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The purpose of  th ] -s  vork is  to  set  down some basic  +"oo13 torards

the conputation of the algebraic and rational invariants of a Lie alge-

ra

bra Ç, that ie to say the polynon.ial and rational fu:rctions on G vhich

are invarj.ant under the coadjoint action of the associaied group' or to

put it aDother vay the centers of the r:nive::sal enveloping algebra of G

and of  i ts  f ie ld  of  f ract ions '

Nerr ideas i.ntroduced here are those of the soul of a Lie algebra'

ând of its rational soul: they are invariant idealg characterized a.S the

snal lest  vhose enveloping aLgebra ( resp '  f ie td)  conta ins a l l  the a l€€bla ic

( resp.  rat ional )  invar iants '  To each invar iant  ls  a lso at tached an ideal '

i+,s lllllig' and. the largest of them is shonn to be the soul '

These ideas appLy only trivially to the ca^ce of reductive algebra's'

where the j.nvarl-ants are rrell knovn anyway. They are more developed in

the case of  a lgebra ic  so lvable L ie a lgebras,  and specia l ly  n i ipotent  onest

vhere souls  are ]ooked at  as l imi ts  of  sequences of  invar iant  commutator

ideals (caLllei irere 3gl3g!g ideals)' A13o ln case G is algebraj'c ' ue

give an effective \'ray to cÔmpute the rational soul'

T n e s o u i s a r e t n e n s e l v e s t i e a l g e b r a s o l ' a r ' e r y p a r + " i c u l a r i y p e ,

incluiling al] reductive algebra's but not so nuch more' and thêir classi-

f ica ' ; ion seems less hopeless than the gencra l  one '
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Many examples oi' explicitly computed rings of invariants have been

spread in the text, il lustrating (and using) the notions introduced '

par t  o f  th is  was developed.  in  co l laborat ion v i th  Anne Fenard 1"""  [ rz ] ) '
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91-  The set t ing and notat ions
€

1.1 G is  an n-d j -mensionat  L ie a lgebra over  the f le ld  E of  character is t lc

zero, and thrc,ughout the text we as sulÎe one of the two following hypotheses

t o  b e  s a t i s f i  e d :

-  e i ther  k  = lR cr  C ( the f ie lds of  : :ea]  or  complex nunbers)

-  o"  g is  a l€ebra ic .

In ei.ther case we call Q the connected and simply cormected Lie group

(resp.  the adjo int  a lgebra ic  group)  whose L ie a lgebra is  $ '  I  act3 on G

vla the âdioint repxesentatj.on Ar1, and on the dual t' "t g via the coadjoint

*
representation Ad ."

+  t  - 1  '

V x e c ,  x é c ,  f  é Ù ' ,  < ; d ^ ( x ) f  '  x )  =  ( f  '  A d ( x  ) X 2

*  '  -  - *
t r 'or  f  eG*,  xec we def  ine x . f  =  ( f îé  )  e  G bv

V vec  (x . î ) (Y )  = - r ( [ x ,Y ]  )
. I

and w: i te as usual G(f  )  = Ker g,  '  c lear lv G(f)  = \n 
Ff 

'  a ' l l .d

x. r  =  5 l  lax(exp tx) ro " l t =o

1.2 I f  v  is  a vector  space cver  k  ,  s(v)  is  the syrûrnetr ic  a lgebra of  v '

and R(V) i ts  f ie ld  of  f ract ions '  I f  E is  any subset  of  Y '  we Hr i te  <F>

for  thê l inear  enveloPe of  E in  V '

In  par t icu lar  S($)  ana n(C) are l . rere j -Cent i f ied wi th the r ing of  polynonia l

functions and the fieLd of rationaL functions on G*'

I f  P:G*-+5 ig  a rat :onal  funct ior l ,  ve ca l " l  3(P)  thè Zar isk i  open

subset  of  G* r 'hr r .  P is  regular ,  and for  fe  r (P) t  dP( f )  is  the d i f ferent ia l

o f  P at  the poin i  f  .
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1.t U(G) is the universal envelopi'ng algebra of Et with its usual filtra-

t i on  by  the  subspaces  U- (g )  =  f reu (c )  |  u " " ' ç  t ]  ( t e t . I ) ,  " t t a
L  - t  )

À:S(c) -- tû(G) the symmetr isat ion mappin8'

If H is a subalgebra of G, ve identify U(H) and S(H) wLth subalgebrae of

u(c) and S(G) respeci ivel l ' ,  and nS) wi t r r  a subf ield of  R(C) '  This is

compa t ib le  w i th  the  b i j ec t i on  À .

^ ( r

1.4 rf  ô is a set of derivations of G, ve carl  u(cf ,  s(Ef '  n(c)o ttre

^ /^  \  -  ($)  resnect i 've lY '  I f  E j 's  ar i r r g s  o f  ô _ i n v a r i a n r  e r e m e n t s  o t  , : i , ,  " ) * 1 ;  
f  

. H  , a d u
subalgebra of  C,  ve wi l l  wr i te  U($)g '  S(9)*  '  R(c) i ' :  instead of  IJ(G)-- ;  '

^:ç - -- â T.{
S(E) "dE  ,  R (g )ud*  .  we  v i l l  a l so  hT i te  Z (G)  fo r  t he  cen te r  Û (G)e  o f  U (Q) '

1. ,  The synrnetr isat ion mapping )  ls  u i lect ive f rom S(G)g onto Z(G) '  and

l t  is  an a lgebra isomorphisrn i f  G is  n i lpotent  ( [6 ] ,n tor '  4 'e ' i2) '  Actual ly

f o r a n y c i t c o u l d b e m o d i f i e d i n t o a n a } g e b r a i s o r n o r p h i s r n b e t v e e n t h e t ' / o

,  a ^ 1  -  ^ \(see  L>1,  t rneoreme zr .  i f  p  i s  n i l lo te : : t  o r  reducL ive ,  t "  E= 19 ,91  ,  n (9)9

is  the f ie ld .  o . f  f ract :ons of  s(c)g (see the proof  of  lenma 1 in  [5 ]  ,  or  in

the n i lpoter .L .2  "  lz ) ,  Iemma 1O).

1.6 Proposi t ion:  S(g)9 ana n(C)9 are engendexed by thei r  hornogeneous '

r f  
[ x 1 ,  

.  . . , * " ]  i s  a  b a s i s  o f  G '  a n dProof :

n
\ w . - ^ k

l x . , x , l  =  /  ,  { ' ,  \  ( t ç i ' 3 ' x 4 n ;  c i . € k )
L  : - '  3  - - t  

Ë f  
r J  r J

î  . L

S(C)9 .r.16 n(C)g are the polynorniai and ra+"ionaf solutions P cf the systen

of differentiai equatiors on C* :
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n  / n  \

{ * )  ) - l ) -  ^n
/ - - r l t - - ! ' . . ,  ^ . , . /  à i P  =  o  (  1 = 1 " " ' n )

i =1 \ k=1 
'-/

vhere the \ 
are the coordlnate functions o't f it'tft" dual basis of

[ x " , " . . , x - ] ,  " r , a  à . '  = * .
L " J

As these eq'ations are hcracgeneous of degzee zero, S(C)g i3 the dixect sum

of its homogere.ùs subspaces' Now if P = A3-1 € R($)q A a'nd 3 being rela-

t ive ly  pr ine in  S(C),  the system (*)  is  equiva lent  to  the er is tence of

f , e f  s u c h  - i h a t ,  f o r  i = 1  , " ' , n

n  t v -  \  + / +  n  \ . , _
T . ( L . T ' '  r / a : o  - e r ( p x ( x  ) . 4  =  L \ à ' i ,  a / à , "  -  e x n f x ' ) ' a  = '
3: i  \Ër 

r"J J /L I  i=1

? 1

(reasoning ,= :-o f:] 
lenuna 1)' As these equations are again homog€neous Ôf

degree zerc,  the ccnclus j -on fo l ' lcvs for  n(C)9 too '  '

We will often use the foll-o\'ring basic result of C' Chevalley and

J.  Di :cr ier  ( [z ] ,  r " t t " "  7  and 8)  :

1 .7 Tbeorem: Let g be the Lie al sglla-gf'an 3-g:89!Ê]9!ÉI--ell:!=&--Éf9u] 
G

of autonorphisms of ê vector space V of dinension p (g1l--9Ier-!) ' Take a

b i e i s  { r . , . . . , * - 1  o r  9 .  r  3 - ! € E  { u r , " ' , o n l  
o f  v  '  a n d  c a l l  3  =  ( b i i )

|  |  t L . ,

Èq n*p matr ix ui th entr ies o. j  = t r(uj  )  E V cn(v) '  t ren

(i) ihe transcendental degree of R(l)9 over k is the dinensj'on r gf

K e r ! :  n ( v ) P - - + n ( v ) n

( i i )  V  P€R(v )  r en ( v )9<+  dPe  Ke r  3

t  |  . c l
( i l i )  f  cæ | ren(v) ' l  gs"",S-erg r\er D '

t r )
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A o  r ,  r  - ^ È r . i ^  r J F f i n i t i o n  o f  t h e  s o u - L
: 1 1

?:1 !S!i"illgg' 'd"

oi  a l1 subal  gebras

soul- A = A(9-) of a Lie algebla $ the intersection

G  s u c h  + h : t  U ( a )  2 Z ( 9 )  '

H o f  G  snch  tha t  U (S)22 (9 '

ca l l

E o f

zi e.-qpge]-!.i."' Sl9) is the s:raii,sgl-g9glsgE!3

agl itj!;i- e.n (4q! $ -)invarianj: iieal of p

!æg!r The family F of subalgebras i{ of G such

stable under  f in i te  in tersect ions and nct  empty '

ninirûal dimension is à(9) . rf f € Aut G , PQ)

sa-ne d imensi -on a.s  S ,  so f ($)  
= è ' t

2 . 1  P r c p c s i t i o n - :  ( a )

o f  t h e i r  s o u l s .

rhat  u(g)22(O

So any element

is  a lso in  Ft

is obviouslY

o f F o f

and of the

be! . :  ( . )  c lear lv  4(91@92) câ(91)@g(g2)  ,  s ince z(g99)  = z(91)62(92) '

Bur  for  j=1 , r  z (L j )cz(c1@9)cu(3G1@92))  and thus â(91 ) -â(91e92)  '

( t )  Usine (a)  ve ca: :  assume that  G is  s inp le or  abel ian '  I f  $ is  e inple '

â(9)  ie  e i i .her  [o ]  or  Qq bY 2 '2 '  3ut  ê(9, )=t" ]  is  c lear lv  equiva lent  to

Z(9)  = I  .  As the Casi rn i r  e lemÉnt  of  G is  a second degree e lemer: t  o f  Z($) t

we l;ru'st nave A(!) = G in thi-s case' as rbviorisl-y in the other case' !

(b) A reductive a1c9.E3'i9-ii9-giour'

?1! A. the above

On the other side

already the case,

a lgebra.  But  ' i in

shows, the notion of soul is empty for a reductive algebra'

' ' ' 
soon as Z(g) = E ' and this is

we have ât P = 
1o.1 

as

for j"nstance, fcr the 2-d.imensional non-abelian Lie

ér€neralrr the soul of a Lie algebra is a proper invariant
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irieal, which dces noi even l-' 'c loltg +"o arty of the thlee cl-assical (central

i -escending,  cent taf  ascend. inS,  and der ived,  here wr i t ten 9 'g '  9 'g '  n ' t ta  C( ' )  )

ser ies of  invar iant  ideals ,  as the fo l lowinE exarnple shovs:

G is  the 6-d imensional  n i lpotent  L ie a lgebra def ined in  a basis  
[ * t  

" " ' "UJ

by the br:ackets

[x.,,xri = ,+ , L*.,,r.n1 = x, , [*l,":l - Vr,'11= ["r,*o'l = xo

creaïry 94E = E' = {"] , Cg= g,ç-= 1xa) | tg= 1xr,xr) i

9zg,= lxr,xr,xa7; 9-19,= Gt = <x4'x5,x52 i 919= lrtl ' ' l 'x5'x52 i

and94g= G. But z(g) =E p:r, xf,-zxoxuozxrxal' and so 3ç) =<r:rxoÀ1x52'
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f .1-  Geornetr ic  def in l t lc r :s  of  the soul
";#-Æ

1"1 lrg]gsitio,t( li ' F'aît): The so'il of C is tl-e sub: ra-ce À(C) = o v \  I

11 idg---Êr'*4e$--$E-P?99 v -gl I such that s(v)2s(c)E'

! r1g l :  I f  V r : - i  a  srL5of t 'ce of  G and S(V) = S(C)9 '  t len f  or  any P eS(C)9 '

+  I  - , -  n r \  c r r \  < a . r h a r  Z d P (  f  ) . f  ' >  =  o . l l e n c e
f  ê c  , î ' e ' t  ,  r e  r - , i 1 v c  P ( f + f  ' )  =  p ( f )  '  s o  t h a t  < d P ( f  ) ' f  

' >  =  o  '  H

v ccr , la . ins ihe s ' :ace t /o  -  
*  *  

dP(f )

p€ _r (g)Y, f  € c

Rec ip rcca i i l v  i f  P€  S(G)9 ,  re9 l ,  r 'e  v j  and ' re  pu t  
P l r )  

=  P( f+ t f  ' ) - ( t€ ! ) '

. c

w e  h a v Ê  f ' \ r )  
=  ( d P ( f + t f  r ) , 1 ' >  =  o  ,  s o  f \ r )  

=  
f ( o )  '  r t r u s  s ( c ) g c  s ( v t ) '

ro r  any-  xeG and rec ,  tne  . invar iance o f  p  inpr ies  Ad(x)c?( r )  =  dp(Ad*(x ) f ) .

