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Abstract

The Kashiwara-Vergne method reduces the proof of a deep result in analysis
on a Lie group (transferring convolution of invariant distributions from the
group to its Lie algebra, by means of the exponential mapping) to checking
two formal Lie brackets identities linked to the Campbell-Hausdorff formula.
First, we expound this method and a proof, for quadratic or solvable Lie
algebras, of the Kashiwara-Vergne conjecture allowing to apply the method
to those cases.

We then extend it to a general symmetric space S = G/H. This leads to
introduce a function e(X,Y) of two tangent vectors X,Y at the origin of S,
allowing to make explicit, in the exponential chart, G-invariant differential
operators of S, the structure of the algebra of all such operators, and an
expansion of mean value operators and spherical functions. For Riemannian
symmetric spaces of the noncompact type, otherwise well-known from the
work of Harish-Chandra and Helgason, we compare this approach with the
classical one. For rank one spaces (the hyperbolic spaces), we give an explicit
formula for e(X,Y).

Finally, we explain a construction of e for a general symmetric space by
means of Lie series linked to the Campbell-Hausdorff formula, in the spirit of
the original Kashiwara-Vergne method. Proved from this construction, the
main properties of e thus link the fundamental tools of H-invariant analysis
on a symmetric space to its infinitesimal structure.

The results extend to line bundles over symmetric spaces.
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Preface

Let G/K denote a Riemannian symmetric space of the noncompact type.

«The action of the G-invariant differential operators on G/K
on the radial functions on G/K is isomorphic with the action
of certain differential operators with constant coefficients. The
isomorphism in question is used in Harish-Chandra’s work on the
Fourier analysis on G and s related to the Radon transform on
G/K.

For the case when G is complexr a more direct isomorphism of

this type is given, again as a consequence of results of Harish-
Chandra.»

This is a quote from Sigurdur Helgason, Fundamental solutions of invariant
differential operators on symmetric spaces, Amer. J. Maths. 86 (1964), p.
566, one of the first mathematical papers I have studied. As a consequence
he showed that every (non-zero) G-invariant differential operator D on G/K
has a fundamental solution, whence the solvability of the differential equation
Du = f. Those results were fascinating to me, they still are and they fostered
my interest in invariant differential operators as well as Radon transforms.
Yet I was dreaming simpler proofs could be given, without relying on Harish-
Chandra’s deep study of semisimple Lie groups...

In the beginning of 1977 Michel Duflo [18] gave an analytic interpretation
of the celebrated Duflo isomorphism he had exhibited six years before by
means of algebraic constructions in an enveloping algebra. As a consequence
he proved that every (non-zero) bi-invariant differential operator on a Lie
group has a local fundamental solution and is locally solvable. His work used
delicate analysis on the group.

Then, in the fall of 1977, came a preprint by Masaki Kashiwara and
Michele Vergne, The Campbell-Hausdorff formula and invariant hyperfunc-
tions [30], showing that similar (and even stronger) results could be obtained
- for solvable Lie groups at least - by means of «elementary», but very
clever, formal computations with the exponential mapping and the Campbell-
Hausdorff formula only.

After explaining this method for Lie groups (with updates from the 2008-
09 papers by Anton Alekseev and Charles Torossian) I will give here a detailed

ix
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account of its extension to general symmetric spaces. The present text is an
attempt at a self-contained monograph on the Kashiwara-Vergne approach
to invariant analysis. A completely rewritten and updated version of my
former papers [43] - [47], it includes several unpublished results and a few
open questions. It is also a greatly expanded version of a talk given at the
2007 Reykjavik conference in honour of Helgason’s eightieth birthday.

Acknowledgement

Sigurdur Helgason’s influence on my own work goes far beyond the above
quote of course. His clearly written books and articles have been a constant
reference and source of inspiration to me for many years and, above all, his
friendly advice on many occasions has been extremely helpful. Thank you so
much Sigurdur.

I am indebted to Mogens Flensted-Jensen for several stimulating discussions,
particularly about the rank one case.

I am very thankful to Anton Alekseev, Charles Torossian and Michéle Vergne
for enlightening explanations of their work.



Introduction

The 1978 Inventiones paper [30] by Kashiwara and Vergne was a break-
through in the field of analysis on Lie groups. Before it, the proof of several
significant results (notably results involving invariant differential operators,
their local solvability, Duflo’s isomorphism,...) required a detailed knowledge
of the structure of the group and its Lie algebra, the use of specific subgroups
etc. Their work opened a new way, only using skillful formal manipulations
of Lie brackets, thus providing a direct link to the infinitesimal structure of
the group. They carried out their program for solvable Lie groups and conjec-
tured two general identities allowing an extension of the method to arbitrary
Lie groups.
Two natural questions (at least) arose from their paper:

e prove the Kashiwara-Vergne conjecture, implying that their method is
actually valid for all Lie groups

e investigate possible extensions of the method to symmetric spaces.

A complete solution to the former question kept us waiting for nearly thirty
years. The conjecture is now a theorem, proved in full generality by two
different methods in [5] resp. [7], by Alekseev and Meinrenken resp. Alekseev
and Torossian; see the Notes of Chapter 1 for more details.

The latter question is the main topic of the present text (Chapters 3
and 4). At first one is led to restrict to those symmetric spaces, called here
«special», for which the method applies in the same way as for Lie groups.
But, when considering more general spaces, one needs to introduce a real-
valued function e(X,Y’) of two tangent vectors X,Y: identically 1 for spe-
cial spaces, this function embodies the modification of the Kashiwara-Vergne
method required for a general symmetric space. It can be constructed from
its infinitesimal structure (the corresponding Lie triple system) and contains
by itself much information about invariant analysis on the symmetric space,
when transferred to its tangent space at the origin via the exponential map-
ping (hence the notation «e»): invariant differential operators, mean values,
spherical functions are related to e. The search for such relations between
analysis and infinitesimal properties is our main guiding line.

xi



xii INTRODUCTION

Several recent works [1][12][6] have attracted attention on the non-unique
ness in such constructions and encouraged me to rewrite my previous papers
[43] - [47] entirely. Reorganizing them in a more synthetic way, we now sepa-
rate the general use of e in invariant analysis on a symmetric space (Chapter
3) from properties arising from a specific construction of this function (Chap-
ter 4). Not only do we speak of «an e-function» instead of «the e-function»,
but we also add several unpublished results, some of them recently obtained.
Many proofs have been rewritten. The Kashiwara-Vergne «conjecture» is
henceforth a theorem and, using it for the group G, stronger results and eas-
ier proofs can be given for the main properties of e on the symmetric space
G/H (Section 4.4).

Let us describe the contents in more detail.

Chapter 1, devoted to the Kashiwara-Vergne method for Lie groups,
provides inspiration and motivation for its extension to symmetric spaces. It
is however almost entirely independent of the sequel, its results being only
used in Section 4.4.2. We give a complete proof of the conjecture for two
important families of Lie groups (quadratic, resp. solvable, following [8],
resp. [48]) and a brief overview of the latest proof by Alekseev and Torossian
[7] for the general case.

Apart from Chapter 1 the whole paper focuses on a convolution trans-
fer formula from a symmetric space S = G/H to its tangent space s at
the origin. Working on suitable neighborhoods of the origin, we prove the
existence of a (non-unique) function e on s x s such that, for all H-invariant
distributions u,v on s and all test functions f on s,

(x50, ) = (u(X) @ v(Y), (X, Y) (X +Y)),

where X,Y denote variables in s. Let us explain the notation. The function
f on s is transferred to S as f by means of the exponential mapping Exp
of the symmetric space and multiplication by some factor j, namely f(X) =
j(X)f(Exp X). No specific choice of j is necessary up to this point, though
it soon becomes clear that the most interesting example is j = J/2, the
square root of the Jacobian of Exp. This transfer extends to distributions by
duality, giving two H-invariant distributions u, v on S.

The convolution product *g is defined in Chapter 2, where a few exam-
ples are given.

In Chapter 3, regardless of any construction of e, we develop the outcome
of the convolution formula in H-invariant analysis on S. If e is identically
1 (the «special» case studied in Section 3.2), its right-hand side is simply
(u*s v, f), given by the classical abelian convolution on the vector space s.
The H-invariant analysis on a special symmetric space thus boils down to
classical Euclidean analysis on its tangent space at the origin. For general
symmetric spaces the formula, applied to distributions supported at the ori-
gin, leads to an explicit description of G-invariant differential operators in
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the exponential chart and of the algebra D(S) of all these operators, which
is commutative whenever e(X,Y) = e(Y, X) (Section 3.3). Using e we also
give, if H is compact, an expansion of mean value operators and spherical
functions (Section 3.4). Invariant analysis is a well-known topic if S is a Rie-
mannian symmetric space of the noncompact type, and Section 3.6 is devoted
to a discussion of the links between e and the classical approach in this case.
Our (partly conjectural) results of this section suggest the possibility of a
far-reaching generalization of Duflo’s isomorphism to symmetric spaces. In
Section 3.7 we propose an explicit e-function for isotropic Riemannian sym-
metric spaces, arising from manipulations of integral formulas as explained
in Section 3.5. Two technical proofs of this chapter are postponed to the
Appendix.

In Chapter 4 we give a general construction of e for arbitrary symmetric
spaces, relying on the Campbell-Hausdorff formula in the spirit of the original
Kashiwara-Vergne paper. This chapter contains our main results (Theorems
4.12, 4.20, 4.22, 4.24), relating e to the infinitesimal structure of the space.
Let us call the reader’s attention to an element ¢(X,Y") of the group H,
constructed in Section 4.2.5, which plays a key role at several places (e.g.
Corollary 3.17, Proposition 3.21, Proposition 4.18, Theorem 4.24).

The theory extends to line bundles over a symmetric space. Though
more general and arguably more natural (particularly for the bundle of half-
densities), this framework requires handling H-components and more cum-
bersome notation. We made the choice to deal with line bundles in specific
sections of Chapters 2, 3 and 4 only. A character x of the subgroup H of
G defines a line bundle L, over G/H. The convolution transfer formula still
holds for H-invariant sections of L,, provided e is replaced by e,, the product
of e and a factor involving x. Again the formula leads to a description in
terms of e, of the algebra D(L, ) of invariant differential operators and a new
proof of Duflo’s theorem on its commutativity for certain y, in particular for
the bundle of half-densities (Sections 3.8 and 4.5).

Sections 3.9 and 4.7 list a few open questions.

Chapters 1 to 4 are, to a large extent, independent of each other. The
Reader is assumed to have some familiarity with the basic theory of Lie groups
and symmetric spaces, as can be gleaned from the books [27][28][37][58].
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Notation

0.1 General Notation

The sign := indicates a definition.

N ={0,1,2,...} denotes the set of natural integers, Z = {...,—2,—-1,0,1,2, ...}
the ring of all integers, R the field of real numbers and C the field of complex
numbers.

shx = (e —e™®) /2, che = (e* +e ) /2, the = shz/cha and cothz =
chz/shz are the classical hyperbolic functions.

In Chapters 1 and 4 we shall use three commuting involutions acting on a
function f of two variables in a vector space

fV(X’Y) . f(_X7 -Y), f(X’Y) . f(YaX) ) f(X’Y) = f(_Y) _X)'

Dots are used with several meanings, which should be clear from their con-
text: if a group G acts on a set, the action of g € G transforms a point = of
the set into g - z.

(.,.) are duality brackets between a vector space and its dual, or sometimes
denote a scalar product. ¢ means transpose.

try u denotes the trace of an endomorphism w of a finite dimensional vector
space V and dety w its determinant. The subscripts V may be dropped when
no confusion arises.

Smooth means C'* and supp denotes the support.

D(M) denotes the space of test functions on a manifold M, i.e. smooth
complex-valued compactly supported functions on M, equipped with the
Schwartz topology (see e.g. [28] p. 239). Its dual D'(M) is the space of
distributions on M.

If f maps a manifold into another, D, f is the tangent map (differential) of f
at x. In case of several variables x,y etc., 0, f is the partial differential with
respect to x.

Let us recall the classical multi-index notation when taking coordinates
(1, ...,Zy) in a vector space: for a = (ay, ..., o) € N?

la] = a1+ Fa,,a =ar! !
(03

a o a __ Qo Qi —
x® = x{teeexnn Y =000, 0; = 0/0x;.

XV



xvi NOTATION

0.2 Lie Groups and Lie Algebras

The identity element of a Lie group G is denoted by e (not to be confused,
of course, with a notation such as eX or e(X,Y)).

Ly, resp. Ry, is the left, resp. right, translation in G, that is L,z := g and
Ryx := zg for g,z € G.

For X,Y in the Lie algebra g of G, with bracket [.,.], we write ad X(Y") :=
[X,Y]. The notation z := ad X, y := ad Y will be frequently used in Chapters
1 and 4; for example xy?zY = [X,[Y,[Y, [X, Y]]]] etc.

If a, b are vector subspaces of g, [a, b] is the space of all finite sums ), [A;, B;]
with A; € a, B; €b.

The adjoint representation Ad of G on g will most often be denoted by a dot:
g-X :=Adg(X) forge G, X €g.

The exponential mapping exp : g — G will most often be written as X —
exp X = e¥; thus e9 X = geX ¢! and AdeX = 21X,

The Campbell-Hausdorff formula expands V(X,Y") := log (eX ey) as a series
of brackets of X and Y.

The differential at X € g of the exponential mapping and its Jacobian are

1—e* 1—e®
Dy exp = DeLox 0 ——— | §(X) = det g —
X

(1)

with x = ad X.

Caution: this notation j is only used in Chapter 1. In Chapters 3 and 4, j
has a more general meaning (Definition 3.2).

0.3 Symmetric Lie Algebras

A symmetric Lie algebra is a couple (g, c) where g is a (finite dimensional
real) Lie algebra and o is an involutive automorphism of g. If b, resp. s,
denotes the +1, resp. —1, eigenspace of ¢ in g, we have the decomposition
g="bh@s with [h,h] C b, [h,s] Cs, [s,8] Cbh by the rule of signs.

The subspace b, := [s, 5] is an ideal of b.

The subspace s is not in general a Lie algebra, but inherits from g a structure
of Lie triple system: denoting by L(X,Y) the map Z — [X,Y,Z] :=
[[X,Y], Z] from s into itself, we have

(i) L(X,X)=0
(it) [X,Y, Z] +[Y, Z, X] + [Z2, X, Y] =0
(i4i) L(X,Y) is a derivation of the trilinear product [.,.,.], that is

LX,Y)[U,V,W] = [L(X,Y)U,V, W]+ [U, L(X,Y)V, W]+ [U, V, L(X, Y)W]

for all X,Y, Z, U, V,W € s (see [37] p. 78).
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0.4 Symmetric Spaces

Throughout the text G denotes a connected real Lie group and H a
closed subgroup of G. Let S = G/H be the homogeneous space S = G/H
of left cosets gH, with g € G. It will be convenient to assume S is simply
connected; this implies H is connected. _

Let G be the universal covering of G with canonical projection p : G — G
and H = p~1(H). From the simple connectedness of G/H it follows that H
is connected and G / H=G /H. Thus, whenever necessary, the group G' may
be assumed to be simply connected too. These topological properties will
only be useful to give a precise definition of the domains we are working on.
The natural action of G on S is denoted by 7(g)(¢'H) = g-¢'H := gg’'H for
9,9 € G, and o = eH is taken as the origin of S.

A homogeneous space S = G/H is a symmetric space if G is equipped with
an involutive automorphism ¢ and H lies between the fixed point subgroup
of o in G and its identity component (if connected, H therefore equals this
component). We still denote by o the corresponding automorphism of the Lie
algebra g of G, whence a symmetric Lie algebra (g, o). In the decomposition
g =bh s, bis the Lie algebra of H and s identifies with the tangent space to
S at 0. We denote by H, the connected Lie subgroup of H with Lie algebra
b, = [s,s].

The exponential mapping given by the canonical connection of the symmetric
space is Exp X = eXH, X € s, where X — e¥ is the exponential mapping
of the group G. For h € H and X € s we have h - Exp X = Exp(h - X).

For X,Y in a neighborhood of the origin in s, the element Z(X,Y) of s
defined by Exp Z(X,Y) = exp X - ExpY is the symmetric space analog of
the Campbell-Hausdorff element V(X,Y") of Lie groups.

The differential at X € s of the exponential mapping and its Jacobian are,
with x = ad X,

h h
Dy Exp = Dyr(eX) o % L J(X) = det5¥. (2)

The symmetric space S admits a G-invariant measure dx if and only if the
Lebesgue measure dX of s is H-invariant, that is |dets Adh| = 1 for all
h € H. No absolute value is needed if H is connected. The measures can
then be normalized so that

/Sf(x)dx:/ﬁf(Epr)J(X)dX

if supp f is contained in a suitable neighborhood of the origin.

The superscript H on a space denotes the subspace of H-invariant elements.
For example if U is an H-invariant open subset of S, D(U)* is the space of
test functions f such that supp f C U and for(h) = f forall h € H. Similarly
D'(U)H is the space of distributions 7' on U such that (T, f) = (T, f o 7(h))
for all f € D(U), h € H.
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D(s) = S(s) is the algebra of linear differential operators with constant (com-
plex) coefficients on s, canonically identified with the (complexified) sym-
metric algebra of s, and D(s) = S(s)¥ is the subalgebra of H-invariant
operators.

D(S) denotes the algebra of G-invariant linear differential operators on S.
The specific notation for line bundles is explained in Section 2.2.

0.5 Semisimple Notation

In Proposition 3.7, Sections 3.6, 3.7 and the Appendix, we narrow our inves-
tigation to the case of a Riemannian symmetric space of the noncom-
pact type. We shall then replace the above general notation by the classical
semisimple notation as used in Helgason’s books [27] - [29], to which we refer
for details and proofs.

The symmetric space is then S = G/K, simply connected, where G is a
connected noncompact real semisimple Lie group with finite center and K is
a maximal compact subgroup; K is connected. The involutive automorphism
is the Cartan involution 6 giving the decomposition g = ¢ @ p. For X, Y € g
let (X,Y) := —B(X,0Y), where B(X,Y) := trg (ad X adY’) is the Killing
form. The Riemannian structure on S is the G-invariant metric defined by
the scalar product (., .) restricted to p. The exponential mapping Exp is then
a global diffeomorphism of p onto S.

Let a be a maximal abelian subspace of p and a* its dual space; the dimension
of a is the rank of G/K. A linear form a € a* is called a root of (g, a) if
a # 0 and g, # {0}, where

o :={X €g|[H,X] =a(H)X for all H € a}.

The dimension m, = dim g, is the multiplicity of the root a. A point H € a
is called regular if o(H) # 0 for all roots . The set a’ of regular elements has
(finitely many) connected components, the Weyl chambers. Having picked
one of them, called the positive Weyl chamber and denoted by a™ (with
closure at in g), we say a root is positive if it takes positive values on a'.
Let p := 1> . omaa € a* (sum over the set of positive roots o). Let M,
resp. M’, be the centralizer, resp. normalizer, of a in K. They are compact
subgroups with the same Lie algebra. The quotient group W := M'/M is a
finite group called the Weyl group; it acts simply transitively on the set of
Weyl chambers.

The choice of a gives rise to the Iwasawa decomposition g = ¢Gadn with
n = @4>08a- The corresponding Lie subgroups of G give the decomposition
G = KAN, themap (k,a,n) — g = kan being a diffeomorphism of K x Ax N
onto G.



Chapter 1

The Kashiwara-Vergne
Method for Lie Groups

In this first chapter we motivate and explain the two equations (KV1) and
(KV2) of the «Kashiwara-Vergne conjecture» for a Lie algebra and their ap-
plication to analysis on the corresponding Lie group (transfer of convolution
of invariant distributions, Duflo isomorphism); see Sections 1.2 to 1.5. Sec-
tion 1.6, independent of the sequel, gives an elementary solution of (KV1)
and (KV2) for the algebra sl(2,R). After discussing two symmetries on the
set of solutions (Section 1.7), we give a detailed proof of the conjecture in
two important special cases: quadratic Lie algebras, solvable Lie algebras
(Sections 1.8 and 1.9). The chapter ends with a brief survey of a proof in the
general case due to Alekseev and Torossian (Section 1.10).

The main statements are Theorem 1.5 (the Kashiwara-Vergne equations
(KV1) and (KV2) imply a convolution equality), Conjecture 1.6 (the Kashi
wara-Vergne conjecture), Theorems 1.23 and 1.24 (the conjecture is true for
quadratic or solvable Lie algebras), and Theorems 1.26 and 1.27 (the conjec-
ture is true for all Lie algebras).

Chapter 1 provides motivation for a generalization to symmetric spaces
in the sequel. However Chapter 3 and 4 are, to a large extent, independent
from the present one.

1.1 A General Convolution Problem
Let G be a (finite dimensional real) Lie group with Lie algebra g. The
convolution of two distributions u, v on the vector space g is the distribution
u *4 v defined by

(g v, ) = (u(X) @ 0(Y), F(X +Y))

1
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where X, Y denote variables in g, (.,.) the duality between distributions and
functions and f is an arbitrary test function (smooth and compactly sup-
ported) on g. Similarly the convolution of two distributions U,V on G is
defined by

(UxaV,¢) :=(U(g) @ V(h), o(gh))

where g, h denote variables in G and ¢ is an arbitrary test function on G.
These definitions make sense under suitable additional assumptions, e.g. if
one of the distributions involved is compactly supported. They extend to
distributions the addition of g, resp. the group law of GG, as seen by applying
them to Dirac measures. The product *4 is commutative whereas in general
*@q 1s not.

The exponential mapping exp : g — G, X — exp X = ¥, is a diffeomor-
phism from a neigborhood of 0 in the Lie algebra onto a neighborhood of the
identity in the group and our goal is to relate both convolutions by means of
exp. From now on in this introduction we shall work on these neighborhoods
without further mention. Let f — f denote the transfer of a function f on
g, defined by B

JOV2 f(e¥) = f(X)
where j(X) := det ((1 — e~ %) /ad X) is the Jacobian of exp. By duality
the transfer u — wu of a distribution u on g is defined by

<a’f>:<u7f>

for any test function f. Finally let us recall that a distribution u on g is G-
invariant if (u(X), f(g- X)) = (u(X), f(X)) for any f and any g € G, where
dot denotes the adjoint action of G on its Lie algebra; w is then a central
distribution on G, that is <ﬂ7 <pg> = (u,p) for any ¢ and any g € G, with

©g(h) == w(ghg™").

Problem. Prove that
(u*g V) =Ukg U (1.1)

for any G-invariant distributions u,v on g (with suitable supports).

Note that (2(h),¢(gh)) = (@(h),p(g7" (gh) 9)) = (0(h),¢(hg)) if ¥ is G-
invariant, which implies the commutativity @ *g v = v *¢ u. The problem
would be impossible otherwise.

If v is G-invariant and supported at the origin the convolution by v is a
G-invariant differential operator with constant coefficients on g and the con-
volution by v is a bi-invariant differential operator on G. Equation (1.1)
therefore reduces the study of the latter operators to the much easier case of
the former.

Two previously known deep results motivate this problem:

e In 1965 Harish-Chandra [26] proved (1.1) for G semisimple and v sup-
ported at the origin.
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e In 1977 Duflo [18] proved (1.1) for all Lie groups G and u, v supported
at the origin. One of his results can be stated as follows: let P € S(g)°
be an invariant element of the symmetric algebra of g, identified with
a G-invariant differential operator with constant coefficients P(0x) on
g, and let y(P) be the differential operator on G defined by

WP)plg) = P (0x) (5(X)2p(ge™) )|

for any smooth function ¢. Then P — ~(P) is an isomorphism of alge-

X=0

bras of S (g)G onto Z(g), the center of the universal enveloping algebra
of g, identified with the algebra of bi-invariant differential operators on
G. This map is known as the Duflo isomorphism. It is related to ~
by (1(P)F) (¢) = (P(9x) f) (0), that is 'y(P)dc = (*P(9x),) where
 denotes the transpose operator and ¢ the Dirac measure at the origin.
Duflo’s theorem is thus a consequence of (1.1), taking P,Q € S(g)G
and u = 'P§, v = 'QJ. In the same paper Duflo also proved the lo-
cal solvability of all (non-zero) bi-invariant differential operators on
G. This follows again from (1.1), taking as u a G-invariant fundamen-
tal solution of *P(0x) (see Rais [40]): @ is then a (local) fundamental
solution of ‘y(P) whence its local solvability.

Harish-Chandra’s and Duflo’s proofs are both difficult and make use of the
structure of the group. A direct proof of (1.1) would be more natural however,
only relying on formal properties of the exponential mapping and its Jaco-
bian. This has become possible thanks to the Kashiwara-Vergne method
[30] which we now describe.

1.2 The Kashiwara-Vergne Method
Applied to a test function fthe left-hand side of (1.1) is

((wrg )3 f) = (urg v, f) = (w(X) @ 0(Y), F(X +Y))

and, according to our definitions, the right-hand side is

(e 0, J) = (lg), @(h), Fgh) = (il9), Bg)) = (u, )
with 3(g) = (5(h), F(gh) Le. @(X) := j(X)/2(@(h), F(eXh). For fixed X

we may write f(eXh) = (k) with (Y) := j(Y)/2f (e*e), and here enters
the Campbell-Hausdorff! formula

1 1
SIX X Y] [ (X Y]+

L According to [11] Campbell-Baker-Hausdorff-Dynkin (in chronological order of the
contributions) should be a more appropriate terminology. On computational aspects of
the formula, see e.g. the exposition in [13].

V(X,Y) :=log (e¥e) = X+Y+= [X Y]+
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expressing the group law in exponential coordinates (near the origin). Thus
P(X) = §(X)V2(v, ¢) with

_ ) 1/2
w0 =i (00 = (S ) ey

and finally

~ . 1/2

Equation (1.1) is now equivalent to

. . 1/2
(w(X) ©v(Y), F(X +Y)) = <u<X> DoY), (%) VX, Y>>> |

(1.2)

One of the main ideas in [30] is to prove (1.2) by deformation. Let g; be

the Lie algebra obtained by endowing the vector space g with the bracket

[X,Y]: = t[X,Y], where t is a real parameter; thus go is abelian and g; = g.
The corresponding function V' is

2 2

Vi(X,Y) =t V(X tY) = X+Y+%[X7 Y]+%[X, (X, Y]]—%[Y, (X, Y]]+ -

for t # 0, and V5(X,Y) = X + Y. It will therefore suffice to prove that, for
any G-invariant distributions u,v on g and any test function f,

9 JEX)(Ey) \*
% <U(X) ®v(Y), (](tVt(X,Y))> FVi(X, Y))> =0 (1.3)

since both sides of (1.2) are the values of this bracket for ¢t = 0 and t = 1
respectively.

This will follow from the Kashiwara-Vergne equations (KV1) and (KV2)
which we now introduce and motivate.

1.3 The Equation (KV1)

When trying to make (1.3) explicit the first difficulty is to express 9;V;(X,Y).
This will be achieved by a technique a la Moser. We shall need the partial
differentials of V; at (X,Y") defined by

(OxV)Z = 0Vi(X +5Z,Y)| _y » (OyVI)Z = 0, Vi(X,Y +52)| _,

for any Z € g.
Let us look for a one parameter family of diffeomorphisms F; of g x g into
itself (in a neighborhood of the origin), starting from Fq = Id, given by the
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adjoint action of G x G and transforming V;(X,Y’) into its abelian analog
X +Y, that is

Fi(X,Y) = (X, Y}) == ((X,Y) X, (X, Y) - Y) (1.4)
fO(va) = gO(Xv Y) =e
VioFy(X,Y) =Vi(Xp, Vi) = X +Y (1.5)

with f;(X,Y),q:(X,Y) € G. Since Vp(X,Y) =X +7Y, (1.5) is equivalent to
0 Vi + (0x Vi) 0r Xy + (Oy V1) 0:Y; = 0 (1.6)

where all derivatives of V; are computed at (Xy,Y;). Let (F},Gy) : g X g —
g X g be the time-dependent vector field (near the origin) which generates

(ftagt) :
Of(X,Y) = (DeRyxv)) Fi(Xe,Y2) (1.7)
Qgt(X,Y) = (DeRy,(xv)) Gi(X,Y2)

where R, denotes the right translation g — ga in G and DR, its tangent
map at the identity. Then (1.4) implies

8tXt = [Ft(Xta}/t%Xt] ) 6t§/t = [Gt(Xh}/t)v}/t] (18)

Indeed (1.8) is easily checked in a matrix Lie group, where f; - X = f; X f; !
For general Lie groups, one notes that the adjoint representation satisfies
(AdoR,) (¢") = Ad (e"*) o Adg for g € G and X € g, whence by differen-
tiation (Dy AdoD.R,) X = ad X o Ad g and the result. From (1.6) and (1.8)
we see that (1.5) is equivalent to

0V = (Ox Vi) [X, Fi] + 9y Vi) [V, G4 (1.9)

where all functions are now evaluated at (X,Y).

With applications to analysis on G in mind, let us introduce the neigh-
borhoods we shall be working with. Let g’ be an open neighborhood of the
origin in g, invariant under all automorphisms of the Lie algebra g and all
scalings X — tX for ¢ € [—1,1], and such that exp : g’ — expg’ is a diffeo-
morphism. If G is connected and simply connected one may take as g’ the
set of all X € g such that |Im A| < 7 for all eigenvalues A of ad X (see [58] p.
113). If G is a solvable exponential group one may take g’ = g, expg’ = G.
Having chosen such a g’ let

U:={(X,Y)|X,Y € g and e'¥e’ €expg forallt€[0,1]}.  (1.10)
The main properties of ¢ are summarized in the following easy lemma.

Lemma 1.1 This set U is a connected open neighborhood of (0,0) in g X g,
invariant under all maps (X,Y) — (tX,tY) fort € [-1,1], (X,Y) — (¥, X)
and (X,Y)— (g-X,9-Y) for g € G. The map (t,X,Y) — V(tX,tY) =
log (etXetY) is analytic from an open subset of Rx g x g containing [—1,1]xU
into g'.
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Since V(0,0) = 0 the map (£, X,Y) — V,(X,Y) = t 'V (¢tX,tY) is analytic
too in the same open set.

Proof. Let (Xo,Y)) € U and let C be a compact neighborhood of (X, Yp) in
g’ xg'. Themap (¢, X,Y) — f(t,X,Y) := e!¥e!¥ is uniformly continuous on
[0,1] x C (with respect to some distance on G) therefore, for C' small enough,
f(t,X,Y) belongs to the open set expg’ for all t € [0,1] and (X,Y) € C.
Thus C C U and U is open.

U is star-shaped with respect to (0,0) hence connected.

The invariance of U under (X,Y) — (g X,g-Y) is clear. Taking g =
eV we have gf(t,X,Y)g~! = f(t,Y, X) and we infer the invariance under
(X,Y) — (Y, X) then, from f(t,—X,-Y) = f(t,Y,X)"!, the invariance
under (X,Y) — (=X, -Y).

The map (¢, X,Y) — V(tX,tY) =log f(¢,X,Y) € ¢’ is analytic in the open
set f~1(expg’), which contains [~1,1] xU. =

The notation z := ad X, y := ad Y will be used throughout. The partial
differentials of V(X,Y") are given by the next lemma.

Lemma 1.2 For (X,Y) € U we have, with v=adV(X,Y),

) R U — e Y
1—e oaxV:efyl e }1 e oayV:l e
T v Y

Proof. As above let L, resp. Ry, denote the left, resp. right, translation

by g in G and D.Lg, D.R, their differentials at the origin. Remembering
the equality ¢V = eXeY and the differential (1) of exp, differentiation with

respect to X gives

1—e™? 1—e*

DeLev o o 8XV = DeXReY o DeLeX o

T

But D.xR.v o D,L.x is the differential at e of the map g — eXge¥ =
eV (e_YgeY), hence

D.xRyy o DeLox = DcLov oAd(e™”) = D.L,voe™?

and the first formula. The proof for 0y V', similar and easier, is left to the
Reader. m

Proposition 1.3 Le? F,G be given elements of g and let (X,Y) € U. The
following are equivalent:

(i) OVe(X, Y )|,y = Ox V)X, Y)[X, F] + (v V)(X, Y)[Y, G

(@) VY, X)=X+Y -(1-e ") F—(e-1)G .

2No confusion should arise between this G and the group G!
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Proof. For (X,Y) € U, V(X,Y) belongs to g’ so that, exp being a dif-
feomorphism on g’, the map (1 —e~?) /v is an invertible endomorphism of
g. The definition of V; gives 0;Vi(X,Y)|,_; = (OxV) X + (v V)Y =V (i)
is thus equivalent to (OxV)X + (Oy V)Y =V = (0xV) zF + (0yV) yG or,
applying (1 —e™?) /v to both sides,

e VX +Y VX, Y)=eV(l-e")F+(1-¢Y)G
by Lemma 1.2. But eVY) = eXe¥' = ¢V (e¥eX) ¥ = e VeV X)eV,

therefore V(X,Y) = e ¥V (Y, X) and the above equation is equivalent to

(ii). m

Summarizing, assume we have two g-valued maps F, G analytic in a neigh-
borhood of the origin in g x g (contained in i) such that F(0,0) = G(0,0) =0
and the first Kashiwara-Vergne equation

VI, X)=log(e¥e¥)=X+Y - (1-e ") F(X,Y)— (¢ — 1) G(X,Y)
(KV1)
holds on this neighborhood. Then, replacing (X,Y) by (¢X,tY) and setting
F(X,Y) =t 'F(tX,tY), G¢(X,Y) = t 'G(tX,tY), Proposition 1.3 shows
that (1.9) holds true. Hence, defining f;, g; by the differential equations
(1.7):

O fe(X,Y) = (DeRy,(x,v)) F(fi(X,Y) - X, :(X,Y)-Y) , fo=e
8tgt(X7Y) = (DeRgt(X,Y)) Gt(.ft(X7Y) ' X7gt(X7 Y) : Y) y go = €

and X;,Y; by Xy = fi - X, Yy = ¢¢ - Y we have (1.8):

atXt = [Ft(Xtath)vXt} y X() =X
atY; = [Gt(XtaYt)’)/t] ) YO =Y

and it follows that (1.5) is satisfied (near the origin):
VioFy(X,Y) = X +Y with Fy(X,Y) = (f(X,Y) - X, g,(X,Y) - Y).

