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part of the system, through the numerical evaluation of the magnetic field. Here, we
study a system where, attached to an elastic spring suspended from the lid of a rigid
box, a conductor of mass m oscillates within the magnetic field supported by a
ferromagnet.

The algorithm we consider is based on an “explicit” coupling procedure: at each
time step, the magnetic force obtained from the field solution is inserted in the
mechanical equation to compute the displacement. The latter is imposed to the moving
part for the next step of the magnetic field calculation. A finite difference scheme is
adopted to discretize the ordinary differential equation which accounts for the
conductor position. The magnetic field is computed by applying the finite element
method to the 7€) formulation of the eddy current problem. This formulation allows to
use a scalar function (£2) in the computational domain and a vector quantity (7") only in
the conducting parts. The application of the proposed method to an electrodynamic
levitation device (see problem 28 of the TEAM workshop in Karl ef al (1997)) is in
progress in order to provide a comparison with the experimental measurements.

In this paper we adopt a “piecewise Lagrangian description”, where the spectator is
attached to the considered part and describes the events from his material point of
view. This approach makes disappear the explicit velocity term from Ohm’s law
provided that each part is treated in its own “co-moving” frame (one frame fixed to the
computational domain and another frame co-moving with the conductor). If two
different reference systems are used, one has to couple both by suitable transmission
conditions at the conductor boundary. We stress out the fact that for the analysis
of eddy current problems in domains with moving parts, there is some freedom in
the choice of the reference frame, provided that the motion can be regarded as
quasi-stationary with respect to electrodynamics, as it is the case for the considered
example. This allows us to approximate the vector and scalar potentials on different
meshes and to couple them by means of the mortar element method (Flemisch ef al,
2004; Maday et al., 2003). The proposed method is a valid alternative to remeshing or
boundary elements.

The magnetic model

The mathematical model describing the eddy current problem in the conductor at low
frequencies is given by the quasi-stationary Maxwell's equations (Albanese and
Rubinacci 1990). In this paper, we restrict ourselves to the magnetic field approach.
The space R is decomposed into the conducting region V. and the external region
R?3/V,. Denoted by H, B, J and E the magnetic field, the magnetic flux density, the
current density and the electric field, respectively, the quasi-stationary Maxwell’'s
equations in V, read:

VxH=], VXE=-9B, V-B=0. @

The densities and the fields are linked by the constitutive properties, ie. B = uH,
J = oF, where u > 0 is the magnetic permeability with u = u. constant in V,, and
o = ¢ > 0 stands for the electric conductivity. Moreover, we assume that the material
parameters are time independent and associated with linear isotropic media, and that
the given external source /s is zero within the conducting regions. As a result, we
obtain the following field equations in R3/V
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VQVy =0 for v € Hy(V;).
V.
This can be achieved by involving the harmonic extension operator H: H & 20V —
H(V.) and defining Oy, = HQyyy,. Changing the coupling bilinear form b.(-, -) to
b.(+,"), defined by

be(W,v) = — [ WVHuy)y,
V.

we obtain a uniquely solvable variational problem: find (7,Q) € Ho(curl, V) x
Hy(V) such that

a(Q,v) + b(T,v) = fVu, Yo e T%Sv
Ve

4
be(W, Q) + au(T, W) = \ fW, YW € Hycurl, Vo).
Ve

Lemma 1. Problem (4) has a unique solution (T, ).

Proof. In the paper by Maday et al (2003), we proved that the bilinear form
ag(Ww), (Vo)) given by ac(W, V) + bo(W,v) + b(V,w) + a(w,v) where V.,We
Hy(curl, V) and v,w € mwQ\v is continuous and elliptic on Hy(curl, V) X E%S. (]
Lemma 2. The vector field T is divergence-free in V..

Proof. Takingv € E&G\ov in the first equation of (4), we get b.(T',v) = 0. In fact,
Q harmonic implies a(Q), v) = 0 and

fVv=0.
NV,

From the second equation in (3) with Q = Vo, v € N.&Q\Lv we obtain b.(W,Q) =0
since ) is harmonic and

a/(T, S\.VH\ ™W
Ve

due to the fact that curl(grad) is zero. So,

\sg\u\s\n:\

implying V-7 = 0 as soon as V- f. = 0, which is the case. ]

Discretization method

We adopt two different quasi-uniform triangulations 7;; on V and 7, on V.. Here,
H and h denote the maximal diameter of the elements in 74 and 7, respectively.
On 7y, we use standard conforming finite elements of lowest order to approximate ().
The associated discrete space having zero boundary conditions on 8V is called
Soa(V). For the discretization of the vector field 7, we use edge elements, see the
book by Bossavit (1998), on 7,. The associated discrete space is X,(V,) and we set
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This approach is stable in the time domain and characterized by an optimal
error estimate in the spatial domain (Maday et al, 2003). The only theoretical
constraint appearing is that the ratio of the two meshsizes 4/H has to be small enough.
In what follows, we show how problem (6) can be solved efficiently by means of a
GauB-Seidel iterative scheme.