He.ce vo is t-r'. ideal oi 0, and b;i the slrr'e tri su-ti-on natr!' ing U(vo) = z(Q) '

rf ncv li is a subalgebra such that u(H)rZ($), we have agaj"n by sJ'xxre trisation

s ( t )  =  s 1 c ) 9 ,  t n r r s  ] l ? ? o . 3 i ' 2 ' 2 ,  
v o  = â ( g ) ' f

Li  Froros i t ion ( l '1 .  RaÏs) :  Assune !S or  0 and ihere ex is ts  a c  ensj :

*  . f

c-:nvar-!^.n+" c ?gl__+!_:_g-! o of G* such th-a! s(G)9 separates the G-grbits
+

.in O. Then for- a:.: sr,bsçr. fll i r} ' i : : is Zariski-Cense in g, ' 'gne- itgg

â(g) = 
rt-n: 

g\r)

^ r -
proof :  Take f ,€  |  I  9( . .  ) - l :  " : rd  re-(c)È '  Fcr  each f 'é  fL '  ve can

f €  n r

choose X€ C such that  f r  =  X ' f  '  S ince P i 's  G- invar iant '

< d P ( f ) , f ' >  =  ( o Ê ( r ) ' x ' f )  =  o

and the pol1 'nonia l -  funct ion f  F- t<dP(f  ) ' f  r> vanishes cn r I '  th ;s

^ l
; ' c  l  I'  s r . ' É  

L * l d P ( f  ) )  .  F i n a l l y

z
pe s(c)9,re c*



n
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e !l]

I r N - L . I
G( r )  ^ l  *  ( dP ( f ) )  =  a (9 )  bv  5 ' 2  '
*  P . 9 ( c  ) Ë , f  €  c

Reciprocally if f I '*È(Q)-L, fo'- :"nl- fefl '"'e can find t)c such that fcr

a n t .  t é  k  ,  l t l < €  l n p l i e s  f + t f  ' € O  '  I f  P € S ( c ) g ,  v e  h a v e  b y  J ' 1

P(f+t f ' )  =  P( f )  ,  and us ing our  assunpt ion i t  fo l lows t 'hat  f+t f r€  Ad+(g) f

for  l t  l {e  .  Di f ferent ia t ing wi th respec. |  to  t  ,  ihere ex i 's ts  XéG such that

.J
f '  =  X . f  ,  h e n c e  f  ' € . C ( f )  .  T h u s

I  / - \  -L /a l -  . . I
- r ( : ) . . c .  I  f  c l i )  c t , 3 ( f )  c  t ( ; ;  ' r

f  a ( L -  f € A '

3 . 1 l e f r n i t l o n : l e t q b e a n c r b i t c . f t h e c c ' a , d ' o i n i l e p r ' e s e n t a t i o n . ! / e c a l 1

saturat ion subgpegg.  ! (9)  of  C the se+'  o f  a l ' l  f  teG*,such that  for  any f  eQ'

/ , . 1 f  r + t l eo ]  i s  c re . .  c l eo r - . '  L ' 9 ' ,  =  
D^E ( r ) -  ,  t ha t  j s  l ( 9 ) t  =S (9 )  '

(  t  f e Ç

r. ihere C(C) = 2-  C( f )  is  the smat lest  ideal  in  G ccr+-a in ing any one

f é o *

o f  t h e  G ( f )  f c r  f e ) .

jrgi C::oLlarl-: fnder the seïe :ssri-lj ioniE-in Droposition ' '2' we have

-A(g)r = n D(g)
9-st

. . I  ^  . J  ^
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ea- n:e souf  c f  a  n i l l :o tent  L ie a lgebra
"=:

4.1 s /e asgurre in  t i l ls  paragÏaph that  C is  n l lpotent '  and k =B or  C '  Tbe

i ie i i .  o f  f :ac-" ione of  Z($ can te iCent i f ied '  v ia  the sy laetr isat iont  wi th

the f ie ld  of  i rac." :o1s cf  S(99,  and th is  one,  s ince C is  n i lpotent ,  v i th

p i c ) 9  ( s e e  1 . 1 ) .  F u r t h e r r o r *  n ( G ) Ç  i s  a  F u r e l ' J '  t r a n s c e n d e n t a l  e x t e n s i o n  o f

5 l, uu*"" r = n-2d ' !"heïe d is the corrf,uta*" lrri tv defect of I 
( [z]' a"ri-

n i t ion 2) ,  and cne ca.r ,  f rnd Po,  F1 , " ' r  Pr  in  z(G) such that  eo I  o  i

a . (--

F. = À-t  (Pr)  € s(g)g i .s homcgeneo-ls for i  = o '1"" ' r  i  the natural

morphism k(Fl  , . . . ,F ' . )  - --> R(9)9 iu an j -sororphisn ;  and the Forbi ts 
j 'n

$* which a:e ccntained in the G-stable Zariski open subset

O  =  I * . c * lF^ ( * )  I  o )  t t "  exac t f v  t he  a lgeb ra i c  subva r ie t i es  de f i ned
I  - r  t )  )

by the equatl,ons

F . t r )  =  r .  ( i = t , . - . ' r  ;  a : e E  )' j ' - '  
;  J  -

r - 1  r  - 1  ^ . 2 ) .  t t r u s  J . d  a p p l l e s  h e r e  :
( S e e  f o r  a l l  t h i s  1 2 i '  

a n d  
l - 1 4 1 '  

p r o p o s r t r o n  z

3l=l Corollan': IL G is nil

sect ionofthesatulqt ion..su}9'peceel ls l ] - . !bg..o-*1ts*cgtai-ngdtnalyoDen

cubset Il

L1 Lèt 91 bc a 1-codimens iolial- iôeal of G' and ff ' 9*-+ gl

projection. It is vell }c'rown ([f+l) ttt"t only one of the tvo

situations can occu 

 

I
- either Z(G) c-z ($1) , t'"t "" {g.) c gr ' Ker 1I - AG)

e a c h o r b i t O c o c o n t a j ' n s v i t h a r l y p o j - n t x t h e e n t i r e f i b r e

Wc sha1l then say that C1 J-s a vertical ideal of G'

.É
o f G

the ca.nonical

folloving

, and by 4.2
-1  .

îC  ( îE  (x )  J .
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-  or  z(ç . \éz(9-1)  ,  b ' r t  ther :  z(g1 )  =  u(91 )n zG) '  R(g)g is  a

t ranscenclenta l  exten: : ior  r : f  r ieg:ee one of  R(G1 ;91 = n(9, ;9 '  and one can

f i nd  Po , . . . ,P ,  e  z (9 )  such  tha t  P1  , " ' ,P " -1  genera te  P ' (91  )E  '  P t  #  u (91  )

(see [z]  lenLrnas ! ,  10, 11 and proposi t ion J) ,  and 
t"o" 

" ' t " ]  has ar1 the

propelt ies C€scr ibed in 4 '1 In part icular i f  !  is  an orbi t  in O and L

a f ibre of  1r.  meet ing o ,  F"-"" | t  is not ident ical ly zero'  and fô9 rs

thus f jn i te.  As f f lg is also connected (114] ]enma 6'1) '  l t  is  a s ingle 
&

point. We shal1 then say that G', is a transversal ideal of p'

Furthermore ve shal l  say that  S is  complctefy  t :ansversal  ( resn.  g!e-

te ly  ver i , ica. l - )  i f  a f f  i ts  
.1-  cod inens ionaf  ideals  are t ransversal  ( resp '

ver t ica l  )  -

1 ! [  Prccosi t jon,  !g !  S be a n i lnotent  a lgebra over :  R 9= 0 '  $ i  i ts  der ived

alSgbra, A its soul. and' !., a 1-codimens i-o-!31 iCea] -of $'

(a) Ç., is vertical if and only if 912!, transversal otlrgrvise '

(t) I is c orplelgly "e"'"i""l i! ""d o"lÉ âcg'

(c) I is c ogpl:,t r,l.y tlansversai if and on ê-= g '

(d) The intersec'- ion of  vert ical  (1-ccdinensional)  ideals of  G is -L!re inva-

gi3njj3.a1 g+9'.

Proof: (a) cornes frorn the equivalences

â - 91 <+ z(g) c u(9 ) <+ z(G) c z(G1)

(l) rne fanity F of 1 -eod imensional- ideals of G ls precisely the family of

1-codinensional  subslaces of  G contâ ln ing Gr l  thus

A c c, <-----i À - O I and (t) follows from (a)'
;  - ;  

g f  9 " ,
Às soon as L I I one carl find a 1-codirnens ional ideal G' containing Ar

G . ,  i s  t h e n  v e r t i c a L  b Y  ( " ) '

fo l lows f rorn (a)  anr l  the proof  c f  (b) ' l

t c , )

and

(,1 )
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4.5 Let  us ca l l  Z ihe centex of  G'  Clear ly  {=Z'  So i f  G ls  cot r }p lete l -y

ver t ica l ,  necessar i ly  Z*c| "  But  the converse is  not  t rue:  i f  G is  the

only 4-dimensionel niJ'potent' Lie algebra which carinot be split into a direct

(-- .- ' l

sum, i t  can be def ined in  a basis  
i " , " . , *OJ 

by the brackets

V,,r rJ  =* l  ,  [x1,x1J = xo .

1xrrx1,x 4-Z 
is vertical while %. 

= 1x'rrx1rxi7 is ttaneversaL'
Then c1 =

g ince  Z (3 )

4.6 we vi]I call un!pli!!-Lg

G - @ C ^ .  v h e r e  t h e  d i n e n s i o n s  o
P I

=*(xo,xl-zxrxol  and thus g(!)  ={xr,x|xo2 =9' ,*  Er '

e algebra G vhj.ch carmot be r' 'ritten

and G, are strictly less than thÊlt of G'

]I:! Prorqs:it:!!n: Let $ be nilpotent' unspliia}}e' of dinensryn

g z(g) f,l I stcg:È"'s z(9' I ts cogplete'lr'-vs!@'

bp€: Zç)n I = 3 i3 the center of C' So z(c)c u(!) '  and clearlv

3(g)  = g .  r r  [ * . , , , . . . , rnJ ,  {x , , " ' ,xn,xn*1 , " ' ,xnJ '

{ x . , , . . . , x n , x n * t , . . . , x " ]  
,  [ * 1 , " " x " ' x r + 1  

" " ' x r r ]  a n e  b a s e s  o f  z l \ g t '

L , 9-' , C respectively, and if G,, and 92 are the subsFaces engendered by

Ix r* r r . - . ,xc l  
" ' ,a  

{xr , " ' ,xp 'xq+ '1  
" " 'xn]  resrect ive}v '  ve have

g.= 9PSz. au ,92 = [ol would inplv n=q , so g= 7.t and' an r:nspli table

abelian alSebra is of qinension onet we have 9., = 
["] ' so p=4 ' and

g(E) = U c g '  '  The conclus ion fo l lovs by 4 '4(b) ' r

{3[ T]re cornp]ei,ely vertical nilpotent Lie aLg€bras are

tance ihel:e are 6 cl-asses of isonorphisn of unsFlltable

of  d imensj .on 5 ( they are g iven and cal led l l , r '  r< j (O

of dimension 6 over lR, 20 over 0 (gi'ven and cal1ed G6tk

not rare. For ins-

nilpo',.ent âlgebras

in fl1), "tta z+

, 1 < k < 2 4  i n  F 5 ] ) .
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c,ne ca.n check that the completely vertical ones are th" 15,i rot j=1 '1'6

a n d  t h e  G ,  ,  l o l  k = 2 r 8 , 9 t 1  1 , 1 ) t 1 6 , 1 7  t 1 9 ' 2 0 t 2 1  t 2 2 ' 2 J t 2 4 '  A 1 l -  b u t  t h e  f i r s t
o r K

f ive G.  , ,  c i ted here sat is fy  t i re  hypothesis  of  proposi t ion 4 '7 '

4 .9 The cornplete ly  t ransversal  n i lpotent '  L ie  a lgebras '  that  is  ihe a lge-

b::as which are equal to their soul' are nuch less ccisllcnt as the following

labie s l toçs:

l,pari fron k itself, tlre seven unspli' ' 'abie cornpletely transversai algebras

of  d inension - (? (over  R or  0)  are def ined below by thei r  brackets i 'n  a

r 1
basis  {X." . . . rX- f  r  and we g ive for  each cne the center  Z of  j ' ts  enveloping

al-atebra:

,-1 r--l \ r "t r.. 
r -'1

(") (= fr,o rn FJ) [x,,x2l = x1 t lxl ,xrJ 
= x4 '  Lxz'xlJ = ̂ 5

- F- u u2 nu " '"" 
'1

z = k LX4,x5,x--?xzx4+'zl '1xç J

(-D) (=c6,.,r  rn Lr]) [x,,xr l  
= x4 , [x,,xr l  = x5 ,

(  see tàbl .  oh /1ext  Pdg.)

^j , f*.,,*rl = *+ ,

x 6 ,  [ " r , * r ] = \ '

( " )

(d) L*1,*r-l- *, , 1x.,,xrJ = xn ,

1x'xr1 =xe ,  lx lxr l=xr

["',,tJ -

[x', 'x51 = fx'x4l = *?
fx.,x,- l  = xo ,

1x., ,xol = xr ,

, [tr,*ol = -t

z = E [x4,x5,xu,xrxo-x2x5*xrx61

, = I Lle ,1, x?o-zxrxr*zxrx6-zxil

F,'"il = *,

1r,xrJ = xe

z = E Fo, 
xt, xf,x r*xf,xr-zx oxf;-zx rx rx rn zx zx 6\ -2x 1x1)
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(") fx.,,xr)=x, , ;x,,xrl 
= x+ , f* l ,*o] 

= *, , [xl 'xr] = x5

[" r , * l ]  = " r ,  [xr ,xo]  = x e,  [xr ,x51 = \ ,  [x lxa1 = -h

z = \ Ix6,\, zxlr+tr3oA-tx oxi*e#i*âslxrl 
xxrx.x?-ex,{ ]

(r) [*.,,*J = "o , fx.,,xrl = xr , ft,,*51= *a

[ x r ,xo l=xe  ,  [ x2 ,x r1=x7,  [ " i ' "o l= \

z = k fxs,x7, x?rxu-uux;y'txrxl+zxrxrxr-'^,1)

(e) 1x.,,xzl 
= x+ , [*., ,*J = *, , [xl,x01 = xe

lxr,xrl = x-r, [xr,xo1 = n,, ixlx5l 
= xe

, = E [."e ,\, $7*xlxr-zxrt3,-a1x2^.zx,xryJ

That the last five ârce tl:e only cc'np1e'fe--::r lnansversal nilporent

algebras of dimension 
'/ can be checked on the list of aI1 ?-dinensional

nilpotent Lie algebras over F or 0 g:iven in [re] 
'
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ôr- Reducing ideals and the souL

L-! Definition: If J is a subalgebra of C' we say that Qe IJ(C) is

*-rrdu-gjr:S 
if ad a : J -----+U(c ) is of rark one' and we call c(Q) the

k e r n e l o f i h i s m a p p l n 6 ' t h a t i s t o s a y t h e c c r u l n t a t o r c f Q i n j , .