Besides fi(X,Y) = f(tX,tY), ¢:(X,Y) = g(tX,tY) with f := f1, g .= ¢,
by uniqueness of solutions of (1.7).

1.4 The Equation (KV2)

Let us go back to (1.3). Assuming (KV1) holds, for any function f on g the
derivative of f(V4(X,Y)) is, by (1.9),

O f(Vi(X,Y)) = Dp, g, (fo Vi) (X,Y)
where we have set, for any A, B € g and any function ¢ on g x g,

Dapp(X,Y) = (0x¢) [X, Al+(0ye) [V, B] = dup (e - X, e "2 Y)| _, -
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The G-invariance of j implies D4 g ((X)'/?j(Y)'/2) = 0 and we obtain, for
fixed t(],

) <<J (toX)j (toY)>1/2 FVA(X, Y)))

. . 1/2
— Di, ((W) F (Vi (X, Y))) .

Moreover j(X) = det ((1 —e™*) /x) implies

. T 1
8t log](tX) = trg (etz—]_ — t)

(where try denotes the trace of an endomorphism of g), therefore

) ( J(EX)F(EY) )”2 j(taX)j(t0Y) )”2
NIV (X, 7)) i(toViy (X,Y)

TtU(X,Y)<

t=to

with z =ad X,y =ad?, v, = ad V4(X,Y) and

1 1
Tt(X7Y):=2trg( SN — —).

etr —1 ev—1 evv—1 ¢

Gathering both pieces we infer that the left-hand side of (1.3) is

. . 1/2
2 <u<X> oY), (%) VX, Y>>> -

. . 1/2
- <u<X> © oY), (Dr., + Ti(X, V) (M) f<vt<X,Y>>>.

Up to now the invariance of the distributions w, v has never been used.

Lemma 1.4 Let u be a G-invariant distribution on an open subset U of g.
Then, for any smooth map F : U — g such that suppu Nsupp F' is compact,

(u(X), trg (x 0 Ix F(X))) = 0.

Proof. Let F(X) = ) . F;(X)E; be the decomposition of F(X) according
to a fixed basis (E;) of g. The invariance of v implies

Os (u(X), Fy (e P X))| _, = (u(X),0x Fy(X)[X, E]) = 0.
In the space g* ® g of endomorphisms of g we have

rodxF(X) =Y 0xFi(X)®[X,Ej,
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hence tr (z 0 Ox F'(X)) = >, Ox Fi(X)[X, E;] and the lemma. m

Applied to FI(X) = p(X)A(X) where ¢ is a scalar function and A is g-
valued, the lemma gives (u, (Ox¢) [X, A]) = — (u, tr (x 0 Ix A) ). Replacing
gby g X g, ubyu®uvetc. we obtain

(u(X) @ oY), Dr, ¢, (X, Y)) =
=—(uwX)@uY),tr(xodxF +yodyGe) o(X,Y)).

We conclude that (1.3), therefore the convolution identity (1.1), will hold if
F and G satisfy (KV1) and the second Kashiwara-Vergne equation with
r=adX,y=adY,v=adV(X,Y)

1 T Y v
tryg (o dxF +yodyG) = §t1rg (e”‘— T + s — 1> . (KV2)
An equivalent form of (KV2) is

X

2

Yy

trg(xoaXF+yoayG)=1trg( :

5 coth g +

y v v
coth§ — icoth§ — 1) .
(KV2)

Indeed =/ (e” — 1) = 5 coth § — § (which expands by means of the Bernoulli
numbers); besides, the Campbell-Hausdorff formula shows V — X —Y is a
sum of brackets hence, by the adjoint representation, v — x — y is a sum of
brackets and tr(v — 2 —y) = 0. The even function F coth § will be more
convenient for us in the sequel.

Summarizing, we obtain the following theorem, which is the raison d’étre

of the conjecture in the next section.

Theorem 1.5 Let’ G be a real Lie group with Lie algebra g, and let F, G be
two g-valued functions, analytic in a neighborhood of the origin in g X g such
that F(0,0) = G(0,0) =0 and (KV1) and (KV2) hold. Then the convolution
equality

(uxg V) =U*xg v

holds on a neighborhood of the origin in G, for any G-invariant distributions
u,v on g with suitable supports. In particular, if F,G are analytic in U
and suppv = {0}, the equality ((u*qv), f) = (W *q v, f) holds for any G-
invariant distribution u on an open subset of g’ and any f € C*(g) such that
suppu Nsupp f is a compact subset of g'.

The open sets g’ and U have been introduced before Lemma 1.1. As already
noted in Section 1.1 the case suppv = {0} leads to the main applications of
the theorem: local solvability of bi-invariant differential operators and Duflo’s
isomorphism.

3With apologies for this double meaning of G, not too bothersome hopefully!
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Proof. The discussion in Sections 1.2 - 1.4 shows that (1.3) holds true, hence

(kg o) ) = (46 5. ).
As regards supports, the calculations are valid if, for all ¢ € [0,1],
(suppu X suppv) N supp (f o V;) is a compact subset of the neighborhood
where F' and G are defined (supposed included in the set ¢ of (1.10)). If this
neighborhood is U itself and suppv = {0} we obtain the last result of the
theorem, since V4(X,0) =X and U N(gx {0})=¢'. m

1.5 The Kashiwara-Vergne Conjecture

We shall now give a precise statement of the Kashiwara-Vergne «conjecture»
- henceforth a theorem, now completely proved by two different methods in
[5] and [7].

1.5.1 The Conjecture

Let K be a commutative field of characteristic zero and [;the free Lie alge-
bra with two generators X, Yover K, completed with respect to its natural
gradation (the generators having degree 1). The elements of [rare the formal
series F(X,Y')(without constant term) of X, Yand iterated brackets of Xand
Y, with coefficients in K. We call them Lie series in X,Y for short; we
only consider series without zero order term. Two fundamental examples of
Lie series are the Campbell-Hausdorff series

1
V=V(X)Y):= log(eXeY) =X+Y+§[X7Y]+-~- €ly

V=V({Y,X)=log(e"eX) =X +Y - %[X,Y] oo €
If X,Y are elements of a finite dimensional Lie algebra g over K = R, the
inclusion {X,Y} — g extends, by the universal property of free Lie algebras,
to a morphism of Lie algebras from absolutely convergent formal series in
some neighborhood of the origin (with respect to a norm on g) into g. In
I as well as g we denote by z = ad X the map Z — [X, Z] and similarly
y=adY,v=adV.

Conjecture 1.6 There exist two Lie series F,G € |y such that
V(Y,X):X+Y—(l—e_’”)F(X,Y)—(ey—l)G(X,Y) (KV1)

and, for every finite dimensional real Lie algebra g, these series define ana-
lytic functions of (X,Y) in a neighborhhood of the origin in g X g (contained
in the set U defined by (1.10)), satisfying the trace condition

1
trg (xoOxF +yodyG) = §trg <gcothg+%co‘chg - gcothg —1).
(KV2)
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Here, forany Z € g, OxF(X,Y)Z = 0, F (X +tZ,Y)|,_, and Oy G(X,Y)Z =
OG(X,Y +tZ)],_-

The original statement of the conjecture in [30] was «For any finite-
dimensional Lie algebra there exist F, G, analytic near (0,0), such that (KV1)
and (KV2)». The hybrid statement chosen here, with (KV1) expressed
within the framework of free Lie algebras, ensures that F' and G are uni-
versal solutions of the problem, regardless of any specific relation between X
and Y which may hold in such-and-such Lie algebra g. Of course the trace
equation cannot be written as such for free algebras. However Corollary 1.22
below shows that (KV1) implies some formal analogue of (KV2).

Various equivalent forms of the conjecture are given in [5] (see also [57]).

1.5.2 Remarks on the Conjecture

a. Solving (KV1) alone is easy: the Campbell-Hausdorff series may be written
as V =X+Y + [X,A] + [Y, B] with A, B € Iy, hence (KV1) with F,G € [,
defined by

€z )

A =

et —1"" ¢ 1—ev
We refer to Burgunder [12] (Theorems 42 and 56) for a detailed formal study
and explicit resolution of (KV1) by means of the Euler and Dynkin idempo-
tents.
For K = R closed formulas for A, B, F,G can be obtained as follows. Let
V(t) := log (e"e™) and v(t) := adV(t) = log(e'”e’). By Lemma 1.2
the derivative V'(t) with respect to ¢ is given by ((1 —e="®)) /u(t)) V'(t) =
e"W(X +Y) hence

F= B.

! v(t) + — 1 v(t)
— y — ty
V_/O s v € dt (X—|—Y),[/—/0 e 0) 1dt (X+Y).

The latter formula follows from the former by exchanging X, Y and observing

that (in obvious notation) v(t) = e®v(t)e ™. Let

_1shv—v

v v
v(0) =0, (Geoth ) = 55—

Elementary computations show that the above expression of V may be rewrit-
ten as

VY, X)=X+Y — (1—@‘”) F(X,Y)— (e —1)G(X,Y)
with

1—et®
l—e*

1
F(X,Y) = /0 <z/)(v(t)) + ;) dt (X +Y) (1.11)
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These F, G belong to [y, satisfy (KV1) and define analytic functions of (X,Y)
in the open set U (1.10): the analyticity of x/ (1 —e™%), v(t), v(t) cothv(¢)/2
and ¢ (v(t)) follows from the definitions of g’ and U.

In order to prove that F, G are given by convergent series of Lie brackets of
X,Y in a neighborhhod of (0,0), we use a slightly different expression. Let

oo

w(u) = (1_U)W — _1+Z

u2 2

n

(n+1)(n+2)’

n=1
so that ¥(v) + 3 = —w(u) if u=1—€" and let

1 —tz
1—
AX,Y) = / ST W)X +Y), B(X,Y) = A(-Y,—X)
0 X
with u(t) := 1—e®e!?. Let ||.|| be a norm on g such that* ||[X, Y]|| < || X[/ ||V
for all X, Y € g; the corresponding operator norm satisfies ||z| = |jad X|| <
[IX]]. We claim that

VY, X)=X+Y +[X,AX,Y)]+[Y,B(X,Y)],

the expressions A, B, F'= (z/(e”* — 1)) A and G = (y/(e¥ — 1)) B are given
by convergent series of Lie brackets for || X| + [|Y|| < log2 = 0.693... and
F, G coincide with the above solutions (1.11) of (KV1).

Indeed the assumption on X,Y implies |ju(t)|| < eUel+lvl) —1 < 1 for
0 <t <1, therefore

m+1 1 ’U,(t)n
AXY) /Z m+1)! 7§+;(n+1)(n+2) X +Y)

where, in multi-index notation for a = (e, ..., ), 8= (81, -, Bn)s

tledl+18]

ol !

xalyﬂl . Oény
ai+B,>1,1<i<n

Thus A is a series of Lie brackets with majorant series

/Z oy X G+ ) <

m>0

D T D P e gy e
(n+1)( n—|—2) alf!

n>1 ai+B8;>1

N)\}—l

41f |.| is an arbitrary norm on g we have |[X,Y]| < M|X||Y| for some constant M. Then
[|X]| = M|X]| has the required property.
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If |X|| + Y] < log?2 the latter 3 is (efUIXI+INVID — 1)” < 1 and the above
integral is less than

/1 et Xl — 1 el Xl —1 = |1 X

——dt(|| X||+ |V = X[+ 1Y) < o0,
e (RYESED) X[ X+ 1Yl

which implies our claim for A(X,Y"). Since 2/(e”® — 1) expands as a conver-
gent power series in x for ||z|| < 27 we get the same conclusion for F(X,Y).

b. It will be shown in 1.9 that any solution (F,G) of (KV1), e.g. the functions
(1.11), also satisfies (KV2) if g is a quadratic Lie algebra or (after giving it the
additional symmetry 8 introduced in 1.7.2 below) if g is solvable. In the latter
case the S-symmetrized (1.11) agrees with the original solution in [30] (see the
Appendix to [43]). Unfortunately, in spite of its «natural» look, the above
choice of (F,G) does not seem to solve (KV2) for general Lie algebras. This
was checked in [1] by computer calculations for the S-symmetrized (1.11).

c. Assuming (KV1) we have constructed (near the origin; see 1.3 with ¢t = 1)
a diffeomorphism F of g x g such that VoF(X,Y) = X +Y with F(X,Y) =
(F(X,Y) X,9(X,Y)-Y). Settinga=! = foF~!, b~! = go F~! we obtain

XY — pa(X,Y)-X+b(X,Y)Y

This solves, locally at least, an interesting question in matrix theory (where
a-X =aXa ', b-Y = bYb!); see e.g. Thompson [51]. Furthermore
b(X,Y)=a(-Y,—X)if (F,G) is a-invariant, that is G(X,Y) = F(-Y, -X)
(see Section 1.7.1).

Besides the Campbell-Hausdorff formula may be written as

log (GXGY) —X4+Y+ (eadA(X,Y) _ 1) X + (eadB(X,Y) . 1) Yy
with A = IOg a, B = log b.

d. Assuming (KV1), the trace equation (KV2) is equivalent to the following
expression of the Jacobian of the diffeomorphism F constructed in 1.3:

J(X+Y)
J(X)i(Y)

Let us sketch a proof. By 1.3 the diffeomorphisms F; solve the differential
system 0;F; = u; o ¥y, Fg = Id, where u; is the time-dependent vector field
on g x g defined by w:(X,Y) = ([F:(X,Y), X],[G¢(X,Y),Y]). Therefore
Ot log det DF; = (divu;) o F; where the divergence div u, is the trace of the
Jacobian

1/2
det DF(X,Y) = ( ) det 3 Ad (f(X,Y)g(X,Y)).

gxg

b " ad Fy — z0x F} —xdy Fy
(X, Y Ut = —y0x Gy ad Gy —ydy Gy )’
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that is
5’t IOg det DFt = (tI‘ ad(Ft + Gt) —tr (.TaXFt + yﬁyGt)) o Ft.

Observing that d; log j(tX) = tr (L — %), O¢logdet Ad f; = (trad F;)oF;

etz —1

and similarly for g;, we obtain
. . /2
JEX)iEY) -1
1 —— det Ad det DF, | =
at Og((](ﬁX—l—tY) € (ffgt) € t

1t T Y x+y
= — 1Ur
2 et®

1
1 + ety — 1 etlaty) 1 t) —tr (x 0 Ox Fy + y 0 Oy Gy )oF,

and, remembering X +Y = V; o F(X,Y), our claim easily follows.

1.5.3 Non-Uniqueness

The Lie series F and G are not uniquely determined by (KV1) (for instance
one may add AX to F and puY to G), not even by the system (KV1)(KV2)
as shown by the next elementary proposition. In 1.7 we shall also give two
ways of constructing new solutions of (KV1)(KV2) from a given one.

We need a preliminary lemma.

Lemma 1.7 Let U be an open subset of g x g and F : U — g be differ-

entiable, such that F(g-X,g-Y) = g- F(X,Y) whenever (X,Y) € U and

(9-X,9-Y)eU, ge G. Then
OxF(X,Y)oad X + 0y F(X,Y)oadY = ad F(X,Y),

as endomorphisms of g.

Proof. Given (X,Y) € U and Z € g we have (¢- X,g-Y) € U for g =
exptZ and |t| small enough. Then g- X = e'®ZX and the derivative of
Flg-X,9-Y)=g -F(X,Y) with respect to t at t =0 is

OxF(X,Y)[Z,X|+ 0y F(X,Y)[Z,Y] = [Z, F(X,Y)] .

Proposition 1.8 Given a couple (F,G) of Lie series in (X,Y) and a scalar
s let

F(X,)Y) : =FX,)Y)+s(V(X,Y) - X)

G(X,)Y) @ =GX,Y)+s(V(X,Y)-Y).

Then (F,G) satisfies (KV1), resp. (KV2), if and only if (F*,G?®) satisfies
(KV1), resp. (KV2).
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Proof. Since eV =¥V we have (1 —e *)(V-X)+(e —1)(V-Y) =0
and (KV1) for (F,G) is equivalent to (KV1) for (F'°,G®). Besides, by the

above lemma,

tr(zodx(V—-—X)+yody(V-Y))=tr(OxVox+0dyVoy—z—y)
=tr(v—x—y)=0,

as explained in 1.4. Thus (KV2) for (F, G) is equivalent to (KV2) for (F*, G*).
]

We refer to Burgunder [12] §7 for a systematic study of the non-uniqueness
for (KV1); the question boils down to finding all Lie series A, B € [ such
that [X, A] +[Y,B] = 0.

1.6 An Elementary Proof for s/(2,R)

In this section® we solve (KV1) and (KV2) for g = sl(2,R) by an elementary,
though lengthy, exercise in linear algebra. The proof uses specific identities
valid in this three-dimensional algebra. It does not extend to other examples,

whereas Theorem 1.23 below is valid for all quadratic Lie algebras.

This Lie algebra consists of all matrices X = Z _ba ), a,b,c € R,

which we may identify with X = (a,b,c) € R3. The bracket is
(X, X'=XX"—X'X = (b —cb',2(abl — ba'),2(ca’ — ac)),

similar to the clasical vector product in R3. The following facts are easily
checked. The Killing form is (X,Y) := tr(ad X adY) = 4tr(XY), nonde-
generate with signature + + —; in particular (X, X) = 8 (a2 + bc). Also
trad X = 0 for all X € g since ad X is skew-symmetric with respect to this
form. Besides, with x = ad X, y = ad Y as usual,

(zY,2Y) = ([X,Y],[X,Y]) = 8det(X,Y, [X,Y)).

Thus X, Y and [X,Y] make up a basis of g for generic X,Y’; this is the key
to the following calculations. We shall also need the identities

X2 = @I (1.12)

(Cayley-Hamilton theorem) where I is the unit matrix and, for all X,Y, Z €
9,

XY X, 7Z
ez = [x.[v.2) = XX g Dy (1.13)
In particular
X, Y X, X Y)Y XY

5This section is independent of the sequel and may be skipped.
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1.6.1 Choice of F' and G

As in 1.5.2.a we shall make an explicit choice of A = A(X,Y) € gand
B = B(X,Y) € g, analytic in a neighborhood of the origin in g x g, such that

W=V -X-Y=[X,A] +[Y, B
with V' = log (e¥eX). Then F := —%2-A4 , G := ;B will solve (KV1)

1—ev

and our main task will be to prove (KV2). The Campbell-Hausdorff formula
may be written as

W: Z AaﬂyalwﬁlyQQ...yakzﬁkY
la+8|>1

with rational coefficients A\og, @ = (a1, ...,ax), 8 = (B1,...,8;) € N¥. The
series converges absolutely for || X|| 4 [|[Y]| < log2 if the norm on g is chosen
as in 1.5.2. An easy induction with (1.14) shows that each term of the series
may be rewritten as aqgzY (if |a+ 3| is 0dd), basz?Y or copyzY (if |a+ | is
even), where aqng, bag and c,p are monomials in the Killing products (X, X),
(X,Y) and (Y,Y). Reordering the series we obtain

W = azY + bz’Y + cyzY, (1.15)

where a, b and ¢ are power series in these products, convergent in a neigh-
borhood of the origin. Since x and y are skew-symmetric it is easily checked
that a, b, ¢ satisfy

(Y, 2Y)a = (W,2Y) , (2Y,2Y)b=—-(W,Y) , (2Y,2Y)c = (W, X). (1.16)

For any function f on g x g we set f(X,Y) := f(-Y,—X). Because
log (e’Xe’Y) = —log (eYeX) we have W = —W and (1.16) implies @ = a,
b = —c whenever (xY,2Y) # 0, or even without this condition since the
polynomial function (2Y,2Y) does not vanish identically. Let us choose

A = gy+be,B=Z:—gx+ch
z =~y
F = A,G=F= B. 1.17
e~ —1 " 1—e¥ ( )

Proposition 1.9 Let g = sl(2,R). The above functions F,G are analytic in
a neighborhood of the origin in g x g. They solve (KV1) and (KV2) for g.

(KV1) follows from (1.15) and (1.17). The proof of

tr(zodxF+yodyG) = %tr (gcothg + %Coth% - %coth% - 1)
(KV2)
(where tr denotes the trace of endomorphisms of g) is given in the next three
subsections.
Remark. The above functions A, B, F, G are invariant under the adjoint
action of any ¢ in the group SL(2,R), that is A(g- X,¢9-Y) =g - A(X,Y)
etc., because a(g- X,g-Y) = a(X,Y) etc. by invariance of the Killing form.
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1.6.2 A Variant of (KV2)

Since G = F we have y 0 9y G = (z 0 dx F)". In the left-hand side of (KV2)
we shall thus compute tr (z0x F') then add its transform under ~. Let
x

pa)=1—==3 5

T 1 e 2

x
th —
co 2—|—

It is easily checked (details are given in the proof of Lemma 1.25 (7)) that
2OxF = o(x)0x (1— e *)F) +adF + -

where --- is a sum of Lie brackets. Remembering (1.17) (1 —e %) F = —zA
and trad = 0 on g, we get tr (zOx F) = —tr (¢(z)0x (xA)).

Let v = adV. Since dxV = ¢(v)p(x)~! by Lemma 1.2 the following
observation will shorten the calculations:

tr (p(2)0xW) = tr((0xV 1) p(2)) = tr (¢(0) — p(z))

v v x x
- h-—— h—].
tr<2c0t 2 2cot 2)

But V = log (eYeX) = e "log (eXeY) = e "V, hence v = e"%ve® and we
may replace U by v = ad V under the trace. It follows that
tr (p(z)0xW + (p(z)0xW)) = tr (v coth g - g cothg - % coth %) .

The similarity with the right-hand side of (KV2) suggests to introduce the
function

E W—20A=—-[X, A+ [V,B]=(1-¢")F— (e = 1)G

= —bz’Y — X,
so that (KV2) becomes
_ v v
tr(p(z) 0o OxE + (p(x) 0 OxEY) = tr (5 coth 3~ 1) . (1.18)

Remark. A similar modification of (KV2) will be performed for arbitrary
Lie algebras in Section 1.9.

1.6.3 A Trace Formula for si(2,R)
Let v : g — g be a linear map. Then for all XY € g,
(zY,zY) tru= — (uX, yQX) — (uY, x2Y) + (uzY,zY). (1.19)

Indeed it suffices to prove this for (Y, 2Y) # 0; then X, Y and Y make up
a basis of g. Let «, 3, denote the diagonal coefficients of the matrix of u
with respect to this basis. Then

(uX,y’X) = (X,y’X) a=— (yX,yX)a = — (2Y,2Y) o
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since y is skew-symmetric, yX = —zY and y?X is orthogonal to Y and zY
with respect to the Killing form. Similarly

(wY,2?Y) = (Y,2%Y)=—(aV,2Y)}p
(uzY,zY) = (a2Y,2Y)y,

and (1.19) follows for tru = a + §+ 7.

1.6.4 Proof of (KV2)
Again we work for (zY,zY") # 0. By (1.16) and the definition of E we have

We first compute tr (¢(x)dx E). Since

tr (p(2)0x (f(X)2)) = (Ox f(X), p(2)Z)

for any scalar function f and constant vector Z (where the brackets (.,.)
denote the duality between g* and g) we obtain

tr (p(z) 0 Ox E) = (9x (W, Y ), () L) — (9x (W, X), () M) +
+ (W, Y) tr (9x Lo p()) — (W, X) tr (9x M o (x)) . (1.20)

First

(Ox(WY), p(x)L) = (OxWop(z)L,Y)
<6X(VV7X)7§0($)M> = (aXWOQO(:L‘)M,X)—I—(VV,gD(LL‘)M).

In view of the trace formula (1.19) the last term of (1.20) is given by

(Y, 2Y ) tr (Ox M o p(z)) =
=—(0xMop(z)X,y*X) — (Ox M o p(z)Y,2%Y) + (0x M o p(z)zY, zY)
=— (X,)OxM (y*X)) — (p(2)Y,! Ox M (2°Y)) + (z¢(2)Y,! Ox M (zY)),

where ¢ means transpose with respect to the Killing form and we noted that
o)X = ¢(0)X = X. But it is easily checked that the products (X, M),
(Y, M) and (Y, M) are constant. Replacing X by X + tH and taking the
t-derivative at ¢ = 0 it follows that (H, M)+ (X,0xM(H)) =0for all H € g,
hence '0x M (X) = —M. Similarly ‘OxM(Y) = 0 and 'OxM (zY) = —yM.
Finally, using (1.14) and (1.13) with Z = M,

(X, M)

(Y, zY) tr (Ox M o p(z)) = — (Y —p(2)Y,Y).
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The same holds with M replaced by L, since the products (X, L), (Y, L) and
(zY, L) are constant. But (X,L) =0, (X, M) = —1 and we obtain

(aY,2Y) tr (IxLop(a) =

(zY,zY ) tr (Ox M o o(x)) = (p(z)Y = Y,Y).

N = O

Gathering all pieces it follows, with the help of (1.14) and (1.13), that

(2Y,zY)tr (p(z) 0o Ox E) =
= (0xWo o(x)z?Y, Y) - (0xWo o(z)y*X, X) + (W,yzp(z)Y).

As already seen W =V — X — Y and dxW o p(z) = ¢(T) — ¢(x) so that,
after some simplifications,

(2Y,z2Y) tr (p(x) o Ox E) =
= (¢(v)2?Y, Y) - (gp(ﬁ)yQX,X) + (V,yzp(2)Y) — (zY,2Y).

Adding its ~ to this expression we obtain the left-hand side of (KV2), written
as in (1.18). The map ~ changes V and ¥ into —V and —@. Observing that
©(0) — p(—7) = v and using (1.14) again, the formula boils down to

(2Y,2Y ) tr (p(x) o Ox E + (p(x) 0 Ox E)) =
= (V,yzp(2)Y + zyp(—y)X — (X,Y)zY) — 2(zY,zY) (1.21)

after some (easy) manipulations left to the Reader.
Now let f(z) := §coth§ = p(x) — § denote the even part of ¢ and let

A\ € C be such that \*> = (X, X)/2, u? = (Y,Y)/2. By (1.14) we have
227ty = \2"2Y for n > 0 and

yrp(x)Y = f(\)yzY + %meY — F(\)yaY + @xy

A similar transformation of xyp(—y)X shows that the right-hand side of
(1.21) is
— X, Y
- <V, FOVYX + f(p)2?Y + (2)xY) —2(2Y,zY). (1.22)

We must now compute V = log (¢¥e¥). For X € g we have X? = (\/2)2]
by (1.12) hence e:(j SN (X + f(AN)I) with S(A) = S};?f. Introducing v
such that v? = (V,V) /2 we obtain

S(v)

sonsqe V0D =YX+ FX +fY + FNF ]I
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The trace is

58
X

~

—~

Sy = oy + K (1.23)

But the polarized equation (1.12) implies Y X = £ [V, X] + (XéY)I , therefore

S)
SA)S(w)
Transferring into (1.22) this value of V and taking into account various or-
thogonality relations, (1.23) and (1.21), we finally check that the left-hand
side of (KV2)is 2(f(v) —1).
On the other hand we note that, by (1.14),

V= f(WX + fO)Y — %zY.

l‘2

J@) == (W =15

therefore tr (f(x) —I) = 2(f(A) —1). The right-hand side of (KV2) is
then, according to (1.18),

tr(%coth%—]) =t (f(m) — 1) =2(f(v) — 1),

and (KV2) is proved! W

1.7 Two Symmetries of the Kashiwara-Vergne
Problem

Notation: for any function f of two variables X,Y in a vector space let5

PUXY) = f(=X, =) (X Y) = F(Y, X)), J(X,Y) = (=Y, =X).

Together with the identity these three commuting involutions form a group,
isomorphic to (Z/27Z) x (Z/2Z). For example V(X,Y) = log(eXeY) gives

Vv :_V,V:eiw‘/:eyv s ‘7:—V (1.24)

As usual dots will denote the adjoint action of the group G on its Lie algebra
g.

Let us recall that the solutions of the Kashiwara-Vergne problem can be
described by means of (F,G) or (f,g) or F, related as follows (see 1.3): F
and G are series of Lie brackets of X,Y € g (near the origin), f(X,Y) and
9(X,Y) are elements of the group G obtained by taking ¢ = 1 in the solutions
fi=fi(X,Y), gt = g:(X,Y) of the differential equations

Oift = (DeRy,) Fi(fi- X, 9¢Y) , 0vgr = (DeRy,) Go(ft- X, 9:°Y) , fo=g0 =€

6No confusion should arise of the present ~ with the transfer map in 1.1.
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with Fy(X,Y) =t 1F(tX,tY), G¢(X,Y) = t71G(tX,tY), and F is a diffeo-
morphism of g x g onto itself (near the origin) given by

F(X,)Y):=(f(X,)Y) X, g(X,Y)-Y).
If (F,G) satisfy (KV1) we have

VoF(X,Y)=V(f-X,g-Y)=X+Y.
Later on we shall also need

E(X,)Y):=(1-e ") F(X,Y)— (e — 1) G(X,Y),

motivated by the calculations for s/(2,R) in 1.6.2.

We now give two constructions of new solutions of the problem from a
given one: (F,G) — (F* G%) and (F,G) — (F? G?); a similar notation is
used for their effects on (f, g) and E.

1.7.1 The Symmetry o

Proposition 1.10 Given a couple (F,G) of Lie series, let (F*,G*) = (G, F)
that s

FYX,Y):=G(-Y,-X) , G*(X,Y) := F(-Y, - X).
The map (F,G) — (F*,G%) is involutive and

fUXY) =9(-Y,—-X) , g*(X,Y) = f(-Y,-X)
EYX,Y)=E(-Y,-X), V(f* X,g* V) =X + Y.

Besides (F, Q) satisfies (KV1), resp. (KV2), if and only if (F*,G*) satisfies
(KV1), resp. (KV2).

Proof. All equalities are easily checked. Applying ~ to (KV1) for (F,G) we
obtain the equivalent relation

Ve V=-V-X-(1-e)F—(e"-1)G,

that is (KV1) for (F*,G%). Applying = to (KV2) for (F,G) (written with
coth), we have OxF = —0yF, 0yG = —0xG and the right-hand side is
~ invariant since v = —wv. It is therefore equivalent to (KV2) for (F*,G*). m

1.7.2 The Symmetry [
Proposition 1.11 Given a couple (F,G) of Lie series, let

FA(X,Y) : =GV, X)+ % (V(X,Y) - X)

GP(X,)Y) : =e YF(Y,X)— % (V(X,Y)-Y).
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The map (F,G) — (Fﬁ,Gﬁ) is involutive and, if (F,G) satisfies (KV1),
FAY) = XY, X)e X2 g (XY) = e PO f(Y, X))/
EY(X,Y)=—-E(Y,X) , V(" X,¢" V) =X +Y.

Besides (F,G) satisfies (KV1), resp. (KV1) and (KV2), if and only if
(FP,GP) satisfies (KV1), resp. (KV1) and (KV2).

Proof. (i) First

(FP) = e"GP + - (V X) = (e‘”F — %(V - X)> + %(V - X)

=F
since ¢*V = V. Similarly (Gﬂ) — G. Also
Ef=(1—-e")F° —(eV-1)G"
_(1—e) ( e V) (er — 1) <eyF— Z)

:(ew—l)G—(l—e y)F:—E

since eV = e¥V. Note that (KV1) was not used here.
(#i) Computing as in (i) we obtain

V+(l-e ™) FPt(e?-1)GP =V +({1—e*)F+(e¥—1)G,

hence the equivalence of (KV1) for (F,G) and for (F?, G#).
(i4i) Assuming (KV1) for (F,G) we have

eyG:(e_“J—l)F—&-G—V-i—X—i-Y

and, exchanging X and Y, the definition of F may be written as

B_ (oY _1\F (- L2

FP = (e )F+@ g T3 Y
Besides v v

Gﬁz(e—y—l)FJrF——Jr?

We may then apply the equality (0xS)ox+(dyS)oy = ad S (Lemma 1.7) to
S =(e7¥—1)F and S = V hence, noting that dxG = dy G, Oy F = OxF,

Ox FPox4+0yGPoy = Ox F oz + 0y G o y+ad <(6_y a 1)F_ V_)Q(_Y> .

Since (e7¥ — 1) F and V — X — Y are sums of brackets it follows that

tr(OxFP oz + 0y GPoy) = tr (OxFox+0dyGoy).
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Assuming (KV2) for (F,G) we now obtain (KV2) for (F”,G?): indeed
tr (v/ (e’ — 1)) is invariant under v +— ¥ since V = ¢ %V and 7 = e~ %ve”.
We conclude that (KV1) and (KV2) for (F,G) imply the same properties for
(F B .GP ) and conversely, 8 being involutive.

(iv) Let ff(X7 Y) = fA(tX,tY), Ft’@(X, Y) :=t"1FP(tX,tY) and similarly
for gf, Gf. We claim that

YU = FI(fS-X,9)-Y), f =e (1.25)
@) ()™ = G’ X,9) Y) ., g5=e¢

if f#, FP etc. are defined as in the proposition. Here ’ denotes the derivative
with respect to t and f'f~! means (DeRf)f1 f' for the sake of simplicity.
Replacing (X,Y) by (¢tX,tY) it will suffice to prove (1.25) for t = 1. Details
are given for f? below; the proof for g° is similar.

