotation angles.
Let Ut and ~UUt be the two associated functional spaces defined by means of (10) and, u and ~uu be the corre-
sponding solution of (11). The following stability holds:

jju� ~uujj2L2ð0;T ;H1ðXÞÞ\L1ð0;T ;L2ðCÞÞ 6Cjjh � ~hhjj2L2ð0;T Þ: ð18Þ

Proof. In this proof, without loss of generality, we set m ¼ 1. Let Rt be the rotation operator acting on
functions, namely Rt : H 1ðX1Þ ! H 1ðX1Þ defined as RtvðxÞ ¼ vðrtxÞ a.e. x 2 X1. From (8) and (11), the
solutions u and ~uu verify respectively:Z

X1

r
ou
ot

vdX þ aðu; vÞ þ
Z

C

ou2
on

ðR�tv1 � v2ÞdC ¼ ðJz; vÞX; 8v 2 H1
0ðXÞ;Z

X1

r
o~uu
ot

vdX þ að~uu; vÞ þ
Z

C

o~uu2
on

ð~RR�tv1 � v2ÞdC ¼ ðJz; vÞX; 8v 2 H1
0ðXÞ:

Choosing in both equations v ¼ u� ~uu, taking the difference between the two equations and recalling that
~RR�t~uu1jC ¼ ~uu2jC and R�tu1jC ¼ u2jC, we have

o

ot

Z
X

rðu� ~uuÞ2 dX þ aðu� ~uu; u� ~uuÞ ¼ �
Z

C

ou2
on

ð�R�t~uu1 þ ~uu2ÞdC þ
Z

C

o~uu2
on

ð~RR�tu1 � u2ÞdC: ð19Þ
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We have now to estimate the right hand side (rhs) of (19); it is not hard to see that the following holds:

rhs of ð19Þ ¼
Z

C

o~uu2
on

 
� ou2

on

!
ð~RR�tu1 � u2ÞdC þ

Z
C

ou2
on

~RR�tu1


� u2 þ R�t~uu1 � ~uu2
�
dC;

rearranging the terms, we obtain

rhs of ð19Þ6 oðu2 � ~uu2Þ
on

�����
�����
�1=2;C

jj~RR�tu1 � R�tu1jj1=2;C þ
Z

C

ou2
on

~RR�tðu1


� ~uu1Þ � R�tðu1 � ~uu1Þ
�
dC:

ð20Þ
Applying Lemma 3.4 in [8] to the function u2 � ~uu2 and to its first derivative, by standard interpolation
theory [3] and by the trace theorem, we obtain

jj~RR�tu1 � R�tu1jj1=2;C 6CjhðtÞ � ~hhðtÞjku1k3=2;C 6CjhðtÞ � ~hhðtÞjku1k2;X1
:

Moreover, concerning the second term in the right-hand side of (20), using again Lemma 3.4 in [8] and
rearranging the terms:Z

C

ou2
on

~RR�tðu1


� ~uu1Þ � R�tðu1 � ~uu1Þ
�
dC ¼

Z
C

~RR�t
ou2
on

�
� R�t

ou2
on

�
ðu1 � ~uu1ÞdC

6C
ou2
on

����
����
1;C

jhðtÞ � ~hhðtÞjku1 � ~uu1k0;C:

By standard interpolation theory (see [3]) and using the Neumann transmission condition ðIC2Þ in (8):Z
C

ou2
on

~RR�tðu1


� ~uu1Þ � R�tðu1 � ~uu1Þ
�
dC6Cku1k2;X1

jhðtÞ � ~hhðtÞjku1 � ~uu1k1=2;C:

Collecting these inequalities, from (20) we obtain

rhs of ð19Þ6C1jju2 � ~uu2jj1;X2
jhðtÞ � ~hhðtÞjjju1jj2;X1

þ C2jhðtÞ � ~hhðtÞjjju1jj2;X1
jju1 � ~uu1jj1=2;C; ð21Þ

and, by the same argument

jju1 � ~uu1jj1=2;C 6 jju2 � ~uu2jj1;X2
þ C3jhðtÞ � ~hhðtÞjjju1jj2;X1

: ð22Þ

Using now (21) and (22) in Eq. (19) together with the Poincar�ee inequality, we get

o

ot

Z
X

rðu� ~uuÞ2 dX þ ju1 � ~uu1j21;X1
þ jju2 � ~uu2jj21;X2

6C4jjujjH2ðXÞjhðtÞ � ~hhðtÞjjju2 � ~uu2jj1;X2
þ C5jjujj2H2ðXÞjhðtÞ � ~hhðtÞj2:

By the Cauchy-Schwartz inequality and integrating in time:Z
X

rðu� ~uuÞ2 dX þ
Z t

0

ju1


� ~uu1j21;X1
dt þ jju2 � ~uu2jj21;X2

�
6C

Z t

0

jhðtÞ � ~hhðtÞj2 dt:

Using again (22), the proof is completed. �

4.1. Spatial discretization of (E1); (E2)

For what concerns the spatial discretization of ðE1Þ, ðE2Þ, we adopt the technique which has been already
presented in [8]. We repeat here only the definition of the discrete spaces as well as the main convergence
theorems without proofs.
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With the same notation as in Lemma 6, we call ~xxðtÞ an angular speed, ~hhðtÞ a rotation angle, ~rrt : X1 ! X1

and ~RRt : H 1ðX1Þ ! H 1ðX1Þ the associated rotation operators. These quantities will play the role of the
computed angular speed and rotation angle afterwards. Accordingly, we make use of the functional space
~UUt defined as in (10), but by means of ~rrt.

Let T1;h and T2;h be two families of curved triangulations for X1 and X2 respectively such that[
K2T1;h1

K � X1;
[

K2T2;h2

K � X2:

We assume that only the triangles with one edge on C are curved and that Ti;h, i ¼ 1, 2 are regular in the
sense of Ciarlet (see [9] for details), non-matching at the interface C. For the sake of simplicity we suppose
that T1;h and T2;h have about the same mesh size, namely h. We refer to [4] for the analysis of the ap-
proximation properties of curved finite elements.

We denote by K̂K the reference triangle and for every K 2 T1;h [ T2;h we define the map FK : K̂K ! K. As it is
standard, this map is affine for those triangles which do not have any edge on C. Thanks to the regularity of
C, this map can be chosen regular and invertible for those triangles which have one (or more) edge(s) on C.

We introduce the following spaces of finite elements (i ¼ 1, 2):

Xi;h ¼ fvi;h 2 C0ðXiÞjv2;hjoX ¼ 0; vi;hjK � F �1
K 2 P1ðK̂KÞ 8K 2 Ti;hg: ð23Þ

For the sake of simplicity, we consider only the case of P1 polynomials, but the case of Pk polynomials is
analogous. As in [8], we call Mh the space of traces of X2;h at C and we define the following approximation
space:

~UUt
h ¼ ~vvh

�
¼ ð~vv1;h; ~vv2;hÞ 2 X1;h � X2;hj ð24ÞZ
C
ð~vv1;hð~rr�tx; tÞ � ~vv2;hðx; tÞÞuhðxÞdC ¼ 0 8uh 2 Mh

�
ð25Þ

at every fixed time t. The constraint (25) is time-dependent and it is the discrete weak version of the in-
terface condition ðIC1Þ in the problem (8).

The semi-discrete variational problem reads:

Find ~uuhð�; �Þ 2 L2ð0; T ; ~UUt
hÞ \ C0ð0; T ; L2ðXÞÞ such thatZ

X
r
o~uuh

ot
~vvh dX þ að~uuh; ~vvhÞ ¼

Z
X
Jz~vvh dX 8~vvh 2 ~UUt

h:

For the approximation properties of the family of discrete spaces ~UUt
h and for the coerciveness of the bilinear

form að�; �Þ defined in (12) with respect to the norm jj � jj
H
, we refer to [5] or [2].

Remark 7. According to [8], curved finite elements could be replaced by standard (flat) finite elements.
In this case, the definition of the approximation space is slightly different since the integral (25) has no
more sense. Roughly speaking, the discrete quantities need to be projected over the true interface C be-
fore computing the integral (25). For more details on the projection operator and for the error estimate
in this latter case, we refer to [8]. For the sake of simplicity, we consider here only to curved finite ele-
ments. In Section 5, the numerical results are instead related to a standard (flat) finite element approxi-
mation.
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4.2. Full discretization, coupled system

In this section we construct the fully discrete system. To this aim, we introduce a uniform partition of
the time interval ½0; T �. Let dt be the time step and N be an integer such that T ¼ N dt. Since the time
discretization involves also a ‘‘discretization’’ in time of the space of test functions and of the rotation
operators, we shorten our notation in the following way:

tn ¼ ndt; ~hhðtnÞ ¼ ~hhn; ~rrtn ¼ ~rrn; ~uun 2 ~UUtn ¼ ~UUn; ~uun
h 2 ~UUtn

h ¼ ~UUn
h:

We denote by un and ~uun the solution of the continuous problem (11) stated in Ut and in ~UUt respectively,
evaluated at t ¼ tn. Fig. 2 presents the explicit coupling procedure we use to solve problem (8).

At each time step, say t ¼ tn, we are given with the angle hn
h and the magnetic vector potential un�1

h at the
previous time step. The space ~UUn

h is now set to be the space associated to the rotation ~rrn of the angle hn
h. The

magnetic vector potential is computed by means of the fully discrete equation which is obtained by using
the implicit Euler method for the time discretization of (26):

Find ~uun
h 2 ~UUn

h such thatZ
C

rodt~uun
h~vv

n
h dX þ að~uun

h; ~vv
n
hÞ ¼ ðJz; ~vvnhÞX1

8~vvnh 2 ~UUn
h: ð27Þ

where odt~uun
h stands for ð~uun

h � ~uun�1
h Þ=dt.