!:3 !Sn*r, Let Qcu(9.) æ l::uau"i"gr-g4 leU(J) '

I f  [ P , e l  =  o  ,  È i r  P e  u ( c ( Q ) )  '
- t -

prgql :  l ,e t  /x . , , . . . , " r1  
be a bas is  o f  J  such i l ra t  

[x r ' ' " 'çJ  
t t - - "

*=* ., "tqi. rr C "; p axe the degrees of Q a'nri r = X "nxft"'xft

(o(  =(o(1 ,  .  . .  rao)  e Nn) ,  we hat 'e

As [x. , ,0]  I  o is of  degree q, th is impl ies dfa = o as soon as

d,1 +.. .+dn=p ,  that is to say P ='  Pp+P' v i th Pné u(c(e))  '  r 'eI I ' - . ' (J ' )  r

and [r , ,e]  
= [ rn*r"o]  

= o .  Ttre proof fo l lows bv induct lon on p ' f

)-] lor q€ tN' 1et Rn(1) ue the intcrsection of the cor'rnutators c(Q) of

atl J-reducin€i ae Un (Ç) .

@: -I! J i.s an invali ant ideal of $, so is R.-(!)'

qe It^ (C) is J-reducing'

F(Rq(g);  = yq"(e)) =f l r  "(?te)) = &(I)  ' r

n

. = [t,n] = 
Ë H, [*r,*J moauro un*-2(9)

= ( Z- - druo< xfr-' xf . ..-fl [*,,n] rnoau*o un*-2(9)
\d. ,+. . .+dr=n

@@@@@@@@�!! If felnlt 
G , FlleÂut 

J and if qeltq(g) is J-r€ducr'ns'

p(e)êuqç) is thus aiso J-recucit--g'  and ctf  lQ)) = f (ctQ)) '  so
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5ll néfinition: Write o(*) = 
l.rl 

Rqlg) ' ar:d define

Hi*1(J.) = ntnitÈ)) and notJ.) = t . *n "tttÆt.:n:

ideals  nf  I  ,  and f ina l lv  ve pub R-(J. )  = [  I  nJ ( : , )
-  j e N

proposition foll-ows irrunediately from lernma 5'J :

a sequence r,J t.l*) W

nitg the E&iIs

. The following

)*! Fropositiolt !S-! J b9.!4--]lvargl!-!g-9e!--9! ç"

(a) r 'or eqr-Jl in:!-!9 sequence q1 r" 'rQi of intesers' ncr(*nr{" '(Rq (t))" ' ))

i s an invariant ideal of G '

(t) rr." ni(.1) (3e N) are a decgasing ( thus stationarv) seouence gi

i n v a r i a n t i d e a l s o f G . I n J a r t i c u l a r R æ ( J ) i s a n i n v a r i a ' n t ' i d e a ' ] o f $ '

;i.i[ Tne notion of an J-reducing eeÛ(g) is vel] krown in the case whe re

deg Q = 1 ,  ! - -g  r  ano [0 ,9J -  z tg , )  i " " "  f i+ ]  Lernma 4 '1 ;  !z ]  t r  chap ' r r '

$r  ;  le)  + . t .? '8 '11 , tz  ;  |  1 ]  satz  1 '5  ) '  but  i t  rnav happen that  Û(c)  haS

n o c - r e r l u c i n g e l - e m e r : t o f d e g r e e o r : e r L ' h i l e h a v i n g m a n y o f h i 8 h e r d e 6 l e e s :

for insiance if c is tha 6-dimensional algebra defined by the b::acreis

[x.,,xrl = x, , [x.,,xr1 = xe , [xr,xo1= xe , [*r'*ol =.*,

one cl-recks easily that ad X : G --) Q is of rank 2 or O lor any Xe! '

-uut xrxSxlxA, *t*5*4X6 r X.,xo+Xrx, and xrxr-xrx, âre G-leducir€;' ard

R(g,) is the center <xi'x6> of I '

.I-:L Lryr Let G be nilpotentr ;f a subalgebra, 8€ U(G) be J:gS'i!C'

l=='r*"  [8, .J]  = k.Q1 ,  y. iÈ ar t  utg '  Then ei ther Q, is 'J-reducj 'ng and
- l €

c(à. ) = "(Q) , o" Q1 comnutes l' i ' th J '
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P,igql: lirst note that c(Q) is not only a subalgebm' of $r but an ideal of J :

t a k e  X € J - c ( Q )  ,  s o  t h a t  [ O , x l  
= O t  I  o  a n d  J  =  E ' x e t ( a )  i  i f  Y é c ( Q ) '

we have L*rt,] 
= aX modulo c(q) , and ttence

o., = le,'xl = [e, [x, r]] = [Lc'*] 'rl = [e. 'rl

so a is an ei-genvalue of ad Y : Uq(g) ->un(S) t vhere q is the degree

o f  ?  and  Q . , .  AsG i s  n i l po ten t '  a=o  '  " t d  F ' " (e ) ]  
c  c (8 )  '  uo ' '

ln , , r ]  =  [10,4," ]  =  Lo, [x , t ] ]  * [ to ' r l ' * l=o 'E

) - . [  ! ' roncei t ion:  I f  G is  n i lpctent ,  ; ]  is  a  subalgebra '  and Q is  4-rer luc ing '

there is  anothex .J- reducins Q'  of  th@ c(Q')  = c(Q) '

ana [Q' , . r ]  c  u(g) I  .

p r o o f :  c h o o s e  x e J - c ( Q ) ,  a n d  p u t  Q o = Q ,  O l  = [ O ' x l l o  '  Q i  = [ O r - , ' " J

for i>1 . ty the preceding lemina, all the non-zero Q, are of ihe sane

degree q ,  and ei ther rn u(c)I  or J-reducing and such that c(Or) = c(a) '

Às ad x is nitpotent in un(G), ther€ j-s a srnallest integer io such that

("d x) io(Q,) = o .  we have io? 2 and chocse Q' '  = Qi^-z ' t

jit !æ, Let A be the souf--ol $ r d a subalsebra' and C€ U(g') be S{edg-clns'

r i  a  c ,  ,  @ 1 1  â c  c ( q )

$5g!: To anv P€ z(9) c u(A) c u(, we ca'n applv rernna 5'2' Thus

z ( ? )  e  u ( c ( A ) )  ,  a n d  h e n c e  ê c c ( q ) ' r

i .1o corol larU: À11 the r€duci!€i!19glg Rt.,(" ' (nnr{g))" '  )  '  ni(g') '

R-(9) contain the soul  oi  9 '

Pmof : Af,ply lerna 5.9 as InaJry iirnes as necessarxf' I
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,.11 groposition, !S-! I be an algebraic Lie algebra' J glÈ J1 ideal's or g'

n(c)& is a tran3-

Ëæolr Let |"r*r, . 
.. ,",'l , 1""*,' ,. 

.' ,"J , t*1 " 
" ,"r,] o" bâses or' Jl '

dr 
and c respect ive l i ' .  Ther i  fo l  f€  R(J)  ve have

_ ,  . G
j . ,  o l  c o d l m e n s l o ! - o n e  i n  *  '  I f  R ( J F  -  n ( J r ) '  t h e n

1
^  n , ^  \ v

cendenta l  t x tens icn  o f  dogree c r ie  c l  Â \ \ ' /

<--'1 - - ÀP
) .  l x . x . l -  = o

r . l i . r  L  r '  J r  Ox. i

and the j.nclusion of n(.1 )È in R(J., ) means :

r r L l
I \--1 r-. -. -'l è- |

1 * ;  V r e n ( g , )  . l V i = l , . . . , , '  . L .  l * r ' " , J Ë .  
= ' l  - È

L  t = " * '  "  J  )

By 1.'l applied with T = J r we knor' that the solutions

f o  . - - - o  
' l  

i n  n ( J ) a - r  o f  t h e  s y s t e n  o f  e q u a t i o n s

l q r + 1  
' . . . ' * n J  - "  " . ; '

n

V.,, . . - ,n Z. [ t  ,* . , -10, = '
i - T + 1  

-  -  "

are linearly g€nerated over R(J ) by the soLutit"" J 5p; ' ' ' ' '
|  

- "r+1

\.rhe r€ f e n(g)9. Thus (*) inPlies

P € R ( J ) g  + * V  i = 1  " . . , n

o v
; ï - =  "  '
" ' - r+1

à P 1
à X  I '

t tJ

r r f  )
( , * )  Y I  i - * , , . . . ,q .  f  e  R(J)" - '

L '  ( " J  n

iV t= , , . . . , "  Z .  [ * , ' * ; ]  u ,
,  . r - - '

r  . .  ' 1  -  ^ ,p u t  " i 3  =  
l ^ i , ^ ; J .  

- ( J , )  1 e 1  1 - < i ( n  e  r + 1  ( j ( n '  l =  ( a r r )  d e f i n e s

a R(J)- l inear mappins n(J)"- t --+ n(g)o and rank A = ( t t -")  -  du(rer l )

r . j o n d i t i o n  ( * * \  m e a n s  K e r  À  c *  =  
t a " * r , " ' , n . r ] t  

n Q ) o - t  l o . - ,  
-  t ]

Thus  ran f< l [ "= rankA- l  '  l e t  B=  -aÀ  and  3 ' '  be  the  ma t r i x  ob ta i -ned

by delet ing the f i rst  l ine of  3 '  Âs " i ; t { . t  c R(*1 )  for 1< j '<n an' I

a+2(j( .n,  the rarù( ot  31 over R(J1) is the rank of  B over R(i)  n inus one"

and for any nen(C) we have
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. . r  \ J  +  I -  " t à n
F. € l :(ç )v g> V i=r+l ' .  .  .  'n 

?, 
Lni '" i l  à7: 

=

n
J.  r  r  / )?

Re n(c ) -1g> f5=r+2, . . . ,n  
? ,  Lx : ' x i l  q  =  "

5y 1.7 again '  the t ra l rscendenia l  Cegrees : f  F ' (C)J and

are n - I'ark3 and n - ::a:!r !.t respec-"lvely ' !

o(g)Jt over k

pxoor :  B)/ 1.5 we have u(J)g = I-1 (t(J)9) and u(j1 )q = )-t  ( t(J, )9) '

and their resp.ective fielcs- of ilactj-ons are isorrorgi:ic to RçJ)q ana

n/.r  )9 tv I -21 le:L-ra 1C .  Thus our assrr ï f  t ion i i :p l ' ies R(J )9 -  "( i r  )9 '
. ' ' ; 1 '  "  L  I  r  . . r

! .s  S ls  afgebr :a1c '  we can f ind by the }ast  proposi t ion Roé R(9)-"  -R(g)y-

and again oy [z ]  kmma tO,  Ro = PoA;  '  wi th  lo ,Qot  ' tgy ' t  '

, 1
As R. /  l t (g)* ,  there exists xeJ:Jt  such +'hat

[o","] 
= ( [n",x] 

- toa-"t [0",x] )e;1

.q;1 [ao,x] , and either lr",xl I o ot le.,x] I " '

or o.o beronss to s(c)91-s1!)I , ".,c its image uv )' to

5.12 Corc11a1-: A$g$-.-!!tg! S

i r  u ( r )g  c  u ( *1 )  ,  u (g )g

5 . ' 1 i  T h e o r e n :  l t  G  i s  n i l p c t e n " '

Pr .^of  :  By 5.5 the suql r 'e""n RJ(G)
j

â ( $ ) c R " ( 9 =

ide: r .  J1 of  $  of

is nilr;otent. T]-r-en t r.{ith the sa'ne no+-ati-o:g,

is  s t l ic+" f1.  inc luded in  U(994 .

R-(ç.) = â(g) .
J

is  s ta i  j  onarJ ' ,  sav at  R 
o(g)  = H-(g)

*  .  I l  the last  j -nc lus ion ças st r ic t

codimension 
'l in J and containing A,

" l

rl:us [r.,X] I r

Hence e i ther  Po

J . r
u (c ) - ' i r ( c ) s  .  f

and  by  1 .10 '  !  =

cne could find a.n and

z\S) c u(â)9 c u(gr)9 c u(J)g a uçc;9 = 7191

- - ^ . . r , r  i n ^ r -  r r t . r  ) 9  -  r r f . r  ) 9  -  B v  c o r o f l a r . ;  5 . 1 2  t h e r e  w o u l d  e x i s t  a e  I l ( 9 )
w o u r - u  r ' ' L P f J  " \ ; /  - ' . ; 1  ,
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i + 1

commuting to J., but not to J , thus.J-reducing' 'tsut then R-o (g) c "(O) = 'lt

J ^

r .cu ld be st ic t ly  inc luded in  J  = R"o(g)  '  in  contradic t ion wi th the def i -

n i t j - o n  o f  j o  . l

1 ! !  The necessi ty  o l  consider ing reducing e lener ] ts  of  a I1 degrees to ç t

a sr-aiÊne:t llke 5'1) will be shora on the exanple of the iriangular alAe-

bra:  in  t l -e  next  paragraph'  The necessi ty  o l  sc ' ' 'era l  successive reoucl ions

(the sequence F.i) follot" already from tbe remark that in any case

R(9)  = g '  vhen G is  n i lpotent '  s lnce a l l  t f re  c(Q) are 1-codimensional

ideals  of  $  
(see tne proof  of  lemrna 5 '?) '  thus conta in $ '  '

5 .15  Exanp le :  Take  9=  
l r , ,  ( nc ta t i on  " r  1 l J )  '  t ha t  i s  t o  sav  the

5-dinensional algebra defined by the brackets

[x . , ,x r ]  =  xo,  [x . , ,xo)  =  xr ,  [x r ,x f  =xr

One can check that X4, Xr, ana X!O'ZX'"X, are 6-reducing' and

c(x^)  = 1x2,x5,x4,x52,  c(xr)  = 1x,J '1J4'xr7 '  c$f ; -zx 'xr)  = (x1 'x ' 'x4 '152 '

so n(g. )  c  1x+,x5)  = c i  ,  thus R(9)  = 9 '  bv 5 '14 '

But X., i.s G'-recuc!'ng and "(X', ) = < Xr> ' Finallv I

è(g) = R-(g) = R2(g =1x57 l1x+'x57 = R(9')  = 9'  '

5-1(  g13r tp1e:  G is  t 'he 6-d inensi ' r^ ' -1  r : i lpo"er : l  " l -Aebra (ca} led CUr"  i "  [ f :1)

def ined bY the brackets

[ x1 ,x2 l  =  x4 ,  1x . , ,x r1= x : ,  f x , ,xo l  =xo '  [ x r ' x r l=xe '  l * , ' *o l= - * :

Q1 = xlx5+x4x6 , Qz = xoxr-x1r6 and Q1 = x!4-2x i r-2 
Lzx 6 are the onlv

G-red.uc ing e lements ; -n U^(C) and more prec j -seLy :
-  2 ' "
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* (0 , ' )  =  qxr ,x3, ! t  > ,  " (Qz)  = 1x, r rx t r } '2 ,  c(qr )  =  4x, , t r \ r | '  2

a:nd -fe.,,x., l = fa,xr1 =[c'x1J=-i-f, €z(g)

so Hr(c) - R(9 < x4'x5'x6> = ci '  F'rther xt ls Gr-reducing' and

c{x.,)  = <x5,x6> - nztg) =3(9) .