If a,b,c are differentiable maps from an interval of R into G we have the
following formulas for «logarithmic derivatives» (in our simplified notation)

(ab)' (ab) ' = (a'a™?) +a- (Vb77)
(abe) (abe) ™" = (a'a™) +a- (K'b7Y) + (ab) - (de7Y), (1.26)

where dots denote the adjoint action of G on its Lie algebra. Applying this

to

ftﬁ — ol(X+Y)/2 T e~ tX/2 B _ e HX+Y)/2 ﬁ elY/2

agt

we obtain, for t =1,

X+Y

V() = T 4 X0 gy ()7 - ((25) - 2 (1a)

The claimed equality (1.25) for (f)/(f#)~! now ensues from the following
remarks (a) and (b):

(a) X +Y =V(f? X,¢°-Y). Indeed f% - X = X+tY)/2. (7. X) and
g% Y = e (XHY)/2(F.Y), hence

expV(f7 X,¢° V) =exp(f’ - X)exp(g” - Y)

— o(X+Y)/2 (eg-Xe—(X+Y)ef Y) (X +Y)/2

But X +Y = V(f-X,g-Y) by (KV1) (see Section 1.3), and this implies
Y+ X =V(f Y,g-X) therefore eX™Y = e/Ve7X and expV(f? - X, g% -
Y)=exp(X +7Y).

(b) gig™" = G(f-X,g:Y) hence (g7) (§) ™ = G(f-Y,5-X) =G (g- X, f-Y).
Also

4X+YV2.C%§.x;f.yj::Zj((gX+Y%@g).X;(4X+Yﬂ2f>.y)_
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Observing that (e(X*+Y)/2g) . X = f%. X and, by (a),
(6<X+Y>/27) Y = (XY ) Y = (efﬁ~Xegﬁ-Ygﬂ) Yy
=" Y (g7 Y),
we infer that
X2 @y (5)7! = ot X G- X, g% Y).

From (a) and (b) it follows that (1.27) may be written as

1 — 1
UV =SV X V) + e X G X g Y) - 57 X
= FB(fﬁ 'Xagﬂ Y)7
which completes the proof. m

Remark. A similar proof to (iv) shows that the couple (F*, G*) of Proposi-
tion 1.8 corresponds to (f*, g®) given by

FXY) =X HX V)e™X | ¢*(X,Y) = X g(X, Y )e™Y,

and ES = E+2s(V-V), V(f°*- X,¢°Y)=X+Y.

1.7.3 Symmetry Invariant Solutions

We keep to the notation of 1.7.1 and 1.7.2.

Proposition 1.12 (i) The above symmetries a and  are commuting invo-
lutions acting on couples of Lie series in (X,Y).
(ii) For any solution (F,G) of (KV1), resp. (KV1) and (KV2), the couple

(Fo,Go) = 3(F + F* 4 F® 4 F*%,G 4 G* 4 G +G9)

is a solution of (KV1), resp. (KV1) and (KV2), invariant under o and B.
Explicitly

Fo(X,Y) = = (F(X,Y) + G(-Y, - X)) + ie” (F(=X,-Y) + G(Y, X)) +

o

+5(VEXY) - X)
Go(X,Y) = Fy(-Y,—X).

Proof. (i) The definitions imply
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and V = —V gives (F*)? = (F#)*. Similarly (G*)? = (G#)°.
(ii) is clear from Propositions 1.10, 1.11 and the linearity of the Kashiwara-
Vergne equations. m

Proposition 1.13 (i) A couple (F,G) of Lie series in (X,Y) is invariant
under o and B if and only if there exists an even Lie series H(X,Y) such
that

F(X,Y) = e$/2H(X,Y)+3(V(X,Y)—X)

>~

G(X,Y) = e‘y/2H(Y,X)—£(V(X,Y)—Y).

In this case we have G(X,Y) = F(-Y,—-X) and E(X,Y) = —E(-X,-Y) =
—E(Y,X). Besides F = (Y/4)+---, G = —(X/4)+- - -, where dots are sums
of brackets of X and Y.

(ii) Let (F,G) be a solution of (KV1) invariant under o and B. Then the
corresponding elements f,g of the group satisfy

FX,Y) = e (X Y )e Mt (X)) = f(-Y, = X)
where w(X,Y) € G is an even function of (X,Y).

Proof. (i) The invariance (F*, G%) = (F,G) is equivalent to G = F that
is G = FV. Let us write e %/2F = H + K where H is even and K is
odd. Then, assuming the a-invariance, the S-invariance F' = F? gives F =
e?FV + L(V — X) that is

1
e"/?(H+ K) =e"e "/*(H - K) + SV =X)
which boils down to K = e=#/2(V — X) hence F = ¢*/2H + (V — X) /4.
Conversely, this together with G = F ensures the a- and [B-invariance of
(F,G) since V.= —V. The corresponding properties of E follow from Propo-
sitions 1.10 and 1.11. Besides V = X 4+ Y + --. where dots are brack-
ets of X,Y and, H being an even Lie series, H = a[X,Y] + --- Thus
F(X,Y) = (Y/4) + - and G(X,Y) = F(=Y,—X) = —(X/4) + -
(ii) As for (i) f* = f gives g = f that is g = fV. Then f = f% implies f =
e(X+Y)/2 fVe=X/2 by Proposition 1.11, which means that e~ (X+Y)/4 feX/4 g
even. W

1.8 From (KV1) Towards (KV2)

In their 2009 note [8], using the free Lie algebra formalism they had devel-
oped in [7], Alekseev and Torossian discovered a remarkable link between
equations (KV1) and (KV2). In this section we extract from their work the
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necessary material, eventually leading in 1.9 to a proof of the conjecture in
two important cases.

Let K be a commutative field of characteristic zero. We work here with the
completed free Lie algebra [ introduced in 1.5.1 and with A, the completion
(with respect to the degree) of the free associative algebra with two generators
X,Y over K, that is the space of all associative but non-commutative formal
series in X and Y. Any element a € A has a unique decomposition

a=a"+a*X+aY (1.28)

with a® € K and a™,a¥ € Ay; for example [X,Y] € [ C Ay decomposes as
[X,Y] =0+ (-=Y)X + XY. For a € [ the components a® and a¥ play the
role of «partial derivatives» of a with respect to X and Y; see Lemma 1.21
for a precise statement.

Let 7 denote the anti-involution of As defined by 7(X) = —X and 7(Y) =
—Y. Thus 7(ab) = 7(b)7(a) for all a,b € Ay, 72 is the identity and 7(Z) =
—Z for all Z € [5. The goal of this section is to prove the following theorem.

Theorem 1.14 Let F,G € Iy be two Lie series in (X,Y) such that (KV1)
holds. Then there exists a € Ay such that T(a) = —a and

1 /X X Y Y Vv \%
FXX+GYYN2(2COth2+2C0th2—200th2—1)+a

where V. =V(X,Y) and ~ means equal modulo [Asz, As].

The link between this property and (KV2) will appear in Section 1.9. The
proof of Theorem 1.14 requires several formal tools which we now introduce
as we need them. We divide it into seven steps.

1.8.1 Tangential Derivations and Automorphisms

As shown in 1.3 for a finite-dimensional Lie algebra g, the main role of Lie
series F, G satisfying (KV1) is to allow constructing a one-parameter family
of local diffeomorphisms F; of g x g given by the adjoint action of elements
fo = f(X)Y), go = gi(X,Y) of G, namely Fy(X,Y) = (f¢ - X,g.-Y), and
such that V; (F4(X,Y)) = X +Y. Our first goal is to introduce similar tools
in the context of the free Lie algebra [y with generators X, Y. Observing that
F,G € [y were only used by means of the brackets [X, F| and [Y, G] we are
led to the following definition.

Let K be a commutative field of characteristic zero and [,, be the com-
pleted free Lie algebra with n generators Xi,..., X, over K. A derivation
D of 1,, is determined by its values D(X;) on the generators. It is called a
tangential derivation if there exist D1, ..., D, € [,, such that

D(Xl) = [X“Dl] ,1=1,...,n.
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Remark. Such a D; is only unique up to the addition of some multiple of
X;. In the sequel we shall assume that, for each 4, D; has no X;-component
among its first order terms. The map (Dq,...,D,) — D thus becomes a
bijection onto the set of tangential derivations and we may simply write
D = (Dy,...,Dy).

Under the natural bracket of linear operators the tangential derivations
of [, form a Lie algebra, denoted by t9,,. Indeed an easy computation shows
that [D, D'] = D" with D = [D;, D}] + D(D}) — D'(D;).

The algebra t0,, carries a natural grading induced by the one in [,,. For
all k =1,2,... the subspace of elements of degree k is finite-dimensional. We
can therefore associate a group, denoted by T'A,,, to this Lie algebra. As a
set it is t0,,, equipped with the group law defined by the Campbell-Hausdorff
series V: writing exp : t0,, — T A,, the map identitying both sets, we have
expDexp D’ := expV(D,D’) for D,D’ € t0,,. Each element g of TA, is
g = exp D for some D € t0,, and defines an automorphism of [,, according
to

=1
9(Z)=>" gD’C(Z) , Z € Ly,
k=0 "

T A, is called the group of tangential automorphisms.

Introducing a parameter t, let (F;) be a one-parameter family of auto-
morphisms of [,, such that F;(Z) belongs to [,[[t]] := [, ®x K][[¢]] for any
Z € 1,. In other words F;(Z) expands as a series of homogeneous elements
of [,,, with formal power series in t as the coefficients. Taking the derivative
of the coefficients with respect to ¢ we obtain a linear map from [, into itself
denoted by 9;F. Then .7-'{1(%}' is a one-parameter family of derivations of
[, as seen by taking the derivative of F; ([Z1, Z2]) = [F: (Z1) , Ft (Z2)].

Conversely let D, = (Dy 1, ..., Dy 5,) be a family of tangential derivations,
with D, ; € [,[[t]]. The differential equation

FiloF,=-Dy, Fo=e (1.29)

defines a one-parameter family of tangential automorphisms F; € T'A,,, as
we now explain.
Indeed let A; = A;(t) € [,,[[t]] be the solution of the differential system

ad Ai

OA; = ﬁDt,i (eadAth ~~a€adA”Xn> , A;(0) =0,

where Dy ; (e*41Xy,...) is obtained from D;; by replacing the generators
X; by e244i X;. Repeating a classical proof for the differential of exp, we set
Zi(s,t) := 5244 X, Then 0,7; = [A;, Z;] hence

0 (7409, Z,(5,1)) = [em* 1409, A,(1), X]

5, 1— e—sadA,-(t)

0 Ai(t), X;
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Since 9;Z;(0,t) = 0 we infer that, for s = 1,
1—e" ad A;(t)

Setting F;(X;) = Zi(1,t) = e Ai() X, the expression of 9;A; finally leads
to

e A, 7.(1,1) = O Ai(t), Xi| .

OF1(X;) = [Deo(Fe(X1), .., Fi(Xy)), Fie (Xi)] = =F (Do( X)) -

Thus F; defines the sought after tangential automorphism of [,,.

1.8.2 Behavior Under Scaling Maps

For ¢t € K\0 let A; denote the scaling automorphism of the Lie algebra
[, defined by A(X;) := tX; for i = 1,...,n. Thus, for any Lie series F =
F(Xi,..,X,) €, we have

(AF) (X1, oy X)) = F(EX1, .0, 1X,0).

Since F has no zero order term we may introduce F, = t~1A,F, that is
Fy(X1,...,X,) =t 1F(tXy,...,tX,). Then F; € L,[[t]], F1 = F and A/F =
tF; for t € K\0.

Lemma 1.15 Given a tangential derivation D = (Dq,...,Dy) € t0, and
t € K\0, let D; := t‘lAtDAgl. Then D; is a tangential derivation and
the solution Fy € T A, of the differential equation (1.29) ft_lﬁtft =-D; ,
Fo = e satisfies Fy = At]-'At_1 with F = F1.

Proof. The first assertion is easy:
Dy(X;) =t ' AJt 71Xy, D] =t X5, Ay (D;)] = [Xi, Dy ]

with D;; = t71A; (D;) € Ly[[t]]-
The second follows from the uniqueness of solutions of (1.29). Indeed 1G, :=
Fe and oGy = A JF AL are, for fixed s, two solutions of the differential
system

G, '0.Gr = —sDg ,Go=¢e
since sDgy = AgDyA;Y. Thus Fyy = AyF A7 and ¢ = 1 implies our claim.
]

Specializing to n = 2, let F,G € [3 such that (KV1) holds. The argument
given in the Lie algebra g (Section 1.3) remains valid in the free algebra [y

and gives
at‘/t(va) = Dt‘/t(Xa Y)’

where D, € 05 is the tangential derivation defined by D; = (F;,Gt). Then
]:t_l(?t]:t = —D; implies
O (Ft (Vi) = Fe (0:Ve) + (0 F2) (V2)
=F: (0:Vi — DiVi) = 0,
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hence Fi(Vi(X,Y)) = Fo(Wo(X,Y)), that is
F(V(X,Y)) =X +Y. (1.30)

Remark. Note the change of notation between g and lo: in the former (see
1.3) F; was a diffeomorphism of g x g (near the origin) whereas, in the latter,
F: denotes a map from [ into itself. If XY belong to g they are linked by
F.(X,Y) = (Fi(X), F(Y)). Accordingly the property V; (F(X,Y)) = X+Y
is replaced here by

Vi (Fe(X), F(Y)) = R (Vi(X,Y)) = X 4 Y,
where the first equality holds because V; is a Lie series in X, Y and F; is an

automorphism of [5.

1.8.3 Using Associativity
A key observation in the proof of Theorem 1.14 is the associativity
V(V(X,Y),2) = V(X,V(Y, Z))

satisfied by the Campbell-Hausdorff law, a consequence of the associativity
of the group law and the definition of V. To exploit it we now work in the
(completed) free Lie algebra (3 with generators X, Y, Z. Since F (V(X,Y)) =
X 4+Y by (1.30) we have successively

-7:1,2 (V(V(va)az)) = V(X +Y, Z)
.7:12,3.7:1,2 (V(V(X, Y), Z)) = (X + Y) + 7
where F7 2 € T A3 means F acting on the first and second generators of I3,
trivially on the third, and Fi23 € T'As means F acting on X +Y and Z.
Similarly

Fas (V(X,V(Y, 2))) = V(XY + 2)
FrosFas (V(X,V(Y, 2)) = X + (Y + Z).

Introducing the automorphism ® € T'A3 defined by
OF 03 F23 = Fi23F1,2 (1.31)
we see that the associativity of V' implies
PX+Y+2)=X+Y +Z

This special property of @, related to F hence to (F, G), will eventually lead
to the conclusion.
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1.8.4 A «Divergence» and a «Jacobian»

In A,,, the completion of the free associative algebra with generators X1, .., X,
over K, we denote by

n
a=a’+ Z aka.
k=1

the unique decomposition of any a € A,, with a® € K and a* € A,,.

Let 7 denote the anti-involution of A, defined by 7(X;) = —X; , ¢ =
1,...,n. Thus 7(ab) = 7(b)7(a) for all a,b € A, 72 is the identity map and
7(Z) = —Z for all Z € 1,,. Let N;, = ker(1 + 7) be the (—1)-eigenspace of T
in A,.

Let (A,) == A}/ ([An, An] + No,) be the quotient of A} (the subalgebra
of elements of degree > 1) by the space of all linear combinations of brackets
in A,, and of elements of NV,,, and let a +— (a) denote” the canonical projection
A, — (Ap). One can think of Al /[A,,A,] as the K-vector space spanned
by cyclic words in the letters X7, ..., X,,; including N, in the quotient will
play no role until Proposition 1.17.

Any derivation D of the Lie algebra [, extends to a derivation of the
associative algebra A, and descends to the graded vector space (A,). In-
deed D ([An, A,]) C [An, A,] and 7D771 is a derivation of A,, such that
D7 Y(X;) = —7D(X;) = D(X;); thus 7D~ = D hence DN,, C N,,. We
denote by D - (a) this action of D on {(a) € (Ay).

Similarly tangential and scaling automorphisms of [,, extend to automor-
phisms of A, and descend to (A,), since they map [A,, A,] into itself and
commute with 7.

The «divergence» is the map div : t0,, — (A,,) defined by

div D := <i foXi>
i=1

where D = (Dy,...,D,,) (see Remark in 1.8.1) and D; = >, DF X} is the
above decomposition of D; in A,.

Proposition 1.16 The map div : t0,, — (A,,) is a 1-cocycle, that is
div[D,E] =D -divE — E-divD

for all D, E € t0,.

Proof. We first compute the k-th component of

[D,E); = [Di, Ei) + D(E;) — E(D;) = (D(E;) + D;E;) — (E(D;) + E; D;).

"This map is denoted by a +— tr9%?? g in [8].
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Clearly (DlEz)k = D,EF. Besides, D being a tangential derivation,
D(E;) = ZD(Eka) = Z D(E}) Xy, + Ef[Xy, Dy]

- Z Eka ) Xk + > EFXDj X,
k,l

_Z< EkaJrZEXlDl)Xk

This gives the component D(FE;)* hence [D, E]¥ and the above equations
easily imply, modulo [.An,.A I,

Z D, EJiX; ~ Z — EID; + D;E})X; — (E(DY) - DIE; + E;D}) X;

On the other hand
D divE =Y (D(EX;)=> (DE)X;+ E/X;D; - E[D;X;)

%

=> (D(E))X; + D;E;X; — E[D;X;),

hence D -div E — E -divD = ¥, {[D, E|:X;) = div[D, E]. m

This cocycle property of div allows defining a representation of the Lie
algebra t9,, on the graded vector space Ku @ (A, ), where u is some generator
of degree zero, according to

D-(Au+(a)) =AdivD + D - (a)
with D € t0,,, A € K| (a) € (A,,). Indeed [D, E] - (Au+ (a)) = (DE — ED) -
(Au + (a)) by Proposition 1.16. The group T'A,, then acts on Ku & (A,,) by
(exp D) - (Au+ {(a Z D" - (Au+ (a)).

In particular (exp D) - u =wu+divD + §D -divD + %DZ ~divD +---
We now define the «logarithm of Jacobian» map J : TA, — (A,) by

J(9) =g -u—ue(A)

for g € TA,,. The following properties of J are clear from this definition: for
g,h€TA, and D € t,,

J(gh)=T(9) +g-T(h) (1.32)

eD

J(expD) = —— L aivp (1.33)

0:J (exptD)|,_, = div D. (1.34)
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Proposition 1.17 Let ® € TA, be a tangential automorphism of I, such
that

Xy 4+ Xp)=X1 -+ X
Then J(®) =
Proof. We have ® = exp D with D € t0,,. We shall prove divD = 0 and
conclude by (1.33). The derivation D decomposes as D = > .{° Dy with

Dy, € t0,, homogeneous of degree k. Let S := X7 + --- + X,,, homogeneous
of degree 1. Since (exp D) (S) = S we have

1
S+ZD,€(S)+§ > DyDi(S) 4 =S
k>1 E,1>1

Separating homogeneous components we successively obtain D;(S) = 0,
D5(S) + £D3(S) = 0 hence Dy(S) = 0,... and Dy(S) = 0 for all k in-
ductively. Thus D(S) = 0 and the proposition follows from the next lemma.
|

Lemma 1.18 Assume D € t0,, and D(X1+---+ X,,) = 0. Then divD =
0.

Proof. Writing D = (Dy,...,D,) with D; € [, we have ) [X;, D;] =
> (XsD; — D;X;) = 0 that is, with the decomposition D; =), Dka,

Z X, DEX), = Z Dy X}
ik k

Thus Dy = ), Xin for k =1, oy T Applying the anti-involution 7 we get
—Dy, =Y, 7(DF)(—X;), hence D = 7(DF). Then

ng;’Xi (1+7) (ZDX) (1—71) (ZDX)

In the right-hand side the first term is ), (D;Xi - XiT(D:-)) =>.[Di X;) €
[A,, A,], and the second term belongs to A,,. Thus divD =0. =

Combining Section 1.8.3 with Proposition 1.17 (for n = 3) we have proved
that the automorphism ® € T'A3 defined by (1.31) }—2—1_7_—1—213 = _7:17,21.7:172?3@
satisfies J(®) = 0. The cocycle property (1.32) of J implies

T (F3s) + Fas T (Fias) =T (Fia) + Fia - T (Fizs) -

Let f(X,Y) € Ap be such that (f(X,Y)) := J (F'). Then J (Fy3) =
(V. 2), T (Fr ) = <f(X,Y+Z)>, J (Fio) = (f(X +Y,2)) in (As)

and the above relation becomes
(f(Y.2)) + Fog - (f(X,Y + 2)) = (f(X,Y)) + Fis - (f(X +Y,2)).
Remembering that F was built so that F(V(X,Y)) = X +Y we obtain
(fY,2) + f(X,V(Y,2))) = (f(X,Y) + f(V(X,Y), 2)). (1.35)
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1.8.5 A Cohomology Argument

We now solve equation (1.35).
Proposition 1.19 An element f(X,Y) € Ay satisfies
(fV,2)+ [(X,V(Y,2))) = (f(X.Y) + f(V(X,Y), 2))
in (As) if and only if there exists an even formal series g(X) € Ay such that
(F(X.Y)) = (9(X) +9(Y) = g(V(X,Y))).

Sketch of proof. (i) The «if» part follows from the associativity of V.
(ii) A simplified version of the converse is proved first, with V(X,Y") replaced
by X +Y. Letting § : Ay — A3z be defined by®

XY, Z):=f(Y,2)+ (XY + Z) - f(X,Y) - f(X +Y, Z),
we show that (6 f) = 0 implies the existence of g such that
(f(X,Y)) = (9(X) +9(Y) —g(X +Y)).

Since the map § preserves homogeneity, it suffices to prove this for f homo-
geneous of degree k > 1. Our assumption implies

8t <5f(XaKtY) - 5f(tX’ Xv Y)>|t:0 = Oa
hence
k(FX,Y)) =0, (f(EX, X +Y) = f(tX, X) + f(X + Y, 1Y) — (Y, 1Y))],— -

But, looking modulo brackets at the first order terms with respect to ¢ in
f(tX,Y), it is easily seen that &; (f(tX,Y))|,_, = a(XY*~1) for some a €
K. Repeated application of this remark leads to

E(f(X,Y)) = (aX(X + V)" —aXF +BY (X + V)1 - BY*")  (1.36)

for some «, 5 € K.
If k is odd we observe that (AB*~1) = 0 in (A) for all A, B € 5. Indeed,
computing modulo [Az, As] + N>,

(AB*"') = (7 (AB* 1)) = (-1D)*(B*'A) = (-1)* (AB*").

Thus (1.36) implies (f) = 0 for k odd.
If k = 2 (1.36) boils down to 2 (f(X,Y)) = (a+8) (XY (ignoring a bracket)
whence our claim with g(X) = —(a + 8)X?/4.

8More generally, one can define a family of maps & : (An) — (An41) with §2 = 0 (see
2.3 in [7]). We are proving here the vanishing of the second cohomology group.
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If k is even, k > 4, we copy out (1.36) into (Jf) = 0, which leads to

k(0f(X,Y,Z)) =
=B-a) (Y (X +Y +2) = (X + V)" = (Y + 2) 1+ YY) =0

Looking at the terms of highest degree with respect to Y, such as <Yk*2XZ>,
we can conclude from this that o = 5. Then (1.36) implies our claim with
9(X) = —aXF/k.

(#i) The original equation (1.35), with V(X,Y") instead of X +Y, can be re-
duced to the simplified one by expanding f into its homogeneous components
and observing that V(X,Y) =X +Y +--- where --- have degree > 2. For
details we refer to Appendix A of the printed version of [7] or to the arXiv
version of [8]. m

1.8.6 An Expression of the Divergence

Let us summarize what is known at this point. Given F,G € [y we have
constructed a family of tangential automorphisms F; € T As, solution of the
differential equation (1.29)

f;latft = —Dt 5 .7:0 =€

where D; € 05 is the tangential derivation D; = (F;, Gy) with Fy(X,Y) =
tTIF(X,tY), Gy(X,Y) = t7'G(tX,tY). Setting F = F; we have F;, =
AFA; (Lemma 1.15).

Furthermore, if (F,G) satisfies (KV1), we have proved F(V(X,Y)) =
X +7Y (1.30) and J (F71) = (g(X)+g(Y) — g(V(X,Y))) for some even
series g € Ay (see (1.35) and Proposition 1.19). The cocycle property (1.32)
implies J(F) = —F - J(F~!) and we infer that, in (As),

J(F)=—{9(X)+g(Y) —g(X +Y)). (1.37)

Indeed F(V(X,Y)) = X +Y and F(X) = 24X, F(Y) = 2 BY for some
A,B € [y (see the construction of F; in 1.8.1) hence (F(X)) = (X) and
(FOV) = (V) in (As).

The scaling formula F;, = A FA; ' implies J(F;) = Ay - J(F) since,
writing F = exp F with F € {05, we have

ef —1

J(F) =T (exp (AEATY)) = Ay At div (A EAY)

in view of (1.33). Also div(A:EA; ') = A; - div E is easily checked from the
definitions, hence

e —1

T (Ft) = As

divE = Ay - J(F)
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as claimed. Thus (1.37) implies
I (Fr) = = {g(tX) + g(tY) — g(t(X +Y))) . (1.38)

This leads to an expression of div D (with D = D) as we now explain.
Setting t = 1 + s the differential equation for F; yields the expansion

F'R=e+sF ' oT(F)l1+ -=e—sD+---

where - - - have degree > 2 with respect to s. The definition of J now gives
j(f*lft) — (€—SD+)U—U:—SD’U,+
= —sdivD+---

But - J (F'F) = J(F:) — J(F) by (1.32) again therefore, using (1.38),
FdivD = (h(X) +h(Y) — h(X +Y))

where h € A; is the (even) series defined by h(X) := X¢'(X). Finally
div D = (h(X) + h(Y) = h(V(X,Y))) (1.39)

if (F,G) satisfies (KV1),

1.8.7 Conclusion

To conclude the proof of Theorem 1.14 it only remains to show that (1.39)

actually holds with h(X) = 1 (3 coth & —1).

Let D = (F,G) € tdy be any tangential derivation and let
F(X,Y)=f(z)Y +O(Y?) , G(X,Y) =7yX + g(x)Y + O(Y?)  (1.40)

be the expansions up to first order terms with respect to Y, with x = ad X
as usual, f,g € K[[t]], v € K and O(Y?) denoting terms of degree > 2 in Y.
In accordance with the remark in 1.8.1 there is no X term in F.

a. We first prove that
divD = ((f(0) — f(X) +g(X))Y +O(Y?)). (1.41)

Indeed divD = <FXX + GYY> by the definition of div with F = FXX +
FYY,G=G¥XX+GYY and F¥X,...,GY € Ay. Writing 2*H1Y = [X,2*Y] =
— (2"Y) X+ X (2*Y) we get (:z:kY)Y = X* for all k > 0 by induction, hence
GYY = g(X)Y + O(Y?). Then
FXX=F—-FYY = f(2)Y — f(X)Y + O(Y?)
= (f(0) = f(X))Y + O(Y?) + brackets
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(since all terms in f(z)Y except the first are Lie brackets) and (1.41) is
proved.

b. Moreover, for any even series h € A;, the right-hand side of (1.39) is
(MX)+h(Y) = h(V(X,Y))) = (h(0) = M(X)Y + O(Y?)). (1.42)

Indeed h(Y) = h(0) + O(Y?) since h is even. Also V = X + ¢(z)Y + O(Y?)
with ¢(x) := 2/ (1 — e~®) by Lemma 1.2, hence V¥ — X* = kX*~1p(2)Y +
O(Y?)+brackets and h(V) — h(X) = h'(X)e(2)Y + O(Y?)+brackets. But
©(0) = 1 and X* (2'Y) = [X, X" (z/7Y)] for | > 1, so that the only re-
maining terms are h(V) — h(X) = h/(X)Y + O(Y?)+brackets, which proves
(1.42).

c. If (F, Q) satisfies (KV1) we then have, by (1.39), (1.41) and (1.42),
(h(0) = W (X)Y + O(Y?)) = ((f(0) = f(X) +g(X))Y +O(Y?)).
This implies
h(0) =0, h'(X) = f(X) — g(X) + e (X) (1.43)

where e; € A; is some even series, as shown by the next lemma.

Lemma 1.20 Let A € K and a € Ay be such that (A + a(X)Y + O(Y?)) =
0. Then A =0 and a is even.

Proof. By assumption A + a(X)Y + O(Y?) is the sum of Lie brackets
and an element of N2 = ker(1 + 7). Applying 1 + 7 it follows that 2\ +
(a(X) —a(—=X))Y + O(Y?) is a sum of brackets. The zero order term with
respect to Y gives A = 0. Looking at first order terms it suffices to show
that, if f(X) = > 50 fr X% and f(X)Y is a sum of brackets, then f = 0.
Assuming this and separating orders with respect to X, for every k there
exist scalars cpqr € K such that

FXPY = pgr [XP, XY X" = cpgr (XPHIYXT = XIY XPHT)

where Y runs over p > 1,¢,7 > 0 and p+ g+ r = k. Each coefficient appears
twice in the latter sum, with opposite signs; if we reorder it as

[ XY = XY 4 e XY X 4o 4 Y X

we have ¢p + - - - + ¢ = 0 of course. But the uniqueness of the decomposition
(1.28) in Ay implies ¢g = fr and ¢; = 0,..., ¢ = 0 successively. Therefore
fr = 0 and the lemma is proved. m

d. The final step is to prove that f,g in the expansions of F and G are
determined by (KV1). Indeed, replacing Y by tY, we have V(tY,X) =
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X + tp(—2)Y 4+ O(t?) by Lemma 1.2 and the first order terms with respect
to t in (KV1) give, in view of (1.40),

p(—x)Y =Y — (1 —e77) f(x)Y +zY,
hence f(z) = (1 —p(—x)) /(1 —e™®) + yp(x) that is
f@) = ¢'(x) + v(2)-

To reach g we need the second order terms in the expansion of (KV1). Thus
let

F(X,Y) = [@)Y + (alar, 2:)|Y,Y) + O(V?)

. _ b
be the expansion of F, where a(u,v) ="~ apquPv? is some formal (com-
mutative) power series and we have written, for any A, B € [o,

(a(z1,22)|A, B) := Z apglzP A, zB].

p.q

Since 2Pyz?Y = (ad X)? [V, 27Y] = ((x1 + 22)Pz4|Y,Y) by Leibniz’ formula
(with y = adY’), the second order terms in F' € [y actually have the claimed
form. Similarly, for V(¢) := V(tY,X) we have V'(t) = ¢(—adV (¢))Y by
L}(lemma 1.2, noting that e24V)e=2Y = WY =Y. Let p(—z) = > ps0 Pyt
then

V'(t) = o(—z — tad(p(—2)Y) + O(t*))Y
=o(—x)Y +1t Z ®p Z 27 ad(p(—2)Y)zP~ 1Y + O(?).

p>1 1<q<p

But
27 Vad(p(—z)Y)2P~ 1Y = 29 p(—z)Y,2P1Y]
= 2?7 (p(—z)ay YY)
= (w1 + @) p(—z1)ah YY)

and the sum for 1 < g < p gives (¢(—z1)((z1+x2)? —2b)/21]Y,Y). It follows
that V'(t) = o(—2)Y + t(b(z1,22)|Y,Y) + O(t?) with

b(xy,22) := (p(_xl)‘:@(—xl —Tg) — 90(—$2)7

hence )
t
VY, X) =X +to(—2)Y + §(b(x1, z2)|Y,Y) + O(3).
Besides we have (a(z1,22)|Y,Y) = 0 if and only if a is a symmetric series:

a(u,v) = a(v,u); this fact may be proved by means of a Hall basis of 5 (see
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Proposition 2.6 in the arXiv version of [6]; c¢f. Lemma 4.34 below). Thus
identification of the second order terms in (KV1) leads to

b(u,v) = (e7* 7" = 1) a(u,v) — 29(v) + yv + c(u,v)

where ¢ is a symmetric series. Remembering the definition of b, the special
case v = X, u = —X gives

29(X) = ¢'(X) +7X + e2(X)
where e3(X) = ¢(—X, X) is an even series.

e. Let us gather all pieces. Since ¢(X) — (X/2) = (X/2) coth(X/2) is even
we obtain f — g = 3¢’ + e with e even and, h being even, (1.43) may be

rewritten as ) .
W= —-= h(0) =
5 (90 2) , h(0)=0

hence h(X) = 1 (£ coth ¥ —1). With (1.39) this completes the proof of

Theorem 1.14.

1
2

1.9 The Case of Quadratic or Solvable Lie Al-
gebras

We shall now explain how, for two important classes of Lie algebras, (KV2)
can be deduced from (KV1) thanks to Theorem 1.14. This will prove the
Kashiwara-Vergne conjecture in those cases.

Working first with [» as before, let B denote the algebra of all (associative
but non-commutative) formal series in = ad X and y = adY. The adjoint
representation ad : [s —End(ly) extends to a morphism of associative algebras
ad : A2 — B CEnd(lp); for example adl is the identity, ad(XYX)Z =
xyxZ = [X,[Y,[X, Z]]] for any Z € [ etc. We still denote by 7 the anti-
involution of B defined by 7(z) = —z, 7(y) = —y; thus 7(ad a) = ad 7(a) for
any a € A,.

To define the partial differentials Ox F', Oy F of a Lie series F' € [5, let I3
be the free Lie algebra with generators X, Y, Z and

OxF(X,Y)Z = O F(X +tZ2,Y)|,_, , OvF(X,Y)Z = 0, F(X,Y +tZ)|,_, -
These partial differentials are related to FX and FY by the following lemma.

Lemma 1.21 Let F € [y be a Lie series in (X,Y) and F = FXX + FYY
its decomposition (1.28) in the algebra As. Then

ad F¥ =0xF(X,Y) , ad F¥ =0y F(X,Y),

as endomorphisms of 3.
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Proof. It suffices to prove the lemma for a Lie monomial of order p > 1,
namely F' = [X1, [Xo, [..., [Xp—1, Xp]...] with X; = X or YV for all i. We use
induction on p.

For p = 1 we have (for instance) F' = X hence FX = 1 and OxF is the
identity, F'¥ = 0 and 0y F = 0.