The torque value at time tn can be computed by means of known quantities as:

T n
h ¼

Z
X1

ð�rodt~uun
h þ JzÞr � curl2~uun

h dX: ð28Þ

Its value is used to compute the actual speed at t ¼ tn, by the equation obtained applying again the implicit
Euler method to the equation ðE4Þ in (8):

Find xn
h such that

J
xn

h � xn�1
h

dt
þ kxn

h ¼ T n
h : ð29Þ

Finally, once we have the angular speed, the new angle is computed by the equation

hnþ1
h ¼ hn

h þ dtxn
h: ð30Þ

Fig. 2. Flowchart of the ‘‘explicit’’ coupling procedure. The procedure ends when the rotor reaches the equilibrium position, corre-

sponding to a zero-value for the acting magnetic torque Tm.
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Now the feedback in Fig. 2 is closed and, starting again, the procedure allows the computation of the new
value of the magnetic vector potential unþ1

h at the further time step by induction.

5. Error analysis

Several errors have to be taken into account when we want to study the approximation properties of the
procedure described in the previous section. We start considering separately the discretization errors in the
Eqs. (27)–(30). Then, all the obtained estimates will be collected in order to prove that the discrete coupled
scheme is stable and an optimal error estimate holds (Theorem 12).

Let ~xx and ~hh be the piecewise linear continuous interpolants of the values xn
h and hn

h respectively. Namely
we set ~xxðtnÞ ¼ xn

h and ~hhðtnÞ ¼ hn
h for any n ¼ 1; . . . ;N . The following convergence result is proved in [8],

Theorem 3.2.:

Proposition 8. Let ~uu 2 L2ð0; T ; ~UUtÞ \ C0ð0; T ; L2ðXÞÞ be the solution of problem (11) when Ut is replaced
by ~UUt. Moreover we assume that

~uu 2 L1ð0; T ;H2ðXÞÞ; o~uu
ot

2 L2ð0; T ;H2ðXÞÞ; o2~uu
ot2

2 L2ð0; T ; L2ðXÞÞ:

The following estimates hold:

ð1� dtÞjj
ffiffiffi
r

p
ð~uun � ~uun

hÞjj
2
0;X þ adtjj~uun � ~uun

hjj
2
H
6 jj

ffiffiffi
r

p
ð~uun�1 � ~uun�1

h Þjj20;X þ Cj ~xxj2L1ðtn�1;tnÞdtðh2 þ dt2Þ;

jj~uun � ~uun
hjj

2
0;X þ a

Xn
i¼1

dtjj~uui � ~uui
hjj

2
H
6CðT Þj ~xxj2L1ð0;T Þðh2 þ dt2Þ

ð31Þ

where a denotes the coercivity constant of the bilinear form að�; �Þ.

Remark 9. Note that the regularity assumption is done on the continuous solution of problem (11) where
only the angular speed is discretized though continuous in time. This hypothesis is thus similar to the one
that could be required over u to get an error bound.

Coupling this result with a local (in time) version of the stability estimate given in Lemma 6, we directly
obtain the following convergence theorem:

Theorem 10. Let u be the solution of (11), un ¼ uðtnÞ, and ~uun
h, n ¼ 1; . . . ;N be the solution of (27). We assume

that u verifies the regularity hypotheses of Proposition 8; then the following error estimate holds:

ð1� dtÞjj
ffiffiffi
r

p
ðun � ~uun

hÞjj
2
0;C þ a

Z tn

tn�1

jju� ~uun
hjj

2
H
dt

6 jj
ffiffiffi
r

p
ðun�1 � ~uun�1

h Þjj20;C þ Cj ~xxj2L1ðtn�1;tnÞdtðh2 þ dt2Þ þ CH

Z tn

tn�1

jh � ~hhj2ðtÞdt: ð32Þ

The proof of this theorem follows directly from Lemma 6 and Proposition 8.
Concerning the torque, we need some stability on the error between the exact torque at time

tn, TmðtnÞ ¼ T n, and the computed torque at the same time, namely T n
h . The following proposition holds:
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Proposition 11. Let Tm be the torque which is the solution of continuous coupled problem (8), T n ¼ TmðtnÞ and
T n
h be given by (28) where ~uun

h is the solution of problem (27).
If Jz 2 H 1ð0; T ; L2ðX1ÞÞ, there exists a sufficiently small h0 2 R such that for any h6 h0 the following

estimate holds:

jT n � T n
h j

2
6C jjujjL1ð0;T ;H2ðX1ÞÞ

 �
jjun
h

� ~uun
hjj

2
1;X1

þ ðh2 þ dt2Þ
i
: ð33Þ

Proof. In this proof, we refer only to the non-linear part of the torque (the quadratic one) since the estimate
(33) on the linear part is straightforward. That is, in this proof, we set Jz � 0. Moreover we use the as-
sumption (made at the beginning of Section 2) that the conductor is strictly included in the rotating part
X1. In the following we shorten our notation and we denote by otu the derivative in time of u.