Lll Eg11lg l G is the J-dimensional algebra Cefi-ned by the brackets

[*. , ,orJ 
= [x'x*l  = \ ,  |" . , ,"r1 = [x^,xo] = xr, [" l ,"0] = [xr,xr] * x,

The only  G-reducing e lements in  Ur(9)  are

Q., = -xrxr+xr*6-X4x5, Q, = x.,\-x5x5*x4x6 r Q, = -xtx6+xr"f-*+h

anj ]d Q4 -  x1x5-x2x6*7* '  " 'd  [e j ,x j ]  =. i^24 ( i=t ,2,1,4)  .

rhus R2(E) = R(g) = $(O =<xr 'x6, \> .

5.1d Corîo l lq ly :  ! 'or  a  n j - lDotenl ,  a lgebra G,  the fo l lo" r ing condi t ions ar€

giteknr!

(a)  G is  the soul  o f  a  L ie a lSebra qve r  \

(b)  c  1s i ts  ov" 'n  eoul

(") there is no -egcgi"s "-iege-l!.-l! u(9)

(d)  G is  cornpfet .e ly  t ransversal  .

r , n \
l roo l :  l r  \ '  =  Arr r l  ,  there is  no G-reducing e lernent  j -n  U( [ )  by 5 '9 '  In
a:a-' b e'r,J

p a r t i c u l a r  t h e r e  i s  n - n e  i n  U ( c ) .  T h u s  ( a ) : ( " )  .  ( c )  + ( b )  b v  5 ' 1 5 ,

and (u) €(a) tr iviarly. l i r ' "rrv (b )<!==+(d ) bv 4.4(c) .  t
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$6- 
'fne exanple of strictJ'y lorer iriangular matrices

6.1 we cal l  ' - tn the ni- lpotent Lie al5ebra of  str ict ly l "ower t r iangular

n rn  ma t r j ces  , . , / i . - h  en r r i es  i n  !  ,  a r .d  i * r ,  
j  , <  J  < i<o  

l t s  canon ica l  bas i s  :

al l  the entr iee of  X- '  are zero, but for the \ i ' j ) th '  equal to one'  Clear ly

( * )  f  x . 0 , x , , ,  . J  =  ô ,u * . r  -  ô r r \ i  r o r  i > i ' k>1  '
L r-.1 ' ]:r"

r . ' i th ôin = o i f  i lk '  1 i f  i=k '

we vi l }  use ihe tot t t i t "  le l  
for the formal determinant of  an mxm natt i -x

O = ( t i - j )  v i th entr j -es in a not necessar i ly abel ia:r  r i lS '  meanin;  :

I l \-'1

l^ l  = Z, g 1c)a6n r ),r ' -"*cr( ') , '
o- e 6gt

vhere t (dr)  is  the s l8r 'a ture Ôf  the pern lutat ion ( |  o f  {1  '2"" ' tJ  '

let us write n1 = 
1"",,1 

, Dz= 

Iï:],, ï:1,,1 
, ... ,

" r n l  -

L 2 )

Y

,  , .  i  <l i l
T

s(Lr)- is

(

the

lemma 2). Thus

bv 1.J , and we conclude

.l*,., a  , 4 " ]

Xtn+r . l  "  
. " [= f1 -  n

L?J*t,t LTJ*1, i

{ t , :

where [.] ""rtt" the integral part of a ratj-onal number'

I t  ls  knovn that R(]^) In 1s thâ f ie ld f (  5r ' '  " 'Ur* l '

L 2 )

functions of the l,

amd. more Preciscl-Y

functions ol

Z ( T  )' p n .

r  l m  \

these var iabl ."  t [+] ,

l+]' 
ttt.t ; we aeêin write

(- -l

r i n g  !  1 D . , ' . . . ' D r r r /  
o f

" Lzl

01' the rational

p  _  ) -11 r )  )

polynomial

,- f''.' :r 
-l

!  | " 1 t ' " t - r n - l  I  '
t  [ 2 1

| ,<: <[â1 , ,*[#-J
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. 1 t + 1 1  l -  
' \

F.1r  i .qy q < 
l ; l  r  we cal l  An the natr rx  \^13, i  a-q +1 1 i1 n,1é jéq '

z : rd for  1<l<q ,  ve ca l l  Anr t  the matr ix  obta ined by replac ing in  Aq

r , l
t h e  ] - t h  c o l u m n  b y  t h e  c c l u m : r  

l ; ( i , q * t  I  
n - l + i  ' <  i <  n j  ,  â d  o d , r  t n e  o n c

. o , r r i p c r l  1 ; i  r e ' ;  - z r c i t r .  i n  A n  t h e  ( n - 1 1 1  ) - t h  r c w  b y  t ' h e  t o "  
{ X n - a r J  I  

t  ' ' ' n ]

t  |  |  -  |  I  ôhÀ r t  +.hp - . .L

ï /e  pur  \ .n , r  =  
lAn, r l  ,  

* , i , r  =  
lo ; , r l  ,  anc i  ve ca l  I  Jn a, .d  9q the suc-

s p a c e s  o 1 l ' 1 "  e r g e n c l e r e d  b ; i  t h e  X "  f o r  1 < i < n - q  '  q + . 1  4 i 6 ' n  ( i > i )  t

anrd for  14 j3 �c-  r  n-1"+1 -< j -<n resPect ive ly  ( they are iCeals  of  Tt t )  :

re  c t  se

X . , e . J ^  - +

(  I  r !  ( i , i )_1 | O -

, x . , I  =  1' r J )  I  o  . : i ^ - e r "  j  s e

( q + 1  , l )

(b) a; ,1 is Jq-reducins and mcre

lon, t

Pro. . f  :  A d i rect

By induc ricn

6.1 corcl  lar : , ' r  Rq ( Ir ,  )

r n + 1 1

And n L-il -1 (I" )

f  D ,  i r '  ( i ' i )  =
r l l 0
l Q :  . , x . . 1  =  i
L . r ' '  r t J J  I  o  o + " h e  r . v i s e  .

L -

ccnpu+,at icn,  us ing the re lat ions (* )

o l r  q  cne cal  deCuce eas11y :

i r + 1 - l
c  Jq+ r  f o r  . < r< l - i j  .

,  ^ r m  \  -  p F t . r '  l
*1 .a11  =  9 r3 t r r  ' ' : n '

t - -  t

(n-1+1 '  n4 )

arbltra.rily hj-8h degree

reducing i.deals is

. t

The necessj - ty  of  consider ing reducin5 e lenents

for obtaining the soul of an algebra as tl1e limi+'

sho,^ryr on this exa.rnple by tire following proposition

o f

ot
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J n
I

I

I

I , 1 Xo,fl O

Xy.t,t - X*"N.

\
( Y \

\ \
\J g ' o

 

 

n'1+'t,1+t

I

I

I
I

X".,*.r,n\ g

I Ix,-e,,,]t'
t \

r  l r  \

r l t . . \
r l l

Xn-1*n.n ^n-q.r,1

I

I

I

I

I

I

I

I

I

I

I

8,

X
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q4 rroposi t ion:  nn( j*)  = Jq for  "" r= l i7 '

Proof:  l 'he l , roof uses tne next statement.  Suppose there exists an Jn-re-

ducing Qe uo,( ] ' r . , ) .  Bv 5.8 ve can : !s sune [E,Jt l  
'  U(! , r)Jq '

r o r  any  L ,  q<1<  n -q  ,  Q1  =  
[n , * r - * r , t J  

t " ,  bv  theo ren  6 ' J ,  a  poJ -non ia ]  o f

t r -e  x . .  ( n -q+1  -< i (  n , ' 1  é iéq )  and  the  ! r (o -+1  é t< fËJ l '  l - "  deg  Q ]é  q  '

Q ,  i s  a  po l fnomia l  o f  t he  X . .  a lone ,  t ha t  i s  Q teU(=Cn)  '  3u t

* l

arC s ince

. - , \
i i e n c e  c ! a , l

Lenr'a 5 .1 )

c t + /  =  j q

n

r.'=l+
noiufc  terns c f  a  1oçer  degree,

z  T I L + I

: . c  X -  , , ,  b e l o n 5 s  t :  Ç n  t
] " t  I  L  I

is  an iCeal  of  J^  (s ince T
rL

conta in inC É, l I  t l re  X i *1  
,  - [

,  ccn t ra ry  to  the  de i in i t ion

ue cor -c lude Q, -  =  o  .
L

:  s  : - i f  r - -c re l  t ,  see  the  Proof  o f
r : -

1q  < f  <  t t -O ) ;  bu t  th . i  s  i r rn l l les

o1 '  a  reduc ing  e le rnent .  !

6 i Theorem: The ccnùry-tator-gr Jo ! U(3,.,) ii--U.l9--C-b9-1,iel3_lgg_b_r-a- gf_ -t!tg

r 'oJ ] 'nomia l -s  of  the X. .  (n-q+l . -< i<n '1<i<q)  gn{qf ; lh-e

I^r  .  -  I * l  .  th is  is  n. th i l l -  i ru t  t ] :ecrens 1 and 4-  
L - : J

proof we give here 6eneraiize: the a:3u;:'ents of [+]' 
we

lenn:as .

For  p6t{  we cal l  Mnrp,  tn"  space of  prpr  matr ices } ' i th  entx ies in  ! t

t n n  =  l { n , o ,  a r r d  i f  X  =  ( x . . )  e  i l p  a n d  l < q < p ,  r ' r e  p u t

Antx) x . l  ̂  . , . . . . . . . .  x l  -f  r ( l  ' t Y

x  ,  . . . . . .  x
P - t + l r Q  ! È u - +  |

and N
l x . n ,  l Â  t x ) . A n * r ( x ) . . . . . A n t x )  I

! ,  (e+ r= .< [ -Ë ]1 .

or [aJ, and the

diviCe it ir:.to five

P r Q

I
I,el
' )" J '

A r . ) .  X € N  ^  @  X = Y E Z  t  w i t h
p . q  - -
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1 7  o \  l t \  o \
t  =  

[ .  , )  
,  z  =  

[ "  , )  
" b e i n s t h e u n i t - n a " . ; ' , - - c Î M n r

]or,,er trianfl:far na.trices cf lln-, r+ith entries 1 on the iiaqoni"!1

a",o*n,n ,  ant l  E = ( . : .J)  wi th

i f  ' l  < i é q  e . n d  P - q + 1  < i < P

j- f  i>q or i (  P- l  ,  and i - ;  I  P+1

^ .  ( x )
) . - ' . -x: ; t t  i f  1111 (  i<p -C49. j

L l r  1 \ ' t l

- 1
hils :l.Ie ::-me form as Y anrl Put Y =

b e c c i n e s :

\ '
" i l :  i j  - :  ( J

-  ! ; ) . i

e - "_r,

l roof :  Note

the equation

r , + \  l /  i  - :
\ /

which detemines the zp_.i+.l 
,1 

f or

the natrix A .

tr'or 1 <i <q . (*.' /r become" tlj

I  X ^

I  ' l
= 1 o

\
I

l ,  "

that .  T- i

s-
k > :

A g r g D

B é Î v l

= p- i+1

( x r . , ' )  ,  7  =  \ z . r )  .

! ' o r  q + 1  g  i 3 p  â n d  i > P - i + t  ,  ( + i )  m e a n s
K
z
< L -

.', Yitttl = -xÙ I and

r - f  t h e  s ; - s t e : ^  t e i n gth is  ie temines the ] - .k  ent i re ly ,  the de l 'e : : r i ' : r ; -n ' :

A. - .  t r )  f  o  .  l lere Y is  .ur : i r l r 'e  i1 ;  ie tern ined'

F o r  q + 1  4 i 4 p  a n d  i  =  . - i + 1  .  ( v * )  6 i v e s  " i , ; - i . 1  = Z
k < .  Y ik \ '  p- i+1

.  .  [ . { x )
t i ,p- i* l  = (-r  ) i -1 

4:ç;  
'  In part icular ei ' ! - i+1 I  o '

Fo? q+1 4 i<p and j (P- i+ l  '  ve s€ i
5-
Z-r

k< i -1
xi t* t  j  

= " i ,p- i*1"p- i+1 
, i  

-  x i j

1 < j < p - i  ,  q + Î  ( l ( P  ,  t h a t  l s  t o  s a Y

z
k > ,  

t ik"k j  '

ant l  we get  * iJ  = " i j  for  e-q +1 é i4P '  and for  1<i<p{

X .  i  =  Z - '  ! ; v Z L .
lJ  t j  p-q+ t  r 'K KJ

The detemr inant  of  th is  l "ast  syaten wi th unknown z* ,  ( fe+1 <k(P I  J  f ixed)

io ^ (X) f o , and the matrix 3 is thus entirely determined ' E

We owe the proofs of the ivo following lennas to J. Briançon.
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6.? Lernma: !9-1 F = Z Lan 
be a polvnogial fùnctio Mn I where

tr<r -  7 '1dc +'1 ^dp -  Érd for.each c(= (dn+t r . . . rcrn)euH, F i"  e lp ly-
a l  =  q q + 1  " " e - p  t  * ! -  - - -  q + i  

f  |  ,  
. l

n c n i a t  c f  t h q  r t ;  I u  1 s i < l  r  P - 1 + 1  1 i < p ,  @ E  r  =  s u l  
I x l d t  

É  o J

Tlg-nj€ À,4i"ig"g r , -it divides all the | '

P rqo f  :  By  i nduc - i i o r :  cn  I  r  q< l<p ' ( I t  j s  c le  a r  f o r  f=q ) '  I f  v  =  Z  foÉ

,  ^c( ^co +'1 'dl

i s  a  p o 1  5 , n o r l a r  o n  I i ,  ( l > q ) ,  f  =  ^ q i ; ' " "  A r . '  ,  a n r l  f o r  e : c l t

'  1-1 
F,  is  a poJ-ynomial  o f  the x '  '  f  or  1< i  <1r  t

o 4 =  ( d q + 1  , " . . , d r ) € [ r  
r  |  . )

r - t t + 1 < i < p  '  v h e l e  L r =  s u r t n l a o  l " J  ,  a n d  i f  Â n  d i v i c e s  F  '  v e  c a n

r^ r i .e  |  =  c  +F whe:  e  G is  a  mu i t ig ie  o r  An ano F  =  
7o 'oOo 

'

A baing the set of the c'( e [i{ suct'tlat Àn does not divide I ' The res-

triciion of F to the subspace of Ùi'r defined by the equations

x .  , . ,  = o  ( 1 < i < 1 )  i s Z| ,o Ao , and it is a€ain a multiPle

deA, d-r=o

By induction ve have 
{o.o lo, = "} =f ,  and thus

Z  " A o - t t )  v h e r e  d , -  e l €  N I - q  a . n d  t r  =  ( o ,  " ' , o , 1 )  '
=^ 

-d,* 
/

As Â. and A^ ut" relativel;' },rine' the bracket is itself a nrultiple of

A ^  n and the procf  f  o l lows by incuct ion on la l  = dq*1+'  'dr .  '  I

o f A q

F =  ̂ , 1

6 .19 Lemma:

( 1 < i  < c l  ,

Every polvnomial function on Mp which is a polynonial of thc x'J

^

F o - + 1  < i < p )  a n o  o r  
f f , . . . ,

A ^ , . , . . . , 4 ^ .
q 1  |  v

Â
q

, is actuall:r a Polynomial

â a  + ] r ô  q e r ê  a
---ji=--.::-: 

--ij and cf

S -  / À . * . , \ d r * t  / 4  
\ d "

p r o o r :  r e t  p =  L  p o  
[ ï - J  . . - ' ( U " ]  

-  
b e  a  p o l v n o m i a ]

: ' =  
. r e Â  

- '  
\  - q  /  t " q /

fnrrct ion on Mn r where Acû' tH is f in i te '  and for o< = (o/n+r "  " 'dp)

P is a non-zero pol1 'nonial  of  the x. . .  ( t< i4 QrP-4+'1 <i<p) '  t r 'or  o<eÂ r Put



'o( - -o{

then P =

l d - Z
d eÂ, la l  - rn =6

e" ^iîî' ... ̂i'

( ^ n ) " "  w h e r e  À n  d o e s  n o t  d i v i c e  Q 4 ;

Z^ en!n"o-'"'ÂiIit AT is :!

snd O = aup
c4ê't\

polynomial on

 
modulo a nul t iP le of  IJn .