For p > 2 we have (for instance) F' = [X, G] where G is some Lie monomial
of order p — 1 and we assume that ad GX = 0xG, ad GY = dyG. Then

FX+tZ,Y)=[X,G(X +tZ,Y)|+t[Z,G(X +tZ,Y)]
and the derivatives at t = 0 are

OxF(X,Y)Z = [X,0xG(X,Y)Z] + [Z,G(X,Y)]
= (adXadGX —adG) Z =ad (XG* - G) Z

by the inductive hypothesis. But F = XG-GX =X (GXX + GYY) -GX
gives FX = XGX — G, thus Ox F = ad FX. A similar proof for 9y F implies
the lemma. =

Corollary 1.22 (i) Let F, G € 3 be two Lie series in (X,Y) such that (KV1)
holds. Then there exists b € B such that 7(b) = —b and

1
xodxF +yodyG ~ =

T x Yy y v v
—coth=+ ZcothZ — = hf—l)
2( cot 2+ cot 5 cot 5 +b

2 2 2

where v =ad V(X,Y) and ~ means equality of formal series modulo [B, B].

(ii) Let F,G be two Lie series on a finite-dimensional real Lie algebra g,
solutions of (KV1) and analytic in a neighborhood of the origin in gxg. Then
there exists a series (by) of (non-commutative) homogeneous polynomials of
degree k in (x,y) such that 7(by) = —by, the series ), trg b, converges and

trg (:L’OaxF-i-yanG) =

1 T T Yy Yy v v
zitrg (§C0th§+§coth§—§coth§—1> +kz>;)trgbk.

Proof. (i) Lemma 1.21 implies ad (FXX —|—GYY) =0xFox+dyGoy
and the result follows from Theorem 1.14 by the adjoint representation, with
b=ada. Indeed 7(b) = 7(ada) = ad7(a) = —ada = —b.

(ii) Let u:= z00x F+yo0yG—1 (£coth + Ycoth¥ — Ycoth ¥ — 1) € B.
From (i) we know that w = b+ ¢ where 7(b) = —b and c is a sum of brackets.
Separating the homogeneous components uy, by, ¢, of degree k in (z,y) we
obtain ui = by + ¢ where 7(bg) = —by, and ¢ is a finite sum of brackets.
Under the assumptions of (i), the series u = Y, oqur = Y p>o (br +ck)
converges absolutely with respect to an operator norm and

tru = Ztruk = Ztrbk.

k>0 k>0
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Let us recall that, by definition, g is quadratic if it has a g-invariant
nondegenerate symmetric bilinear form. Letting B denote this form, the
invariance means that B ([X,Y],Z) + B(Y,[X,Z]) = 0 for al X,Y,Z. A
semisimple Lie algebra is quadratic, with its Killing form.

Theorem 1.23 Let g be a finite-dimensional quadratic real Lie algebra and
let F,G € Iy be two Lie series in X,Y € g, solutions of (KV1) and analytic
in a neighborhood of the origin in g X g. Then they are solutions of (KV2)
too.

Thus any solution of (KV1) (easily obtained as noted in 1.5.2.a) satisfies
(KV2): the Kashiwara-Vergne problem is «trivial» in this case.

Proof. In view of Corollary 1.22 (ii) it suffices to check that trb, = 0 for
all k. Here x = ad X and y = adY are skew-symmetric with respect to
the invariant form, that is 'z = —z and 'y = —y where ! means transpose.
Therefore tby, = 7(by) = —by, and trby, = 0. =

The solvable case uses similar ideas but requires slightly more work.

Theorem 1.24 Let g be a finite-dimensional solvable real Lie algebra and
let F,G € Iy be two Lie series in X,Y € g, solutions of (KV1) and analytic
in a neighborhood of the origin in g X g. Then the corresponding a- and [3-
invariant couple of Lie series (Proposition 1.12) is a solution of (KV1) and
(KV2).

The Kashiwara-Vergne problem is «almost trivial» here: except for an el-
ementary modification, any solution of (KV1) solves (KV2). The proof is
based on Corollary 1.22 and the following lemma.

Lemma 1.25 (i) The relations P:= (1 —e ®)F, Q := (e¥Y — 1) G imply

v Ox P +

x00xF +yodyG ~
l—e* ey

y_layQ+ad(F+G)

where ~ means equal modulo [B, B].
(ii) Let E := P — Q. If (F,G) satisfy (KV1) then, modulo [B, B],

1 /x T Yy Yy v v
(xoaXF+y08YG)_§(§C0th§+§coth§_§coth§_l>N
1 /x T Y Y 1 /v v

N§(§C0th§OaXE_§COth§08YE)—§(§C0th§_1)+

X-Y
+ad<F+G+ 1 >
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Proof. (i) Let p(z) := /(1 —e™®). Then [X, F] = ¢(x)P hence z0x F —
ad F = dx(p(z)P). Letting P’ := ¢(x)~'F we also have [X, P'] = P and
20x P’ —ad P’ = Ox P. Tt is then readily checked that, for any n > 1,

Ox (z"P) = 0x (x"'HP') =" T19x P —z"ad P’ — Z 2" *ad (ka’)
k=1
=z"0xP — Z[x, 2" *ad(zF 1P ~ 2"0x P,
k=1

hence Ox (p(z)P) ~ ¢(x)dx P and 20xF — ad F ~ ¢(2)0x P. Replacing
X,F,P by Y,G,Q we obtain ().

(ii) Let V = V(X,Y), V = V(Y, X) for short. In view of P — @Q = E and

(KV1) written as P+ Q = X +Y — V| the first two terms in the right-hand
side of (i) are

p(2)0x P+ p(—y) oy Q =
= %w(x) (OxE+1-0xV) — %w(*y) (OvE—1+0yV).

By Lemma 1.2 9xV = @(0)p(x)"" and dyV = o(=0)p(—y)~" with 7 =
ad V. But 7 = e ®ve” hence ¢(0) = e “p(v)e” and, modulo [B, B],

p(2)0xV ~ () ~ () , (=y)OyV ~ (=) ~ ¢(~v)
thus, using ¢(v) + ¢(—v) = vcoth g,

pl@)x P+ p(~9)yQ ~ 3o(w) (OxF +1) — 5 p(~) (B —1) — & coth -

In the right-hand side we replace ¢ by coth functions and observe that, by
Lemma 1.7,

$axE+y8yENaxEOQJ—FayEoyzadENO

since P, @ and E belong to [As, As] by their very definition. Then (7i) follows
from (7). m

Proof of Theorem 1.24. (i) Comparing Corollary 1.22 (¢) and Lemma
1.25 (4i) we obtain

1 /x T Y Y 1 /v
~ = | = coth = E — Zcoth= E)_,(,
b 2(2c0t 208X 2cot 2O(‘3y 5 3

X-Y
+ad<F+G+ 1 )

v
thf—l)
co 5 +

modulo [B, B]. Given a solution (F,G) of (KV1) we may change it by Propo-
sition 1.12 into an invariant solution under the symmetries « and 3. Propo-
sition 1.13 () then shows that E is odd and ad (F + G + 257¥) is a sum
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of brackets. Besides VY = V(=X,-Y) = —e *V (see (1.24)), therefore
vV =adV¥ = —e “ve” and (v/2)coth(v/2) is even modulo brackets. We
conclude that b is even modulo [B, B].

(ii) Let 1 - - - ,, be one of the monomials in b, with x; = x or y for all i. The
anti-involution 7 gives

T(x1 o xp) = (=1)"2p 21 ~ (=1)"21 -y

where ~ now means an equality modulo the two-sided ideal 7 generated by
(zy —yz) in B. Separating the even and odd components of b we see that the
property 7(b) = —b implies that b is odd modulo Z. Since [B, B] C Z, we infer
from (i) and (4) that b belongs to Z and all its homogeneous components by,
as well.

(ii) When g is solvable, z = ad X and y = ad Y are given by upper triangular
matrices in a suitable basis of its complexified Lie algebra (Lie’s theorem).
The matrix of by € 7 is then strictly upper triangular, hence trb; = 0 and
(KV2) follows by Corollary 1.22 (i). m

Remark. Lemma 1.25 leads to an equivalent form of the Kashiwara-Vergne
conjecture: there exists a couple (F,G) such that (KV1) and (KV2) if and
only if there exists a couple (F, ), invariant under the symmetries a and
B, such that, setting P = (1—e *)F, Q = (e —1)G, E = P — Q and
v=adV(X,Y), the following equations hold:

VY, X)=X+Y - P(X,Y) - Q(X,Y)

trg (g coth% oOxFE — gcoth% o 8YE) = trg (g coth% — 1) .
The equivalence follows from Lemma 1.25 (i), Propositions 1.12 and 1.13.
This variant of the conjecture was used in the original article [30] §5 for the
solvable case.

1.10 The General Case

1.10.1 An Abstract Formulation of the Kashiwara-Vergne
Problem

The formalism described in 1.8 allowed Alekseev and Torossian to give a
complete proof of the Kashiwara-Vergne conjecture with the aid of Drinfeld’s
associators. We shall content ourselves here with a very brief survey of their
method and refer to [7] and [2] for full details. Let us state and explain one
of the main results of [7]. A few words about its proof are given in the next
section.

Theorem 1.26 There exist F € TAs and g € Ay such that (AT1) and
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(AT2) hold:
FV(X,Y)=X+Y (AT1)
J(F) = (9(X) +9(Y) —g(X +Y)). (AT2)

The group T As of tangential automorphisms of the free Lie algebra [, was
defined in 1.8.1, and we know from 1.8.2 that (KV1) for Lie series F,G € [y
implies (and is in fact equivalent to) the existence of F € T Ay satisfying
(AT1). Let us recall that F is obtained from F and G by integrating the
tangential derivations Dy = (F}, Gy).

Asin 1.8.4 we introduce the algebra A,, of associative but non-commutative
formal series in n generators. We denote here by (A,) = A}l /[An, A,] the
vector space spanned by cyclic words in the generators and by a — (a) the
canonical projection?. Note that, unlike the similar notation in 1.8.4, there
is no 7 and no AV here. Except for this difference, the definitions and prop-
erties already given of div and J remain the same. As in 1.8.6 (AT1) and
(AT2) imply the existence of a series h € A; (not necessarily even here) such
that divD = (h(X) + h(Y) — h(V(X,Y))). Asin 1.8.7 it can be proved that
h(X) = 1 (5 coth¥ —1) + h_(X) where h_ is odd. Finally the automor-
phism F can be modified into a new solution of (AT1) and (AT2) so as to
obtain h_ = 0, hence (KV2); see [7] §5 and §6.

Therefore Theorem 1.26 implies the Kashiwara-Vergne conjec-
ture.

1.10.2 Drinfeld’s Associators and the Kashiwara-Vergne
Conjecture

Assuming (AT1) and (AT2) one can define & € TAz by ®Fy93F23 =
Fi2,3F1,2 as in (1.31) and prove that (X +Y +2) = X +Y + Z as in
1.8.3. Besides J(®) = 0 follows from the cocycle property of J together
with (AT2) although Proposition 1.17 and Lemma 1.18, which made use of
7 and N, are no more valid here. One can also check that ® satisfies the
pentagon equation in T'A,

D1234P12314 = P123P1,234P234

with a subscript notation similar to the one used in 1.8.3.

Remarkably, one can go backwards and prove Theorem 1.26 by letting
® play the main role, as briefly sketched below. The following fundamental
theorem is due to Drinfeld.

Theorem 1.27 There exists ® € T Az such that

()X +Y+2)=X+Y+Z and J(®) =0

(ii) @ satisfies the pentagon equation, two hexagon equations and the inver-
sion property ®391 = q)i%’?)

(iii) @ belongs to the subgroup of T As generated by infinitesimal braids.

9This map is denoted by a — tra in [7].
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Such a @ is called a Drinfeld associator. We refer to [7], [2] and the mono-
graph [21] for detailed statements of (i7) and (iii). Drinfeld’s proof exhibits
an example of ® arising from the monodromy of the Knizhnik-Zamolodchikov

differential equation
1 /X Y
4 —_ P
wiz) = 2im (z N Z_1>u(z).

Given a Drinfeld associator ®, Alekseev and Torossian [7] construct an
F € TAjy such that ®F; 93F23 = Fiz3F1,2. The automorphism F is ob-
tained as F = exp f, where the homogeneous components of f € t0s are
determined inductively; a closed formula for F is given by Theorem 4 in
[2]. From the property ®(X +Y + Z) = X +Y + Z it follows that the
Lie series x(X,Y) := F~1(X +Y) satisfies the associativity x(X, x(Y, Z)) =
x(x(X,Y),Z). Looking at the expansion of x, the authors show that this
implies x(X,Y) = V(X,Y) hence (AT1).

Then, using the cocycle property of j as we did at the end of 1.8.4,
they prove that the property J(®) = 0 implies (1.35) hence (AT2) by the
cohomology argument of Proposition 1.19.

To sum up, from a Drinfeld associator one can thus construct a solution
F of (AT1)(AT2) hence a solution (F,G) of the Kashiwara-Vergne conjec-
ture. Moreover, the inversion property (ii) of ® implies the invariance of this
solution under the symmetry 5 of 1.7.2.

Notes

In their pioneering 1978 paper [30] Masaki Kashiwara and Michele Vergne
proved that the convolution formula (1.1) for invariant distributions in a Lie
group is implied by the «combinatorial» conjecture (KV1)(KV2) in its Lie
algebra. They also proved the conjecture for all solvable Lie algebras.

Three years later I proved the conjecture in the note [42] for the simplest
non-solvable algebra, sl(2,R), by means of ad hoc calculations which did
not seem to extend beyond this case. Excepting this modest attempt, no
significant progress occurred for nearly twenty years, until Vergne proved the
conjecture for all quadratic Lie algebras in her 1999 note [59] by means of
differential forms.

Things speeded up in the first decade of the twenty-first century. In
2001 Martin Andler, Siddhartha Sahi and Charles Torossian [9] proved the
convolution property (1.1) (but not the combinatorial conjecture) by means
of the Kontsevich star product [32]. In 2002, using the Moser trick and tools
from Poisson geometry, Anton Alekseev and Eckhard Meinrenken [3] gave a
new proof of the conjecture for quadratic Lie algebras. In 2006 [5], using the
2002 paper [54] by Torossian, the same authors gave the first complete proof
of the conjecture. The Kontsevich deformation quantization was again one
of the major tools in this approach; see Torossian’s exposition [57]. Then,
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in 2008 Alekseev and Torossian [7] (see also [2]) gave a different proof of
the conjecture, reducing the problem to the existence theorem of Drinfeld’s
associators. A recent paper by Carlo Rossi [41] sheds light on the link between
both proofs.

In their 2009 note [8] Alekseev and Torossian showed that the Kashiwara-
Vergne problem is «trivial» for quadratic Lie algebras and, following the ideas
of [8] and [30], I noted a similar «triviality» for solvable algebras [48].

The reader is advised to browse through Torossian’s web page!?, which
gathers many interesting documents.

Without any claim for giving here an exhaustive bibliography, let us also
mention the papers [1], [6] and [12] related to the non-uniqueness problem in
the conjecture.

Sections 1.2 to 1.5 are essentially taken from the fundamental 1978 paper
[30]. The symmetries o and § in 1.7 are used in [30] p. 265; the additional
details on [ given here are from Section 8 of Alekseev and Torossian’s article
[7]. The expression (1.11) of F' and G was given in my 1986 paper [43]
and their relation to the original construction in [30] for the solvable case
is explained in the appendix to [43]. Proposition 1.8 is mentioned without
proof in [43] p. 562. Section 1.6 is taken from [42]; a simpler proof would be
welcome.

Section 1.8 follows Alekseev and Torossian’s works [7][8]. The proof of
Theorem 1.14 given here is slightly different from the original however, after
a suggestion given to me by Alekseev. The proof of Lemma 1.18 is due
to Vergne. The study of second order terms in 1.8.7.d follows Emanuela
Petracci’s thesis (see [6]). Section 1.9 is taken from [8] for the quadratic case
and [48] for the solvable case. Section 1.10 gives a very brief overview of the
deep proof in [7] with Drinfeld’s associators.

0http://www.math. jussieu.fr/ torossian/
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Chapter 2

Convolution on
Homogeneous Spaces

In this short chapter we define convolution products on a general homo-
geneous space G/H. No symmetric space structure is assumed here. We
give some examples, the most important being the application to invariant
differential operators. Then we extend the definitions to line bundles over
homogeneous spaces.

2.1 Definition and Examples

Let G be a Lie group, H a closed subgroup and S = G/H the homogeneous
space of all left cosets gH, g € G. Let 7 denote the action of G on G/H, that
is 7(g9)g’'H = g¢’H. A distribution V on S is H-invariant if (V, f o 7(h)) =
(V, f) for any test function f € D(S) and any h € H.

The convolution of a distribution U by an H -invariant distribution V
is the distribution U xg V' defined by

(UxsV,f) = (U(gH)@V(g'H), f(99'H)) = (U(gH),(V,for(g))) (2.1)

for any test function f; here g, ¢’ denote variables in G. Due to the H-
invariance of V' the term (V| f o 7(g)) is a right H-invariant function of g,
therefore defines a function of gH. The definition (2.1) makes sense under
suitable assumptions on the supports of U, V and f, e.g. if V and f are
compactly supported. If U and V' are H-invariant then U gV is H-invariant
too. If V and W are H-invariant we have U xg (V xg W) = (U x5 V) xg W,
as follows from the associativity of the multiplication in G.

If S has a G-invariant measure dz a (continuous) function U on S can
be identified with the distribution f — [ U(z)f(x)dz. The convolution of
two such distributions U and V, the latter being H-invariant, is given by the
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integral
(U5 V) (¢'H) = /S U(gH)V (g~ "' H) d(gH).

Example 1: H compact. The convolution *g on S is then induced by the
convolution *¢ on the group G.

Indeed the canonical projection 7 : G — G/H is here a proper map. Func-
tions and distributions on S can be pulled back to G by

wf=fom. (FU.g) = (Uimg) with mpla) = [ lah)an

for f € D(S), U € D'(S) and ¢ € D(G), dh being the Haar measure of H
normalized by fH dh = 1. Note that m.7*f = f and (z*U,7*f) = (U, f). In
particular, taking o(g) = (V(¢'H), f(gg9’'H)) for H-invariant V', resp. ¢(g’) =
f(gg'H), we simply have m.p(gH) = ¢(g) so that

(U(gH),(V(g'H), [(99'H))) = (="U(9),(V(¢'H), f(99' H)))
= (7"U(9), (=" V(g'), 7" f(99")) ,

that is
(U gV, [y =(n"U xq m*V, 7" f) .

Here the right-hand side makes sense even if V' is not H-invariant. Then
7 (Uxg V) =7*U g m*V.

Example 2: group case. Let G be a Lie group, G := G X G and let
H :={(g,9),9 € G} be the diagonal subgroup. The map (g1, 92)H — g195 "
identifies the homogeneous space S = G/H with the group G, an H-invariant
distribution on S with a central distribution on G and the convolution (2.1)
on S with the convolution on G (which again makes sense even if V' is not
H-invariant).

Indeed a function f € D(S) corresponds with f € D(G) given by f ((g1, 92)H)
=f (glggl) ie. f(g9) = f((g,e)H), and a distribution U € D’(S) corresponds
with U € D'(G) given by (U, f) = (U, f) for all f. Now let g1,92 € G be
fixed. If V is an H-invariant distribution on S we may replace (g1, g5) by
(9594, 95 gb) so as to obtain:

V(1. 95)H), F((g1,92) (91, 95)H)) = (V (g5, 95)H), f (9195 ' 91, 95)H)) -

Introducing the function o((g;, g5)H) = f((9195 '}, g5)H) this expression
equals

(Vo) =(V, )
with
o(g) =¢((g e)H) = f((9195 'd' . e)H) = f(g195 ')

Therefore
(Vo) = (V(g), f9195'9")) = F((g1,92)H)
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with F(g) := (V(g'), f(99")), and finally

(UxsV, f)y=(U,F)=(U,F)={(U(9),{V(d), f(99")))
=Ux*cV, f)

as claimed.

Example 3: invariant differential operators. Let D(S) denote the al-
gebra of linear differential operators D on the homogeneous space S = G/H
which are G-invariant, that is D(f o 7(g)) = (Df) o 7(g) for any f € D(S5),
g € G. An element D of D(S) acts on D(S) or C*°(S) and, by transposition,
on distributions:

(‘'DU, f) := (U,Df) , U e D'(S) , f € D(S).

The operator D preserves H-invariance.
If V is H-invariant,

('DU=*sV),f) = (U(gH),(V,(Df)o7(g9)))
= (U(gH),(V,D(f o7(9))) = (U * DV, f),

therefore
'D(Ux*sV)=Usxg 'DV. (2.2)

In particular, 6 denoting the Dirac measure at the origin o = H of S, we
have !Dé € D'(S)H and
‘DU = U *g 'D5. (2.3)

Also * (Do D")§ = 'Di* D' for D, D" € D(S).
Conversely, let T' be an element of D’(S)# supported at o. Defining D by

Df(gH):=(T,fo7(g)) ,f€eD(S),g9€qG,
we get a linear map D : D(S) — C*°(S) decreasing supports, therefore a
differential operator by Peetre’s theorem ([28] p. 236), clearly G-invariant on
S. Thus D € D(S) and ‘D6 = T.
Remark. Assume S = G/H has a G-invariant measure dy. Then D € D(.S)
implies *D € D(S). Indeed we have, for f1, f» € D(S) and g € G,
/S 'D(fio(g)) f2dp = /(f1 o7(9))- Df2 dp
N /f1 +(Dfaor(97")) du
= /fl'D(fon(g_l)) dp
= / '‘Dfi-(faor(97")) du

- /S (‘\Dfso7(g)) - f2 dp
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in view of the invariance of dy and D; thus 'D commutes with 7(g), as
claimed.

2.2 Extension to Line Bundles

2.2.1 The Line Bundle L,

Given a Lie group G, a closed subgroup H and a character x of H (a mor-
phism of H into the multiplicative group of positive numbers) the correspond-
ing line bundle above G/H is

LX =G Xy (C,
the set of classes of couples (z,2) € G x C under the equivalence relation
(x,2) ~ (zh,x(h)""2) , h € H.

The class of (z,z), denoted by (z,z) € L,, projects in the base space as
zH € G/H. S

If ¢ is a character of the whole group G, the map (z,2) — (z,9(z)"12)
defines an isomorphism of L, onto Ly..

A smooth section s : G/H — L, can be identified with a complex valued
function f € C*°(G) such that

flah) = x(h)~ f(z)

for all z € G, h € H, by the relation s(xH) = (z, f(x)). Let I'(L,) denote
the space of smooth sections.
Example. If d is a positive constant, the character

Xa(h) = |det gy Adh|7d

(the absolute value may be forgotten if H is connected) defines a line bundle,
the sections of which are the d-densities on G/H; for d = 0 the 0-densities are
functions and the space of sections is C*°(G/H). The special case d = 1/2
will be important in the sequel.

The map (z,z) — g - (x,z) = (g, z) defines a natural action of g € G on
L., whence its action on a section s:

sg(zH) =g ' s(gxH).

Thus sgg = (84)4 - If s corresponds to a function f on G, then s, corresponds
to fy(x) = f(gx); a section is H-invariant if and only if the corresponding
function is left H-invariant on G.

A linear differential operator D : I'(L,) — I'(Ly) is G-invariant if (Ds), =
D(sg) for all s and g. Let D(L,) denote the algebra of these operators under
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addition and composition. If 1 is a character of the whole group G, the
map D — 1~ o D o) (where ¢ is the multiplication operator by v (z)) is
an algebra isomorphism of D(L, ) onto D(L,). The algebra D(L,) can be
described in terms of enveloping algebras (see Notes below) but we shall not
need it in the sequel.

2.2.2 Convolution of Distributions on L,

A distribution U on L, is a continuous linear form on the space of compactly
supported smooth sections, equipped with the Schwartz topology. It is H-
invariant if

(U, sn) = x(h)" (U, s)

for all h € H and all compactly supported smooth sections s. For example
the Dirac distribution § defined by < d,s >= f(e) (with s(zH) = (z, f(z)))

and, more generally, the distribution *DJ defined by
(*Dé,s) = (0, Ds)

are H-invariant for any D € (L, ).
The convolution of U by an H-invariant distribution V' on L, (with suit-
able supports) is the distribution U * V' defined by

(U=«V,s) =(U,o0) with o(zH) = (z,(V, 8z))-
The convolution of two H-invariant distributions is H-invariant. Moreover

'D(U=xV)=U=x'DV ,Ux 'D5= 'DU
D§+ 'D's = "(DoD')6.

if D,D" € D(L,) and V is H-invariant.

Notes

The algebra D(L, ) has been studied in various papers, in particular by Michel
Duflo [19] for symmetric spaces, Tom Koornwinder [35] for general (non nec-
essarily reductive) homogeneous spaces, Goro Shimura [50] for Hermitian
symmetric spaces and Katsuhiro Minemura [38] for reductive homogeneous
spaces.
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Chapter 3

The Role of e-Functions

Throughout this chapter S = G/H denotes a (n-dimensional) connected
and simply connected symmetric space, where G is a simply connected
real Lie group (we may assume this) with involutive automorphism o and H is
the connected component of the identity in the fixed point subgroup of o in G.
See Notation for more details; the main use of these topological assumptions
is to specify the open sets we are working on. We still denote by o the
corresponding automorphism of the Lie algebra g, whence the decomposition
g=bhds.

In Section 3.1 we define a transfer map ~ from s to S for functions
and distributions by means of the exponential map. We then introduce the
concept of e-function, which appears when transferring convolutions back
from S to s. Section 3.2 is devoted to the simple case of special symmetric
spaces, when e is identically 1 and convolutions of H-invariant distributions in
s and S correspond under ~. Disregarding an existence proof of e-functions
(postponed until Chapter 4), we develop in Section 3.3 applications of e-
functions to invariant differential operators then, in Section 3.4, to mean
value operators and spherical functions of Riemannian symmetric spaces. No
specific construction of e is required in those sections.

Section 3.5 explains how to obtain an e-function from certain integral
formulas, if H is a compact group. This is the method used in Section 3.7
to produce an explicit e-function for rank one Riemannian symmetric spaces
of the noncompact type (the hyperbolic spaces). In the (partly conjectural)
Section 3.6 we investigate some links between e-functions and spherical func-
tions on a semisimple Lie group, arising from asymptotic properties as one
goes to infinity in the positive Weyl chamber.

The chapter ends with an extension of e-functions to line bundles over a
symmetric space (Section 3.8), and a list of open problems (Section 3.9).

The main features of this chapter are Definition 3.3 of e-functions, Propo-
sition 3.5 (properties of special symmetric spaces), Theorems 3.8 and 3.9 (link
with invariant differential operators), Theorem 3.13 and Corollary 3.14 (ex-
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pansion of mean value operators and spherical functions by means of e),
Theorem 3.18 (another link between e and spherical functions) and Theorem
3.23 (an explicit e-function for all hyperbolic spaces).

3.1 Transferring Convolutions

3.1.1 The Transfer Map

Our goal is to relate analysis of H-invariant functions (or distributions) on
the symmetric space S to analysis on its tangent space s at the origin, by
means of the exponential mapping Exp : § — S (normal coordinates).

First we need to restrict ourselves to an open set on which Exp is a
diffeomorphism. For the group G we recall from Section 1.3 that there exists
a connected open neighborhood g’ of 0 in g, invariant under Ad G, o and all
maps X — tX, t € [-1,1], such that exp : g — exp g’ is a diffeomorphism.
Lemma 3.1 The set s’ := sN %g' 18 a connected open meighborhood of the
origin in s, invariant under all maps X — tX and X — h-X fort € [—1,1],
h € H, and such that Exp : s/ — S’ := Exps’ is a diffeomorphism.

If G is simply connected we may take
s ={X €s| |Im\| < 7/2, for all eigenvalues \ of ad X on g} .

If Exp is a global diffeomorphism, e.g. if S is a Riemannian symmetric space
of the noncompact type ([27] p.253), we may replace s’ by s.

Proof. Let gH denote a coset in Exps’; then g = eXh for some X € ¢’ and
h € H. By the symmetry o we get 0g = e~ h therefore X = g(og)~ .
But 2X belongs to g’ and, in view of the properties of g’, this implies X =
$log (g(og)™') € &'. It follows that Exp : s — Exps’ is a diffeomorphism.
|

Definition 3.2 Let j be a given analytic function on s', strictly positive and
H-invariant, normalized by j(0) = 1. We transfer a function f on s’ into
the function f on S’ defined by

JX)f(ExpX) = f(X), X €5,

and a distribution u on s’ into the distribution @ on S’ defined by

(a.F) = (uwf)

for all f € D(s"). These definitions extend in an obvious way with s' replaced
by an open subset of 5.
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Remarks. (a) The transfer preserves H-invariance.

(b) For the time being there is no need for a specific choice of the factor j;
we might for instance take j = 1. It will soon become clear however that the
most interesting choice is the square root of the Jacobian of Exp, i.e. j(X)? =
J(X) = det, (sh(ad X)/ad X); see Example 1 below, or Propositions 3.6 and
4.23, or the specific properties of the line bundle of half-densities (Sections
3.8 and 4.5). The particular choice j = J'/? will always be specified in the
sequel.

Example 1: transferring measures. Let dX be a Lebesgue measure on
s and let a(X)dX be the distribution on s’ defined by a locally integrable
function a. The distribution (a(X)dX)™ on S’ is defined by

(adX.J) = ladx. f) = / a(X) f(X)dX

S

— [ e ) fxp )i (0)aX

for all f € D(s'). In other words
(a(X)dX)"= a(x)dp(z) |

where du(x) := (j(X)dX)™ is the measure on S’ given by

[ @) duto) = [ oEx0 X0i(XP0X , € DS .

If dX is H-invariant, S has a G-invariant measure dz (normalized so that
dExp X = J(X)dX) and it follows that du(z) = (j2J') (Logz)dx where
Log is the inverse map of Exp. Thus j = J/2 is the only choice of j such that
the definitions of ~ for functions and distributions agree through (a(X)dX) =
a(z)dz.

Example 2: transferring invariant differential operators. We consider
D(s)H, the algebra of H-invariant (linear) differential operators on s with
constant coefficients, and D(S), the algebra of G-invariant (linear) differential
operators on S. Let do, resp. d, denote the Dirac measure at the origin of
s, resp. S; then 6o = §. For P € D(s)? the distribution (‘Pdy)~ belongs to
D'(S)H and is supported at the origin. As noted in Example 3 of 2.1 there
exists a (unique) differential operator P € D(S)such that

tP§ = ('Pdy). (3.1)
More generally, by (2.3),

'PU = U x5 (*Pdo)~ (3.2)
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for any distribution U on S.

The definition of P means that Pf(o) = Pf(0) for any smooth function
f on s, an equality only valid at the origin in general; the appropriate gen-
eralization will be given by Theorem 3.8. Taking ¢ € C*°(S), g € G and
f(X) == j(X)o(g - Exp X) we have f(z) = ¢(g- ) and the correspondence
P Pis explicitly given by

Po(gH) = P(5(X)e(g - Exp X))x—o » (3.3)

P acting on X € s in the right-hand side. Conversely, with Log = Exp*

near the origin,

Pf(X) = P((j(Logz))"* f(X + Log))

Tr=o0

for f € C*>®(s), X € s and P acting on z € S. The map P — P is an
order preserving linear isomorphism of D(s)? onto D(S), but not in general
an isomorphism of algebras; see Proposition 3.5 and Theorem 3.9 below.
For 7 = 1 our map is the symmetrization map 8 : P — P = Dy(p)
considered by Helgason [28] p. 287; it should not be confused of course with
the transfer of differential operators by means of the diffeomorphism Exp.
For general j, (3.3) may be written as a Fischer product (see Section 3.3.1)

(Po)(gH) = (P(&)]§(X)e(g - Exp X)) = (j(9e) P(€) (g - Exp X)),

where j(0¢) is an infinite order differential operator acting on the variable
¢ € s*, in other words! P = 3(j(9)P).

3.1.2 e-Functions

A function j being chosen, we retain the notation ~ from Definition 3.2 and
now try to transfer convolutions. On s the classical abelian convolution *4 of
two distributions w, v is defined by

(uxsv, fYy ={(u(X)@vY), f(X+Y)).

But a simple convolution formula like u%g¥ = (u %, v)~ does not hold for gen-
eral symmetric spaces: see Proposition 3.7 for instance. Instead convolutions
of H-invariant distributions on S will correspond via ~ to some «twisted»
abelian convolutions on s as defined by (3.4) below; with tools from Chapter
4 at hand, (3.4) will be motivated at the beginning of Section 4.3.2.

!Some authors have named «Rouviére’s isomorphism» the map P +— B (j(9)P). So far
so good but it should be noted that it is an isomorphism of algebras in some cases only,
e.g. for special symmetric spaces. Generalized Duflo isomorphisms will be discussed in
Section 3.3.4.
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Definition 3.3 Let e: Q0 — R be an analytic function on an open neighbor-
hood Q of (0,0) in s' x &', such that:

(i) for allh € H and (X,Y) € Q, one has (h-X,h-Y) € Q and e(h-X,h-Y) =
e(X,Y)

(i) for any H-invariant distributions u,v and any smooth function f on open
neighborhoods of the origin in s (with suitable supports), one has

<a g T, f> = (w(X) @ v(Y),e(X,Y)f(X +Y)). (3.4)

We call such a function an e—function of S (associated with the given
function j).
If 1 is an e-function, that is

Ukg U= (U V)

for any H -invariant distributions u,v on open neighborhoods of the origin in
s (with suitable supports), the symmetric space S is said to be special.

No invariance of f is necessary here. A precise assumption about the supports

of u,v, f is in order, so that both sides of (3.4) make sense. Let u,v be H-

invariant distributions on some open subsets of s’ and f € C*(s). Writing
Zo(X,Y):= X +Y, we assume that

QN (suppu X suppv) Nsupp (f o Z)

{ QN (suppu X suppv) Nsupp (f o Zy) are compact. (3.5)

Our main applications will be to invariant differential operators: v is then an
H-invariant distribution supported at the origin of s (Example 2 in 3.1.1).
Let

0, :={X €5/(X,0) € Q},

an H-invariant open subset of s’. Since Z(X,0) = Zy(X,0) = X assumption
(3.5) becomes: w is an H-invariant distribution on an open subset U of s,
f € C=(s) and Q1 Nsuppw N supp f is compact. This support condition is
fulfilled, for instance, if f € D (2, NU).