By standard arguments, we obtain

jT n � T n
h j

2
6 2cjjcurl2ujj21;X1

krotuðtnÞ � rodt~uun
hk

2
�1;X1

þ 2jjrodt~uun
hjj

2
0;X1

jjun � ~uun
hjj

2
1;X1

ð34Þ

where the constant c depends on the distance between oX1 and C.
Rearranging the terms, we have that

jT n � T n
h j

2
6C jjcurl2ujj21;X1


þ jjrodt~uun

hjj
2
0;X1

�
krotuðtnÞ


� rodt~uun
hk

2
�1;X1

þ jjun � ~uun
hjj

2
1;X1

�
:

Now, the proof is split into two steps:

• we prove that jjrodt~uun
hjj

2
0;X1

is bounded uniformly with respect to h and dt;
• we give an asymptotic bound for the quantity rotuðtnÞ � rodt~uun

h

�� ��2
�1;X1

with respect to the H 1-error.

First step: This is a delicate proof which involves the construction of a suitable projection operator.
We denote by fukg16 k6K the basis functions of the Lagrange finite elements of degree one associated

with the nodes fxkg16 k6K of T1;h. We define an operator Ph : X1;h ! X1;h \ H 1
0 ðX1Þ as PhðukÞ ¼ IhðvukÞ where

v is a regular function from X to the interval ½0; 1� such that v ¼ 1 on every triangle T 2 T1;h verifying
�TT \ C 6¼ ; and v ¼ 0 on any triangle T 2 T1;h verifying �TT \ oX1 6¼ ;. Thanks to the assumption
oC \ oX1 ¼ ; which has been done at the beginning of Section 2, the construction of such a function v is
possible when the mesh size is sufficiently small. Few layers of triangles are needed between oC and oX1.

It is not hard to see that Ph is well-defined and continuous with respect to the L2-norm and the H1-norm.
Let now PH

h : X1;h \ H 1
0 ðX1Þ ! X1;h be its adjoint operator with respect to the bilinear form a1ðuh; vhÞ (see

(12) for the definition). Namely, we have

a1ðuh; PhðvhÞÞ ¼ a1ðPH

h ðuhÞ; vhÞ:

We set PH

h ðu‘Þ ¼
PK

i¼1 aH

i ui for any ‘; ð16 ‘6KÞ. Then, the following holds:

8‘; if a1ðu‘;ukÞð 6¼ 0 ) PhðukÞ ¼ ukÞ; then PH

h ðu‘Þ ¼ u‘;

8‘; if a1ðu‘;ukÞð 6¼ 0 ) PhðukÞ ¼ 0Þ; then PH

h ðu‘Þ ¼ 0:

Thanks to our construction, this automatically implies that PH

h ðuhÞ 2 H 1
0 ðX1Þ and also PH

h ðuhÞjC � uhjC.
Using now Eq. (27) at time t ¼ tn and t ¼ tn�1, we easily get that 8vh 2 X1;h \ H 1

0 ðX1Þ,Z
X1

rodtð~uun
h � ~uun�1

h Þvh dX þ a1ð~uun
h � ~uun�1

h ; vhÞ ¼
Z

X1

ðJn
z � Jn�1

z Þvh dX:
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Choosing vh ¼ PH

h Ph odt~uun
h

� �
as test function, we haveZ

X1

rðodt~uun
hÞ

2
dX þ 2adtjjPhðodt~uun

hÞjj
2
1;X1

6

Z
X1

rðodt~uun�1
h Þ2 dX þ C dtjjPhðodt~uun

hÞjj1;X1
jjodtJ n

z jj0;X1

where C is the continuity constant of PH

h with respect to the H1-norm. Now, we can apply the Young
inequality to the last term in a way that the terms depending on the projector are simplified.

At the end, we obtainZ
X1

rðodt~uun
hÞ

2
dX6C

XN
n¼1

dtjjodtJ n
z jj

2
0;X1

þ
Z

X1

rðodt~uu1hÞ
2
dX

and the right-hand side is asymptotically bounded every time that Jz 2 H 1ð0; T ; L2ðX1ÞÞ (to compare with
the regularity assumptions in Theorem 3).

Second step: First of all note that, for any wn
h 2 ~UUn

h

krotuðtnÞ � rodt~uun
hk

2
�1;X1

6 2krodtð~uun
h � wn

hÞk
2
�1;X1

þ 2 rotuðtnÞ
�� � rodtwn

h

��2
�1;X1

: ð35Þ

For what concerns the second term in the right hand side, since we are working only ‘‘inside’’ the rotating
part, the error due to the rotation does not affect the estimate. This term can then be standardly estimated
making use of the regularity stated in Theorem 3.