" f  Ao ,  anc l  t h i s

an absurd statement t

{ to  
t  - "o1  .

Mn r a.nd

J f  o n e  h a t l  û ) o  ,  t h e  r i Û h t  t e r m

vould imç}y by ler.rna o.Z 'f t< e A It l

since À l3  f in i te .  Thus for  a l r

wculd be a r,iul ti Ple
i

l o < l - r  = a l  = A  ,q )

" r , l " < l  ( t o t . r

Lemna: !Ii*-h tf.ç "ot"tloql- qf feqg" 6'

lv1- --, ! , the f ollovinLare e-qu-i]|Agt :

V x .u- ,  VY,Z  as  in  lemma 6 .6  ,  f ( rxz )  =  f  (x )
r

f  is a pourromial of the *r j  ( t= i(q,p-q+1 <i <p) eng-og

omial functionA A

I ]

r r )

( b )
^ e * t " " ' â n

p4+1  4 j -<p  'F roo f :  Pu t  t t i i )  X r  =  YXZ .  Then  x !  =  x "  f c r  1 ( i (q  '

and for arrY r  (q+1-.<r(P) ,

( t i j ) r - - . r = "  =  ( r r r ) . , 1 - . i < " ' ( * i 3 ) r - . i _ - . t . ' ( " i i ) p - t * 1  - . 1 . p
p - r + 1  - < J ( P  1 < i < T  p - r + 1  < i < p  p - r + 1  < j é P

t i i f  , . ' . r  '  and  (b )  i nP l i es  (a )  '

|  È - !+1  < i<P
so that 1 < i < r

p-r+1 4j  éP

x ! .
1 j

Raciprocally, i.f f catisfies (a), let g be its rcstriction to the eubepace

of l tn def ined by the equat ions x.  .  = o ( i>* or J4p-q ,  'nd i+i  I  p+t ) '

l t ren g is a polynomial  of  the x" (1< i<q'  p-c1+1(J<p) a^nd of

xq.+1 
,p-q.r . . . rxpr l  

.  r f  x€ l t rnrn ,  * i t "  x = ' {Ez '  using lenrna 6'6 '  Then

f ( x ) = f ( Y E z ) = f ( E )
r - (

=  e f " r . ( r z l é q . r p - q . + 1  4 ; ( l ) r ê n a t , p { , " _ ' , ê p ,  1 J  ^  . _ ,
. "  4 " . 1 ( x )  - . .D -1  a - ( x )  T

=  c  
{ x r r ( r 4 i < q , p - q + 1 < i < p ) , ( - 1 ) " Ë f f  

, " " ( - 1 ) '  
Ç P  I  

'

Let h bc the ïestriction of f to the subspace of the natrj'ces of the fo::n



o  - - . - . - - " '  O

O . - - -  - . . . . .  O

x  -  ,  . . . .  x - . .  -  ^
q + l r  I  q + r  r P r l

o  , . . . . . .  o  1

x 1  
, p - q + l  

" "  * 1  
, p

-2A-

x
Q r

c

o

p

TiTen h is stj-LI a polynonj-at cf the lenz-ining variables' ar'd its restriction

to  i he  c len  su l se t  
{  

t q+1  
, z  

I  o  ' . . . t  *Q* r  
rn -n  

/  oJ  i s

r r  
{ x r r ( r - z  

i éqop -q+1  é  i 4p ) , xq+ r ,n . -q , xq .+ l  , p -q - t , xq+ t , t  ]

= s 
{  
* r , (  r  < i  {  q,  pq+ 1 < i  (  p) ,  -xq+1,p-q,  1-r  ;++1-! :J ' -H1' ' ' ' '  ( -1 '* t# l  

J

Conparing the tvo last expressicns we have of It ve gpt

f ( x )  =  h  [ *  . . r r a i <q ,p -q+1 -< i<p ) , ( - 1  ; c+ r  f u+ r  ,  ( - t  ) q *1
L  ' J  " q

Tha conclusion foliovs then from lemna 6'8 ' !l

6.10 Lemma: For  . .  n . [Ë l  ,  .g ' )Jn

Pé s(Tn)  be longs  to  " (3"1n

" = F, [*ri'*nrlfu ror

c  s ( ,q ( r  ) )' È ' , n "

if and onlY if

d1 ( i rJ)  such that  L7 i ' l> .q+1rJ é n-q

4.."

Y,

/  I  rQ l l
.-l D

l tô
t

Proof :

{ * { J É )

t - ) D  t . . à p= {2r^"#; - ?r\rfu
F o r  i n s t a n c e  f o r  ( i , 1 )  =  ( n - 1  , 1 )  a n d  ( n , 2 )

J
Assume PeS(Tn)"q and does not

for a sivan j.ntesel' ,.1+) '

s n t l  1 < i ( P ,  g i v e s

d.epend on

Ttren, ês

by the rclations (*) .

àP  AP
,  o n e  g e t s  

à X -  .  
= * j =  o .

n r n - l  a t  I

the X. ,  for  j .<  P or  j7  n-P+1 t
r J

p1n-p t 1*-*x) applicd Yith i=n-P



", ,-r, , . ; fr  =o ,hence ft="L <  i 4 p

f o : : k > n - p . I n t h e s a n e v a y r f o r 5 = p + 1 a n d n - p + 1 z i ( n ' ( + + x )

t v --àI-- - >- -- àP àP

rjnir  
' - r l  ày-p+1 ,r  urr ! î -o*,  \ ,n*r âÇ = o '  nence 

4", '

for  1(p+1 .3y induct ion on pr  He ccnciuCe that  P does rot  depenC or  anJr

x. . such thet I <l+l or i >/f+l +r ' l" i i -  - L z )  - ' L ' )

g-ive s

6.11 Prcof of-llrg oIgnlL2: For a'ny q (o<q

lrritten

l r  o  c  o \
I B I+E o o Ix  =  |  

o l  o "  x  =
l c  

r ,  r + K  
I

\ l  c  L  r l
\

<làl

I '
l 3

l .
\ ;

\  ] I

) ,  e a c h  x e e x F J n  c a n  b e

0 0 0 0

I+E 0 0 0

b 1 0 0

t r ' c I + K 0
T T

n=2p+1 )( i f  n = 2 p )

w i t h  E r r , K e * * r * n  i  n n M n r q  t  u r c a o t r - o r n  
i  

G r l n M q r p {  i  t t M l  
, q  

i

oa"r  
rn*  

i  "aMp*, l  i  daMqr. l  ;  E and K being st r ic t ly  Lol ter  t r iangular '

and I denoting the unit matrix.

In a.rgr case Ad x is an automorphism of the invariant ideal A(Tn) = 9p

l c  r  \
of  T- ,  and l r  w  =  f  no  "o  la  9o  =  Mo r  w i th  Fo€ "nar*  '  Do€Mqrq  '

F n -  
\ " o  

" o  
I  

- y  y

conMp-qrq ,  GoaMqrp{  r  wc 8Êt '  Yhether  n is  even or  odd'

l ( r*x)c"  -  1t*x)ro1t+e)-13 {rx)rotr*r ) -1 \
A d ( x ) v  =  |  . . _  _ , - 1 _  

' l

| ,  t .o * no - (L! 'oico)ir+s)-1n (u'o{co)(r+E)-',/

= z h ' Y - 1  w i t h  z -  / r x o \  " r , u  r = l t  o \

[ i  r J  \ 3 ] + E ,

Lat us identi ty 9p= 
lln vith j. ts dual by me ans of the ca'nonical bilinaar

fo::rn (v/rl,/ ') t---à 11 IrI\',/ I . By lenna 6.'10' if f e S(frr)J+ ' vê have
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pes(c )  = s(11-) ,  and sj-nce tr  (u1'Ad(x)wt)  = tr  (hzw'Y-1 ;  = t r  (T-1wzw';  '
' = p  P

J

any Pe S(Mn) belon6s to S(Trrf 
q 

if and only if the associated polyno-

raial function on M* = Mn j'3 invariant under the autonrorPhisms of lln

u È---2 Y-1)n

By lenma 6.9r thls me arrs that P ls a polynordal  of  the x" (1 <i4Qrp{+1 <i<p)

and of the 4 
(n*1 < i< e=[Ë])  '  rhe conclusion fol lovs bv transposins

a6:.in this result by means of the sarne bilinear forn' !
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is any basis cf E' -a"d R1 , R2 e R(9) r .!!!,

L . 1

prolonging thÉ't of G and sucli l l-at

(* )  vn. , , r r ,n,  -  n{c)  [n,nr ,n iJ  = [n, ' ,n1JR2 *  Rr L"r , tJ

This sin-rc-'ure i,s defined ancL stuiied 1" t19] 
(lennae ?'1 '2'4) and

called the poisson s,lruciu:e on n(c) . 8y a staaiglr-"forçard con|rr.tation

b a s e d  o n  ( + ) ,  o n e  g e t s

7 . 2  L e m m a :  I l

?o isson brac {e t

7 . 3  D e f i n l  t i  c n :

all subalgebras

Most  of  the

ra'uional soul,

to  those of  the

1" , , . . . , " r r ]
;f E. a:ld R^

t -  a

r ^  - r  5 t  à P ' r à R z r "  v l
L" t 'nzJ 

= 
# ,  àx .  èx  r i ' " i r

I t  i t  thus c lear  that  the center  of  F(G) for  i ts  Poisson st ructu?e is

prec ise ly  the subf i -e ld R(c)g of  the rat ional  invar iants of  G '

{e call rational sou]' 5 = gtÇ)

. c
H of  G such that  R(H) -  R(Ç)r '  .

s tatenc- ts  af  S2r)  and 5 on thê

and this is what we do in $? and

corresponding stateroents on the

of G the intersection of

soul can be adapted to the

I . Many proofs, analoguous

soul, vi.ll thuc bÈ omitted.

L[ Propositjq: $($) is the snallest subalsebra H- of g such that

s i t i r n :  l l i e r e : l s . , r e  a r c  c n l

nf n ) '-r F( c't9 - and it is an invaria.nt ideal of G .
r r \ u /  J  r \ \  v /
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I : r o o f :  a s  i n  P r o p o s i t i o n  ? ' 2  " v

L2 Prorogl! ion: The rational soul o€ C is-the subsJrace

î r  n \ d P ( f )  ,

@ v cf  G such lhat R(v) = R($)Y '

P roc f :  as  i n  P roPos iL ion  i . 1  ' l l

f-r.1f Pronositio4: The rational

the rat ional  sou]s.

Proof: Assune 9o = 9f@92 i3 the direct surn of tvo algebraic Lie afgebras '

t h e n  f o r  i  =  1 r Z  I

*(g,)Yi - "(! ,o)*oc R(I(go)) + ftgr) - Etg.)

4"r,.. Jtg") f ê(91 )@E(gz) ' rn order to prove the converse' complete

f .. .. 
.l ( -. - 't 

of I(g1 ) a.rrd f(92) respec-bases  
lX t r . . . ' xn . ,  j  

, J1o  
{^n . ,+ t " " 'nnr * r rJ

t i ' e ty  :n to  t r " " r  
{x . , , . . . , ^ r r1  

*o  
{ ' . , . , * . r , " ' , x . r . r * rJ  

o f  G l  and G,

r f  n o - l 1 * n z  ,  . i j  =  [ * r , * i l  
( r d i , 3 4 n o )  ,  4 1 =  ( a r J ) r <  i , i ( o 1  ,

L -  ta  )  .  rank A.=n.  -  q ,  (1=or1r2)  ,  the rank being;
" 2  -  \ - j i / n 1 + 1  < i , i <  n t + n 2  '  r  r  . .

l A ' , 0 \  .  \
t aken  ove r  R (c )  ,  t hen  ve  have  oo  =  

l ^ '  ^  , |  
=  ( " r i ) 1<  i , J (no  '  a rd

t  ,  n z '

by  1 .7  ,  t he  deg ree  o f  R (9 . r ;9 t  o t ' " "  E  i s  q t  (1=o '1 '2 ) '

r ake  sy i t ens  
I o r t * . , , . . . , * " , )  |  

i = r , . . . , q l J  * ] .  
{ nJ , * " . , - 1  

, " ' , xn1  +d2 )  |  j = r " " 1 ,  I

of algebraical ly indepencent eLernents " t  
l ,nr  

)- '  at td R(92)-"  respect ively '

i r  RG(31 )g[ tg,  )  )  d id not ccntain R(po)-o ,  ve co' :1d f ind

. \, )^
Q(x r , . . . ' xn  )  e  P (go ) "o  such  t l . a t  f f i :  I  "  f o r  so rne

o 1

Z
Pe R(G )9 , re  r (P)
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'  1 . . . . . "  I  .  3ut  then Q would be a lgebra ica l ly  inda-
i  € . 1  p i + 1 r . . .  ' n 1 r t 1 * P 2 *  o )

L C

penient of the Q. and Qj r so that R(!o)*o ' containing

k(e.Q. .  , .  . .  rQ-  ,Q- l  ,  . .  .  ra j  )  would have at  least  degree a1{2*1 over  !  r
- ' ' '  l '  q l  '  1 2  

c

and th is  is  absurd,  s ince qonl+q,  '  Hence Rçof  
o 

a nf tg ,  b fÇ2))  '

î r ^  r , l î r ^  \
a n d  f i n a l l Y  A ( 9 o )  c  e ( 9 1  l c r ê ( 9 2 i

Nov if G1 and C, are not necessarily algebraic' but k = lR or 0 '

ve stj-ll i 'a're Ï(c.,@$r) - âtg'' )o[tEr) bv the sace ar:êlÙ:ent E's above'

As the rat:onal invaria'nts of G1 r 9z "td 9o 
= 9P9Z are the r:ational

so lut ions of  the corresponding systers of  d i f fe Ïent ia l  equat ions (* )

ccnsiderecl in 1 .6 r the inverse lncluslon follovs easl1-y from proposition

?.5 and the classicaL probenj'us theory of linear cllfferential systens

honogeneous of order one ' E

L

L:J- R( S): al waYs con Lains

!tg) = g(9) '  and they
_ c

f r a c t i o n s  o f  S ( G ) ;  .  T h i s

this case A(g) = êç) - g

t h e  f  i e l d  o f  f r u - c l i o r , s  o f  S ( C ) E  ,

are equal  i f  and onlY i f  R(c)g is

happens for installce whenever $ i's

U y  2 . 1 ( l )  )  ,  o r  n i l P o t e n t  ( s e e  i

Lie algebra :

Pe R(c)g  ,  vc

, a n d s o P i s

hence

the f ie ld  of

reduct ive ( in

, ) )  .

wa can find

have

constanl.