Choosing u = v = §g in (3.4) shows that e(0,0) = 1 necessarily.

Example 1. Let G = SO,(n, 1) (the connected component of the identity in
SO(n,1)), H = SO(n) and j = J'2. An e-function for the real hyperbolic
space H"(R) = G/H is

-3)/2
o(X,Y) = A(IX], 1Y), IX + Y|

where the function A and the norm are defined in Theorem 3.23; in particular
H3(R) is special. A hypergeometric factor also appears in e for the other
hyperbolic spaces (complex, quaternionian, exceptional).

Example 2. More examples of special spaces are given in Section 3.2.
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We shall prove in Chapter 4 (Theorem 4.12) that any symmetric space
admits an e-function on some suitably chosen €2 (Theorem 4.6). But except-
ing Section 3.7 our purpose in the present chapter is only to develop some
consequences of (3.4), taking for granted the existence of an e-function of S.

Let us modify the left-hand side of (3.4) into a more convenient form. For
X,Y in a neighborhood of the origin of 5 let Z(X,Y) € s’ be defined by

ExpZ(X,Y)=expX -ExpY .

Proposition 3.4 Let Q be an open neighborhood of (0,0) in s’ X s’ on which
e:Q—Rand Z:Q — s are analytic.

(i) Let u,v, f satisfy (3.5). The equality (3.4) in Definition 3.8 is equiv-
alent to the following:

<u(x> (), mfwx, Y>>> -

= wX)uY),e(X,V)f(X+Y)). (3.6)

(ii) If dets Adh =1 for all h € H, an e-function satisfies e(X,0) = e(0,Y) =
1 for all X,Y such that (X,0) and (0,Y) belong to Q.

1 1

Remarks. (a) Replacing u by j7'u, v by j~'v and f by jf gives the

following variant of (3.6)

(u(X) @v(Y), f(Z(X,Y))) =

_< (X) @), Hress (X,Y)f(X+Y)>. (3.7)

Looking at (3.6) or (3.7) we see that, up to the j factors, e plays the same
role as the Jacobian of a map transforming Z(X,Y) into X + Y; this is the
strategy to construct e in Chapter 4.
If j and X\ are analytic functions on &', strictly positive and H-invariant,
normalized by j(0) = A\(0) = 1 and e(X,Y) is an e-function associated to j,
then
AXAY)
AMX +Y)
is an e-function associated to Aj. If e itself may be written as e(X,Y) =
AMX +Y)/AX)A(Y) for some A, replacing j by Aj will turn S into a special
space.
(b) The assumption of (i) holds true if G/H has a G-invariant measure and
H is connected, in particular if H is compact connected.

e(X,Y)

Proof. (i) The functions 2N f(Z(X,Y)) and e(X,V)f(X +Y) are
smooth on (X,Y) € Q and, assuming (3.5), both sides of (3.6) are well-
defined. The left-hand side is (u(X), ¢(X)) with
. i(Y)
X) = j(X <vY,,fZX,Y >
P(X) = 300 (o), = A 208 Y)
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The variables X, Y remain in s’ and repeated use of the definition of ~ gives
(u, ) = (u, ) with

7 (Bxp X) = §(X) " "o(X) = (o(V), (V)] (Bxp Z(X,Y)))

= <v(Y),j(Y) (fo T (eX)) (EXpY)> = <5, for (eX)> .
The left-hand side of (3.6) is finally <ﬂ(gH)7 <§, fo T(g)>>, that is

(axs7.7) = <u<X> DoY), me(Z(X, Y>>> (3.8)

as claimed.

(ii) Here the Lebesgue measure dX of s defines an H-invariant distribution
on 5. Applying (3.6) to v = dX and v = Jy (the Dirac measure of 5) we
obtain, in view of Z(X,0) = X and j(0) =1,

/f(X)(l — e(X,0))dX =0

for any f € D(€), hence e(X,0) = 1if (X,0) € Q. Similarly u = dp and
v=dY givee(0,Y)=1. m

3.2 Special Symmetric Spaces

Let us study first the nice case when convolutions of H-invariant distributions
on S correspond exactly, by the transfer map ~, to classical abelian convolu-
tions on its tangent space s, as was the case for Lie groups in Chapter 1. We
call special such symmetric spaces (Definition 3.3). This property essentially
implies j = J/2; see Propositions 3.6 and 4.23 for precise statements.

As shown by Propositions 3.5 and 3.6, H-invariant analysis on special
symmetric spaces boils down to classical abelian analysis on the tangent
space. The following spaces are special (with j = J 1 ).

e all symmetric spaces G/H with G solvable (Theorem 4.22)

e all strongly symmetric spaces (Definition 4.21 and Theorem 4.22), e.g.
spaces of the form G¢/Gg or Lie groups viewed as symmetric spaces

e a Riemannian symmetric space of the noncompact type G/K is special
if and only if G admits a complex structure (Proposition 3.7).

As in Section 3.1.2, Q denotes an open neighborhood of (0,0) in s’ x s,
invariant under (X,Y) — (h-X,h-Y) for h € H, on which Z is analytic. Let
Q1 :={X €5/(X,0) € Q} C ¢ and Zo(X,Y) := X + Y. The map P — P is
defined in 3.1.1.
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Proposition 3.5 Assume S is a special symmetric space. Then
(i) Let u,v be H-invariant distributions on open subsets of s and f € C*(s)
such that (3.5) holds. Then

<a*sa,f> - <mf> — (ks v, f).

If P € D(s)® and u is an H-invariant distribution on an open subset U of s,
tpy = ‘P,

an equality of distributions on Exp (21 NU).

(ii) The map P — P is an algebra isomorphism of D(s)? onto D(S).

(11i) Any non-zero differential operator in *I(S) has an H-invariant funda-
mental solution on Q1 and is locally solvable.

The transfer map reduces invariant differential equations on a special space
to equations with constant coefficients on its tangent space.

As noted at the end of 2.1, ‘D(S) = D(S) if S has a G-invariant mesaure.
Proof. (i) follows from Definition 3.3 with e = 1 on 2 and the support
condition (3.5). The second equality is obtained by taking v = P4y, in view
of (3.2).

(ii) Taking now v = 'Qdy with Q € D(s)¥ we infer that tPtQdy = *P'QJ,
hence {(QP) = ‘(QP) by (3.1) and the conclusion.

(iii) By (ii) any operator in *I)(S) is ' P for some P € D(s)*. The differential
operator ! P has constant coefficients and is H-invariant on s; by a result due
to Rais [40] it admits an H-invariant (and tempered) fundamental solution
E € D'(s)". Restricting it to ; we obtain E € D'(;)¥ such that ‘PE =
80 = 6 on ExpQy by (ii). The local solvability follows in view of (2.2). m

We now discuss, under some stronger assumptions, the meaning of the
convolution equality for special symmetric spaces. In order to avoid repeti-
tions we shall use results proved for general symmetric spaces in Section 3.3,
specialized here to the case e = 1. Let £'(s) denote the space of H-invariant
distributions on s with compact support and, for £ € s* (the dual of ),

(€)= (u(X), e )

the classical Fourier transform of u € £'(s). Recall that an H-invariant
smooth function ¢ on a symmetric space S = G/H, H compact, is called a
spherical function if ¢(0) = 1 and ¢ is an eigenfunction of all differential
operators in ID(S). Spherical functions are characterized by the functional
equation ([28] p. 400): for all g,¢' € G

tp(gH)w(g’H)z/Hgo(ghg’H)dh.
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Proposition 3.6 Assume H is compact, Exp : s — S is a global diffeo-
morphism onto and j is analytic and strictly positive on s. The following
properties of the Riemannian symmetric space S = G/H are equivalent:

(i) Uxs T =u+5 v on S for all u,v € E'(s)7

(ii) for every £ € s* there exists a spherical function p¢ of S such that
(u, <p5> =U(&) for allu € &' (s)H.

These properties imply 7(X)j(—X) = J(X) for X € s, and j = JY? if j is

even.

Here the transfer map reduces H-invariant harmonic analysis on S to classical
Fourier analysis on the tangent space.

Proof. (i)=(ii). Assuming (i) we have {Pu = P for all u € £'(s) and,
by the proof of Theorem 3.8 (ii), Pf = Pfon S forall P e D(s)" and all
H-invariant smooth functions f on s. We apply this to the integral f¢(X) :=
Ju e~ H&nX) dh (generalized Bessel function), which is an eigenfunction of all

operators P € D(s)" namely P(0x) fe = P(=i§)fe. Thus ¢, = fe is a
spherical function on S and, for u € £'(s)", (u, ) = (u, fe) = u(§).
(ii)=(i). Assuming (ii) we have

(g v, 0¢) = Wy 0(€) = U()D(E)
= (W, p¢) (U, 0¢) = (U*s 0, 9¢)

as follows from the functional equation of spherical functions and the def-
inition of *g. Let w € &'(s) be defined by w = Uk, v — U g 0. Then
<1E, <p§> =w(&) =0 for all £ € s*, whence w = 0 and our claim.

Finally let us write (i) at the origin for distributions u(X)dX, v(X)dX, with
u,v € D(s). By Example 1 in 3.1.1 we have

wdX = Udz with U(Exp X) = (7771) (X)u(X)

and (see 2.1)

uwdX xgvdX = Udz*gVdr = Wida
with Wy (z) = / U(gH)V (9" - 2)d(gH).
S
On the other hand, by (i),
wdX *S&i\)/( = (udX % vdX) = wdX = Wadx
with Wa(ExpX) = (jJ7') (X)/u(Y)v(X —Y)ay.

Writing W1 (0) = Wa(0) and remembering 5(0) = J(0) = 1, J(—X) = J(X),
we obtain

/U(EXpX)V(EXp(—X))J(X)dX = /u(X)U(—X)dX,

5
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that is
/u(X)v(fX) ((X)i(—X)J(X)'=1)dX =0

5
for all u,v € D(s)". Taking v(—X) = 1 on suppu, the conclusion easily
follows since j(X)j(—X)J(X)™! is H-invariant (see Lemma 3.15). m

The next proposition considers the case of a Riemannian symmetric space
of the noncompact type. We use here the semisimple notation explained in
Section 0.5.

Proposition 3.7 Let G be a noncompact connected simple Lie group with
finite center and K a mazimal compact subgroup. With transfer ~ defined
by j = JY2, the symmetric space S = G /K is special if and only if G admits
a complex structure.

Proof. (i) Assume S is special and let A, resp. L, denote the Laplacian on
p, resp. S. By Theorem 3.8 (ii) below we have Af = Af (in a neighborhood
of the origin) for any K-invariant function f, and Proposition 3.11 (ii) gives
A = L+ ¢ with ¢ = Aj(0). Applying this to f = j we obtain =1,
Kj = L1+ ¢ = ¢j, hence Aj = ¢j on p by analytic continuation. Here

sh « ma /4
jH) =J(H)?=1] (i(g))

for H € a (product over all positive and negative roots «). When restricted
to the open set a’ of regular elements in a the K-invariant equality Aj = ¢j
implies, by means of the radial part of A for the adjoint action of K on p
([28] p. 270):

(Aa + ;;maa(H)_lHa> j(H)=cj(H), H e d,

with a sum over all roots; A, is the Laplacian on a and H, € a, defined
by (Hu, H) = a(H) for all H € a, is viewed here as a constant coefficients
differential operator on a.

Let (H;) be an orthonormal basis of a and 0; the partial derivative with
respect to the i-th coordinate; thus H, = ), ;0; with oy = «(H;) and
Ay =3, 02. Then j7'Aj = c restricted to a’ becomes

Zc‘? ) +Z 19,5)° Zma g (5710ig) =

Since ;10,5 = § >, Ma (cotha(H) — a(H)™") a; , elementary calculations
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lead to
4y “mg (a(H)™? = (sha(H))™?) |of* +

2 2
+ — = 16¢

Zma (cotha(H)) « Zmaa(H)_la

forall H € o/, with |A|” := (Hy, Hy) = S, A7 for A € a*. Replacing H by tH,
the asymptotic expansion as ¢ — oo implies ¢ = |p|? with p = 33 . maa
and, for the t~2 terms,

2

4Zmaa(H)_2|a|2 =

Z maoa(H) ta

Fix an indivisible root « and let 8 denote any root non-proportional to «
(assuming such § exist). There exists Hy € a such that a(Hp) = 0 and
|B(Hop)| > 1 for all 5’s: one may take Hy € ker o outside the finite number of
(d — 2)-planes ker a Nker § (with d = dima), and a suitable multiple of H
will do. Replacing Hy by H := Hy + s|a|2H, with s > 0 small enough, we
obtain a(H) = s and |5(H)| > 1 for all 5’s. In the above equality, written
at this point H, we separate +« and +2« from the other roots 5:

8 (Mo + Maq) |a?s™2 + 4ngﬁ(H)_2|ﬁ|2 =4 (ma +maa)? |a)?s 2+
B

2

+4(ma +maa) Y mpBH) " (a,B) s + > _mpB(H) 'S
5 5

The coefficients including S(H) ™! remain bounded as s — 0. The s~2 terms
show that m, + ma, = 2, therefore m, = mg, = 1 or else m, = 2 and
Mmoo = 0. The former case is impossible because [gq, §o] = 920 ([27] p. 408).
Thus m, = 2 and my, = 0 for all indivisible roots «. By Araki’s results for
simple Lie algebras this implies that g admits a complex structure ([27] p.
531).

If all roots are proportional to «, there are no B’S in the above equation
whence m,, + mo, = 2 and the same conclusion.

(i) The converse follows from Theorem 4.22 (7i) or from Proposition 3.6 (i)
and the expression of spherical functions of G/K for G complex ([28] p. 425).
]

3.3 e-Functions and Invariant Differential Op-
erators

Specializing Definition 3.3 of e-functions to distributions supported at the
origin (Example 2 in 3.1.1), we shall now derive some interesting relations
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between e and the algebra of G-invariant differential operators on a general
symmetric space S = G/H. The philosophy of this section and the next
one is that several important objects in H-invariant analysis on this space
are determined by the algebraic structure of S(s)? (the commutative algebra
of H-invariant elements in the symmetric algebra of s) together with an e-
function. We first recall a few elementary facts on symmetric algebras.

3.3.1 The Fischer Product

Let V denote a finite dimensional vector space over R and V* its dual space.
The (complexified) symmetric algebra S(V') is canonically isomorphic to the
algebra of (complex valued) polynomial functions on V* and to the algebra
D(V) of linear differential operators with (complex) constant coefficients on
V. Writing P or P(§) or P(Jx) accordingly an element of this algebra (with
£eV*, X €V) we have

P(0x) (e<5%7) = P(&)e~4X> .

Similarly an element @ of S(V*) is a polynomial function on V' or a differential
operator on V*. The duality between V and V* extends to a duality between
S(V) and S(V*) by means of the nondegenerate bilinear form (the Fischer
product)

(PIQ) = (P(§)|Q(X)) := P(0x)Q(X)|x—g - (3.9)

Let (e1,...,en), resp. (ef,...,e}), denote dual bases of V, resp. V*, and
X =5 Xie, &= ije;f the corresponding decompositions. Then, writing
P(&) =Y aal®, Q(X) = > bsX? in multi-index notation a = (ay, ..., o) €
N", we have

P(0x)Q(X)x—o = Q(0) P(§)|5:o : (3.10)

since both sides equal ) a! aabs. Let us call «finite» a linear form on S(V)
which vanishes on all homogeneous elements of S(V') of degree greater than
some value; the map @ — (.|Q) allows to identify S(V*) with the space of
finite linear forms on S(V).

Replacing @ by the product of two elements @, R € S(V*) in (3.10) we obtain

(PIQR) = R(0) (Q(9e) P(£))]¢—o = (Q(0) P(§)|R(X))
by (3.10) again, that is
(POIQX)R(X)) = (Q(9)P(§)|R(X)) . (3.11)

Thus Q(0¢) is the transpose of the multiplication operator by Q(X) with
respect to the Fischer product.

More generally (3.11) still holds if @ is a formal series and R a smooth
function near the origin of V', since the formula only involves a finite number
of derivatives of R at the origin.
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3.3.2 Explicit Transfer of Invariant Differential Opera-
tors

We retain the notation of 3.1. Our next theorem gives an explicit relation,
by means of e, between an H-invariant constant coefficients differential op-
erator P € D(s) on the tangent space s and the corresponding G-invariant

differential operator Pe D(S) on the symmetric space. As usual * denotes
the transposition of differential operators.

Theorem 3.8 Let e : Q@ — R be an e-function of a symmetric space S =
G/H and 1 = {X €5/(X,0) € Q}.
(i) For P € D(s) the equation

Pe(X,0x) f(X) := P(9y) (e(X,Y) (X +Y))ly

f € C®(), defines an H-invariant differential operator P, with analytic
coefficients on Qq and symbol P.(X,§) = e(X, 0¢)P(§). For any H-invariant
distribution u on

tp = (tPS(X, 8X)u)~on Exp Q.
(i) If H is compact and f is any H-invariant smooth function on £
Pf= (P.(X,0x)f) on Exp Q.

Remarks. (a) The assumptions on Q (Definition 3.3) imply that ; is an
H-invariant open subset of &’.

(b) If (X1, ..., X,,) are coordinates with respect to a basis of s and (&4, ...,&,,)
the dual coordinates on s* we have, in multi-index notation,

1 (6% «
(X, V)= > maxaﬁe(o,mx y#
a,BeEN?

P(X,60=Y ;aéeuc 0) 92P(E) =3
B ’ a,B

1
g0 e(0,0) X 97 P(©),
(3.12)

with finite summation over 3 in the latter equations.

(¢) Theorem 4.16 below extends the result of (i7) to arbitrary symmetric
spaces, for a specific choice of e. B

(d) In view of (ii) finding the radial part of P for the action of H on S is
equivalent to the same problem for P, on s.

Proof. (i) In view of (3.1) (3.2) Definition 3.3 implies, with v = *Pdy,

<a x5 L DS, f> = (u(X), (*PS(Y),e(X, V) f(X +Y)))
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for any test function f on 2, that is
(*Pii, ) = (u(X), POy )(e(X,Y)f(X +Y))ly o)
= ("P(X, 0x)u(X), (X)) = ((‘P.(X, 0x)u) ])

Besides, by (3.11) with V =5, X fixed and Y as the variable,

Pe(X,0x)f(X) = P(Oy)(e(X,Y) f(X +Y))ly—
= (Ple(X, ) f(X +.)) = {e(X, 0)P[f(X +.)) ,

thus P.(X, Ox) is obtained by replacing £ by Ox in P.(X,§) = e(X, 0¢)P(§),
hence (3.12). The H-invariance of P, is an immediate consequence of the
invariance of P and e. -

(i) By (i) we have <ﬂ Pf> = <E P, f> for all f € D(21). Assuming H is
compact and f is H-invariant, P f is H-invariant too and the H-invariant
function P f P, f is annihilated by any H-invariant distribution on Exp ;.
This function must therefore vanish identically, as follows from the existence
of H-invariant means (Lemma 3.15 below). Thus 13]ch = P.f if supp f is
compact, and the result extends to any H-invariant f on €7 by invariant
truncation. m

The next result shows how e and the map ~ defined by (3.3) relate
the structures of the algebras D(s)? = S(s) (the H-invariant elements
in the symmetric algebra of the tangent space) and D(S) (the G-invariant
differential operators on the symmetric space).

Theorem 3.9 Let e(X,Y) be an e-function of a symmetric space S = G/H.
Then, for any P,Q € D(s)?

PoQ=PxQ
where the product x on D(s)H is defined by
(P X Q)(€) = € (36, 0y) (PE)QE) ey = (Qc (Besn) PE))]e,

with £&,n € s*. Thus the map P — P is an order preserving isomorphism of
algebras of (D(s)?, x) onto (D(S),0).

The differential operator Q. (0¢, n) is obtained from Q. (X, n) in the previous
theorem by substituting ¢ for X, so that

Qe(X,0x)e~0%> = Qu(X, e~ = Q. (¢, n) e~ =¢

In dual coordinates (X1, ..., X,,), (&1, ...,&,,) on s and s* we have the expansion
(finite sum)

PxQEO= X
a,BeN™
= P(£)Q(&) + lower order terms

L 030¢(0,0) 92 P(E)OLQ(E) (3.13)



3.3. INVARIANT DIFFERENTIAL OPERATORS 67

since €(0,0) = 1. The product x is thus a deformation of the classical product
in the symmetric algebra; of course P x QQ = PQ if the symmetric space is
special.

Proof. We already know from 3.1.1 that = is an order preserving isomor-
phism of vector spaces, whence the existence of a unique R € D(s) such
that Po @ = R. To make R explicit we may apply Theorem 3.8 with u
supported at the origin, or compute directly as follows.

Let f be a smooth function on s with support in a neighborhood of the origin.

N ("Roo, f) = ("Rdo, [y = ("Fo., T)
5 (0.1 (a0

X)® 'Qdo(Y),e(X,Y)f(X +Y))
= ) Oy )(e(X, Y)F(X +Y))|xoy—o

by the definition of e. The latter expression is a Fischer product on the space
V =5 X s, namely

R(9)f(0) = (P(E)Q(n)]e(X,Y)f(X +Y))
= (e (9, 0,) P(Q(n)|f(X +Y))

in view of (3.11). The derivatives dx and 9y have the same effect on f(X+Y")
and, going back to Fischer products on s, we have proved

(REOIFX)) = (e (0, 0) PEOQM._, [1(X)),

which gives the first expression of R = P x ). The second follows easily since

Qe(X,n) = e(X,0,)Q(n) (Theorem 3.8), whence Q.(0¢,n) = e(0¢,0y)Q(n)

and
e(0¢, 0p) P(§)Q(n) = Qe (0, )P () -

|

Remarks. (a) The composition o of differential operators is associative and
Theorem 3.9 implies that x is an associative law on D(s)*. The derivatives
of e at the origin must therefore satisfy some (non-trivial) identities.

Going the other way around, X is clearly commutative if e is a symmetric
function (e(X,Y) = e(Y, X)); the algebra D(S) is then commutative. This
holds true for a large class of symmetric spaces, as will be shown in Theorem
4.24 (i3).

(b) Let R = P x Q. Then 'R.(X,0x)u = 'Q.(X,0x) o 'P.(X,dx)u for
all H-invariant distributions u on €27 by combination of both theorems and,
if H is compact, R.(X,0x)f = P.(X,0x) 0 Q.(X,0x)f for all H-invariant
functions f on 2.

Corollary 3.10 Assume the algebra D(s) (with its usual product) has a

finite system of generators Py,...,P,. Then Py,..., P, generate the algebra
(ID(S), ).
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Proof. For P,Q € D(s) we have PQ = P x Q-+ lower order, hence F() =
P o Q+ lower order and the result follows by induction on the order. m

3.3.3 Example: the Laplace-Beltrami Operator

Let S = G/H be a pseudo-Riemannian symmetric space and e(X,Y) an e-
function of S. The space is equipped with the G-invariant metric defined by
an H-invariant non-degenerate bilinear form on s; thus det; Adh = 1 for all
h € H since H is connected. The next proposition relates the corresponding
(pseudo-)Laplacian A € D(s)? on the tangent space, the Laplace-Beltrami
operator L € I(S) and the operators A € D(S), A.(X,dx) arising from A
and e. As usual J denotes the Jacobian of Exp.

Proposition 3.11 Let S = G/H be a pseudo-Riemannian symmetric space
S = G/H with an e-function on Q associated with j = J/2.

(i) Let ¢ be a smooth function on an open subset of S. Then, for any gH in
this set, Lp(gH) = Ax (g - Exp X)|x_,-

(ii) A = L+ AJY2(0).

(#ii) Assume Oye(X,0) = 0 identically. Then

Aye(X,0) = AJY2(0) - J(X)"/2A (J(X)W)
A(X,0x) = Ax+Aye(X,0).
If w is an H-invariant distribution on 1,
Lu= (Au — JY2A (JI/Q) u>~ on Exp ;.

(iv) Let G be semi-simple. For the pseudo-Riemannian structure defined on
G/H by the Killing form one has A = L + (n/12) with n = dimG/H.

Remarks. (a) The assumption dye(X,0) = 0 is satisfied by the rank one e-
function of Section 3.7 (Proposition 3.24) and by the general (J'/2, ®)—function
of Chapter 4 (see Remark (d) after Theorem 4.20, with det; Adh =1 for all
h € H implying try ad b, = 0 by Lemma 4.11).

(b) The expression (i) of Lu extends Theorem 3.15 in [28] p. 273, proved
by Helgason for Riemannian symmetric spaces of the noncompact type.

Proof. (i) Both sides are G-invariant operators on S and it suffices to prove
their equality at the origin, that is ¢ = e. But, when using normal coordinates
(the diffeomorphism Exp) in a neighborhood of the origin of S, the classical
expression ) _; . 9" (8:0; — T};0,) of L ([28] p. 247) reduces to A at the origin
since, at this point, (¢%) is the identity matrix and the Christoffel symbols
I'F. vanish.

(i) By (3.3) and (i),

Bo(gH) = Ax(J(X) 2ol - ExpX))| = (L+AT2(0)) w(gh),

X=0



3.3. INVARIANT DIFFERENTIAL OPERATORS 69

since J(0) = 1 and 9xJ'/2(0) = 0.
(iii) The definition of A, is

Ae(X,0x)[(X) = Ay (e(X, V) (X +Y))ly_o = Af(X) + Aye(X, 0)f(X)

since dye(X,0) = 0 and e(X,0) = 1 by Proposition 3.4 (). Applying
Theorem 3.8 (i) to an H-invariant distribution u we have ‘A% = A u. But

A and L are symmetric operators, as well as A, and A computed above,
therefore, by (i),

Li= (Au + (Aye(X,0) — AJ1/2(0))u)~.

The distribution w = J(X)'/2dX is H-invariant since det, Adh = 1. Then
u = dx (Example 1 in 3.1.1), Lu = 0, whence

A (J(X)”Q) + (Aye(X, 0) — AJW(O)) JX)V2 =0
and our claims follow.

(iv) The Taylor expansion at the origin of J'/2 is

sh(ad X 1/2

J(X)? = (dets X )>1/2 = det <1 + é (ad X)* + O(X4))

1
=1+ 5 trs (ad X)? +0(x%).
For X € s the Killing form of g is
B(X, X) = try (ad X)* = try (ad X)* + tr, (ad X)* = 2tr, (ad X)?

(see (4.3) in Section 4.2.1). If A is the Laplacian associated to B we get
AB = 2n, AJY?(0) = n/12 and the result follows from (ii). m

Example. Let us define the n-dimensional real hyperbolic space H"(R) as
the upper half-hyperboloid

xp—ai— o —22=1,20>0

in R"*1 with origin 0 = (1,0, ...,0) and (Riemannian) metric induced by the
Lorentzian metric
—da? 4+ do?+ -+ da.

As usual S”~! denotes the unit sphere in R”. The map
(r,o) — z = (x0, 21, ...,Tn) = (chr, (shr)o)

is a diffeomorphism of ]0,00[xS""! onto H"(R)\ {0} transforming the hy-
perbolic metric into
ds? = dr?® + (shr)® do?, (3.14)
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where do? is the canonical metric of S™~1.
The length of a curve defined by differentiable functions r(t), o(t) with 0 <
t<T,r(0)=0,7(T)=Ris

T T
/ \/rf(t)2 + (shr(t)? |0’ (t)| dt 2/ v (t)dt = R,
0 0

where ||.|| is the Euclidean norm in R™. Taking r(t) = ¢ and o(t) = o
(constant) we obtain a curve with minimal length (equal to R) among all
curves from the origin to the point (ch R, (sh R)o) in H™(R). This curve also
has unit speed parametrization; it is therefore the geodesic between those
points, defined by x(t) = (cht, (sht)o). The initial speed is V = 2/(0) =
(0,0), hence z(t) = ExptV. Replacing V by rV we see that Exp is simply
the map (r,0) — (r,o0) if we use Euclidean polar coordinates in the tangent
space and geodesic polar coordinates in H"(R).

The metric (3.14) gives the hyperbolic volume element dv = (shr)" "' drd%
where d¥ is the volume element of S?~ 1. Let w,_1 = fS"71 d>. For any
radial (continuous) function f = f(r) on H"(R) we have

/ fdv=w, 1 /00 F(r) (shr)" " dr.
H™(R) 0

When transferred to the tangent space via Exp (with Jacobian J(X) = J(r))
this integral is also

f(Exp X)J(X)dX = wn,l/ f(r)J(r)r™=tdr,

R7 0

whence J(X) = (shr/r)"~! for X = ro.

The metric (3.14) also gives the Laplace-Beltrami operator of H"(R) in geo-
desic polar coordinates (cf. [28] p. 313):

L=0?+(n—1)cothr 8, + L,

where L, is the Laplace-Beltrami operator on the sphere with center o and
radius r in the hyperbolic space. Similarly

n —

A=z + "1y 4,

r

in Euclidean polar coordinates of R™. The «spherical» operators L, and A,
kill radial functions.

Our transfer map for functions is given by % (Exp X) = J(X)~%/2u(X) that
is, using the above coordinates on H™(R) and its tangent space,

i(r, o) = <W>(ln)/2u(r, 7).
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Restricting ourselves to radial functions we can then compare the radial parts
of L and A above as in Helgason’s proof of his theorem in [28] p. 273. An
easy calculation leads to

Lu = (Au+ fu)”

with

e 7(]71/2&]1/2:% <11) _ (”1>2,

2 sh?r 2

Thus?> AJ'Y/2(0) = —f(0) = n(n — 1)/6 and, comparing with (i) and (i) in
the proposition, it follows that

Aye(X,0) = W (1 L 1)

with 7 = || X||, if e is an e-function of H™(R) associated with J'/2.

3.3.4 Towards a Generalized Duflo Isomorphism

With the above tools at hand we can now try to extend to general symmetric
spaces Duflo’s isomorphism for Lie groups (Section 1.1). By Theorem 3.9

the transfer map ~ is an isomorphism of (S (s)", x) onto (D(S),0), and

the problem is to construct an isomorphism ¢ : (S (s), ) — (S (s), x)
between the classical product (-) and the product (x) in the symmetric alge-
bra. The map 7 : (S (s), ) — (ID(S), o) defined by y(P) := ¢(P) will then
be an isomorphism of algebras, the «generalized Duflo isomorphism>.

The commutativity of the algebra ID(S) (or of the product x) is of course a
necessary condition for the existence of . This property has been established
by several authors under various assumptions (see the Notes of this chapter).
It will follow here from the symmetry of an e-function (Theorem 4.24).

Example 1. If S is a special symmetric space the products (x) and (-)
coincide and we may take ¢(P) = P, v(P) = P.

Example 2. Assume D(S) is commutative and (S(s)",-) is a polynomial
algebra with generators Py, ..., P; (as holds true for all Riemannian symmetric
spaces of the noncompact type). Then there exists a unique isomorphism ¢ :
(S’ ()", ) — (S ()", ><) such that e(P;) = P; for j = 1,...,1, and v(P) =

e(P) is a degree preserving generalized Duflo isomorphism (characterized by
")/(P]) = Pj for all j)

2This does not contradict (iv) in the proposition: we are not using here the metric
defined by the Killing form.
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Indeed any P € S(s5)" can be uniquely written as

— Q1 [e7)
P= E =
a€eNL

(product -), and the maps defined by

e(P) := Z ao Pl X oo x Py (P) = Z aoP o op™
a€eN! aEeNL

(product x, resp. o) fulfill our requirements because of Corollary 3.10 and
the commutativity of these products. Remembering (3.13) this ¢ may also
be written as

e(P) = an ATt - Af1 (3.15)
aeN!

where A; : S(s) — S(s)¥ is the operator defined by A;P = P; x P, that is

1
A=) Wa@a;e(ao) ¢ P;(€)d;.
ByyeN™

Example 3. Assume one of the generators in Example 2, say Q := Py, is
homogeneous of degree two, and the symmetric space is endowed with an
e-function such that e(X,Y) = e(Y, X) and e(X,0) = 1, dye(X,0) =0 (see
Remark (a) in Section 3.3.3). Setting eq(X) := Q(dy)e(X,Y )|y _q, Leibniz’
formula implies
Qe(X,0x)f(X) = Q(0y) (e(X,Y) f(X +Y))y_
= (Q(9x) + eq(X)) F(X).

Note that eq(0) = 0. Thus® Q.(X,n) = Q(n) +eq(X) and, by Theorem 3.9,
(P x Q) (&) = (Qe(0,m)P(&))lc—, = (QE) + eq(s)) P(£) (3.16)

for P € S(s)H, ¢ € s*. The required map ¢ satisfies £(Q) = Q and e(P-Q) =
e(P) x e(Q) = Q - e(P) + eq(0)e(P). In other words

e(Q) = Q and [¢, Q] = eq(9) o,

where [e, Q] denotes the commutator of two linear endomorphisms of S (s)",
with ) meaning here the mutliplication operator by @ in (S (s)H , )

If [ = 1, that is if S(s)¥ is the algebra of all polynomials p(Q), p € C[X],
these conditions determine e:

e(p(Q)) =p(Q +eq(9)) 1.

3 A more explicit expression can be given when Proposition 3.11 (4ii) applies.
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This special case of (3.15) follows from (3.16) applied to P = Q*¥; here again
Q on the right-hand side is viewed as a multiplication operator.

It would be interesting to generalize these examples: can one construct an
isomorphism ¢ : (S ()", ) — (S ()", x) by means of e, only assuming the
symmetry e(X,Y) = e(Y, X)? See Section 3.6.3.b for a hint in this direction.

3.4 e-Functions, Mean Values and Spherical
Functions

Throughout this section S = G/H is a symmetric space with H compact.
The space is now Riemannian, with the G-invariant metric defined by an
H-invariant scalar product on s. We denote by | X| the corresponding norm
of X € s and by |{| the dual norm of £ € s*. Let dh be the Haar measure of
H normalized by [, dh = 1.