Concerning the first term, we use the variational formulation (27): let nn
h ¼ ~uun

h � wn
h, we have 8vh 2 X1;h\

H 1
0 ðX1ÞZ

X1

rodtn
n
hvh dX þ aðnn

h; vhÞ ¼
Z

X1

rðotu� odtwn
hÞvh dX þ aðu� wn

h; vhÞ: ð36Þ

Thanks to the quasi-uniformity of the mesh, it is not hard to see that the L2 projector P2 : L2ðX1Þ ! X1;h

is also continuous from H 1
0 ðX1Þ to H 1

0 ðX1Þ \ X1;h. As a consequence, the following inequality holds:

rodtn
n
h

�� ��
�1;X1

6 sup
vh2X1;h\H1

0
ðX1Þ

R
X1

rodtn
n
hvh

jjvhjj1;X1

:

From (36), we immediately have

krodtð~uun
h � wn

hÞk�1;X1
6 sup

vh 2 X1;h \H1
0
ðX1Þ

aðnn
h; vhÞ

jjvhjj1;X1

þ jju� wn
hjjH þ jjrðotuðtnÞ � odtwn

hÞjj�1;X1
:

By the same argument as the one used before, we have

krodtð~uun
h � wn

hÞk�1;X1
6C1jjnn

hjj1;X1
þ C2ðhþ dtÞ; ð37Þ

hence

rðotuðtnÞ
�� � ootun

hÞ
��
�1;X1

6Cðjjun
h � ~uun

hjj1;X1
þ hþ dtÞ; ð38Þ

using (38) in (34), the proof is completed. �

For what concerns now the computed angular speed wn
h, we simply need to compare it with the (discrete)

solution of the following problem:
Find xn, n ¼ 1; . . . ;N such that

J
xn � xn�1

dt
þ kxn ¼ T n ð39Þ
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which corresponds to (29), but with an ‘‘exact’’ right-hand side.
Since problems (39) and (29) are stable, it is immediate to see that

J
�

þ dt 2k
�

� 1

4bJ

��
jxn � xn

hj
2
6 J jxn�1
n

� xn�1
h j2 þ bdtjT n � T n

h j
2
o
; ð40Þ

where the constant b > 0 can be chosen arbitrarily. By the Gronswall lemma we also have that

jxn � xn
hj
2
6CðT ; b; JÞ

Xn
i¼1

dtjT i � T i
hj
2
: ð41Þ

Concerning the rotation angle, we set then hnþ1 ¼ hn þ dtxn and it can be easily shown that

jhnþ1 � hnþ1
h j2 6 ð1þ dtÞjhn � hn

hj
2 þ 2dtjxn � xn

hj
2
: ð42Þ

Collecting all the previous results, we obtain the stability and the convergence of the coupled discrete
scheme proposed in Section 4.2. The following theorem holds:

Theorem 12. Under the assumptions of Theorem 10, the following error estimate holds:

jj
ffiffiffi
r

p
ðun � ~uun

hÞjj
2
0;X þ

Xn
i¼1

dtjjui � ~uui
hjj

2
H
þ jwn � wn

hj
2 þ jhnþ1

h � hnþ1j2 þ
Xn
i¼1

dtjT n � T n
h j

2
6 ~CC h2

�
þ dt2

�
ð43Þ

where the constant ~CC is independent of h, dt and the angular speed.

Proof. We simply need to collect the convergence and stability inequalities that we obtained previously.
Namely, from Theorem 10, the inequalities (40) and (42) and Proposition 11, we obtain

ð1� dtÞjj
ffiffiffi
r

p
ðun � ~uun

hÞjj
2
0;X þ adtjjun � ~uun

hjj
2
H

6 jj
ffiffiffi
r

p
ðun�1 � ~uun�1

h Þjj20;X þ Cjxn
hj
2 dtðh2 þ dt2Þ þ CHdtjhn � hn

hj
2;

and the following system:

J
�

þ dt 2k
�

� 1

4bJ

��
jwn � wn

hj
2
6 J jxn�1 � xn�1

h j2 þ JbdtjT n � T n
h j

2
;

jhnþ1 � hnþ1
h j2 6 ð1þ dtÞjhn � hn

hj
2 þ 2dtjxn � xn

hj
2
;

jT n � T n
h j

2
6Cc jjun

h
� ~uun

hjj
2
1;X1

þ ðh2 þ dt2Þ
i
:

Now, after setting c ¼ ð1=JÞð2k � ð1=4bÞÞ, g ¼ ða=4CcÞ, we make a suitable weighted sum and we obtain