Implementation details and iterative solver

The implementation of the proposed method involves three delicate steps that we are
going to analyze in the following. First step, the mortar coupling to define the values of
vt = vy € Seu(V) at the nodes of 7, lying on 3V, i.e. v~ = [y at d V.. The mortar
condition (5) gives

\ elw|H\ vtv™, for v~ € M,0V,).
Ve av.

Using the same notation for the discrete functions and their algebraic representations,

condition (5) in matrix form reads Q_v~ = Qv+, where @_ and @, are node mass
matrices on d V.. associated with 7. Note that @_ is easy to compute since its elements
are integrals of products of functions defined with respect to the same mesh. This is not
the case for @, whose elements involve integrals of products of functions defined on
different meshes. For the latter, the exact integration is feasible in two dimensions,
but may become difficult in three dimensions unless quadrature formulas are used
(Wohlmuth, 2001).

Denoted by @ the rectangular matrix Q~'Q.., condition (5) reads v~ = Qu*. The
inversion of @_ is not expensive with respect to the rest of the algorithm. Moreover,
in the case of dual Lagrange multipliers, @_ is diagonal, and the inversion becomes a
trivial task. The matrix @ is the only matrix involved that has to be rebuilt at each new
position of the conductor V..

Second step, the extension of » ~ from 8 V to the interior of V, i.e.v* = Hyv~ in V..
This is done by solving a Dirichlet boundary problem in V. for the Laplace operator with
zero source term and a given boundary condition. In matrix form, we have v* = Sy,
where S is the matrix associated to Hj,.

Final step, the bilinear form

bp(W,v*) = l\ WVv*,
Ve

which represents the coupling term in the problem between the local vector potential and
the global scalar one. Note that W € X,,(V.); as it is classical, the vector Vo* can
be decomposed on the same basis as W. The coefficients of the decomposition
are circulations along the edges of 7;, defined from nodal values at the end points of the
edges. The passage from nodal values to associated circulations can be done efficiently
in terms of G, the node-to-edge incidence matrix (Bossavit, 1998). For anedgee = {p, ¢}
of 7, oriented from node p to node g, we have G(e,p) = —1, G(e,q) =1, and
G(e,r) =0 for all other nodes r (Figure 2). So, for a function v* € S;,(V.), the
vector Vo* € X;(V.) is algebraically given by Guv*. The edge-to-node application
is simply given by G, where the upper index ¢ denotes the transposed operator. With the
bilinear form b,(W,v), W € X,(V.) and v € S;,(V;) we associate the rectangular matrix
= —MG, where M is the edge element mass matrix on V..




suoIsuswip

0M} Ul ) XLIjew

20ULPUI 33Pa-03-9pou 3y}
J0 uonoe pue uonendwor)
‘g 9m3ry

2901

gurdnod
Srenusjod
JI0J09A pUR JB[BIS

‘sdogs awmy Jo Joquinu 951e] B SpuBLD wo[qoad 3y JT “ISAMOY] *, S UOHILISII PUR §
UoISu9lxo 9y Jo uoneddde ay) Joj se [[om se ““O37 pue O SaoLORW ) JO UOISIaAUL
o4} 10} spoyaur uonisoduwodsp urewop 1o pusnnu ay1 swyLod[e Suruonipuodaid
JUBLJS A[YSTY SSN 0} PUSWIWIONAT aM ‘Jesspoul St sdays wm Jo Jequinu 3y I
"dals uoneran
Jod paAJos 9q 0} 9AeY swd[qoIdqns 391y} A[uo 9ousnbasucd & SV "(F00Z 72 12 yostwa[,)
Hyy Ul uoneIS)I UOSPIBYOLY pauonIpuodRid B Jo SuLL) Ul pajenuLIofel Ajjus[eanba
9( UED SWLYdS UOHRII 3} (8) 03 SANRUWIM)[R UR S "SIFISAIP () poyiow [9p1eg-¢nexn)
U} PUB ‘WISAS 1) JO ssaULNUYSP dA1Isod 3y} JO SSO[ B UL SI[NSaI UOISUI)X [RIALL
9y} BuIsn Jey) MOYS §)$9) [BOLIOWNU ‘I9AdMOY] “A[dde 0} I91SB9 a1k YoIyMm ‘siojerado
UOISU9)XD JUIIp JO Yury) Aewr suo ‘Areniqre st 98nes oy sourg 4 uo swojqoxd
WYL 0M} JO UOHN[OS Y} SIA[0AUI G PUB & SIOLIBW 0M) 9y} Jo uonedrdde
ay} “renonued uf “pambai st sww[qoidqns Inoj o uoyn(os oy ‘ders UOIIRI9)I [OBS Uf
1 01 L Jo 9uo ayy SpaLk Hyy 03 H1y 30 20u9819AU0D 3y, *(,2°,2)9
> (1422 1442V YeY) YONS y pue g7 uo Surpuadsp J0U [ > g > () JUBJSUOD B S)ISIX9
919U} U9y} ‘dels Y- Y} Ul JOLIS UOnRIN 3y} oq iy — Hiy = ,0 9] ¢ DU
(€00¢) v 12 Kepely
Ul paaoid Burue] Sutmo[[oy oy} Aq pasjuerens st wyjLIoS[e oy JO 90USSIPAU0D I,