Recall that a spherical function of S is an H-invariant eigenfunction
¢ of all operators in D(S), normalized by ¢(o) = 1. Spherical functions
are analytic on S because of the ellipticity of the Laplace-Beltrami operator
L € D(S). Our next goal is to relate spherical functions and mean value
operators to an e-function of S by means of Taylor expansions. Let us begin
with the case of an isotropic space, in order to motivate the more general
construction in 3.4.2 below.

3.4.1 The Case of an Isotropic Riemannian Symmetric
Space

In this subsection we assume H compact and S = G/H isotropic, meaning
that the adjoint action of H is transitive on the unit sphere of the tangent
space s to S at the origin. As is well-known (e.g. [61] p. 295), a connected
Riemannian manifold is isotropic if and only if it is two point homogeneous (its
isometry group is transitive on equidistant pairs of points), or else if and only
if it is a Euclidean space or a symmetric space of rank one. Then D(s), resp.
D(S), is the algebra of all polynomials in the (Euclidean) Laplace operator
A of s, resp. in the Laplace-Beltrami operator L of S ([28] p. 288). We also
assume here j = J'/2,

a. On the open neighborhood of the origin where we can use the Exp
chart we may write ¢ = ¢ that is ¢(X) = J(X)2p(Exp X). Then Ly =
(& —AJY? (O)) ¥ by Proposition 3.11 and ¢ is spherical if and only if 1 is
H-invariant, ¥(0) = 1 and A’(Z = /\1~b for some constant A, or else A1) = Ay

by Theorem 3.8 (i1). Picking an e-function of S such that dye(X,0) =0 we
obtain the equation

AG(X) = (A= Aye(X,0)) (X) , $(0) = 1 (3.17)
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by Proposition 3.11 (éiz). Equation (3.17) is a perturbation of Ay = A, its
analog for a special isotropic symmetric space. Since A is an elliptic operator
its solutions are analytic. In view of the H-invariance the Taylor series at
the origin have the following form

m= —

where a,,(\) (resp. e,) are unknown (resp. known) coefficients and the
constants ¢, :== (A™[|X[*") = A™|X|*™ introduced here for convenience,
are

co=1,¢cn=2"mn(n+2) - (n+2m—2) with m > 1, n=dim S. (3.19)
Thus a,,(A) = A™Y(0), e, = ARAye(0,0) and (3.17) is equivalent to
ao(/\) =1 5 al()\) == A’(/J( )

Am+1 (>\) = )\am Z

=0

em—iar(A) , m>1. (3.20)

Cm—1C]

Solving this inductively we obtain

V(X)) = J(X)Y2p(Exp X) (3.21)
1+A‘ i (AQe)|X|4+</\3<3+4> A— )' °
= 1 el e2 + -
C1 C2 n C3

a convergent series in a neighborhood of the origin. Indeed the convergence of
the power series Y e,,|X|?™/c,, implies |e,,|/cm < CR™ for some positive
constants C, R and |a,,(\)|/¢m < C'R™ easily follows by induction, with
C’ > 0 depending on .

In the case of a special isotropic space (e(X,Y) = 1) we obtain a,,(\) =
A" and formula (3.21) boils down to the classical expansion of modified Bessel
functions

o) = S0 B ) (22 ) s ().

b. More generally, a similar expansion can be given for the mean value
operator

M¥plgH) i= [ plohExpX) dh= [ plgBxp(h- X)) dh . X €59 € G,
H H
applied to an arbitrary analytic function ¢ on the symmetric space S. In an

isotropic space H-orbits are spheres and the above integral is the average of
¢ over the sphere with center gH and radius |X|.
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For fixed g, J(X)Y2MXp(gH) is an H-invariant analytic function of X
and can be expanded as

1/2 47X o R
J(X)\PMXp(gH) = Y @ (gH)——,

Cm

where the coeflicients ¢,,, are given by
mlgl) = A% (JOOVM¥ ()|

= A% (J0)2p(g- B X))| = Ame(gH)

in view of the H-invariance of A and the definition (3.3). Thus

|2m

J(X)V2MX (g Z Amyp gH

m=0

(3.22)

The operator Am belongs to D(.S) and can therefore be expressed as a poly-
nomial in E; this will allow linking our expansion of M X with the above
expansion of a spherical function satisfying Ay = Ap. The details can be
carried out inductively as follows.

Applying to A™(¢) = [£]*™ and A the product x of Theorem 3.9 we have

(A™ x A) (€) = Ac(Oe,m) (€17™)_,
and, by Proposition 3.11 (i) and (3.18),

o) e
Au(X,m) = |n* + Aye(X,0) = |n]* + Y ;llX\Zl

whence A (9g,n) = |n> + 322, (er/cr) A
Since AL (€™ /cm) = [€2™ 7Y /en 1 we obtain

LIPS m—l
(Am X A) (f) — Am+1(§) +CmZiA (5)

We now apply ~ to both sides, hence the following analog of (3.20)

&m Amo mz
=0

em_1 AL (3.23)

Cm—1Cl

implying that Am = Am (ﬁ) where a,, is a polynomial of degree m in-
ductively defined by this equation and the coefficients ¢;, clearly the same
polynomial as before. We finally obtain

o0

VM p(gH) = Y (am (B) ¢) @B 32

C
m=0 m
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for any analytic function ¢ on S. If ¢ is spherical, ﬁcp = Ay, we have
MXp(gH) = o(Exp X)p(gH) by the classical functional equation and this
of course gives (3.21) again.

Remark. In [24] Gray and Willmore proved the following mean value ex-
pansion for an arbitrary n-dimensional Riemannian manifold M. Let u be
an analytic function on a neighborhood of a point a € M and let M"u(a)
denote the mean value of u over the (Riemannian) sphere S(a,r) with center
a and radius r. Then

_ In (7’\/ _Aa) (Jau)(a)
In (7"\/ _Aa) (Ja)(a) ,

where f, is the modified Bessel function

M"u(a)

(3.25)

(with ¢, as in (3.19)), J, is the Jacobian of the exponential map Exp, at a,
A, is the differential operator on M defined by (A, u)oExp, = A (uo Exp,)
and A is, as above, the Euclidean Laplace operator on the tangent space to
M at a. This generalized Pizzetti formula follows easily from the correspond-
ing formula in Euclidean space, since the Riemannian sphere S(a,r) is the
image under Exp, of the Euclidean sphere with center 0 and radius r. For
isotropic Riemannian symmetric spaces M = G/H the spheres are H-orbits
and we may compare (3.25) with our (3.24): the Gray-Willmore expansion
uses the same simple power series as in the Euclidean case, but in general the
differential operator A, is not G-invariant on M. Thus no simple expansion
of the spherical functions seems to come out of it.

3.4.2 Expansion of Mean Value Operators and Spherical
Functions

Going back to a general Riemannian symmetric space S = G/H we shall
now extend the results proved in the isotropic case. The compactness of H
implies that the algebra S(s) = D(s)¥ is finitely generated ([28] p. 352).
Let Pi,..., P, be a system of generators, homogeneous with respective degrees
di, ..., d;. They may be algebraically dependent, but from the set of all

P =P P aeN,

we can extract a basis of D(s)? as a vector space. Let B C N! denote the
corresponding subset of indices.

To introduce the dual basis we note that the Fischer product allows to
identify S(s*)f with the space of finite linear forms on S(s) (see 3.3.1).
Indeed let 7 : S(s) — S(s)H be the projection given by H-invariant mean. If
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¢ is a finite linear form on S(s), then £o is a finite linear form on S(s) and
there exists a unique @ € S(s*) such that £ow(P) = (P|Q) for all P € S(s).
Replacing P by h-P with h € H we obtain (P|Q) = (h- P|Q) = (P|h™' - Q),
hence Q € S(s*)* by uniqueness, as claimed.

The conditions ¢, (P?) = 8,5 (Kronecker symbol) for a, 3 € B define forms
¢, which make up a basis of the space of finite linear forms on S(s). De-
noting by P the corresponding elements of S(s*) we have

(PP|Pr) = 6ap for a,p € B

and the decomposition of any @ € S(s*)" is Q =Y .5 (P¥|Q) P.
Each P is homogeneous of degree o - d = aydy + -+ + aqd; and the same
holds for P® : indeed for all a, 5 € B and t € R we have

(PP(0x)|P;(tX)) = 7 PP (@) P1(0) = 170,
= toz-d(sa[j — ¢ad <PB(8X)|P;(X)> ,

hence P (tX) = t*4P*(X).
Example 1 (trivial case): H = {e}, P* = 9%, P = X*/al.

Example 2 (isotropic case): P* = A™, P =|X|*™/c,, witha =m € B =
N and ¢, defined by (3.19).

Lemma 3.12 (H compact) Any H-invariant function f, analytic in a neigh-
borhood of 0 in s, admits a unique H -invariant Taylor expansion

F(X) = aaPi(X),

a€EB

with coefficients given by a,, = P*(0x)f(0) = (P*|f). The series converges
in the following sense: there exists R > 0 such that

S 1Y aaPi(X)| < oo for |X| < R.

q20 |a-d=q
This expansion of f can be differentiated term by term for | X| < R.

Proof. For some R > 0 the classical Taylor series f(X) = > cyn fo X7
converges absolutely and can be differentiated term by term for |X| < R.
Gathering terms of equal degrees, the same properties a fortiori hold for
2450 (Z\G\:q foX°). Each term of this new series, as an invariant g-
homogeneous polynomial in X, is a linear combination of the P}’s with
a - d = g, hence the expansion of f. The formula for a, comes out when
applying P*(0x) term by term. m



78 CHAPTER 3. THE ROLE OF E-FUNCTIONS

Example (generalized Bessel functions). For £ € s* and X € s let

Pe(X) :=/He<5’h'x>dh.

Then P(9x)p(X) = P(£)@(X) for any P € D(s)" and ¢ is a spherical
function for the flat space s. Lemma 3.12 gives the expansion

PA(X) = /He<5’h'X>dh = Z PY(&)P*(X), (3.26)

a convergent series in the above sense for all X and &.

Let us take up the mean value operator again
MXp(gH) = / o(g-Exp(h-X))dh,X €s,g€G.
H

This integral over H is an average of ¢ over a submanifold of the sphere
with center gH and radius |X|. Let g be fixed and ¢ be analytic in a neigh-
borhood of gH. According to the previous lemma the H-invariant function
F(X)MXp(gH) of X can be expanded as

J(X)MXp(gH) = > aa(gH)Pi(X)

with the coefficients

aa(gH) = P*(0x) (§(X)M¥p(gH)) i _, = P (0x) (j(X)(g - Exp X)) x g

hence the following generalization of (3.22)

J(X)MXp(gH) =Y Pop(gH) Pi(X) . (3.27)

__ We now give another version of this expansion in terms of the generators
Py, ..., P, of the algebra ID(S) (see Corollary 3.10). Let us recall that this
algebra is commutative ([28] p. 293). Given an e-function we shall write

1
e(X,Y)= Y € XY with e, = —0%07¢(0,0)

o, 7TeEN?

its Taylor expansion at the origin with respect to some basis of s. In view of
Proposition 3.4 (i7) we have

eoo =1, ¢e;0=e9r =0

for all 0,7 # 0. Although unessential here we note that for the Campbell-
Hausdorff e-function of chapter 4 with j = J%/2 we also have e,, = 0 for
1 < |o]+|7| < 3, as follows from Proposition 4.31 and Lemma 4.11. Formula
(3.24) extends as follows.
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Theorem 3.13 (H compact) Let S = G/H be a Riemannian symmetric
space with an e-function, and P, ..., P, a given system of generators of the
algebra D(s). Let ¢ be an analytic function on a neighborhood of a point
goH in S. Then there exist a neighborhood V' of go in G, a radius R > 0 and
a sequence of polynomials (As),cp such that for X € s, |[X[< R andgeV

J(X)M = > Aa (&1 B) plgH) PI(X)

a€EB

with convergence in the sense of Lemma 3.12.

Each A (e; M1, ..., \1) s a polynomial in the \; (with 1 < j <) and the e,,
(with |o| + |7| < a - d), homogeneous of degree o - d if one assigns deg\; =
deg P; = d; and dege,r = |o| + |7|. Furthermore

Aq (e A1, A1) = AT -2 A + lower degree in A, ..., ;.

The coefficients of A, only depend on the structure of the algebra D(s) and
the choice of generators P;.

This theorem provides a more precise form, for Riemannian symmetric spaces,
of a result proved by Helgason for general homogeneous Riemannian spaces
G/H ([29] p. 77).

A spherical function ¢ satisfies the functional equation MXp(gH) =
o(Exp X)¢(gH) and we immediately infer the following expansion of ¢.

Corollary 3.14 With the notation and assumptions of Theorem 3.13, let ¢
be a spherical function on S and \; the corresponding eigenvalues: Pjp = Ajp
for 3 =1,...,1. Then there exists R > 0 such that for X € s and |X| < R

J(X)e(Exp X) = > Aale; A,y M)PE(X) .
aeB

Proof of Theorem 3.13. The function (g, X) — ¢(g-Exp X) is analytic in
a neighborhood of (g, 0), hence there exist a neighborhood V of gy and R > 0
such that it has a power series expansion (by means of local coordinates) on
V x {|X| < R}, and the same holds true for j(X)M*Xp(gH).

In view of (3.27) it will suffice to prove that

ﬁ& = A, (&Ea a‘ﬁl>

for any a € N!, which can be obtained by induction on « - d.

First PO =1 and the claim follows with Ag = 1. Then, if « € N and a; > 1
for some j we may write P* = P?P; (usual product in D(s)#) with 8 € N..
Using the x product (3.13) we have

PPxPy=P°Pi+QwithQ= > ¢.(3°P%) (07P;) € D(s)"
lo|>1,|7|>1
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therefore Po = PB o I‘Z — é by Theorem 3.9. But Q € D(s)* decomposes as
Q=2 cpcy P with ¢, = (Q|Pz) (Fischer product), thus

P2 = PPoP; =" epr ((07PP) (07 P)) |P) P

where the summation runs over all v € B and all 0,7 € N” such that |o| >
1,|7] > 1. Remembering the homogeneity of all terms we see that the Fischer
products in this sum vanish unless 8 -d — |o| +d; — |7| = 7 - d, that is
v-d=a-d—(lo|+|7]) < a-d.

Assuming that P = Av(e;ﬁ, ..., P) for all v € N! such that v-d < N we

deduce that P = Au(e; P, ..., ]51) for a-d =N + 1, with

Aa=A3oPj =Y e ((97P°) (7P P}) A,

Y,0,T

where the sum runs over all ¥ € B and 0,7 € N” such that |o| > 1,|7] > 1
and v-d=«a-d— (Jo| 4+ |7]). All our claims now follow inductively. m

3.5 e-Functions and Integral Formulas

Let G/H be a symmetric space with H compact (equipped with the normal-
ized Haar measure dh). For the sake of simplicity we shall assume in this
section that Exp : s — G/H is a global diffeomorphism, so that the equality
Exp Z(X,Y) =exp X -ExpY defines an analytic function Z : s x s — s; this
is true for instance if G/H is a Riemannian symmetric space of the noncom-
pact type. We also assume that the H-invariant function j is analytic and
strictly positive on the whole s (with j(0) = 1); the function j = J/? satisfies
this condition.
We begin with an elementary lemma.

Lemma 3.15 (H compact) Let f be a smooth function on s. The following
are equivalent:

(i) (u, f) = 0 for any H-invariant distribution u on s such that supp uNsupp f
is compact

(i) [ a(X)f(X)dX =0 for any H-invariant test function a on s

(i) [ f(h-X)dh =0 for all X € s.

Similarly, if f is a smooth function on s x s, the property (u(X)v(Y), f(X,Y))
= 0 for every H-invariant distributions u,v on s (such that (supp uxsuppv)N
supp f is compact) is equivalent to [, f(h- X,h' - Y)dhdh' = 0 for all
X,Y €s.

Proof. (i)=(ii). The distribution v = a(X)dX fulfills the assumptions of

(i).
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(i4)=(iii). Let a be any test function on s. Then [, a(h™' - X)dh is H-
invariant hence

/ﬁa(X)dX/Hf(h-X)dh:/Sf(X)dX/Ha(h1-X)dh:0

by (i), which implies (7).
(#ii)= (i) immediately, since

(w0, [ s x)an)y = [ wx),g(n- X3 dh = Gw.)

by the H-invariance of u. =

The next proposition, which makes essential use of H-invariant means,
shows how an e-function can be obtained from a certain integral formula. In
some cases (e.g. for rank one spaces, see Section 3.7 below) it leads to an
explicit expression of e, which would be difficult to obtain from the general
construction in Chapter 4.

Proposition 3.16 (H compact and Exp global diffeomorphism) Let D : s x
s — R be analytic, with D(h- X, h-Y) = D(X,Y) for allh € H, X,Y € s.
The following are equivalent:

(i) the function

(X)j(Y)

e(X,Y) ="

mD(X, Y)

is an e-function of G/H
(ii) for any H-invariant smooth function f on s and any X,Y € s,

/f(Z(X,h~Y))dh:/f(X+h~Y)D(X,h~Y)dh
H H

(iii) for any H-bi-invariant smooth function F on the group G and any
XY €5,

/ P(eX e Y )dh = / FeX+Y)D(X, h - Y)dh. (3.28)
H H

Proof. The defining property (3.7) of e-functions, written with e(X,Y) =
i(X)j(Y
SR DXLY),

(uX)@o(Y), f(Z(X,Y)) - DX, Y)f(X+Y)) =0

is, by Lemma 3.15, equivalent to

/ f(Z(h-X,h’-Y))dhdh’:/ Fh-X+h-Y)D(h- X, -Y)dhdh'
HxH HxH
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for any f € C*°(s) and any X,Y € s. Let fu(X) = [, f(h-X)dh. In view of
the invariance of D and Z(h-X,h-Y) = h-Z(X,Y), the change of variables
B =hh" in [,(...)dh" transforms this property into

/ Fu(Z(X,h-Y))dh :/ Fu(X +h-Y)D(X,h-Y)dh .
H H

Here fg is an arbitrary smooth H-invariant function on s, hence the equiv-
alence of (i) and ().
Let f be smooth and H-invariant. Defining F' by

F(9) = f(Exp '(gH)) , g € G,

we obtain an H-bi-invariant smooth function on G. Conversely, any such F'
may be obtained in this way from the H-invariant function f = F oexp on
s. Since Exp Z(X,h-Y) = eX - Exp(h - Y) this shows the equivalence of (ii)
with (i7). m

Remark. Applied to the mean value f(X) = M*p(gH) (with ¢ continu-
ous), the result of (i7) implies the iterated mean value formula

MXMY o(gH) = / MXThY o(gH)D(X, h - Y)dh.
H

Corollary 3.17 (H compact and Exp global diffeomorphism) Under the as-
sumptions stated at the beginning of this section, let ¢ : s X § — H be an
analytic map such that

(i) c(h-X,h-Y)=he(X,Y)h=! foranyh€ H, X,Y €5

(ii) for any X € s, the Jacobian of the map ¥y : Y — ¢(X,Y) Y is strictly
positive for Y € s

(iii) for any X,Y € s, eXe¥x(Y) belongs to HeX+Y H.

Then v is a diffeomorphism of s onto itself, and

_JX)iY)
e(X,Y) = LT det Dy (Y) , X,Y €5 ,

is an e-function for G/H, analytic on s X s.

Remarks. (a) Such a map ¢ will be constructed in the next chapter (see
Propositions 4.8 (1), 4.10 (#i7) and 4.18, with 2 = s x s by Theorem 4.6 (v)
under our assumptions).

(b) Let ||.|| be an H-invariant norm on s and d the corresponding Riemannian
distance on 9, so that d(o, Exp X) = || X||. Condition (iii), equivalent to e~ -
Exptyx (Y) = h-Exp(X+Y) for some h € H, implies d (0, ™ - Exp ¢y (Y)) =
|IX + Y|, that is d (Exp(—X),Exp¥x(Y)) = | X + Y|

Therefore Exp1 5 (Y) = ¢(X,Y) - ExpY must belong to the intersection of
the sphere with center o and radius ||Y'|| and the sphere with center Exp(—X)
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and radius || X + Y||. Details are given below for the 2-dimensional hyperbolic
space H%(R).

Proof. By (i) ¥, x(h-Y) = h -9 (Y), hence DY, (h-Y) o Adh =
Adho Dy (Y) and

det Dip, x (h-Y) = det Dy (V) .

Thus D(X,Y) :=det Dy (Y) satisfies D(h- X,h-Y) = D(X,Y).
Owing to the previous proposition we must check that

/ F(eXe"Y)dh = / F(eXt"Y) det Dy x (h - Y)dh (3.29)
H H

for any H-bi-invariant F. Taking an H-invariant norm on s we have ||¢ x (Y)|| =
|IY'||; thus ¢ 5 is a proper mapping and 1) x is a diffeomorphism of s onto itself
by (ii) and Hadamard’s theorem.

Let u be an H-invariant compactly supported continuous function on s. Then,
using (ii) and (%),

/5u(Y)dY/HF(eXeh'Y) dh = /F(eXeY)u(Y)dY

5

— / F (exewxm) w( (Y)) det Dip (Y)dY

5

= / u(Y)F(eXTY) det DY (Y)dY
5

and the validity of this equality for any H-invariant u implies (3.29) in view
of Lemma 3.15 above. =

Example. Consider the 2-dimensional hyperbolic space(the Poincaré disk?)
H?(R) = SU(1,1)/SO(2); the group SU(1,1) acts on the unit disk of C

by homographic transformations. Let X = < g g > and Y = ( % g )
denote two elements of s, with £ = Ze™®, n = £, 2,y > 0 and o, 8 € R.
Then Exp(—X) = —th(z/2)e’®, ExpY = th(y/2)e*” and, by Remark (b)

i
above, we are looking for ¢ = ¢(X,Y) = 60 eg@ € H, § € R, such
that d (Exp(—X),Exp(c-Y)) = d(o, Exp(X +Y)).
Taking || X|| := =, which is an H-invariant norm on s, the corresponding met-

ric on the unit disk |w| < 1 of the complex plane is ds? = 4 (1 — |w|?) - |dw|?
and the hyperbolic distance d(w,w’) from w to w’ is given by

/ —
th <;d(w,w’)> _ il

1 —ww!|

4See [28], Introduction, for a detailed study of this example (with slightly different
notation).
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Let z := || X + Y| = |z + ye'?|. Condition (44i) becomes
TN e Y\ i2o+8)|° _ LY pi20+8-0a)
thf) (thf) (26+ ‘ = |1+ (th=thZ
I )¢ T\thy)e Fthgthg)e

(3)

shzshycos (20 + 8 —a) =chz—chzchy. (3.30)

that is

The existence of a solution ¢, analytic function of (X,Y), is guaranteed by
Remark (a) above. The corresponding map 1y is a rotation with angle
20 (depending on z,y, o, 3) in the complex plane. Its Jacobian det Dy =
1 4 2036 can be obtained by differentiation with respect to 8 of (3.30) and

2% = 2% + 9% + 2zy cos(B — a). (3.31)
It follows that
h
(det Dip ) sin (20 + B — @) = ﬁﬁ% sin (6 — a),

where the sines can be computed from (3.30) and (3.31); details are left to
the Reader. Finally

1

(det Dy ) = © (

shz)? 2—(z—y? (z4y)?—22
z> chz —ch(z —y) ch(z +y) —chz’
The Jacobian of Exp is here J(X) = shaz/z, therefore the e-function as-
sociated with J'/2 given by Corollary 3.17 is, in the notation of Theorem
3.23,

e(X,Y) = Az, y,z) "2

The norm used here is | X|| =« = (%B(X,X))l/2 (as easily checked), thus
our result agrees with Theorem 3.23.

3.6 e-Functions and Noncompact Symmetric
Spaces

In this section we specialize to the case of a Riemannian symmetric space
G/K of the noncompact type, where G is a noncompact connected semisimple
Lie group with finite center and K is a maximal compact subgroup. Corol-
lary 3.14 above relates spherical functions to e-functions by means of Taylor
series expansions. Taking advantage of the semisimple structure we shall now
discuss a different link which appears when going to infinity in the positive
Weyl chamber, a method suggested to me by Mogens Flensted-Jensen. We
propose two versions, the first with a limit of e itself and the latter with a
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limit in K. Finally, we investigate possible extensions of the Duflo isomor-
phism to all convolution products. It should be noted that some results of
the present section are partly conjectural and/or of a heuristic nature.

We shall need here several facts from the theory of semisimple Lie groups
and refer to Helgason’s books [27] and [28] for their proofs. Our general
notation is put aside in this section, replaced by the classical semisimple
notation in use in these references; please see Section 0.5. Besides, a} denotes
the complexification of the dual a*, 7 : p — a the orthogonal projection,
¢(A) Harish-Chandra’s function and

o, (Exp X) :/ {A=pATX0) g X € ¥, (3.32)
K

the spherical function, where the Iwasawa projection A : p — a cor-
responding to the Iwasawa decomposition G = KAN is defined by eX =
E(X)eAX®In(X) with X € p, k(X) € K, A(X) € a and n(X) € N.

3.6.1 The Function e,

Theorem 3.18 (S = G/K of the noncompact type) Let e be an e-function
for S associated to j = J'Y2, analytic in p x p, and let H € at be fized.
Assume the existence of

eoo(X) = lim e(X,tH)
t—+4o0
for all X € p, with uniform convergence for X running in any K-orbit in p.
The spherical functions ¢y of S are then given by

J(X)Y%p, (Exp X) = /K AT X0) o (kL X)dk

for xeaX and X €p.

Remarks. (a) The space G/K actually has a globally defined e-function:
see Theorem 3.23 for rank one spaces and Theorem 4.12 for general spaces,
with = p x p by Theorem 4.6 (v). The assumption about e, holds for
rank one spaces (Proposition 3.24).and is obviously satisfied (with ey, = 1)
for a special symmetric space, that is if G has a complex structure and K is
a compact real form (Proposition 3.7).

(b) Duistermaat’s beautiful paper [20] gives a complete proof of a similar
expression of the spherical functions of G/K. A few comments on his method
are given at the end of 3.6.2.

(c) exx(m.X) = ex(X) for X € p and m € M, because e(m - X,H) =
e(m-X,m-H)=e(X,H) for H € a. Owing to m(m - X) = n(X) the integral
for ¢, is actually taken over K/M, with the K-invariant measure d(kM)
replacing dk.
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(d) In the rank one case (or for G complex) we have e¢(X,Y) = 1 whenever
[X,Y] =0. Thus exo(X) =1 for X € a. The same is true for the e-function
of Chapter 4 (Theorem 4.20) if the limit exists.

(e) Given A € a} let

wALX)::(/‘e“*”w_LX»e&Ak_1~dek
K

The theorem says that ¢, = {p\;\ is a spherical function. According to

the classical functional equation, this fact is equivalent to <E *57%> =

<ﬂ, 1/p\;> <§, 1/p\;> for all K-invariant test functions w,v on p, that is

(WX)v(Y), e(X, V)i (X +Y)) = (u(X), ¥ (X)) (0(Y), A (Y))

or else, by the definition of ¢, and the K-invariance of u,v and e,

(u(X)u(Y), (X, Y )ewe (X +Y) — eac(X)eac (V) iOTOHN Y = g,
(3.33)
Conversely, a direct proof of this identity (for all u, v, \) from the properties of
the e-function would lead to a natural proof of the above theorem. It bears
some similarity to an identity arising from the associativity (u *v) x w =
u* (U w) for any K-invariant test functions w,v,w. Indeed, applied to a
function fit implies by (3.4)

<u(X)o(Y)w(Z),
(X, Y)e(X +Y,2) —e(X,Y + 2)e(Y, Z) (X +Y + Z) >=0

or, by Lemma 3.15 on the variable Z,

wX)w¥),(e(X,)Y)e(X+Y,Z2)—e(X, Y+ 2)e(Y,2)) f(X+Y +2))=0
(3.34)
for any Z € p and K-invariant functions u, v, f; here again the K-invariance
of u,v and e has been taken into account. It is now tempting to replace Z
by tH, H € a*, and let ¢ tend to +00 so as to prove (3.33)... For lack of
a complete proof along these lines, we shall now infer Theorem 3.18 from
Harish-Chandra’s study of spherical functions.
(f) The spherical function is thus formally expressed as

ox(Exp X) = J(X) 72 eac(06) Al (X)]

where £ € p* (the complexified dual of p) and gog(X) = [k l&F 7 X) g i
the generalized Bessel function.

Proof of Theorem 3.18. Proposition 3.16 and the functional equation of
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spherical functions imply

J(X)' 2, (Exp X)¢, (ExptH) =
B ~ J~U X +tH)\
— [ ermox o) (FE D) et X aan

(3.35)

for X € p, H € a, A € a* and t € R. Referring to [28] Chapter IV for a
detailed study of spherical functions, we shall estimate both sides as t — +o0
for H € a™, on the basis of Harish-Chandra’s asymptotic formula:
lim e~ MH) o (ExptH) = ¢(N).
t——+oo
In order to replace this limit by a uniform estimate, we need some notation.

The scalar product on p induces one on a, hence an identification of a with
a* and a scalar product on a*, still denoted by (,). Let

a} :={Aea" | (A a) >0 for all positive roots a}

be the positive Weyl chamber in a* and «y, ..., o; denote the simple positive
roots. Let af be a specific W-invariant connected dense open subset of af,
the complement of a union of countably many hyperplanes, on which ¢(\) is
holomorphic ([28] p. 434). We first prove two lemmas.

Lemma 3.19 Given € > 0 and X € a; such that —Im X\ € a7, there exists
C >0 such that H € a and a1 (H) > C,...,oq(H) > C imply

’e<”*“"H>cp)\(Exp H) - c()\)‘ <e.
Proof. Harish-Chandra’s expansion for ¢, gives ([28] p. 430)

e (Exp H) = Z c(w)) el Z T, (wh)e )
weW HEA

for H € a®™, X\ € a¥, where A is the set of all nyay +- - - +nyy with ny, ...,n; €
N and the coefficients I';, are obtained inductively from Iy = 1. The recursion
formula implies that for any A as above and any Hy € a™ there exists a con-
stant M > 0 (depending on A and Hy) such that |c(w\)T,(w))| < MelrHo)
for all p € A, w € W (28] p. 428). Separating the term with w = e and
© = 0 we obtain

e<”_i>"H>ap)\(EXpH) —c(\) =
c(N) Z FH()\)Q—W,H) + Z c(,w)\)ei(w)\—/\,H> ZFM(wA)e_<“’H>7

u#0 w#e Iz
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whence the estimate

el (Bxp H) - o(3)| <

< M Ze(u,Ho—H) + Z e(hn)\—w Im )\, H) ZG(M,HO—H>
n#0 w#e o

<M | f(H—Hy)— 1+ f(H — Hy) Zeam/\—wlm,\,m
w#e

with f(H) =32 ca e (wH) — Hé‘:l (1- e-(%ﬂ))_l.

Fixing Hy we have 0 < f(H—Hy)—1 < g for any given > 0if oy (H), ..., oy (H)
are large enough. Furthermore the assumption —Im A € a7 implies that, in
the basis of a* given by the simple roots, wIm A — Im A\ = Z;’:l Ajoj with
coefficients A; > 0, not all 0 if w # e (see [27] p. 292-293). The lemma
follows. m

Lemma 3.20 Let C be a compact subset of p. Given X € C and H € a™,
(i) there exists k(t) € K such that

X +tH = k(t) - (tH + 7(X) + (¢))

with €(t) € a and e(t) = O(t~ 1) as t — +oo, uniformly for X € C
(i) (J(X + tH)/J(tH))l/2 — (X)) g5 t — oo, uniformly for X € C.

Proof. (i) Let u =t~!. Since H € a*, for ¢ large enough H + uX belongs
to the open set p’ of regular elements. By the polar decomposition on p’, a
diffeomorphism of K/M x a™ onto p’ ([28] p. 195), there exist two functions’
Z(u) € tand R(u) € a™, smooth near u = 0 and such that

H+uX =e?W . R(u), Z(0) =0, R(0) = H.

The derivative at v = 0 is X = R/(0) 4+ [Z’(0), H]. The latter term, which
belongs to [, a], is orthogonal to a in view of the invariance of the Killing
form together with [a,a] = 0. Therefore R'(0) = n(X) and

H+uX =™ (H +ur(X) + O(u?)) .

The result follows by multiplication by ¢. The remainder depends smoothly
on X and the estimate is uniform for X € C.
(ii) By (i) J(X+tH) = J(H(t)) with H(t) =tH +7(X)+¢(t) € a, therefore

<J(X—|—tH)>1/2 B (sh(a,H(t)> t (o, H) >’"a/2
J(tH) ~ L Ushi (o H) (o, H ) ’

5We choose a section of K — K/M in a neighborhhod of the origin.
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a product taken over all positive roots .
Since (o, H) > 0 we have (o, H(¢)) /t (o, H) — 1 and

shia, H{t)) _ _(an(x)+e(t)) L — e em) olonm(X))
shit (o, H) 1 — e—2t(e,H)

for ¢ — 400, uniformly for X € C. The result follows, with p = %Zmaa.
]

Going back to the proof of Theorem 3.18 we rewrite (3.35) as

J(X)20, (Exp X)elr= M) o (Bxp tH) =

1 1/2
/ e<p7i>\’tH>@A(Exp(kil‘Xﬁ’tH)) M @(kil.X, tH)dk
8 T(H)

and apply Lemma 3.19 to both sides of this equation. Given H € a™, X € a*
and —Im \ € a* the left-hand side tends to c¢(\)J(X)2p, (Exp X) as t —
+00. By Lemma 3.20 (4) in the right-hand side ¢, (Exp(k™' - X + tH)) =
o\ (Exp H(t)) with H(t) = tH + m(k~ - X) + &(t) and €(t) — 0 in a as
t — 400, uniformly for & € K. Then e~y (Exp H(t)) — c())
hence

PN o (Bxp (k. X+ tH)) — e{A e X0) o)

since e — 1 (uniformly in k). Besides

1. 1/2 »
<W> e(k™ - X, tH) — elrmX)e (171 X)

by Lemma 3.20 (#), uniformly for £ € K. Limits can thus be taken under
the integral sign, which implies our claim for A € a and —Im\ € a’ (the
factors c(A) cancel out), hence for all A € a} by analytic continuation. W

3.6.2 Link with the Iwasawa Projection

Let us take a closer look at the function es. Still working on a Riemannian
symmetric space G/ K of the noncompact type with j = J%/2, let ¢ : pxp — K
and ¥ x (V) := ¢(X, Y)Y satisty the assumptions of Corollary 3.17. Together
with Lemma 3.20 (i) it shows that, for H € a™, eoo(X) = limy—, 1 oo e(X, tH)
exists if and only if D(X) := lim;_, 4 det, D x (tH) exists; then

oo (X) = J(X)V 2= (X0) D(X).