ð1� dtÞjj
ffiffiffi
r

p
ðun � ~uun

hÞjj
2
0;X þ adtjjun � ~uun

hjj
2
H
þ ð1þ cdtÞjxn � xn

hj
2 þ jhnþ1 � hnþ1

h j2 þ gdtjT n � T n
h j

2

6 jj
ffiffiffi
r

p
ðun�1 � ~uun�1

h Þjj20;X þ CH dtjhn � hn
hj
2 þ 2Cðjxn � xn

hj
2 þ jwnj2Þdtðh2 þ dt2Þ þ jxn�1 � xn�1

h j2

þ bdtjT n � T n
h j

2 þ ð1þ dtÞjhn � hn
hj
2 þ 2dtjxn � xn

hj
2 þ a

4
dtjjun � ~uun

hjj
2
1;X1

þ a
4
dtðh2 þ dt2Þ: ð44Þ

Choosing b ¼ g=2, and rearranging the terms, we get

ð1� dtÞjj
ffiffiffi
r

p
ðun � ~uun

hÞjj
2
0;X þ c1dtjjun � ~uun

hjj
2
H
þ ð1þ c2dtÞjxn � xn

hj
2 þ jhnþ1 � hnþ1

h j2 þ c3dtjT n � T n
h j

2

6 jj
ffiffiffi
r

p
ðun�1 � ~uun�1

h Þjj20;X þ jxn�1 � xn�1
h j2 þ ð1þ c4dtÞjhn � hn

hj
2 þ c5dtðdt2 þ h2Þ; ð45Þ
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where ci 2 R (16 i6 5) are uniform positive constants. Finally, applying the Gronswall lemma, we obtain
the estimate (43). �

Remark 13. An immediate corollary of the previous statement is that the explicit coupling procedure
proposed in Section 4.2 is stable without any constraint between the time step and the spatial discretization
parameter h.

6. Numerical results

In this section, we present some numerical results related to the considered system. First, through the
behavior of the mechanical entities ðh;x; TmÞ, we describe how, in a damping machine, the induced currents
slow down the movement of the rotating part. Since we are working with a 2D approximation of a 3D
system, all measured quantities are to be intended as approximations per length’s unit of the physical ones.
Second, we present an analysis of the method precision, studying the dependence of the computed quan-
tities on the space and time discretization steps.

6.1. Problem geometry and physical parameters

Fig. 3 (left) shows the geometry of the problem we are considering, together with its boundary condi-
tions. We remark that even though the considered data configuration does not satisfy the assumption
C � X1 nor the regularity hypothesis over r required for the analysis, numerical simulations give, as we will
see, an approximated solution whose ‘‘distance’’ from the analytical one is in agreement with that antici-
pated by the theoretical analysis.

The stator and rotor meshes are displayed on the right side of Fig. 3. We remark that the discretizations
induced by the stator and rotor meshes at the sliding interface do not match at any point.

Fig. 3. On the left, the problem geometry with boundary conditions and physical parameters distribution. The square edge is

L ¼ 2� 10�1 m, the circle radius is R ¼ 5� 10�2 m and u0 ¼ 2:5� 10�2 T/m. The magnetic permeability l is equal to that of the

vacuum both in the stator and rotor parts; the electric conductivity r has a zero value in the stator part and a non-zero value, later

specified, in the two rotor sectors labeled with r in the figure. Finally, a constant source of opposite current densities Js is considered

in the two other rotor sectors with intensity 107 A/m and we assume that suppfJsg \ suppfrg ¼ ;. An example of stator––rotor mesh

is presented on the right: the stator mesh is composed of 825 nodes and 1490 triangles whereas the rotor one has 333 nodes and

608 triangles.

F. Bouillault et al. / Comput. Methods Appl. Mech. Engrg. 191 (2002) 2587–2610 2603



6.2. Comparison between static and dynamic quantities

In this section we present the results of the comparison between static and dynamic quantities. The
concerned quantities are the magnetic torque intensity Tm, the rotation angle h and the angular speed x. The
adjective static is used in relation to the model without eddy currents while the adjective dynamic is used
with reference to the eddy currents model.

In the legends of those figures which display the results of the simulations corresponding to different
values of the electric conductivity r, the notation 1:En has been adopted to indicate 10n.

In all numerical simulations, the rotor is initially rotated of h0 ¼ 80� clockwise and then is let free to
move. Starting from t ¼ 0, we accomplish 400 time iterations with time step of length Dt ¼ 10�3 s and the
physical parameters used are J ¼ 0:2, k ¼ 5.

The main contribution, when time evolves, to the resistant effects is given by the force terms linked to the
induced currents rE where r 6¼ 0. For a fixed rotor position, the higher r, the higher these effects. Nu-
merical results have shown that for r6 105 S/m, all the dynamic quantities (h, x, Tm) coincide with the static
ones. This means that for r6 105 S/m, due to the weak intensity of the eddy currents, the part of the torque
resulting from induced currents gives a contribution to the global torque which is negligible with respect to
that given by the static one.