? .8 Example:  G

a tasis Ix , rJ

V a r b e k  o  =

rhus R(g)g = E

is the 2-dinensional non-abelian

of it such that fx,V] 
= r ' rr

fr,,x*ur] = Y(# - #) bv 7.2

, ".'a !(g) = â(g) = {"] .

7 .9 Exa-mple :

algebra over R

( * )  Vp€R(c )

( l  €  R)  be the

uas is  {x r t ,z ]

,  v,4 =1,
t  *À f r2  ,

J-dinensional Lie

brackets

Sr  ,  1 t , " ]= -àH

L e t  G =

defined

LX,YJ
r.. -T
LÀ' YJ [" , t ]  

=

c
ËÀ

oil a

= T

> D

o \

solvable

by the

7 , .
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so pen(9)9 if and only if it is a rati'onal function of Y and Z only' and

a fr:action or Y-À Z onIY '

-  i f  Â  i s  ï a t i ona l  nega t i ve '  wx i t i na  )= - i  ( a ' b€ lN  '  anb  =  1 )  '  wa  ge t

s(g)g = n[v%b] , R(g)g = R(Y%b) , and ̂ r.(!) =Itgl = 1r,L] '

-  i r  À =  o ,  s t g ) S  = n [ z ] ,  R ( g ) g  = R ( z ) ,  a n d  ] ( E )  = 5 ( 9  = < z > '

-  i f  À  i s  r a l : i o n a l  p o s j t i v e '  v l l " t : n c  X  = f  ( a t b € N  '  a a b  =  1 )  '  w e  g e t

s ( g ) 9 = R ,  R ( 9 ) 9 = n ( v - % b ; ,  a n d  $ ( $ - )  =  { " 1  ' à ( 9  = < Y ' 2 2 '

- i f  À is irrat ional (that i 's : ' f  G is not algebraic) '  s(9)g = R(9)9 = n '

a n t  À ( G )  =  f t c )  =  { o J  .

7.10 ?roposiilon: Àssrure 5 = R g 0 and tl.tj:re exlsts a dense 9-.}Ig""ig!û

!.Pg-L-Êfi!;€-! fL€ c" such +'hat Ë(C)9 separates the orbjts in '(L ' Then for

*

:ny sutrse r fl ' cf O v:hich is Zariski.-dense ir- I ' g-lggg

s-'l
Trc)  =  L  c ( r )

f e,0 
'

Proof:  analoguous tc that of  proposi t ioa 1'2 ' '

_ . . r _  n .
?.11 Corol tary:  Und-er the sarne assunpt ion as i 'n ? '10 t  A(O- = L l (9)

P roo f :  as  i n  co ro l l a rd  1 .4  ' f

l:12 ff k is algebraically closed, and G is algebraic' there exisis a

^ *
dense C-invariant Zariski open subset fl cf i such that R(9)9 ttpt"atu"

the G-o.rb i ts  in  O.  t [e ] ,  pro los i t ion 1 even c lef  ines such an I l  vh ich ls

caJ ' ion lcar , .



l8-  Reducinf  - i r lêb,1r '  . - ) - . i  tL .e la t :ona]  soul -

B. t  le{ . in i t ion:  I f  J  is  a suDal .ge bra of  G ve say that  a€R(C) is  g-J:gÈ!r : i

if ad o- , J ----1n($) is of rarx '-)rè ' âncl ";e :-c'te c(A) tL-e kenel oi

'"}:is rr:a.!1 1f.Ê, l,ha'" il tc say tlie conmutatcl cf Ç' in J ' It is a suoalgebra

of .{ -

tsJ Lemrna:  Ie t  Q,  € R(G) be : l - - reducing,  a.dd P€R(J)  f  f  f r 'q ]  = o '

t h e n  P e n ( c ( a ) )

prccf :  Wr i . te  p = la-  
1 

,  l r i th  A and 3 re la ' , ive ly  pr i rne in  S(J) .  I rom 7.1

we <raduce [o-t" , o] = lar-1 , Q]l * [a . eJar-1

and thus t*-' , a] = [A , e]u-t - [ae]m-z

so that [*-t , e] = o <-> [r',0]r = la'e]l

oomplete a bas is  
{L , . . . , * r l  

or  c(Q)  in to  a bas is  t "1 , " ' ,x r l  
o f  i  '

!y remna ?.2 , Lo,el= F,,,q]h and tt,n] = ["t'*]& ' hênce

[ t ,e l= o è h '"=&'^
and this inplies& =* = " ' eincc A antt B are relatively prùtrê ''

U . I n c o m p l e t e a r , l a } o g y t o S ' , . r e o r r r r - ( ; ) t h e i n t e l s e c t i o n o f t h e

comnutators c(Q) or  a l r  J- reducing A€P'(G) ,  î i * ' t1)  = EtFi t l ) )  '

^
î-t.l ) = [ ) nlfl) , and we prove that they a]t ere inYaTj-:'nt ldeals of G

J e I
as soon as J is  one .



L e nula:

Pr-oo! :

a:'Ld to

Thus

essu,ne f(!) - nJ (9) . ro any lea(c)g c n@tE))

.ny î i1c)- tuducing QeR(9)  we car l  applv  lenna 8 '2

ô  _ 1 L 1  
- i : 1  .  - l

n(g)9 -  n lF l * ' tc ) )  ,  and j (Q)  c  R"  (u)  '  E

c R(É' j (9)
- i

, r i11  ; i  =  RJ(G) .

I
l - o r c )  =  J  .  l f  t h e  i n c l - u s i o n  v a s

of ccdi-nension one in J and contai-

nould be of Cegree

be J-reducin6 I
'1

i n  î "o1c)  .  r

q.5 &-g. r . t :  I f  $  is  a lAebra ic  and solvable '  then fr ' -(c) = Ï tc) .

ningl  =-!($) ,  and t t - tus

*n,il R(I)9 - R(Jr )9 - nq)g c R(g)g

I { ence  R( * )Ê  =  R(J1 )g  ,  and  bv  p ropos i t i on  5 '11 '  R (C) I1

one over n(g)È " 3ut then arlv Q€ n1c;{1 - n1c;J voufd

.r-,u Ë'i o*t ($) c c(o) = g., would be strictlv included

prôc : :  31 '  remna e .4 ,  l (g )  c  îæ1c)  =

str ic t  one coulc l  f ind an ideal  i r  o f  S

(b) G ls its own ratlonal sogf

(c) There is no gttatfg.iCËS'i9tt"I i" n(9) '

I 
= ltgl , there is no G-reducing

âny ee n(c)9 vourd in:PlY Etgl -

Q in R(G) t  o therwise larnna 8 '2

" ( e ) ç 9 .  r h u s  ( a )  9 ( c ) '
1

Proof :  I f

appl le t l  to

a ' 7

i.
| . "

But (c) --È (b) bv theoren 8' ! ,  and (b) ----È (a) t r iv ia l tv ' r

Exa.nple: G is the Lie algebra of upper tri 'angular matrices of order 2 :

8 .6 Corol lary ;  f 'or  gn a lgebra ic  so lvable L ie a lgebra $ cver  a f ie l i  o1

character is t ic  zero.  thê fo l lov inA condi t ior 's  are eauiva lent  :

. ;  )  
=. t t , ,  + x2x2 + xrx,  '  v i th the br: 'c '<ets



One checks

3 0  r , l  L r /  =

(X-  and X^

ltri s is in

I .8 Examr'le : G

l* ,  
*4 *u\

l "  * z  * r l
l /
\ o  a  x t t

fx.,,"al = *a ,

Vr'*rf = -t,

i s  the  L ie  a lgebra

6

= / - - - ,  x .X-  ,  wi th
i  - 1

[x, 'xol = xs '

, [xr,xeJ 
= -x6 r

-r7 -

[x.,,xrl = x, , f^,xrf = -xt

eas i l y  Z (G)  =5 [ x . , * x r ]  ,  R (S )E= t ( x1+x r )

-g tg)  =<x,*x2> =R2(E)  =f r - tg)

are $reducin6' and X, is ( X.t rXrT -reducing) '

contrast wiih the next and higher dinensions!

of uppeliriz,n6plar natrices cf crder J

bTackets

[x lxa1=

["0,",  ] b

J

, [xz,x5] 
= x5 ,

s(g)g = \ [x. ,*xr*xr l ,  tot n ( E ) g  =  k ( x l + x z + x J ,  * ,  -  
*  

) ,

59) = (x1 +xyxr,xo,xr,x6,> = R(C) = î-(c)"o j3($ = 1x.+xr+xr)

(X5 is G-reducing . ) .

!2 The general case of the al6ebra $" of upper triargular natrices of

order  n has been s iudied , - t ,  [ rZ] ,  
vhere one can f ind '  expl lc i t  conçuta-

tior:s of the reCucing ideals, the soul, +-he rational- scul' and the alSe-

braic ar:d rational invariants ' We only note here that the rational soul

c f  G is  much b i86er  ihar  i ts  sou] '  fo t  n)J  :  i f  r iê  put

l x ,  \I  ' .  ( v . . ) l  +  s -
|  ' . ' - t '  I  =  /  '  x , x ,  +  / " " .  Y r . Y ; o
r  ,  .  t  j = 1  J  J  1 < i 4 j < n
l ( o J  *  |
\  n '
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and Jn = <Xl +Xnrx,+x

I-n+1 
"l

f o r  o < , r < l î l ' " "

n _ 1  , . . . , x q + x n - q + 1  >  l l  ( t r i l 1 - < i ( i - < n )

have

'"hile â(9,r) = <xl +x2+. ' '+x,r)

The f  i rs+"  exPl :c i t  iescr ip t ion

G
or R(cn)Y^ is  to  be rcund rn [16]  .

8 ,10 Going through t i re  l is t '  c f  so lvable

< 4 Siven in L, ] , o"t fin<is that thc

i ts  rat ional  soul  is  equal  to  i ts  eoul t

[*,,"r] 
= *, , [*r,*,] 

= ", ,

for vhich z(9,) = \[x4, x?r"x\*zx.xo) ,

Lie algebras over B of dinension

only one of then which is equal to

and it is the 'idiamondrr algrbra :

f t ,  , , ' l -  t
l i2t^1J 

- "4

R(E)g = u\xo,x?+xl+zx.,xo) .

Jts") = Jr,,r1l*1_r ),



{g- tne carrier of an invariant
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cal l  carr ier  $(P)  of  a

al-1 subalgebras H of $

P € R ( H )  i f  a n d  o n l Y

9 . 1  D e f i n i t i o n :  W e

the in te lsec l ion of

- r -
i r  P €  s ( c ) ) '  w e  h a v e

rattronal invariant P€R(g)g

such that fe n(5) . CIea.rlY

i f  P€ s ( Ï )

!] Propositilon: $(r ) is the srnallest subal€.ebxa I{ of G such that P€ R(H) '

and it ls a! ideal of G '

ES-g.!: The family F of subalgebras E such that P e R(H) is stable undcr

finite intersections. An inner automorphisn of G extends to an automorphisrn

pcR(G)9,  thus a lso I  g loba1lv '  a .nd f ina l lv  S(P)  ' l

! l  Proposit islr ,  (") l l  Pe s(c)g ,

( r )  g  peR(g )g  ,  g tâ tP l l  =  ê (P)  .

Proof:  (a) ur: . te I  = A(!) .  we have

gebra of B-' P é R(E) .irnPlies g t B

m è a n s  â ( P ) = 3 .