By Theorem 3.18 the spherical functions are then

o\ (Exp X) = / elPA=pm (™1 X0) D=1 . X)dk (3.36)
K
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where X € p and A runs over the complexified dual a’. As noted in 3.6.1
Remark (c¢), this is actually an integral over K/M.

We now try to compare this expression with Harish-Chandra’s classical
formula

o\ (Exp X) = / lA=p AGTX)) g (3.37)
K

where A is the Iwasawa projection defined at the beginning of this section.
Since M normalizes N we have A(m-X) = A(X) and this is again an integral
over K/M.

The link between both formulas for ¢, can be understood by means of
a new expression of det D¢ . The «polar coordinates» map (kM, H)
Y = k- H is a diffeomorphism of K/M x at onto the dense open subset
p’ of regular elements in p, with Jacobian a(H )™« (product taken over all
positive roots «; see [28] p. 195). Restricted to p’ the map 1y decomposes
as

Y s (M, H) — (e(X, k- H)kM, H) — (X, k- H)k - H = ¢ (Y).

The Jacobians of the first, resp. third, map are Ha(H)~ ™=, resp. Ha(H )™=,
therefore det D1y (V) is the Jacobian of the map kM +— (k)M of K/M into
itself with H € a* fixed, X € p and (k) := (X, k- H)k = ke(k~! - X, H).
By Corollary 3.17 this map is, for each H € a™, a diffeomorphism of K/M
onto itself. Its Jacobian actually means the Jacobian of the map taken back
to the origin o of K/M by the action of K (see [28] p. 93), that is k'M —
(k) "1y (kk")M at k'M = o. Since v(km) = y(k)m for k € K and m € M,
the restriction to M of the map k' — ~(k)~'vy(kk’) is the identity. The
tangent space to K/M at o identifies with the orthogonal of m in ¢, and it
follows that our Jacobian equals the Jacobian of the latter map at k' = ¢
in K. Remembering the definition of v we finally obtain (Dj meaning the
differential with respect to k')

dety Dty (V) = dety Dy (c(k™" - X, H) " 'Ke(K k™" X, H))|,,_,
with X €p,Y =k-H, k€ K, Hcat; it only depends on k! - X and H.
In particular, for k£ = e,
det, DY (H) = det e Dy (ce(X, H) "K' e('~" - X, H))|,,_, - (3.38)

Replacing now H by tH with ¢ > 0 we discuss the behavior as ¢ — +oc0.
For any X € p and any sequence t, — +o0o the sequence ¢(X,¢,H) in the
compact group K admits a convergent subsequence; its limit is called a limit
point of ¢(X,tH) as t — +o0.

Proposition 3.21 Let ¢ : p X p — K be such that for any X,Y € p,
eXecXY)Y pelongs to KeXtV K (assumption (i) of Corollary 8.17).
Fizing H € a* let ¢(X), for X € p, denote a limit point of ¢(X,tH) in K
as t tends to +o0o. The Iwasawa projection A and the orthogonal projection
w are then linked by

Ale(X)™H- X) = n(X).
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The proof rests on the following lemma, linking the orthogonal projection
7 :p — a and the Iwasawa projection A : p — a with the radial component
R : G — at defined by the Cartan decomposition ([27] p. 402)

g = ke 9k
for some k, k' € K.

Lemma 3.22 For X € p, H € a* we have the following asymptotic expan-
stons of radial components as t tends to +oo:

R (X)) =tH + n(X)+0(t™1)

R (eXetH) =tH+ AX)+ 0O (e_t”(H)>
with w(H) = infosoa(H) > 0 (infimum over the set of positive roots ).
These estimates are uniform for X in a compact subset of p.

Proof. The first result is a restatement of Lemma 3.20 (i). The latter is
proved in Appendix A. =

Proof of Proposition 3.21. The assumption on ¢ implies the equality of
radial components

R (ec(X,tH)_1~XetH) - R (6X+tH)
and Lemma 3.22 gives
tH + A (c(X,tH)™ - X) + O(e™™ M)y = tH + 7(X) + O(t ),
whence A (¢(X,tH)™ - X) = 7(X) + O(¢t™!) and the conclusion. m

Formulas (3.36) and (3.37) for spherical functions can now be compared
by the following heuristic arguments. The factor D(X) in (3.36) is D(X) =
limy_, 4 o dety, D x (tH). From (3.38) we may expect that, in the notation of
Proposition 3.21,

D(X) =dety Dy (c(X)"K'e(K' ™" X))

k'=e
(heuristic formula). For X € p and k € K let
O(X, k) :=ke(k™" - X)=k®(k™"- X, e),

a limit point in K of ke(k™! - X, tH) = ¢(X,tk - H)k as t tends to +oo with
H € a™. As above for 7 the Jacobian det D ®(X, k) of the map k — ®(X, k)
(assumed to be smooth) is actually

det ¢ Dy ((X, k)" (X, kK))],_, =
= deté Dk?/ (C(k_l . X)_lkllc(]f/_lk_l : X))|k:/:€

=D (k™" X).
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Formula (3.36) becomes

oy (BExp X) = / e<ir=pm (k" X)> qot D B(X, k)dk (3.39)
K

with det Dy®(X,k) = D (k™'-X). But n(k™' - X) = A(®(X, k)" - X)
by Proposition 3.21 and the change of variable k — ®(X, k) finally gives a
(heuristic) proof of Harish-Chandra’s formula (3.37).

A rigorous proof of (3.39) from (3.37) was given by Duistermaat [20] by
means of a direct construction of a map k — ¥ (X, k), similar to ®, such that
7(k~!1-X) = A(V(X,k)"!- X). He obtained it as the value for t = 1 of a one-
parameter family of diffeomorphisms k — W;(X, k), the flow of a carefully
chosen time-dependent vector field v, (X, k) on K (or K/M); his construction
of vy uses the root system of (g, a). Besides W(X,k) = k¥ (k™! - X, ¢) and,
as above for @, the Jacobian det D ¥ (X, k) only depends on k=% - X.

On the other hand Lemma 4.7 below proposes a construction of our
¢(X,Y) by means of a vector field C;(X,Y) on K depending on the pa-
rameters X, Y; Duistermaat’s vector field v; might thus be a limit of ours
as Y goes to infinity in a®. Turning this into a satisfactory argument seems
difficult however, for lack of an explicit definition of our C;(X,Y).

3.6.3 Extension of Duflo’s Isomorphism

Remembering the quote from Helgason in the preface, one may expect that
an e-function for S = G/H provides the appropriate tool to construct an
isomorphism 7 of a space of H-invariant distributions on S onto a space of H-
invariant distributions on its tangent space s, so that T(UxgV) =TUx, TV
for all H-invariant U, V. This isomorphism should encompass both the Abel
transform of symmetric spaces of the noncompact type and the map ~ of
special spaces. Specializing to the case supp V' = {0}, this would imply the
existence of a fundamental solution for all operators in D(S), hence their
local solvability, and supp U = supp V' = {0} would give a generalized Duflo
isomorphism (cf. Section 3.3.4). An obvious necessary condition for that is
the commutativity of the convolution xg (and of D(S) in particular), which
holds true if e is symmetric: e(X,Y) =e(Y, X).

We discuss here this issue for a Riemannian symmetric space S = G/K
of the noncompact type, keeping to the semisimple notation of 0.5 and the
previous subsections.

a. Using spherical harmonic analysis on S. This will easily lead to a
first construction of 7. We recall some classical results from [28] Chapter IV.
Let f be a K-invariant test function on .S, with supp f contained in the ball
with center o and radius R. Its spherical transform Fgsf, defined by

Fsf() = /S f(@)p_x(@)da
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where A € af and ¢_, is the spherical function (3.37), is a Weyl group
invariant entire function of exponential type R. A linear form on a identifies
with a linear form on p vanishing on the orthogonal of a in p, thus a’ may be
identified with a subspace of p}. By the «holomorphic Chevalley theorem>»
in [28] p. 468, Fsf extends uniquely to a K-invariant entire function on p} of
the same exponential type, therefore the Fourier transform of a test function
T f on p with supp 7 f contained in the ball with center 0 and radius R:

Fof(€) = FyT(€) with Fyu(€) i= / w(X)e XX | ¢ pr.
p

By the functional equation for ¢ _, we have Fg (f x5 g) (A\) = Fsf(A).Fsg(A)
for A € a}, which extends to & € p’ and gives

T(f*sg9)=Tf*Tg

for all K-invariant test functions f, g on S. Because ¢_, is an eigenfunction of
all differential operators D € D(S), we have Fg(Df)(A) = T'(D)(iX)Fsf(N)
where I' : D(S) — S(a)" is Harish-Chandra’s isomorphism. By Chevalley’s
theorem again, A — T'(D)(i\) extends to a K-invariant polynomial on p* and
we infer that there exists a differential operator 7(D) € D(p)X such that

T (Df) = T(D)Tf.

The operator 7 can also be obtained from the Abel transform A as
follows. Remembering the Iwasawa decomposition G = K AN we set

Af(H) := e<p’H>/ f(e"nK)dn , H € a,
N
for K-invariant f. It easily follows from (3.37) that, for A € aZ,
FoTFON) = FsfN) = FoAS(N) , with Fau(\) = / w(H)e ) .

Let q denote the orthogonal complement of a in p and X = H + Y with
H € a,Y € q, the corresponding decomposition of X € p. Then

FoAf(N) = / Tf(H+Y)e "M AHAY = Fo AT f(N)
axq
where Ay is the «flat Abel transform» defined (for K-invariant functions) by

Aou(H) := /u(H +Y)dyY,
q

whence A = AgT by the injectivity of F, and finally 7 = A;'A since Ay

is invertible by Helgason’s Theorem 5.3 of [29], Chapter IV. An explicit for-

mula for 7 can be extracted from the proof of this theorem. Let w(\) :=
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[Toso (@, A)™* (product over all positive roots) and let |w(d)| denote the
pseudo-differential operator on a with symbol |w(A)[, that is Fy (Jw(9)|u) (A) =
lw(N) | Fauw(N). If all multiplicities m,, are even, |w(9)| is a differential opera-
tor; otherwise it is a differential operator composed with a Hilbert transform.
Helgason’s formula implies, for f € D(S)%,

THX) =C [ (@A (nlk - X))d(kA),
K/M
where C' is a constant and 7 : p — a is the orthogonal projection.
Summing up, we see that the linear bijection
T=F, ' oFs=A;' o A:D(S)K - D(p)¥,
defined by means of spherical harmonic analysis on S = G/ K, satisfies

T(f*sg)=TfxTg,T(Df)=T(D)T.

b. Using an e-function. We now try to link 7 with an e-function of
S associated to j = J'/2, assuming here the existence of e, (see Theorem
3.18), smooth on a neighborhhod of the origin in p. The spherical functions

are then ¢, =1, with
Uy (X) = / AT X)) e (k7 X)dk A eal, X €.
K

As already mentioned, a similar formula has been proved by Duistermaat
[20], with e replaced by some (smooth) Jacobian.
Since @, is an eigenfunction of all operators in ID(.S) we have Py \ = (P, N N
for P € D(p)X, where the scalar ¢(P, \) is given by

e(P,2) = Piy(0) = Py (0) = P(9x) (e (X))
— (P(0x + i) ex) (0)

X=0

in view of the K-invariance of P (here A € a* is identified with Ao, a linear
form on p vanishing on the orthogonal of a). The latter expression shows that
¢(P,.) is a polynomial function on a* having the same highest order terms as
P(i)) (since ex(0) = 1). Because @,,., = @, for w € W it is W-invariant.
Besides (P o Q)0 = ¢(P,\)e(Q, Ny for P,Q € D(p)X, and Theorem 3.9
implies

(P xQ,\) =c(P,Nec(Q,)N).

The eigenvalues ¢(P, \) are also given by Harish-Chandra’s isomorphism T,
which is therefore linked with e, by

D(P)(iA) = c(P,A) = (P (9x + i) €x0) (0) = oo (3g) P(€)] ¢y
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for P € D(p)X; the last expression follows from the symmetry of the Fischer
product. By Chevalley’s theorem the W-invariant polynomial ¢(P,.) on a*
extends to a unique K-invariant polynomial on p*; we still denote it by ¢(P,.).
Knowing that the restriction map S(p)X — S(a)V and Harish-Chandra’s
map I' : D(S) — S(a)V are isomorphisms of algebras, we infer that the
map 7 : ¢(P,.) — P is an isomorphism of the algebra S(p)¥X (with standard
product) onto D(S) (with composition of differential operators), that is a
generalized Duflo isomorphism. Writing v(P) = &(P) as in Section 3.3.4,
the corresponding map ¢ is here ¢(P,.) — P, an isomorphism of (S(p)K, )
onto (S(p)*, x). Note that this map may differ from that in 3.3.4 Example
2 however, as the latter depended on a choice of generators of S(p)%. For
instance, taking the Laplace operator A of p as one of the generators we had
e(A) = A by the construction in 3.3.4 (Example 3), whereas here

e (A)N) = ¢(A,N) = Ay (0) = =AI” = |pl* + (n/12)

by Proposition 3.11 (iv).

More generally, the inverse e =1 : P+ ¢(P,.) can be written down explic-
itly under a slightly stronger assumption on e. Assume® that, for any fixed
H € a™, the limit

eso(X, H) := 75Lir+rlooe(X, tH)

exists, with uniform convergence for X running in any K-orbit in p, and
defines a smooth function of X € p. The abridged notation e, (X) used up
to now disregarded the dependence on H. Let Ty € p correspond to § € p*
under the identification given by the scalar product on p; thus Ty.¢ = k- T¢
for k € K and Ty € a if A € a* (identified as above with a linear form on p
vanishing on the orthogonal of a). For £ € p*| the set of regular elements in
p*, we have Ty = k(&) - T\ for some k() € K and a unique T € a*. Under
our assumption, the K-invariance e(X,tT¢) = e(k(§)™! - X, tT\) implies the
existence of e (X, T¢) = limy_, o e(X, tT¢) for any X € p. Considering

Ye(X) = /K HEF T X) e (k7Y X, Te)dk , € € p* |, X €,

we see that it extends the above definition of ¢, and 9. = ¢, for k € K.

Therefore . := 1), is a spherical function on S with eigenvalue

7 (P)(E)

e H(P)(€) = c(P¢)
Pipe(0) = P(0x +1i§)eco (X, Te)| x g (3.40)

for P € D(p)¥; this gives an explicit formula for the K-invariant extension
of ¢(P, \).

6This assumption holds for special spaces (G complex) and for rank one spaces (Propo-
sition 3.24).
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An expression of the operator 7 can be obtained similarly. For u € D(p)¥
the spherical transform of u € D(S)¥X extends to p* as

Fsi€) = /S ()P ()de = /p w(X)b_(X)dX

- /u(X)eoo(X, T ¢)e " &X) X, (3.41)
p

This equality holds for £ € p* but we know the left-hand side extends to an
entire function of { € pj. Defining as above the operator 7 by Fg = F, 0T
we obtain

Tu(Y) = / Fsu(€)e!SYde = / MOV =Xe (X, T_¢)u(X)dX d¢
p* pxp*/

(the measure d¢ being suitably normalized). The latter is an oscillating
integral, defining a pseudo-differential operator of order 0 with symbol e.
Again

T(uxgv)=Tux,Tv,7 (Du)=T(D)Tu (3.42)

for u,v € D(p)", D € D(S), where T(D) € D(p)X is defined by T(D)(¢) =
1 (D) ().

Summing up, under our assumption about e, this function allows con-
structing an operator 7 which intertwines the G-invariant differential oper-
ators in D(S) with constant coefficients differential operators in D(p)® and,
more generally, the convolutions products on S and p.

c. Harish-Chandra’s c-function. We finally note the following link be-
tween ey, and Harish-Chandra’s function ¢(A). Here again we consider ey,
as a (smooth) function on p only, forgetting its dependence upon the second
variable which is not needed any more. According to a fundamental theorem
of spherical harmonic analysis, the function u(\) := |¢(\)|~2 is W-invariant
and tempered on a*, and gives the inversion formula of the spherical trans-
form

u(0) = lo) = | FSTNOIA = (u(A), 5 (cc) V)

for u € D(p)X; the latter equality follows from (3.41). Writing as above
p=a®qgand X = H+Y the corresponding decomposition we have

Folew u)(N) = / e MM gl / (esots) (H +Y)dY.
a q
Thus, using the Fourier transform of the tempered distribution u,

) = (P (), [ (o) (2 + Y)Y )

q
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for any K-invariant test function u. To write it more concisely let 7*T =
T om € D'(p) denote the pullback of a distribution 7' € D’'(a) by the sub-
mersion 7 : p — a, that is (Ton(X), f(X)) = (T(H)@ 1Y), f(H+Y)),
and UK the K-invariant mean of U € D’(p), that is (Ux(X), f(X)) =
(U(X), [ f(k-X)dk). We obtain the following relation between e, and
the Plancherel measure [

(€co - ((Farp) 7)) g = o,

the Dirac measure at the origin of p.

d. Remark. Let 0 (X) = [ e <&k X>dk with € € p*, X € p, be the
generalized Bessel function already introduced. With 7 = F, Lo Fg as above
we have the following formal relations

tTQOz{ 905 ) f € p )
(771%5) (z) = (T %‘5) (0)pe() , € G/K,

and (7’190?5) (0)d€ is the Plancherel measure in the inversion formula for

the spherical transform.
Indeed, for any K-invariant test function f on S,

/Tf 0 e(X)dX = /Tf e H&XaxX = F,Tf(€)

— Fsf(€) = /5 f(@)p_e(@)da

whence the first result using the formal transpose *7. Moreover
TIX) = F e Fof () = | Fap@e Vi = | Fopiost (e
and, applying 7! (formally) under the integral sign,

/ Fsf(€) (T71¢%) (x)de. (3.43)

For x = o this shows that (T‘lcp%) (0)d¢ is the Plancherel measure.

Our second formal relation now follows from a classical calculation. We note
that, for g € G and k € K,

/f(gkx)tp_g(w)d:v:/f(w)w_g(y‘lkw)dx,
S S

as given by the change x +— k™ 'gkxz. Let fy(x) := [}, f(gkz)dk. Integrating
with respect to k& we infer

Fsfo(&) = Fsf(&)p_e(97'K) = Fsf()pe(9K)
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from the functional equation of spherical functions and a symmetry property
of ¢, known for £ € a* ([28] p. 419) and extended here to p*. The inversion
formula (3.43) at the origin gives

Jf) = Jslor = / Fsfa(€) (T oge) (0)de
.
N / Fsf(€) (T oi) (o) (9K) de
.

and our claim follows by comparison with (3.43).

3.7 An e-Function for Symmetric Spaces of Rank
One

In this section we consider a Riemannian symmetric space G/K of the non-
compact type and of rank one, that is one of the hyperbolic spaces (real, com-
plex, quaternionic or Cayley). Standard semisimple notation will be used
throughout, as defined in Helgason’s books [27][28]; see Section 0.5. Let a,
and possibly 2a, be the positive roots with respective multiplicities p > 1
and ¢ > 0; thus dimG/K = n = p+ ¢+ 1. On the Lie algebra g it will be
convenient to use the norm

1

X[=-7——

1 < 2(p +4q)

where B is the Killing form and 6 the Cartan involution, so that H € a and

a(H) =1 imply ||H|| = 1 by the root space decomposition of ad H. We now
construct an explicit e-function”.

1/2
B(X, 9X)) (3.44)

Theorem 3.23 Let G/K be a Riemannian symmetric space of the non-
compact type and of rank one. Let o(t) := sht/t, x = | X]|, v = ||V,
z=||X+Y] for X,Y €p and

1
————X
o(z)o(y)o(z)

rT+y+z r+y—=z rT—y+z —x+y+z
o o o o
2 2 2 2

1
B -
(@,9.2) chxchychzx

x sh rrytre sh rry-z sh Toy+z sh Ayt
2 2 2 2

"This theorem is (unpublished) joint work with Mogens Flensted-Jensen.

Az, y,2) =
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Then

-1
€(X7 Y) = A(J?,y, Z)(n—S)/2 2F1 (1 - ga %7 nTv B(JC’% Z))
is an e-function of G/K associated with j = J1/2 (the square root of the
Jacobian of Exp), analytic on p x p.

Remarks. (a) The hypergeometric factor o F; is identically 1 if ¢ = 0, that is
when G/K is a real hyperbolic space H"(R). Among them H?3(R) is special;
this results from Proposition 3.7 too, since H*(R) = SL(2,C)/SU(2).

(b) Note that e(X,Y") is here globally defined and invariant under all permu-
tations of the three variables x,y, z. Further properties of e will be given in
Proposition 3.24.

(c¢) A and B may also be written as

dryz ch(z+y) —chz chz—ch(z —y)
shzshyshz (z+y)2—22 22— (z—y)?
(ch(z +y) —chz)(chz — ch(z — y))

4chxzchychz ’

A(z,y,z) =

B(z,y,2) =

Example. For H"(R) the function loge = 252 log A expands as

3—n
log e(X,Y) = = (I X| Y = (X - ¥)?2) + -

120
in a neighborhhod of the origin, where --- have order > 6 with respect to
(X,Y) and

1
X-Y=—_B(X,)Y)
2(n—1)

is the scalar product on p associated with the norm (3.44). Proposition 4.31
below gives a similar expansion for arbitrary symmetric spaces.

Indeed log o (t) = (t2/6) — (t*/180) + O (t°), the second order terms in log A
cancel out and it is easily checked that

1 2
1 _ 7( 2 2 2 _422>
og A 510 (2% +y° = 27) r2y” ) +

s (I = (v

3.7.1 Outline of the Proof

Not surprisingly the proof of Theorem 3.23 is a bit technical; we only give
here a brief sketch of its main steps and refer to Appendix B for full details.
What we are looking for is an integral formula of the form

/ FZ(X, k- Y))dk :/ FX +k-Y)D(X, k- Y)dk,
K K
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valid for any K-invariant continuous function f on p and any X,Y € p,
where the factor D is to be explicitly computed and, as above, Z(X,Y) € p
is defined by e?(XY) K = eXe¥Y K. In view of Proposition 3.16 (i) this will
exhibit an e-function for G/K.

By the polar decomposition of X € p we have X = kx - (|| X|| H) for some
kx € K, since our space has rank one and ||H|| = 1. Letting ¢(t) = f(tH) it
is therefore sufficient to prove that

/KSO(HZ(XJf'Y)II)dk:/K<P(||X+k~Y||)D(XJ‘~‘~Y)d/€ (3.45)
for any continuous function ¢ on [0, co[. This will be achieved first in the

special case X,Y € at : taking X = zH and Y = yH with z,y > 0 we will
prove that

z+y

/ o (JoH + k- yH|) dk = / o(ale,y,2)dz  (3.46)
K |z—y|
Tty

/ o (|Z(H, k- yH)|) dk = / pble.y 2)dz (3.47)
K |z—y|

with a, b given by explicit formulas. Replacing ¢(z) by ¢(2)b(x,y, 2)/a(x,y, 2)
in (3.46) it will follow that

T+y

| etz@H -y di= [ o) w0 a2

|z—y|

b
= [ et + -y L. o + -y )k
which is (3.45) for X, Y € a™ with
b
DY) = (XL YL IX 4 )

The general case X,Y € p follows by K-invariance, writing X = kx -« H and
Y = ky -yH and changing k into k)_(lkky in both integrals over K. This will
finally give the e-function

o,y =B Y v x v . ey

JX+Y)

The main point is therefore to prove (3.46) and (3.47). The former is
elementary (Lemma B.2). For the latter (Lemma B.5) let g = k(g)e9)n(g)
be the Iwasawa decomposition of g € G according to G = KAN, let M be
the centralizer of A in K, and N = N where @ is the Cartan involution. The
proof relies on the classical integral formula (valid for arbitrary rank, see [28]
p. 198):

/f(k)dk=/7f(k(ﬁ))e*2<PvH<ﬁ>>dﬁ7
K N
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if f is any M-bi-invariant continuous function on K, p is the half-sum of
positive roots counted with mutiplicities and the Haar measure dn is suitably
normalized. In the rank one case A is one-dimensional and the right-hand
side can be computed by SU(2,1)-reduction (Lemma B.4). Applying this
to the M-bi-invariant function f(k) = ¢ (||Z(xH, k- yH)||), we shall finally
obtain (3.47).

3.7.2 Properties of the Rank One e-Function

The main properties of the function obtained in the rank one case can be
easily read from the explicit formula in Theorem 3.23. Let us emphasize
their similarity with the properties of the e-function constructed in the next
chapter by a completely different method (cf. Section 4.4). Proposition 3.25
explains this, for real hyperbolic spaces at least.

Proposition 3.24 Let G/K be a Riemannian symmetric space of the non-
compact type and of rank one. The e-function of Theorem 8.28 has the fol-
lowing properties.

(i) It is analytic and strictly positive on p X p.

(i) For any k € K and X,Y € p,

ek - X, k-YV)=e(X,)Y)=e(-X,-Y)=¢eY,X) =¢(X,2)

whenever Z € p and X +Y +Z =0.

(iii) Oye(X,0) =0 and 0xe(0,Y) = 0.

(iv) e(X,Y) =1 whenever [X,Y] =0 .

(v) Let X, Y e pwithY # 0, z = || X|| and 2’ = (X -Y) /||Y]|, where | X||
is the norm (8.44) and X -Y the corresponding scalar product on p. Then

lim e(X,tY) =
t—+oo

B 2ichx—chx’ (n=3)/2 7 17g g.n—l.chx—chx'
~ \Tsha 22—z 20t 2’2" 2 7 2chz ’

uniformly for fired Y and X running in an arbitrary compact subset of p.
The right-hand side is an analytic function of (X,Y) on p x (p\{0}).

Proof. We retain the notation A, B of Theorem 3.23 and Remark (¢) imme-
diately after. They are even analytic functions of z,y, z, therefore analytic
in (X,Y)epxp.

(i) In view of the expressions (B.6)(B.7) of B in Appendix B we have 0 <
B(z,y,z) < 1/2 for |x —y| < z < x4+ y and the hypergeometric factor of
e is analytic with respect to (X,Y) € p x p. It is strictly positive too (see
the end of proof of Lemma B.5). Besides A(z,y, z) is strictly positive for
(2,y,2) € R3.
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(i) is easy. By Remark () following Theorem 3.23 e is a symmetric function
of x,y, z, hence

e(X,Y) = fUIXI YL IX + Y0 = fAXIL =X =YL (=)
= e(X,-X - Y).

(i4i) Differentiating e(X,Y) = e(—X, X +Y) with respect to X at X = 0 we
obtain
0xe(0,Y) = —0xe(0,Y) + dye(0,Y).

But €(0,Y) = 1 hence dye(0,Y) = 0 and we infer Oxe(0,Y) = 0. Then
dye(X,0) = 0 because e(X,Y) = e(Y, X).

(iv) By K-invariance it suffices to consider the special case X = ¢H, = > 0.
If x = 0 we have ¢(0,Y) = 1. If x > 0 the assumption [X,Y]=0and Y € p
implies Y = tH for some t € R, therefore y = +t, 2 = +(x + t) and it is
easily checked that A =1 and B = 0 whence e(X,Y) = 1.

(v) Let Y € p with |[Y]] = y > 0. Since e(X,tY) = e(—X, —tY) we may
assume ¢ > 0. First

2= || X +tY| =ty + a2’ +r with 0 <r < 2?/2ty ;

indeed 22 = 22 +12y? +2tz'y and 2ty(z —ty —a') = 2% — (ty — 2)? lies between
0 and 2?. We can now study the behavior of the factors of A(w,ty,z) as
t — +oo and X remains in a compact subset of p, say || X|| =z < C. First

1 T —ty+ 2 T+ty— 2 1 z+x' +r z—x —71
o o = o ol ———
o(x) 2 2 o(x) 2 2
tends to o (%’”/) o (””_Tg”/) /o(z), uniformly for || X| < C. Furthermore

these factors remain uniformly bounded for || X|| < C and ¢t > 1/2y because
|l £ 2’ £7| <2z + 22 < 2C + C? and o(x) > 1. The remaining factors of A
are

o (ty n m’+2z+r) o (ty + :6'—2:6+r)
o(ty)o(ty + =’ + 1)

) chz ch(z’ 4+ r) -t
thAd;=1—- ———— l—-——
b ! ( ch(2ty + =’ + 7‘)) < ch(2ty + =’ + 7"))

/ ’ -1 o -1
Ay e 1+1:+7“ 1+x+x—|—r 1+x T+ .
ty 2ty 2ty
No problem arises from the denominators for ¢ large enough (independently
of X). Thus A; and As converge to 1 as t — +oo, uniformly for || X|| < C.

Gathering all factors we see that A(zx, ty, z) tends to o (%) o ($72"”/) Jo(x),

= A4y,

uniformly for || X|| < C, and remains bounded.
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A similar argument shows that B(x, ty, z) tends to sh (””Jg"”l) sh (””’2“”') /chx,

uniformly for || X|| < C, and remains bounded. This completes the proof of
the proposition. m

We end this section with a discussion of uniqueness of e-functions.

Proposition 3.25 (i) On the real hyperbolic space H™(R), n > 3, for any j
there exists a unique e-function associated to j. For j = JY? it is

e(X,Y) = Az, y,2) "7

in the notation of Theorem 3.23, with X,Y € p, x = | X||, y = |Y], z =
| X+ Y.
(i) This formula also holds for n = 2 but e is not unique in this case.

Proof. Ezistence for n > 2. For j = J'/? the result follows from Theorem
3.23 with ¢ = 0. Any other function j may be written as j(X) = A(z)JY?(X)
with = || X||. By Remark (a) in 3.1.2, multiplication of the previous func-
tion e by A(x)A(y)/\(z) gives an e-function associated to j.

Uniqueness for n > 3. Let ¢ = e; — es where e; and e; are two e-functions of
G/K associated to the same j. By Proposition 3.16 (ii) with j=1f instead
of f we have

/ FX+Ek-Y)e(X,k-Y)dk=0 (3.49)
K

for any K-invariant smooth function f on p and any X,Y € p. The unique-
ness of e for G/K = H"(R) will stem from a Cartan type decomposition
K = M LM, where L is here a one-dimensional subgroup, allowing to replace
(3.49) by an integral with respect to a single variable and finally conclude
that e = 0.

Here H"(R) = G/K with G = SOy(n,1), K = SO(n) x {1} and, as in the
proof of Lemma B.3, we identify an element X of p with X = (21, ...,2,) € R"
for short. The adjoint action of K on p is then the natural action of SO(n)
on R™. Taking the unit vector H = (1,0, ...,0) as a basis of a, the stabilizer
of Hin K is M = {1} x SO(n—1) x {1}. The group M rotates the n— 1 last
components of vectors in R™ therefore, given any k € K, there exist m € M
and 6 € R such that

mk - H = (cos8,sin,0,....,0) =1y - H (3.50)

where lp € L, the one-dimensional subgroup of rotations in the (x1,x2)-
plane. This implies k = m~tgm’ for some m,m’ € M and ly € L; thus
K = MLM. For n > 3, M is a non-trivial group and we may even choose
m € M such that sin@ > 0 in (3.50), whence lg- H = (¢,v/1 — ¢2,0,...,0) with
t=cosf =mw(lp-H) =n(k-H), ™ denoting the orthogonal projection p — a.
Going back to (3.49), we take X = «H, Y = yH with 2,y > 0 at first. The
invariances allow replacing k by lp in f(xH + yk - H)e(zH, yk - H), which
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therefore only depends on the a-component ¢ (and z,y). Now Lemma B.1
and the proof of Lemma B.2 in Appendix B lead to

T+
/K flzH +k-yH)e(xH, k- yH)dk = / ’ f(zH)e(xH,lg - yH)a(z,y, z)dz,

lz—y|

with z linked to 6 € [0,7] by z = ||zH + 1y - yH|| = /2% + y? + 2zyt and
a as in Lemma B.2. The vanishing of this integral for any (K-invariant) f
implies e(xH,lg-yH) = 0 for 6 €]0, [ and x,y > 0, whence e(xH,k-yH) =0
for k € K and finally ¢(X,Y) = 0 for all X,Y € p by K-invariance and
continuity, as claimed.

Non-uniqueness for n = 2. The above argument breaks down for n = 2.
In this case, with X = (x1,22) and Y = (y1,y2) as above, let (X,Y) :=
©(21y2 — x2y1) where ¢ is an arbitrary analytic odd function on R. Then
e(k-X,k-Y)=¢(X,Y) and we claim that the integral

2 do

; F(X + ko -Y)e(X, ko - Y)27r ,

. cosf —sind
with ko = ( sinf  cosd
Indeed, fixing X = 2H and Y = yH € a (which will suffice in view of the
K-invariance of f and ¢), we see that f(X + kg -Y) is a function of cos @ and
e(X, koY) = p(xysinf) is an odd function of sin @, hence our claim. Thus,
if e is an e-function of H2(R), e + ¢ is a new one. m

) € K, vanishes for any K-invariant function f.

3.7.3 Application to Spherical Functions

As above let H € a be defined by a(H) = 1 (so that |H| = 1) and let
m : p — a denote the orthogonal projection. Applying Proposition 3.24
(v) with X € p and Y = H, we obtain 2’ = 7n(X) (under the obvious
identification of a = RH with R) and

Coo(X 2
0= (thll X% — 7 (

X 2F1(

analytic on p, in the notation of Theorem 3.18 which applies to rank one
spaces. Thus, identifying a* with R too,

)

(n—3)/2
1X| chnxn—ch ) !