To better understand Fig. 4 (left), we remark that the global torque can be either propulsive or resistant.
The denomination propulsive is used to indicate that the torque has the same sign as the angular speed:
from the mechanical point of view, this torque accelerates the rotor. The denomination resistant indicates
that the torque has a sign which is opposite to that of the angular speed: this torque decelerates the rotor.
We can write

Fig. 4. On the left, global torque and angular speed as time functions; on the right, the four terms contributing to the global torque

together with the angular speed as time functions. The angular speed behavior is displayed together with the torque value to illustrate

when the torque is propulsive and when it is resistant.
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F ¼ ðJs þ JiÞ � ðBs þ BiÞ
where B is the magnetic induction. The foot index s indicates a term related to a source quantity and the
foot index i a term related to an induced quantity. Thus, we have Tm ¼ Tss þ Tsi þ Tis þ Tii where

ð0; 0; TssÞ ¼
Z

X1

r� ðJs � BsÞdX; ð0; 0; TsiÞ ¼
Z

X1

r� ðJs � BiÞdX

ð0; 0; TisÞ ¼
Z

X1

r� ðJi � BsÞdX; ð0; 0; TiiÞ ¼
Z

X1

r� ðJi � BiÞdX

Ji ¼ �r
oð0; 0; u1Þ

ot
; Bi ¼ curl ð0; 0; u1Þ � Bs

where Bs ¼ ðð2u0=LÞ; 0; 0Þ, with u0 ¼ 2:5� 10�2 T/m, and Js ¼ ð0; 0; JzÞ.
In Fig. 4 (right) are presented, for r ¼ 107 S/m, the four terms of Tm and the angular velocity as time

functions. Looking at the picture, we can say that Tss, given by the force terms linked to the source currents
density, represents almost always the main contribution to Tm: it is mostly propulsive and is proportional to
sin h. The two terms Tii and Tis are proportional and opposite to the angular velocity: they behave as friction
terms, opposing the rotor motion, and they always contribute to the resistant effects. It is harder to give an
interpretation to the behavior of the term Tsi and the calculation give us a base for its understanding:
roughly speaking, we note that Tsi and Tii balance so that the main part of the torque resulting from the
induced currents is Tis. Due to the coupled nature of the problem, it is difficult to exactly detect when the
influence of one term starts being important.

In Fig. 5 (left) the magnetic torque value Tm is presented as a function of the rotation angle h for different
conductivity values. In the initial range (15� < h < 80�), for a fixed value of the angle (30�, for example), the

Fig. 5. Magnetic torque value as function of the rotation angle (left) and of time (right).
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higher r is, the lower Tm is. Outside this range, the non-linear behavior of the coupled problem becomes
more complex, as we have seen (see also [14]). Moreover, when r6 107 S/m, the torque value creates a small
spiral around the zero value (for r ¼ 105 S/m the spiral has degenerated on the displayed line): in fact, the
lower r is, the longer will last the transient interval in which the torque value oscillates. This phenomenon is
more visible in Fig. 5 (right) where the magnetic torque value Tm is presented as a function of time. In the
considered simulation interval, the torque value has already reached is zero value when r > 107 S/m but still
oscillates for r6 107 S/m.

Fig. 6 is related to the rotation angle and to the angular speed, both represented as time functions. As we
have seen, decreasing r, the torque value oscillates more. This implies that it will take longer for the rotor to
reach the equilibrium position corresponding to h ¼ 0� (presented in Fig. 3 (left)). This explains why, after
0.4 s, the rotation angle is equal to its final value when r > 107 S/m but close to it when r6 107 S/m. The
behavior of the angular speed is presented in Fig. 6 (right). Increasing r, the contrasting effect of the in-
duced currents becomes more powerful as soon as the rotor starts moving. This is obvious in the angular
speed graph by remarking the decrease in the amplitude of the first oscillation.

Let us make some remarks on the behavior of the rotation angle h and angular speed x as functions of
time (see Fig. 6).

Looking at Fig. 5 (left), we observe that, for r ¼ 105 S/m, the magnetic torque depends almost linearly
on the rotation angle h. The standard linearized approach gives results that are in accordance with our
(more precise) numerical ones. The linearization of Eq. (7) consists in replacing the dynamic torque value
Tm by the linear development Tml ¼ ah þ b where the coefficients a and b are determined by imposing that
Tmlð0Þ ¼ 0 and Tmlðh0Þ ¼ �Tmax. The linearized problem

J
d2h
dt2

þ k
dh
dt

þ Tmax

h0

h ¼ 0 ð46Þ

Fig. 6. Rotation angle (left) and angular velocity (right) as time functions.
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has a solution that, for the chosen values of the parameters J, k and Tmax ¼ 278 Nm, results of the following
form:

hðtÞ ¼ e�zqtðA1e
iaqt þ A2e

�iaqtÞ:
The two constants A1, A2 are determined by the initial conditions hð0Þ ¼ h0, xð0Þ ¼ 0 and the other in-
volved parameters are

q ¼
ffiffiffiffiffiffiffiffiffi
Tmax

h0J

r
; z ¼ k

2

ffiffiffiffiffiffiffiffiffiffiffiffi
h0

TmaxJ

s
; a ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

p
:

In this case (z ¼ 0:396), the linearized analysis results in a damped oscillating behavior of hðtÞ with a
damping constant zq � 12:4 s�1 and an oscillation period s ¼ ð2p=aqÞ � 0:2 s.