®) = 4l €50+ HoAy O = H00S9d + 1,410

Aq v ey pue . i I @mduwod
181y om “Hry woxy Sunreig -sweyos [PPRS-gnen }20[q & asodoid am ‘(2) I0J I9A[0S
QAlJBION UB SY "] U0 () = X "] uonipuod A1epunoq oy} d9jueiens o0} AIessodou
St 4 Jo uoneordde oy, *,(0 ‘/a) = (da‘la)g 91 KLneW JFONO © SI J pueR SuonNIpuUod
AIepunoq 1[YSLI(] SNO3UaSOWOY Y} JUNCIIE OJUI e} SI0RA IPIS PuBy Y3 9y,

©) A ="1,4,S,0+H0A0Y = HOPSId + 1LV

Wo)SAS Tedul] 9y} SUIA[0S H{y PUB ] SI0J09A OM} UL :SPBAI (9) wepqoad a3010S1p
93 Jo uwLioy oreiqasde oy, “( \Cw H X ( \Cw H UO (--)p ULIOJ Jeaul[iq 9Y} Y)IM PIJBIOOSSE
XLOBW SSAUFYS 3y} “Oy £q 910usp JoylLmy sn 3o (-¢.)°p ULIOJ JeaulIq 9y} JO SULId)
ut pauyep (°A)*0x uo wajqoid JP[YOLI(] Y3 YIm Pa3BID0SSE XLIJRW 9y} ST 017 atoym

(0 ) Zopy [TV

m~v~ V/4 74 %:\ NJ\
urejqo am ‘sauo Arepunoq pue

Jows3ur ojut %2 3o $d3pa atpy Sursodwiodsq (A) ) X (°A)x uo (--)°p Lo} Ieaurpq ay)
314 PRJBIDOSSE 7 XLIJBW SSOUIIS 9} 20NPOHUI 9 ‘Wid[qoad XLeur [euty ay) 308 0,




COMPEL
24,3

1068

Figure 3.

(Left) Domain geometry.

(Right) (x, 2)-plane,
dimensions in mm

it may become feasible to use LU-decompositions instead, which have to be carried
out only once, since the involved matrices do not change during the whole
computation.

The mechanical model

For the mechanical part, we use the simple model of a damped harmonic oscillator.
Let L be the distance between the two equilibrium positions of ¥, which correspond to
take or not to take into account the gravity force, respectively. We denote by m the
mass of V. and by z the vertical position of the center of V, at time £, with the initial
conditions z(0), 2(0). Then at any given time, there are four forces acting on m: the
gravity force —mg pulling downward, the spring force k(L — z), the damping
force — bz and the external magnetic force (Fy,,),. Neglecting any movement parallel to
the (xy)-plane, the Newton’s law of motion for a point mass (the center of V) reads:

§mHI§%+E~\|mv|@N+A\mevx,ﬁﬁv, 9
<n z

where we assume that V. has free space permeability wo, and therefore, no forces
due to magnetization need to be taken into account. If we write equation (9) at the
equilibrium position, ie. z=0 and F, =0, we get mg = kL. Then, equation (8)
simplifies into

§m+@m.+meA\2xmvxtmv. 10)
d\n r4

To discretize equation (10), we apply a second-order explicit finite difference scheme of
time step size dt.

Numerical results

We present some numerical results for problem (6) explicitly coupled with the discrete
form of equation (10). The considered domain V'is the cube (— 0.1 m, 0.1 m)® containing
a ferromagnet of relative magnetic permeability u, = 1,000, and a cylindrical
conductor V. having permeability g = 47 x 10~7 H/m. The geometry parameters are
shown in Figure 3. The ferromagnet contains a coil (shadowed part in the right picture
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the fact that no other involved matrix has to be reassembled during the whole
computation. Moreover, no remeshing is necessary: the foreground and the conductor
grid can be chosen completely independent to each other.
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