(b) is proved in the sa.Ilra vaY ' l

.L.4. @4, ObviorrslY wê have

S(P)

â(â(P) )  =  3 (P)

a ' l
P e s ( l ) g -  s ( I ) 3  .  I f  H  i s  a  s u b a l -

by 9.2, and thus g = 3 . But this

P é R(G)9
L

P € s ( c ) E

g(P)
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^ \ '
a  (  prôn^! : i r  i ( , i . :  For  pe r . (G)!  ,  A(P)  = L dP(f )  ,  e lg i l jÉ- ihe
l . : j . : \ | ' ' | . . . -  :  

f e  r ( P )

snal lest  subspace V of G such that P€R(V)

Prqgl :  I f  V is a subspace of G and P€R(v) '  then for any f  er(P) '  f  'e VI '

vrc have <dP(f  ) ' f  r> = o .  I {ance V contains Vo = f ' .  Of l i )  '  In part i -
f  e  r (P )

cu la : :  A (P )  =  Vo  .  Rec ip roca l l y  i f  f e r (P )  ,  f  t eV land  we  pu t

f t l  
=  P ( f+ t f  r )  '  we  have  ,2 ' l t )  

=  <d 'P ( f+ t f  r ) , t t >  =  o  '  and  thus

P ( f + t f r )  =  r ( r )  ,  s o  F é  R ( v o ) .

t r 'or  any x €G' vre hâve Âd(x)cP(f  )  = d"( ld*(x)f  )  s ince P is j 'nvar iant '

hence Vo is an ideal  of  C, and thus vo= A(P) by 9'2 'E

ç-

9.6 @4444444�!,: clearlv ve also have A(P) = 1- - atçr1 ' whenever O
f € r( P)rlrl

*
Ls a dense oPen oubset  c f  G '

,  P 1  , . . . ,  P ,  €  R ( G ) g  a r l d  P o  i s  a l g e b r a i c a l l v

r e f a t e d  t o  P . , . . . ,  P - ,  t h e n  T
t  r  

A ( P ^ ) c f g t " . )
j =1

Proo f :  t a t<e  Fek fYorY l , " ' ,Y " ]  such  tha t  r ' (Po 'P1" " 'P t )  =  o  end  i ï  I  "  '

= -f g,,,u",,',
j = o  u  o  J = r  c , r J  . r

and.  the ccncius lon fc l - icvs f rcm 9 '5 and 9 '6 ' l

!Q corol lary:  E Pt,r ,  e n(c)g are alsebraical lv related, $(Pt )  = 3(P2) '
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'e' ' ' 
L find intgFgrs c{r/3 such thaS

9 . 9  I r o p o s i l  i c , - 1 :  I f  P . , , P r e R ( C ) ; - { o J  '  o n e  c a n

â ( P r P f )  =  3 t r , ) + g ( P 2 )
(  _ _ 1

j :s9! :  !y  ! .1 ve have A(Pf Ptr)  c  $(r1)  + $(Pr)  Let  txr"" '^"J

.  f _  . ,  1  " -  ^ o  ^  . / , .  \  a / D  \  ^ r d  G  r e s p e c t i v c l y .  N o } '  a s s u r n e
n . 'a  

f x r r . . . , xn j  
be  bases  

i  I n  
)  *  ! \ . ' 2 )  

.
r lo ,  and ro r  ins tance $ t r i r f  )  -  

t *2 , " " * " ]  
'  l Je  have

o = nïo r;D fotei 
rf I

.àp.  .  àP,
ctF; 'a\  .  pr; 'û

and s ince 
*  

*u 
*  

t " t  not  both zero '  th is  can only  happen vhen (o( 'p)

belongs to a straight Llne in û{2' say !, ' Reasoning in the sa.rlrê way for

ê a c h  x .  (  j = 2 ,  " . . r r )  a . n d  c h o o s i n g  ( . {  , p  )  o u t s l d e  t  =  
, = . , Y . r I .  

0 . ,  '

we conclude * ( i I  Pf  )  2  { " . , , " " ' , * 'J? 
= a( r ' ' )  +  g(P2)  ' r

9-l-g Thè product' fi lf i" proposS-ticn 9'9 is cumbersome ' but it may

happen on the othe!  hand that  $(aP,+tPr)  
? 

! (P 1)  + $(r r )  for  a l l  pa i rs

(a, t )et2 '  as in  tha fo l lowing erample :

c  is  the 6-d inensional  n j - lpotent  a lgebra ( isornorphic  to  G6r1B " f  !5 ] )

defined bY the brackets

[x., ,xrJ = xo , [,,*r) 
= *5 , [xl ,xol = xe

trpt R(g)E = k(x5,x6'P1 ,P2) vi'th P. = x24-2x2x

.  (Note t f ra t  S(C)g is  not  a f ree a lgcbra :

s(g)9 l. clearly â(P1 ) = 1xr,xo,xr>, t(tr)

= g(c) = [tc) = (xr,x'xo,x'x5) ' But

I1r* ,  
+ bx1 r  xo,  x5,  x6) i r  b I  o

I(*r, 
ax4, ax6) j 'r b = oâ( aP1 +brz )

and
one car checK

P^ = X ,X.-X.X4a + )

I

(P ; -x ;P1)x6  €

A ( P .  )  +  A ( P " )
s -  |

=1xr,xo,xr,x5},
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9.11 Thqgrem: (a) There exists res(c)9 s ' lqh- lhat â(P) = â(g)

(b) rhere exls ' ,s P€R(g)g such that 4(P) = I(E)

(c) rn boih cqs@ P &99-æ-ry'

Beg!: Takc a maxiral system of algebraically lndependent elenents in

s ( c ) 9  ( r e s n .  n ( 9 ) g ) ,  s a v  
t t , , , " ' , P r J ' l v  

p r o p o s j  r  i o n  9 ' 9  a n d  a n  i n d u c t i o n

o n  r  w e  c a n  f i n d  P e S ( 9 ) v  ( r e s p '  R ( G ) : )  s u c h  t h a t

* (P)  =  â (Pr )  +  " "  +  $ ( r ' )  '

} .ny  Q€s(c )9  ( resp .  n (c )9)  i s  a rgebra ica l l y  re la ted  to  P-1r " "P"  '  Hence

a(P)  C â(g)  ( resp '  [ tg l  I

t  g(*)  (resp'  I  ^ â(a) )  bY e'4
^  

e  €  R (G) !e€ s (G)x

c  â ( P 1  )  +  . " .  + . r ( r " )  =  â ( P )  b Y  9 ' 7

So wa have (a)  and (b) ,  and (c)  to t lows fxon the constmct ion of  P by 9 '9

.  , c  - , ^ r G
and the fact  th : ' t  ue can take F1"" 'P"  honcp-eneous '  s ince S(G):  ar ld  R(G);

are enger :dered by thear  homogeneous e lenents (proposi t ion 1 '6)  '  t

9 .12 gxarnple:  G is  the 6-d imensional  n i lpotent  L ie a lgebra ( isomorphic  to

"6,1 ot [5J) a"r i""a bY the brackets

[x.,,xrl 
= xo , [x.,,xr] 

= x, , [xlxo] = xi , [ x r , x l=x r ,  [ t , " r ]= * ,

A ( E )  = I ( g )  = ( x , , X o , X 5 , x 5 ) ,  a n d  z ( 9 )  = E F 6 , P ] ' t t g l g = ! ( x 5 1 P )  r  w i t h

" = *4 - lx4xrx6 + rx1x| ' so that S(P) = &(9,) , and ihere is no Qez(G)

of  snal ler  degree vhose carr ier  i 's  a( ! )  '
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d1 O- Sou-ls a:rd quadra*'ic Lie algebras
.iæ

Lq.1 !glgi!:.S: ve shall call g! (resp ' rational eoul ) a Lie algebra

whj,ch !s equal to 1t3 soul (resp' rational soul)' Reductiva algebras arc

souls. Nilpotênt algebras are souls if and only if they ara rational souls

(cf .  re lnark ?.?) .  Afso reca1l  the character i  sat  j -ons 5 ' '1E and 8 '6 '

As an i rmediate consequence of  theorem 9 '11 we have

t r r a t  $ ( r ) = $ "

( l ) 9 i s a " @ . q b e r e e x i s t s

t h a t  A ( e ) = P .

Pen(c)9  gu .h

that G i3 a soul of degree n i-f G 13 a soul

of  a  honog:neous res lc ;9 such that  â(P)  = I

. c
Iet  Cba a soul  of  de8:cee two, and Pgs(G)g, honogeneous of degree

+ -

tvo, such that A(P) = G ' Then P i3 an ld-1G)-invarlant quadratic form

on G*,  which is  non-dagenerate by proposi t ion J '1 '  Ident i fy ing G and C

by nears of this forn and transposinS P on G , we gct a non-deSenerate

Ad ( G) -invaria.nt quadratic form on Ct that 13 to say G is a quadratic tle

ar sebra (.f . f1 , l  $2 9 Ex'2'1O,-'a [ro]l

tr'or i.nstance reductive Lie al€€bras G are alL quadratic Lie algebras

( s o u l s  o f  d e g r e e  t v o ) ,  s i n c e  g = ê ( P )  v i t h  P = C + D  '  w h e r e  C  i s  t h e

casimir el-enent cf thelr seni-slnç]-e part, and ! is a]1y non-deSenerate

quadral ic  forn on the dual  of  the i r  center  '

(c) r" t"th "as"" ."e " .  P @æægE'

1 O . l  l e f i n i t i o n :  W e  w i l l  s a y

and m ls the smallest degree
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10.5 Exa,mple (of  a  soul  o f  h igùer  de6-ree than tvo)

There are only five souls among the unsplitable nilpotent Li' e algebras of

d i rnension ? over  R or  0,  and l le  gave thei r  def in i t ion in  4 '9 '  Cnly  one of

thern is quadratic arld the four others are of degree three' flere is arother

exa$ple r  o f  PhYsical  in terest :

$ i-. the Lie algebra tang€nt to the group of affine lsornetries of R4 '

în  the basis  c f  j -n f in i tes imal  rotat ions Ur- i  t td  in f in i tes imal  t ranslat ions

T .  a l o n g  t h e  a x e s  ( l < i < i < 4 )  '  I l s  d e f i n e d  b y  t h e  b r a c k e i s

l n . . ' n ' ' .  I  -  - R . -
L  l J '  l K r  J K

(a l1 the brackets that  cannot

It is well k]1oh'n that the only

nuLt ip ler  the LaPlace e ienent

but

r - l
a . n d  I n , . ' T .  I  =  - r -

l -  l J '  : - J  J

be deduced f rom these by ant isynmetry are zero) '

.r
.invariant quadratic form on G j.sr up to a

t . 1 ) r 2
/\ - rr'' r in- -L î- + rI
r - r  -  - 1  -2  ' t  - 4

2Rr 4Rl4r r 
rl

, 1 ?  p  f r r' ' ' 2 4 " 1 4 - 2 ' 1

one can c ieck t i ra t

= nlrrrl + rf) + nlrtti . r'�ol

. n?rrtr\ + rf) + nlorrl . rll

- zRtzR t1T zT j  
-  Ær zRr 4TzT4 

*

* ZRtzlizl\tT4 - 2r.11R14'�ltr4 -

* rorf)4rrr4 - zr.,OR24rrrz -

_ za21tz4r)r4 + znrf.l4rzr4 -

" nlolrl * r2r)

. a\orrl * rl)

2RtzRtrrtTl

'R.tRzlr tT z

belongs to z(C) '  and more prec ise ly

In particular â(tr) 
= G and G is a

z(g,) = s(E)g = ts [^,8] and R(c)Ê = n(A,El).

soui  of  degree four ,  no less.

1C.6 Souls of degree tuo' that is to say quadratic Lie algebras ' trave been

r _ 1
studieci i.n [fo], 

vhere it is proved that any ur:sp]itable quadratic Lie

algebra with non-trivial center is a certain central exlension of anothex

quadratic Lie algebra of dinension two less' This ptocedure' following an

idea of  V.  Kac ( [ r i ] ,  io" .  c i t . )  is  enouSh to construct  rnany examples of
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(non-reductive) quadratic Lie al-6ebras, and in particular one can describe

ln this way' by lnducticn on the dinensionn all solvabl-e quadratic Lie

alsebras. But there are also non-reductive quadratic l ' ie algebras vith

t r i v i a l  c e n t e l 3

1O.7 pxa!!le: G is ihe Lie algebla tangent to the 37oup of affine isorne-

tri.es of nl . t r', the basis of infini'tesin:al rotati'ons R and translations

T.  ( j=1 , l?rJ)  a long t i re  axes,  i t  is  def ined by the brackets
J

[ n - , r . 1  = - e n .  ,  f n . , r , l - - E r r .  ,  ; t r , t r 1 = oL ' i ' - - j r  
-  k  L  r . '  J r

where €.  ls  the s ignaiuïe of  the pernutat ion 
[ i ' i ' tJ  

o f  L t  " ' l )  '

I t  is  easi ly  checked that

z(g) = s(E)g = RLA,f l ]  " 'd  R(g)g = R(A 'n)  '  Yi th

A = r 1  + r 2 r + r l  a n d [ = R r T r  + R z T z + R 1 T )

Flcnce the center  of  G is  t : . iv ia l '  l ( t ] )  
=  I  r  and G is  a quedrat ic  L ie

a l i ; e b r a .
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ôt1-  Souls  and the def in ing fonn !
.

]f-:f W" racall here some of the idea's e-nd notations "t [Z]' Ca1l B the

bilinear ârltislrrme'-rr c mappin6 9t I 
._--) ç defining the Lie algebra

s t r u c t u r e  o f  G :  V x r r . c  B ( X ' Y )  =  [ x ' v ]  '

The tensor produci R(9) Q G has a canÔrrlcal stncture of n-dimensional

L ie a lgebra over  R(G),  t r tJ t " "o"a l t8 '  to  [6 ] , r  '11 ' '1  '  thère is  one and onl -y

one n(c)-u i - t inear  ant is lmmetr ic  forn on n(c)  &c (wi th va l -ues in  R(c)) '

which ve vill aga.in call B, such that

Vx,Y  e9 ,  l t 1ox ,16 rY)  =  [ " , t ]

^ t -  "  1  Js arv basis  of  G,  the matr ix  of  B in  the basis
. l t  J r =  t ^ l ' . . . ' ^ n j

r  - ^ . . ' l  ^  - , ^ \ , o r ^  u Ê -  t r .  )  =  { f x  ^ x  l ) -
, l  1 E X 1  ' . . . r 1 @ x n J  o i  h \ t r ,  r À '  u  r e  ' D '  =  \ u  ' /  -  \ f  i t " i r ' 1 < L ,  i < n

The differen!1al P |----> d" i3 a natural linear mapping from R(G) into

R(g)  @9 r  ard the fo l lowing js  a paxt icu lar  câse of  1 '7  :

1 1 2  C o r o l l a r Y :  I f  C

ar 1ta)-gn-89 nq ergLll

deriree of R(c;9 o""t

is  a lsebra ic"  the kernel  o f  B in  R(c)  @!,  ls  ( f ine-

[ar lrentc)gJ o.rut R(G), and the transcendental

k ls preciselv the dirnension r g! Ker B over R($) '

!]-.f tr'or any f€ E consider the k-bilinear form 3, = 3of ott I

\  I  -  , v  v \  - z n  F v  v ' l " >
d e f  i n e d  b y  !  x , r  e  I  B r ( x ' Y )  =  ( 1  , y , t  1 ' z

A  '  '  o r : ) )  =  ( < f , [ x i ' x i l > )
T h e  m a t r i l  o f  d t .  i n  t h e  b a s i s  F  i 3  B f  =  ( < f '

Hence the rank (n-r) of B over R(C) is none other than the maxinal rank

o f  B a  o v e r  k  f o r  f  e f ;  i t  i s  a n  e v e n  i n t e g e r  2 d = n - r  '  a n d  i t  i 3  t h e

+ i

maximal, d.imension of the Ad (C)-orbits in tl ' In particular we have the
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11.4  Prooeq i l ion :  Io r  an  a f  ,qebra ic  S  o t " t ' t t t  t le "b t t l " t l1y  t lo  ! '

! f  i h r . "  f o l l " w l n l r  r r � o r - . r t i e l ' a r e e L l u � �  :

(  i  )  B  i s  n o n - J e d e n e r a r e  o v e r  r " '  - )

( i r )  T h ç ! e  j r - " .  o ! € i  e a r ( l ) - o r ' o i t  i n  i

- ( :
(  i i i  )  R ( : ) ;  =  E

3t9o!' (i ) -+( ii ) BY 11 . J

nerate.  So f  or  aI rJ  X e C--  {o l  '

l X . f  l X € G l  i s  t , h e  t à n g e n t
(  |  * )

is  a s : t iooth : : r ib ! 'ar ie t ; r  o f  G,

( i i )  - - - )  (  i i i  )  f o r  j n s L o r c -

( i i i )  - - - è  ( i i )  b v  1 1 . 2 .