This behavior is consistent with the results obtained in Fig. 6 for r ¼ 105 S/m and the two values ð1=zqÞ
and s are consistent with the damping time interval (the time interval necessary to decrease h of a factor
equal to e) and oscillation period respectively. For larger values of r, the non-linear behavior of the induced
current modifies substantially the results and the previous linearization is no more accurate. In particular,
it is very interesting to note in Fig. 6 that, for r ¼ 5� 107 S/m, the rotor is only slowed down in a non-
uniform manner without oscillations (the angular speed has always the same sign).

6.3. Accuracy of the method

The accuracy of the sliding-mesh mortar element method, when applied to compute the induced currents
in a stator-rotor system as the one considered here, has been already analyzed in [8]. In this subsection we
are going to analyze the accuracy of the same method when applied to the coupled problem. The concerned
quantities are the magnetic torque Tm, the rotation angle h and the angular speed x. For these three
quantities, we will make a comparison between the ‘‘exact value’’ (v) and the one (vh) numerically computed
with different time steps on different meshes, with the fixed value r ¼ 107 S/m. The term exact value actually
refers to a numerical value computed on the finest mesh with the smallest time step.

Temporal error: it is given by

jjv� vhjjL1ð½0;T �Þ ¼ supfjvðtÞ � vhðtÞj; t 2 ½0; T �g: ð47Þ

The considered time steps are dt ¼ 2sdt1 with s ¼ 0–4 and dt1 ¼ 2:5� 10�4 s and all simulations are led
on the mesh presented in Fig. 3 (right). In Fig. 7 we report the time errors on the position and speed of the
rotor with respect to the time step. Both figures show that the error depends linearly on the time step.

In Fig. 8 we report the time errors in the torque value with respect to the time step. Results confirm the
theoretical linear dependence of the torque value on the time step.

Spatial error: analyzed for the magnetic torque only, it shows the influence of the mesh triangles size h
on the torque values. All simulations have been done with dt ¼ dt1 and using the same stator mesh. The
considered rotor meshes have triangles of size h ¼ 2rh1 with h1 ¼ 5� 10�3 m and r ¼ �2, �1, 0, 1, 2.

The analysis that has been done in Section 4 on the coupled problem is related to the use of curved finite
elements. Since we have used more simple ‘‘flat’’ finite elements we are facing additional errors. The first
one is related to the resolution of the magnetic problem. As underlined in Remark 3.2 the corresponding
error analysis is performed in [8]. The second one is related to the computation of the torque itself when the
domain of integration is replaced by the polygon composed of all mesh triangles included in X1. The
difference of the surface integral is naturally of order Oðh2Þ. The third source of error is due to the geo-
metrical nature of the parameter distribution that is also not well represented by the triangulation: the
domain when r > 0 may be larger or smaller than the exact one. This is also a surface contribution that
involves again an error of Oðh2Þ. These arguments are in agreement with the torque behavior displayed in
Figs. 9 and 10. In Fig. 9 we present the torque values, computed on three rotor meshes (corresponding to
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Fig. 7. Temporal error on the rotor position h (left) and on the rotor speed x (right).

Fig. 8. Temporal error on the magnetic torque Tm.
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Fig. 9. Influence of the spatial discretization step on the magnetic torque value Tm.

Fig. 10. Spatial error on the magnetic torque value Tm for h ¼ 30�. The analytic value Ta is equal to the one computed on the finest

rotor mesh with element size equal to 1:25� 10�3 m.
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h1, 2h1, 4h1), as a function of the rotation angle. Looking at Fig. 9, we can see that, for a given rotor
position (about 30� for example), the distance (i.e. the error in the L1-norm) between the computed torque
values on the meshes with elements of diameters 4h1 and 2h1 is roughly twice that between the computed
torque values on the meshes with elements of diameters 2h1 and h1. This asymptotic, first order accuracy in
space, of the proposed method can be observed also in Fig. 10 where the relative error on the magnetic
torque for the rotor position corresponding to h ¼ 30� is displayed, in logarithm scale, with respect to the
mesh element size h. The ‘‘analytical’’ value Ta is given by Th1=4, i.e. the one computed on the finest rotor
mesh.
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