. *
1 1 . )  C : r I l  i  t h e  ( R ( l ) ' k \ - o i ! i r ' e i ' r  m d o p i n d  ( R ( 9 )  @  C )  x E  - à  n ( $ )

vhi "ch sat is f ies

V , . - - r ^ r  v - . '  f e c *  i ( Q 6 ) X , f )  =  < f , X > EV  q  c . : 1 \ t  / r  ^ t  u t

Âs a consequence of  coro lLary 11.2,  we Eet  an ef fect ive vay of  comput ing

the rat ional  souL of  any a lgebra ic  L ie a]8Ebra :

+
one c a:.1 find l eE such

l . , t  I  o  ( n o t a t i o n  d e f i n e d

* .
s i race to the Ad (G.) -orb i t

O^ is  t i rus of  d inension

l n  f e  l .  p r o p o s i t i o n  1 ."  
L  J '  '

V p e n t c ) 9 , V r e  r ( P )

V r e n l c ; 9  i ( d P ' r r  )

Vq  e  r " "  B  i ( q , f  ' )

tha t  B^  is  non-dege-
1 -

f n  r . r , / .  l { s

0^  o f  f  '  wh ich

i-s the

1- o J

1 1  . 2  .  u

easi ly  ca l -

11.6  Coro l fa ry !  I f  G is  a lÂebra ic .  the  or thoaona l  o f  I (C)

nlthogonal cf Ker B for the bil j-near naDping i '

t l  \ J
proor:  ï tc)^ = I  Z- ,  dP(r)  I  bv 7.5

l ^ l
\  e  e  R ( c ) Y , t e  : i l )  t

l *
=  I  f  , é  G

t *
f r=  l f  , €  c

[ *
=  l f  ' €  c

By elernen',"ary methods

JT
i n G

<dP( f  ) , f  , >

I= o l
J

=  o J  b y

of  l :ne ; . r  a l5e i - r 'a  over  F  (C)  r  one csr
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soul  "
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of Ker B for an;r al.jebra G defined

a s in l  Ie  arrd ef fect - ive a leor i thn for

by expl ic i t  brackets '

conputing ihe ratj.onal

i 1 "7 tef j.ni-i.ron: vte shall sâ-ï that 9, i" !4g399d if for any basis p of

each rov (or  co lu-nrn )  o f  the naLtr ix  Bl3 is  a l inear  cornbinat ion of  the

o ' " 1 - e r s  v i t h  c o e f f i c : t ' r : i s  i n  n ( r )  '

lIul '" i pi.;r -: ng each on-o rf these ref ations ilJ the c om':ron denoninatort

selaratin6 hcrno€Fneou.^ çarts and ccllbinii:5 ii le relÉr'iions thus obtainedt

o n e  c h e c l : s  G . , s i i Y :

G

11.B Lemma: c  j .s  balanced ; f  anc rn l : r  i f  fcr  anv basis  15 9!9 ' ' t lggg-- ]g

a l i lgar :el&tion beteveen the ro\'3 ( ol-cr'rutrns ) of the natri>: lÊ wlth

iL2 r i  f '  = t lp 
'  witrr P€GL(n'é) is ancther basis cf G' we have

3ê' = truÊi

It may wel,] h:rppen that each roll 1or column) of BÊ i" a linear combination

of  the o ihers,  whi le  th ls  is  not  i : r re  of  BÊ" as the fÔl lo \ ' ' r ing example shows:

G is  the 7-d lmensronr" l  n i l i rc ter+-  L ie a l6ebra dei ineo by t l :e  brackets

f r . , , r . r ] ' r r ,  l x , , x r l = x o ,  [ x . , , x 0 1  = \ ,  [ x ^ ' x o l  = x r  '  f x ^ ' x o 7 = x a

rn the basis p' '= [ 
*i , '  " 'xi J 

aerinea or

xj = 1(x1+x4) , xi = â(xl-x | , '1') -- L^ , xi =

the non-zero brackets ar.e :  [x1,x1 I 
= xf '

" l ' * j

lri,*i ]

= -Xj  \ i> . r )

= x;  ,  [ " ; , " i ]= "À
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o  X -  X ,

- X , o o
)

-x, o o
o

l l o
o o o

o o o

o o o

o o o

o o o

o o o

o o o

o o o

o ô o

o o o

,  but BÊ' =

o o o

o o o

o o o

l ) o
o o o

o o o

o o o

x ; o  o
I

x : o  o

X !  o  o
b

o o o

o o o

o o o

o o o

\
t )

X,.
o

o

o

o

o

Ncw

anri,

*6, XT, z. = r",r. ,  + X4x-, +?xj\  t  Z, = X',r '5 + XOXU +.zKt\

= X"^t - .  -  X 
) t j  

er tSer . le l '  Z(G) ,  arc  nore prec ise ly  :

be a.l .,etr: ai c (c f d i4q:.s1c1q ; ), a..q F

z(g)  =  s (g)9  =  s [5 'xe  , r r , r , , r r , r r f  , ra  * r r : ,  -  x6z1 +  x5z? ,

n(g)9 = k(x5,x6,x.2,21 ,zr)  ,  :urd [(9) = <x,*x 4,x2,x1,x5,x6,\)  I  g .

1.1-'l-Q

î :  r \

o f C

( i )

Lenra:  Let  G the d imension of

" ffrg! p i!-êe er:ailesi integer q sucli that there e-r!s-1s-e--pe$-9. Ê

IP j" * linear combinalion qll-![e

q-.1 otl.ers "

( l1)  The n-q f i rs t  cc l in ' .ns of  3P are l inear lv  independent '

(ii i) The subspqces engenrlerec by the n-c @ q

last ones i-ntelsect !4!Jjg!lX.

f \ r r thef lnore t l lq base-s sat isf : ' ins these ccndit ions with q = p

conrf  eted frcm a basis X--.- . ,  ,  . . .  r t .  J " f  
-$O 

.

are those

3l9o!r Assurne p j.s

Then the first n-q

co l-,.;.n-:ns of BF must

in the subsPace W =

v i e v  o f  1 1 . 2  w e  h a v e

àp àp
à x  -  " ' - à x

I n-q

So q.>rp ,  and . i f  q

r 1
a  b a s i s  

t " 1 ,  
. . . , t r r l  o f  c  s a t i s f v i n g  ( i ) ,  ( i i ) ,  ( i i i , .

coeff ic;-e:r ts of  any R(G)-1j"near relat ion betvreen the

be zero. I {ence Ker BÊ: R(c)n ---2 nig)n is included

t  .  - . - . n l  ?
t ( q 1 , . . . , c , , )  € R ( 9 ) "  I  e r  =  . - .  = Q r , - q  =  o )  .  r n

in part icular for any fenlc;9 t

o  ,  and  tbus  by  7 .5  ê (g )  c  (X r , -q * t ' . . . 'XJ  .

=  p ,  I 9 )  =  ( x r , - p * r , . . . , x n ) .
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F.eciprocal ly ,  i f  f t  Ê any basis  of  G completed f rom a basis

l . t -  ,x- ]  "r  [ (g; ,
I  r 1 - 1 � r r  " I

' '  )o-  -  = à: -  = o s ince P€ R(î (9)  )Snen lu te  i t , =  " .  =  
4_n  

=  "

: r J  b y  1 1 . 2  K c r  3 F  c  \  - -  
l ( o r , " ' , Q n )  

e  R ( 9 , ) "  I  Q t  =  " '  =  e . , - o  =  o ] '

1l  af ;  is  tne nâtr ix  obia ineô by delet ing the l i rs t  n-p co lurns ot  Bô '

ve have rartk -ef; = rank !Ê - p , and so none cf the f i:rsi n-p colur:ns

oi  BP ceper . , ls  cn the c t i - 'ers  '  t

11 .11  Theorer rL :  An a léæDra lc  L ie  a f  se l l ra  G is  a  ra i ' i on-a l  sou l  i f  and  on fy

if it is, iq1ÊI1cÊcl '

i , i . 1 2  T h e o r e m  i 1 . 1 1  i s  a n  i m m e d i a t e  a p p l i c a t i o n  o f  l e m r n a  1 1 ' 1 0 '  f o r  p  =  n  '

Eut  we can make r t  nore prec iee '  I f  G is  a rat ional  soul '  then by i l iecren

l ) i  . u c : .  t l . o t  A ( i )  =  I  .  I n  a n y  b a s i s

F =  I r , , . . . , r r , ]  
o r G v e t h r r s h a v e  f  * "  ( i = 1 " " ' n )

^  ^ O  r l - ô . ,  r ô l â t '

anr i  ca l l ing c .  (1=1 , . . . rn)  the col -unns of  B ' -  ve 8et  the l inear  re lat ion

) p
* c .  = o
oL.  . r

.l-

f , -  . .  
' l  1

l o r  i n s t a n c e  j f  G  i s  r e d u c t l v e ,  1 x 1  r  " ' , ^ p , f  : ' s  a  b a s i s  o f  L G ' C I  l n  ' ' h i c h

r "  . x  1
the Kl l l i -ng fornt  is  d iagcnal ,  and ve ccmpiete i t  in to a basis  

tÀ1 "" '^nJ

of  G by adding e iernents of  the cer : ter  of  $  '  ve have

a , '

, = i. *? € z(c) , a-nd thus I *r", = o '
:  - 1

i  - 1

where actually the last n-p colurnns c' are zetor and this Senexalizes in

an obvious '^ay tc  any quadrat ic  L ie a]gebra (c f '  S10)  '

We vi1l end by gl-vtng a "geometric" charac ter.r s at ion of the ideals of

an algebra that can caJly a rational invariant t similar to the chaxacteri-

n

l-)
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s a t i o n  1 1 . 1 1  o f  r a t l o n a l  s o u l s  '

1 1 - 1 1  l e f i n i t i o n :  V e  s h a l l  8 a y  t h a t  a n  i d e a l J  o f  I  i ' s  a  b a l a n c e d  j d e a l

o f  G  i f  f o r  a n y  b a s i s  p  =  
{ * , " " " ' , ^ " ]  

o f  G  c o m p l e t e d  f r o m  a  b a s i s

I x  . . . ' " X  I  o c . l  '  e a c h  o n e  o r  t h e  p  l a s t  r o v s  ( o r  c o l u m n s )  o f  t h e

I  n - p + l  n

. " r r r*  "É is  a l inear  conbinat i -on of  the p-1 remain ing last  ones over  R(G)

In par t ;cu iar  baLanced ideals  are theneelves balanced'  but  an ideal  o f

G v i r i c h i s a b a l a n c e . l a j - E € b r a i s n o t a i v a y s a b a } a n c e d i d e a l o f $ .

1 1 . 1 / P ï o p o s i t j g ! : A n i - d e a l J o f a n a l g e b r a i c L i e a l s e b r a S i s - l l r 9 - i g : e r

qf- rone rati-gg4-ig"t:-CÈt oL G if and onlv if it is 'a balanced ideal of $ '

P- .gg! ,  Assurae J = A(P) '  v i th  FéR(c)g '  and cho3se a basis  p of  G as

i n  t 1 , 1 J .  r h e n  d F  =  ( o , . . . ' o ,  a * L l  '  . . '  '  t f ) t  x " "  l p  '
n-!+ I

ô 
, ,^,u h.4,"

and ca l l ing  c  .  (3= t  ,  "  '  rn )  the  co lu rnns  o f  B ' '

n
>p

L ' ^ l L . " t  = o  '
J =n-p+ | J

a n d  * + "  f o r  j  =  n - P + 1  , " ' , n '
""j

Reciprocal ly  i f  J  is  a balanced j -deal  o f  $  ana p a basis  chosen ae

in 11.1 i, caI|L Bf; the natrl-x of the p last columns of Bê'

r f  c .  =  T ,  { , ç ( x 1  , . . . r X r r )  c n  f c r  i  =  n - p + l  " " ' n
J k=n-p+1

k r j
with al l  e j ;  ;  .  r  subst j - tut ing appropr i-ate scalars â1 r  " ' ran-p to

X 1 r . . . r X r r - n  t  w e  S e t

c . i  =  L  -  o . , i . ( " t  r  .  '  .  r  a r . , -o rxn -p+1  , " " xn )  ck
r  L= r -  o+ l

kli

v i t h  a l l  Q ; ç ( a t r .  " r â n - p t  o r o " , o )  t '  o

s ince the entr ies of  the columns c*  belon8 to R(J) '  J  being an ideaf  '
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Hence each column of  l f ;  i ' "  "  I inear  combjnat :on of  the others wi th coef i i -

c ients in  R(J ) ,  and Ker  Bf ;  t  n( l )p  -+ n(J )n conta ins a vector

(q. -* r  , .  . .  rÇr . , )  whose eni r les Q '  are a l l  non-zero '
I i - P T ,

Âpply ing t i reorem 1.1 wi tn V = J and the natura l  act j 'on of  G on J '  we

c o n c l u d e  r h a L  i n  a n y  b a s i s  t l r r _ p * t r . . . r * n ]  
o f  J  r  t h e r e  e x i s t s

r  . e  n 1 l ; 9  s u c h  L i  . , { 3 t l o  f o r  e a c h  j  =  n - p = t , " ' ' r '
- o r i  -  * i

Now n1; ;9 yr . "  o1 'er  k  the t ranscendent ' i l l  ieSree r  = d im Ker 3f ;  (over  R(J))

and i f  we take P. t r . . ' rP,  a l8€bra ica l ly  independent  in  R( ; )9 '  and put

J ,  
= â ( p r ) + . " .  +  r . ( P . )  c  i  ,  v e  h a v e  d r '  é R ( J ' )  f o r  3 = t ' " " r  '

and thus dP eR(J ' )  for  anv r  e  n( ' l )G'  r f  d '  I  d  '  t t t i -s  cont lad ic ts  the

exis ter :ce o l  "he Por  '  in  any basis  cornpletec f lon a basis  " f  { t  '

S o  J ' = j  r  a n d  c h o c s i n q  F  a s  i n  t h e  p r o o f  o f  9 ' 1 1 '  w e  g e t

A ( P )  = â ( P 1 )  +  . . .  + A ( P " )  = J '  = J '  r
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