_4q

2

n—1 ch||X] —chn(X)
T 2¢ch || X]|| ’

q.

2

J(tH)Y?p, (ExptH) = / ek Mo (tk - H)dk
K

for all ¢, A € R, that is

5 (n—1)/2
() @ e = [ fae myar
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with

flu) o it (2 cht=cht\OE L g g m—1 cht—chtu
' tsht 1—u2 201 2’2" 2 ' 2cht '

The integral over K can be expressed by means of Lemma B.1 in the Appen-
dix and it follows easily (with s = tu) that

n=1)p (1
W (sht)" "% (cht)”? o, (ExptH) =

t
i n—1 cht—chs
:/0 coS \s (Cht—Chs)( o 2 I <1_g’g; 2 7 2cht )d

Obtained here by means of e, this is a formula proved by Koornwinder ([33]
p. 149 or [34] p. 47-48) for all Jacobi functions.

3.8 Extension to Line Bundles
Given a symmetric space S = G/H and a character x of H we consider

the line bundle L, keeping to the notation of Section 2.2. Elements of L,
are denoted by (z,z) with z € G, z € C. Given j as in Definition 3.2, the

transfer of a smooth function f on s’ is now the section f of L, above Exps’
defined by

F(Exp X) = (X, j(X) 7 f(X)).

For a distribution u on s’ the distribution @ on L, is defined by

(@.f)=wp

for all f € D(s’). The transfer map preserves H-invariance. When restricting
to H-invariant distributions supported at the origin, that is u = *Pdj with
P € D(s)", we obtain an order preserving linear isomorphism P + P of
D(s)" onto D(Ly). If s(zH) = (z, f(x)) is a smooth section we have

(Ps)(eH) = (w,g(x)) with g(z) = P (9x) (j(X)f(ze)) x_, -

Definition 3.26 An e-function of L, is an analytic function ey : 2 — R
on an open neighborhood Q of (0,0) in s’ x s’ such that:

(i) for allh € H and (X,Y) € Q one has (h-X,h-Y) € Q and ey (h-X,h-Y) =
GX(X’ Y)

(ii) for any H-invariant distributions u,v and any smooth function f on open
neighborhoods of the origin in s’ (with suitable supports),

<a %7, f> = (w(X) @v(Y), ey (X, Y)F(X +Y)).
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The product * is here the convolution on L, defined in Section 2.2.2. The
existence of such a function on some suitably chosen Q and its link with
an e-function of S will be given by Theorem 4.25. We now derive some
consequences of this definition. Theorems 3.8 and 3.9 generalize as follows,
with the same proof.

Theorem 3.27 Let e, : @ — R be an e-function of the line bundle L, and
0 ={X €5|(X,0) € Q}.
(i) For P € D(s) the equation

P (X,0x)f(X) == P (0y) (ex(X, V) (X +Y))ly o

f e C®(), defines an H-invariant differential operator Py with analytic co-
efficients on Q1 and symbol P, (X,§) = e, (X, 0¢)P(&). For any H-invariant
distribution u on

tP = (*Py(X,0x)u) on Exp Q.
(i) If H is compact and f is any H-invariant smooth function on
f’f: (Py(X,0x)f) on Exp Q.

(ii) The map P P is an order preserving isomorphism of algebras of
(D(s), x) onto (D(Ly), o), where the product x is defined by

(P x Q) (&) = ex(06.8,) (P(E) Q) -

Remarks. (a) The algebra D(L,) is therefore commutative if e, (X,Y) =
ey (Y, X) (see Theorem 4.28).

(b) As in 3.3.4 Example 2 we obtain the following corollary: assuming (L, )
is commutative and (S(s)¥,) is a polynomial algebra with generators Pi,...,
P;, there exists a unique generalized Duflo isomorphism of algebras ~ :
(5 ()7, ) — (D(Ly), o) such that v(P;) = P; for j =1, ...,1.

The line bundle L, is called special if Definition 3.26 holds with e, =
1. Examples are provided by Theorem 4.27. Let us recall the notation
Zy(X,)Y)=X+Y.

Proposition 3.28 Assume L, is a special line bundle. Then

(i) Let u,v be H-invariant distributions on open subsets of s’ and f € C™(s)
such that Q N (suppu x suppv) Nsupp (f o Z) and QN (suppu X suppv) N
supp (f o Zy) are compact. Then

<a*a,f>=<m,f>:<u*sv,f>.

If P € D(s)® and u is an H-invariant distribution on an open subset U of

s,

tpy = ‘P,
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an equality of distributions on Exp (21 NU).

(ii) The map P — P is an algebra isomorphism of D(s)® onto D(L,).

(iii) Any non-zero differential operator in *D(S) has an H-invariant funda-
mental solution on 21 and is locally solvable.

(iv) Let & € s* be such that the coadjoint orbit H - £ is tempered, and let
T¢ be the Fourier transform of an orbital measure on H -§. Then Tg s an
H-invariant eigendistribution: for all P € S(s)H

tﬁi = P(if)i; on Exp Q.

Proof. (i) to (iii) are proved as in Proposition 3.5.

(iv) The coadjoint action of H on s* is defined by (h-&, X) = <§, h=! ~X>.
We assume here that H - { carries a measure i, which is a tempered distrib-
ution on s such that, for all h € H,

et manetn) = et Adnl [ ot
H-¢

The Fourier transform of pi, is T¢ defined by

<T£vf>:/H'EJ?dMga /f JeminXg

where dX is a Lebesgue measure on s. Then T¢ is an H-invariant distribution
on s,
"P (0x) Te = P(i&)Te

for all P € S(s)" and we conclude with (7). m

3.9 Open Problems

a. Much work remains to be done in order to extend to symmetric spaces and
line bundles the Duflo isomorphism for bi-invariant differential operators on
Lie groups. As noted in Section 3.3.4, where this is achieved under various
assumptions, the problem is to construct an isomorphism of algebras e :

(S ()", ) — (S’ ()", ><>7 and it seems reasonable to expect that it can be

obtained from the e-function itself. An example is given by (3.40) for a G/K
of the noncompact type, using e, - if this limit exists.

As explained in the notes below, a different approach to Duflo’s isomorphism
for symmetric spaces has been developed by Torossian [52][53] by means of a
generalized Harish-Chandra homomorphism; see also his paper [56]. It would
be interesting to compare both methods.

One may then look for a further extension of the isomorphism to convolution
of H-invariant distributions, encompassing the special case of composition of
invariant differential operators and possibly leading to solvability theorems
for D(S). See (3.42) and the discussion in Section 3.6.3.
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b. Find a direct proof of (3.33), implying Theorem 3.18, from the general
properties of e(X,Y) (Remark (e) in Section 3.6.1).

c. Extend the explicit construction of e(X,Y’) in the rank one case (Section
3.7) to all spaces G/K of the noncompact type. The existence and properties
of e, might then be read from the result.

A link was noted in 3.6.3.c between Harish-Chandra’s c-function and e.
But can ¢(\) be explicitly obtained from e? Some additional information
would be needed here about the K-invariants on p: when G has a complex
structure, e and en are identically 1 whereas ¢(A\)™' = CT],, (o, A) with
some constant factor C' (product over all positive roots, see [28] p. 432).

d. Investigate the link between ¢(X,Y), ex and Duistermaat’s Jacobian in
3.6.2, so as to clarify the heuristic arguments in this section.

Notes

When trying to extend to a symmetric space S = G/H the Kashiwara-
Vergne method for Lie groups, the first step is to focus on those spaces for
which H-invariant convolution products on S and its tangent space s exactly
correspond under the transfer map ~. This is the «special» case studied in
Section 3.2, taken from [43] and motivated by previous work by Michel Duflo,
and by Yves Benoist [10] for nilpotent symmetric spaces.

It soon becomes clear, however, that this property no longer holds for
general symmetric spaces (see Proposition 3.7), unless the convolution on s
is twisted by some factor e(X,Y’). The necessity of such an «e-function»

appears when computing (u g v, f ) (for H compact and w, v, f functions,

say) as an integral over s X s by means of the diffeomorphism ® of Section
4.2.4; details are given at the beginning of 4.3.2. It was first introduced in [44]
and its link with invariant differential operators (Section 3.3) was developed
in [45]. Also taken from [45] is the application to spherical functions (Section
3.4), extended here to mean value operators as in [49]. An expansion of mean
values similar to Theorem 3.13 was proved by Sigurdur Helgason in 1959 (see
[29] p. 77) for general Riemannian homogeneous spaces; confining ourselves
here to the case of Riemannian symmetric spaces, we obtain a more precise
form of his result by means of e.

Solvability theorems for invariant differential operators on Riemannian
symmetric spaces of the noncompact type have been proved by Helgason
(1964, 1973), reducing them to operators with constant coefficients by means
of the Abel transform; see [29] Chapter V, §1.

Except for a brief sketch of Proposition 3.21 in [46] (without proof) the
material in Sections 3.5 and 3.6 was unpublished. The introduction of e,
was suggested to me by Mogens Flensted-Jensen. For Riemannian symmetric
spaces of the noncompact type, Piotr Graczyk and Patrice Sawyer study in
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[23] an interesting variant of the integral formula (3.28), written as an integral
over a certain convex subset of a.

An obvious prerequisite for constructing a generalized Duflo isomorphism
is the commutativity of the algebra D(.S), known (for Riemannian symmetric
spaces) from earlier work by Gelfand (1950) and Selberg (1956). In 1964,
only assuming the symmetric space S has an invariant volume element, Lich-
nerowicz [36] proved that the transpose ‘D of D € ID(S) is the image of D
by the symmetry, whence an easy proof of this commutativity. A purely al-
gebraic proof was later given by Duflo [19] in the more general case of line
bundles.

In [52][53] Charles Torossian constructs a generalized Harish-Chandra ho-
momorphism, giving an injective morphism of algebras from the (commuta-
tive) algebra of invariant differential operators on the line bundle of half-
densities over S into the field of H-invariant fractions of s. He conjectures
that it is actually an isomorphism onto the algebra S(s)* (the «polynomial
conjecture») and proves the conjecture for quadratic or solvable symmetric
pairs; in the latter case Torossian’s isomorphism is the inverse of our transfer
map ~ . In [56] he proves a similar result for quadratic symmetric pairs with
a skew-invariant bilinear form; see also 4.7.c below.

The first explicit example of an e-function was found by Flensted-Jensen
for the real hyperbolic space H™(R) (unpublished). Then, drawing inspira-
tion from his calculations with Tom Koornwinder in the more general frame-
work of Jacobi analysis ([22] or [34] §7.1), Flensted-Jensen and I extended the
result to all Riemannian symmetric spaces of rank one, leading to Theorem
3.23 (as yet unpublished). The first appearance of the kernel a in (3.46) was
in Fritz John’s study of iterated spherical means in Euclidean space (1955;
see [29] p. 356). The kernel b in (3.47) was introduced by Flensted-Jensen
and Koornwinder in [22] §4.

An explicit e-function for Riemannian symmetric spaces of the compact
type is put forward in Anthony Dooley’s survey paper [17]; the detailed proof
hasn’t appeared yet.

Taken from [47], the extension to line bundles in Section 3.8 answers a
question asked me by Duflo.
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Chapter 4

e-Functions and the
Campbell-Hausdorft
Formula

Throughout this chapter S = G/H denotes a connected and simply con-
nected symmetric space, where G is a simply connected (we may assume
this, see 0.4) real Lie group with involutive automorphism o and H is the
connected component of the identity in the fixed point subgroup of ¢ in G.
The main use of these topological assumptions is to specify the open sets we
are working on. We still denote by o the corresponding automorphism of the
Lie algebra g, whence the decomposition g = h & s.

The goal of this chapter is to extend to any such space S the Kashiwara-
Vergne method of Chapter 1 for Lie groups. We show that S admits an
e-function, which can be constructed by means of the Campbell-Hausdorff
formula, and we prove some properties of this function. As explained in
Section 3.1.2 we want a function e(X,Y) on an open subset of s x s, relating
convolutions of invariant distributions on S and s, namely

J(X)i(Y)

<u<X> wo(v), 200z (x Y>>> — (u(X) ® u(¥), (X, V) F(X + 7))

for any H-invariant distributions u, v and any function f (with suitable sup-
ports), where Z(X,Y) € s is defined by

ExpZ(X,Y)=expX -ExpY.
This will be done by

e studying Z(X,Y), defined on a domain O in s x s (Section 4.2.2), in
order to obtain a symmetric space analog of the Campbell-Hausdorff
formula, written by means of Lie series A, B, C' in a specific form similar

111
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to the first Kashiwara-Vergne equation (KV1) for Lie groups (Section
4.2.3)

e then transforming Z(X,Y’) into its flat analog X +Y by a local diffeo-
morphism @ of s x s (Section 4.2.4), linked to contractions of the sym-
metric space into its tangent space at the origin (Section 4.1) and given
by adjoint action of elements a(X,Y), b(X,Y) of H, viz. Z(®(X,Y)) =
X +Y with &(X,Y) = (o(X,Y) - X,0(X,Y) - Y). This ® is the sym-
metric space analog of F in Section 1.3 for Lie groups.

Along the way we point out some properties of the element ¢(X,Y) =
a(X,Y)"'(X,Y) of H and of the H-component h(X,Y) defined by
XX, Y) = eXe¥ (Section 4.2.5). The latter is needed when deal-
ing with line bundles.

The Jacobian of ® is an essential factor of our e-function, constructed in
Section 4.3.2 and studied in detail in 4.4. Roughly speaking, e conveys the
lack of validity of the second Kashiwara-Vergne equation (KV2) for general
symmetric spaces; see Proposition 4.19 for a precise statement.

The results are extended in Section 4.5 to the line bundle over S defined
by a character x of H. The Taylor expansions in Section 4.6 aim at getting
a better grasp of the objects introduced in this chapter. Section 4.7 suggests
a few open problems.

Though it draws inspiration from the Kashiwara-Vergne method for Lie
groups the present chapter can be read, to a large extent, independently
from Chapter 1. The main results are Theorem 4.6 (construction of @),
Theorem 4.12 (construction of a «Campbell-Hausdorff e-function»), Theo-
rem 4.20 (structure of this e-function), Theorem 4.22 (e = 1 identically for
solvable symmetric spaces and strongly symmetric spaces), Theorem 4.24
(symmetry e(X,Y) = e(Y, X) in many cases, implying the commutativity
of the algebra of invariant differential operators on S) and their extensions
to line bundles (Theorems 4.25, 4.27, 4.28). Theorem 4.16 expresses invari-
ant differential operators on S in exponential coordinates by means of the
e-function.

4.1 Contractions of Symmetric Spaces

Though not essential for the sequel this section explains the geometrical back-
ground of all subsequent work in this chapter with a parameter ¢.

For the general theory of symmetric spaces we refer to the classical books
by Kobayashi-Nomizu [31], Loos [37] and, for the Riemannian case, Helgason
[27]. Let us simply recall the equivalence between the category of simply con-
nected pointed symmetric spaces (S, 0) and the category of finite dimensional
Lie triple systems (s, [., .,.]). Here s is the tangent space to S at the origin o,
with trilinear structure

[X,Y,Z] := —R,(X,Y)Z = [[X,Y], Z]
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where R, is the curvature tensor at o and the latter brackets are the Lie
brackets of g; see [37] chapter II for details.

Given a Lie triple system (s,[.,.,.]) and a real parameter ¢, we define
the contracted Lie triple system s; as the vector space s with trilinear
product

[vaz]t = tQ[XaY;Z]
Let (St,0) be the corresponding simply connected pointed symmetric space,
unique up to isomorphism; its curvature tensor at the origin is t?R,. The
subscript ¢ will always refer to notions relative to this contracted space.

For t # 0 the map f! : X ~— tX is an isomorphism of the Lie triple
system s; onto s. Still denoting by f? the corresponding isomorphism of S;
onto S = 57 we have

fi(Exp, X) = ExptX for X €5 ,t#0.

The flat space Sy is not, in general, isomorphic with other S;’s; it can be
identified with the tangent vector space at the origin of S. We call this
process contraction of S into its tangent space.

If 5 is given by a symmetric Lie algebra (g,0), we may extend f* to
g=h®dsby fllA+X) = A+tX, Aech X €s Fort#0, flisan
isomorphism of g; onto g = g; where g, is the vector space g with Lie bracket

[A+X,B+Y],:= ([4,B]+*[X,Y]) + (4, Y] - [B, X]),

A,B € b, XY € s, and s; is given by the symmetric Lie algebra (g¢, o).
This definition agrees with the classical «contraction of g with respect to h»
(Dooley-Rice [16]), or with the contraction of a filtered Lie algebra into its
graded algebra (Guillemin-Sternberg [25] p. 447). Besides gq is the semi-
direct product of the vector space s (an abelian Lie algebra) by b.

Likewise, when S is given by (G, H, o) the space Sy is Go/H where G is
the semi-direct product s x H.

The dual s, of a Lie triple system s is defined as the same vector space s
with trilinear product [X,Y, Z]. = —[X,Y, Z] ([37] p. 150, [31] p. 253); this
gives, in particular, the classical duality between compact and noncompact
types. An obvious but useful remark is that s, may be formally considered
as s; with t = 1.

Example. As a typical example let us consider the hyperbolic unit disk
S = H?(R) with G = SU(1,1), H = SO(2). Then S; can be realized, for
t > 0, as the disk |z| < 1/t in C with Riemannian metric
2_ _ Hd®
(1—2[z[2)*
Here f!(z) = tz and the curvature of S; is —t2. The space Sy is the Euclidean
plane and Gy its motion group. The same Sy and Gg arise from the unit

sphere with G = SO(3), H = SO(2) too, with S; realized then as a sphere
with radius 1/t as a Riemannian submanifold of R3.
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4.2 The Diffeomorphism ¢

4.2.1 Lie Series

We work with Lie series, that is series of Lie brackets in g of the form
AX)Y) =aX +0Y +c[X, Y] +d[X, [X, Y]] + e[V, [X, Y]] + - -

(where a, b, etc. are scalars). In this chapter Lie series are assumed to con-
verge for (X,Y) in some neighborhood of the origin of g x g. More precisely,
writing (in multi-index notation)

AX,)Y)=aX + Zaag Zopg With Zyg = zyPrge2yfe g Buoigany,
a,f

r=adX,y=adY, we assume 3__ 4 |ans| Rl < 0o for some R > 0.
If we pick a norm on g such that [|[X, Y]] < ||X||[|Y]l, the above series is
absolutely convergent for || X|| < R and ||Y] < R.

A Lie series is equivariant under any automorphism of the Lie algebra, in
particular g- A(X,Y) = A(g- X, ¢-Y) for g € G (adjoint action of the group)
and 0 A(X,Y) = A(cX,0Y). An even Lie series maps s X s into b.

If A is a Lie series then

ad A(X,Y) = Za;ﬂ Uap With uas = 2@ yPra02yPz . gonyfn  (41)
a,B

a (non-commutative) power series in x, y. This follows from the identity
(where the C}’s are the binomial coefficients and V' € g is arbitrary)

ad (zPy?V) = Z(—I)T”C’;C’q%pfryqfs (ad V) y°z",

T,8

applied to each Z,g. Since |lad Zag|| < || Zag|| < R+ (with the opera-
tor norm for endomorphisms of g) we have

Z a;ﬁuaﬁ = Z aqpad Zag|| < Z |aa[3|Rk+l
lo| =k, 8=l lo|=k,|B]=1—-1 loe|=k,|B|=1—-1

and the series (4.1) converges in the following sense:

Z Z apalias|| < oo for || X| < R,|[|Y| <R.
kL || lal=k,|8]=l

The partial differentials Ox A, 0y A defined by

IXA(X,Y)V = BAX +1V,Y)|_o . v AX,Y)V = BAX,Y +V)],_,



4.2. THE DIFFEOMORPHISM & 115

for V' € g are also given by series of the form (4.1). This follows from the
identity, for p > 1,

Ox (2"y'F(X,Y)) = aPyl0x F(X,Y) = Y o’ 'ad (a"y'F(X,Y)),
0<r<p

applied to each Z,3.
A linear endomorphism « : g — g commutes with o if and only if it maps
h into h and s into 5. Thus

uo = ou implies trgu = try u + trs v (4.2)

where try u etc. means the trace of the restriction of u to b etc.
An endomorphism v of g anticommutes with o if and only if it maps b
into s and s into h. Then, u, v being two endomorphisms of g,

uo = —ou and vo = —ov imply try uv = trs vu. (4.3)

If furthermore uv = vu then (4.2) also applies to uv and try uv = 2try uv =
2tr; uv.

These trace identities will be used several times with endomorphisms de-
fined by series similar to (4.1): if X,Y € s we have ox = —z0, oy = —yo
and v commutes (resp. anticommutes) with o if it is given by a series of even
(resp. odd) terms.

4.2.2 0,7, h

We need to gather some information on our basic tool, the map Z : O — s
defined on an open set O C s X s by

ExpZ(X,Y)=exp X -ExpY.

We first discuss its domain O then Z and, at the same time, the H-component
h(X,Y) defined by eZ(XY)h(X,Y) = eXeY, which is useful when dealing
with line bundles.

All maps we consider will be defined on suitable neighborhoods of the
origin only. As in 1.3 let g’ be a connected open neighborhood of 0 in g,
invariant under all automorphisms of g and all maps X — tX, ¢t € [—1,1],
and such that exp : g’ — expg’ is a diffeomorphism; log will denote the
inverse map. The group G being simply connected we may take as g’ the set
of all X € g such that |[Im A| < 7 for all eigenvalues A of ad X (see [58] p.
113). Having chosen such a g’ let

U:={(X,Y)| 2X,2Y € ¢ and e *e* cexpg forall t € [0,1]}.

Slightly different from (1.10) in use throughout Chapter 1, this definition of
U with factors 2 is more convenient when working with symmetric spaces. By
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Lemma 1.1 the set U is a connected open neighborhood of (0,0) in g x g, in-
variant under the maps (X,Y) — (tX,tY), t € [-1,1], (X,Y) — (¥, X) and
(X,Y) — (AX,AY) with A € AdG or A =0. Thus (X,Y) — % loge**e?”
defines an analytic map U — %g’ .

For the symmetric space S = G//H the set s’ = s 1g’ of Lemma 3.1 is a
connected open neighborhood of 0 in s, invariant under Adg H and all maps
X —tX, t €[-1,1], such that Exp : s — Exps’ is a diffeomorphism. Let

O :={(X,Y)| X,Y €5 and exptX - ExptY € Exps’ for all ¢ € [0,1]}.

This O is a natural domain for studying the map (X,Y) — exp X - ExpY.
In geometrical terms, denoting by s, the symmetry with respect to the point
rin S,

ExpZ(X,Y)=expX -ExpY = SEXp(X/z)SO(EXp Y)= SEXP(X/Q)(EXP(—Y)).

Remark. If G is a solvable exponential group we may take g’ = g, whence
expg' =G, U =gxg,s =sand O = s xs. If Exp is a global diffeomorphism
of s onto S (e.g. if S is a Riemannian symmetric space of the noncompact
type, see [27] p. 253) we may take s’ = s, O = s x 5, even though g’ is smaller
than g in that case.

Lemma 4.1 We have O =UN(s' xs') =UN (s x 5), and O is a connected
open neighborhood of (0,0) in s X s, invariant under all maps

(i) (X,Y) — (tX,tY) fort e [-1,1]

(i) (X,)Y)— (h-X,h-Y) forhe H

(iii) (X,Y) — (Y, X).

Proof. The equality U N (s’ x ') =U N (s x 5) is clear from the definitions
of Y and §'. Let (X,Y) € s’ x ¢'. To prove that (X,Y) belongs to O if and
only if it belongs to U, let g := e!Xe'Y, ¢t € [0,1]. Using the symmetry o we
have 0 X = — X, cY = —Y therefore

e2tX62tY _ etX —le—tX )

9(og)
Due to the Ad G-invariance of g’ we see that e?*Xe2"Y ¢ exp g’ is equivalent
to g(og)~! € expg/, that is g(og)~! = €*? with Z € 1g/, and in fact Z €
s’ (as follows from the behavior under o and the injectivity of exp on g’).
Therefore e2*Xe?"Y" belongs to exp g’ if and only if there exists Z € s’ such
that e ?g =0 (e_Zg) or else
gzetXetY :eZh
where h belongs to the fixed point subgroup G of ¢ in G. But g, Z and h
are continuous functions of ¢ € [0, 1]; for t = 0 we have gH = Exp0 = Exp Z
hence Z = 0 by the injectivity of Exp on &', and h = e. It follows that,
for all ¢, h belongs to the identity component of G, which equals H by our
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assumptions. We conclude that e*Xe?Y belongs to exp g’ for all ¢t € [0, 1] if
and only if g = e?h with Z € s’ and h € H, that is exptX - ExptY € Exps’
for all ¢ € [0,1]. This implies our claim.

The invariance properties of O are immediate consequences of the corre-
sponding properties of /. m

For (X,Y) € O the point exp X - ExpY = eXe¥ H lies in S’ = Exps/,
whence a unique Z € s’ such that ExpZ = expX - ExpY. This defines a
map Z : O — s', a symmetric space analogue of the Campbell-Hausdorff
function, expressing the action of G on S = G/H in exponential coordinates.
The following proposition extends Z to U, as well as the corresponding H-
component. We write x =ad X, y =adY, z = ad Z(X,Y).

Proposition 4.2 The formulas

1 1
Z(X,Y):= 56790 log(e**e®") = —e” log (e*¥ e*¥) =

5 (€X€2Y€X)

1
= §log

h(X,Y) = e Z(0Y) XY

define an analytic map Z : U — %g’, giwen by an odd Lie series, and an
analytic map h : U — G such that, for all (X,Y) € U,
(i) Z(—X,~Y) = —Z(X,Y) and h(—X, —Y) = h(X,Y)
geqG
(iii) Z(Y, X) = h(X,Y)"' - Z(X,Y) and h(Y, X) = h(X,Y)"!
(i) Y(W(X,Y)) =1 for any character 1 of the group G.
(v) For (X, Y)eU, Z=Z(X,Y) and h = h(X,Y) we have
sh z chxl) sh z shy

h
aXZAdho<chy” +shy 20y Z = Adho XY
z T z y

as endomorphisms of g.
(vi) When restricted to (X,Y) € O, Z(X,Y) and h(X,Y) are characterized
by

Z(X,Y)es , hMX,Y) e H and eXe¥ = ZEYIR(X,Y).

Proof. For (X,Y) € U the point e~ X (e2Xe?V)eX = eX(e2Ye2X)e X =
eXe?YeX belongs to expg’, by the Ad G-invariance of g’. Thus Z(X,Y) is

well-defined and belongs to 3g'.
i) First Z(=X,-Y) = Llog (e Xe 2Ye2X) = —Z(X,Y). Then
2
(=X, =Y) = ZX V)XY — o= Z(XY) XY — (X )Y) (4.4)
because €2Z(X:Y) = X2V X

(i) is straightforward.
(#ii) The formula for Z(Y, X) follows from

1 .
Z(Y,X) = 56_?" log (e?Ye?X) = e Ye "Z(X,Y)
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and h(X,Y)"! = e Ye XeZ(XY) | Therefore, remembering (4.4),
h(Y,X) = e 20X Y X = (X, V) Le ZEYR(X, V)Y eX = h(X,Y) L.
(iv) Similarly

h(X,Y)? = (ez(x,y)efxefy) (e’Z(X’Y)eXeY)

thus ¥ (h(X,Y))? = 1, whence ¥ (h(X,Y)) = 1 since h(0,0) = e and U is
connected.

(v) Let Ly, resp. Ry, denote the left, rep. right, translation by g in G. Using
e?? = eXe?YeX and the differential of exp at X:

1 _ p—
Dxexp=D.L.x o ¢ ,
T
differentiation with respect to X gives
1— 6—22
D.Lz—0x7Z = (Dex Loxo2y + Dox Re2yex) oDxexp.
z

But D x Lox2voD.Lox = D¢Lg2z,and D x Rgov .x 0D, L x is the differential
at e of the map

g eXge?¥ X = X gemX 22 = (27 (22X ) (=22 X )1

thus
DexRezvex 0 DeLiex = DelLg2z o Ad(e_2Z€X) = D.L,z o e 22",
Simplifying by D.L.2z and multiplying by e* on the left we obtain

sh 1—e % r_1
228XZ:(32 et -
z

T

From (4.4) we know that eXe¥ = eZh and e Xe™Y = e~Zh therefore, by
the adjoint representation,

e =Adhoe¥e” ,e " =Adhoe Ye*

)

whence

229 7 = Adho <eye —ly vl ) :
z x x
Writing e* —1 =chz —1+shz and 1 —e™* =1 — chz 4 shz we obtain the
first result.
Computing Jy Z is similar but easier, and left to the Reader.
(vi) Restricting now to X,Y € ¢', that is (X,Y") € O, we obtain by means of
the symmetry o

1
cZ(X,Y) = §log(e_Xe_2Ye_X) = —Z(X,Y)
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therefore Z(X,Y") belongs to ﬁﬁ%g’ =g'. Then, by (4.4),
oh(X,Y) = XYV Xe Y — p(X,Y).

Thus h(X,Y) belongs to the fixed point subgroup of ¢ in G, in fact to its
identity component since h(O) is connected, therefore to H. Conversely,
given (X,Y) € O, eX -ExpY belongs to Exps’ whence a unique Z € s’ such
that eX - ExpY = Exp Z, then a unique h € H such that eXe¥ =e?h. =

42.3 A, B, C

We can now extend to symmetric spaces the Kashiwara-Vergne method of
Chapter 1. The present section is motivated by our aim, Theorem 4.6 below:
construct a diffeomorphism ® of s X s (near the origin) transforming the map
Z of 4.2.2 into its flat analogue i.e. Zo®(X,Y) = X +Y. Following Moser’s
method we shall take ® = ®; where ®; : (X,Y) — (X, Y;),0<t<1,isa
one-parameter deformation of the identity ®( given by the flow of a suitably
chosen (time-dependent) vector field on s x s. More precisely we want ®; to
be given by the adjoint action of elements a, b; of H (depending on X and
Y):

(I)t(X7Y) = (Xtayvt) = (at(Xay) - X, bt(Xa Y) Y)
and Zt(Xt75/t) =X+Y

with Z,(X,Y) = t71Z(tX,tY) for t > 0, which extends by Zy(X,Y) =
X 4 Y. The latter line is thus equivalent to

BtZt + (8XZ¢) BtXt + (8th) ath = 0

where all derivatives of Z; are taken at (X:,Y;). In a matrix Lie group we
have X; = a;- X = atXat_1 whence 0; X; = [(8tat) at_l,Xt]. This extends to
the general case as

atAth = [At(XtaY;f))Xt} ’ at}/t = [Bt(XtaY;f),Y;ﬁ]
Af(X1,Y)) = (DeRa,)™ Qv Bi(X,, Y1) = (DeRy,) ™ Oiby
where R, denotes the right translation by a in H and D.R,, its tangent map
at the identity. Thus A; and B; belong to h and depend on (X,Y).

Summarizing, we want a map (¢, X,Y) — (A4:(X,Y), B:(X,Y)) from a
neighborhood of the origin in R X s x s into h x h such that

O Zy = (0x Z1) [X, Ae) + (Ov Z1) [Y, By

an equality now written at (X,Y") instead of (X4, Y;) above. The construction
of A; and B; will be given by Proposition 4.5 and the properties of a;, b; and
®; by Theorem 4.6. We first give equivalent forms of this equation.
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Proposition 4.3 Let Z,(X,Y) :=t"1Z(tX,tY), let A, B be given elements
of g and C = B — A. For (X,Y) € U the following relations are equivalent
(with z = ad X, y =adY):

(1) 0:Z:(X,Y)|,_; = (0xZ2)(X,Y)[X, Al + (0v Z)(X,Y)[Y, B]

(1) 0, Zi(X,Y)|,_y = [Z(X,Y), Al + (0v Z)(X,Y)[Y, C]

(i) Z(Y,X) = (chy)(X +Y) — (chyshz +shychx)A — (shy)C .

Later on (Proposition 4.5) A and C will be chosen, depending on (X,Y), so
that (i) holds identically.
Proof. (i)&(i’) is immediate from (a) in the next lemma.

Lemma 4.4 (a) Let U be an open subset of g X g and F : U — g be differ-
entiable, such that F(g-X,g9-Y) = g- F(X,Y) whenever (X,Y) € U and
(9-X,9-Y)eU,ge G. Then

OxF(X,Y)oad X + 0y F(X,Y)oadY = ad F(X,Y)

as endomorphisms of g.

(b) Let O be an open subset of s x s and F : O — g be differentiable, with
Fh-X,h-Y)=h-F(X,Y) whenever (X,Y) € O and (h-X,h-Y) € O,
he H. Then

OxF(X,)Y)oad X + 0y F(X,Y)oadY =ad F(X,Y)
as linear maps of h into g.

Proof. (a)is Lemma 1.7.
(b) is proved similarly, looking at the derivative at t = 0 of F(e!V-X,e!V.Y) =
¢V F(X,Y) with V ebh. m

(1) & (ii). We have 0y Z;|,_, = (0xZ) X+ (0vZ)Y — Z and (i) is equivalent
to

7 = (0x2) (X — 2A) + (v 2) (Y — yB) (45)
where everything is computed at (X,Y). For (X,Y) € U we have 27 € ¢
and, exp being a diffeomorphism on g¢’, the map sh z/z = e* (1 — 6722) /22 is
an invertible endomorphism of g. We thus obtain an equivalent equality when
applying it to both sides of (4.5). Since f(z)X = f(0)X for any power series

f (and similarly with Y or Z) the resulting equality is, in view of Proposition
4.2 (v),

Z(X,Y)=h-((chy)(X+Y)— (chyshz +shychz)A — (shy)C) .
This is (ii) since h~1 - Z(X,Y) = Z(Y, X) by Proposition 4.2 (iii). B

Before stating our next proposition we recall the first Kashiwara-Vergne
equation (KV1): the Campbell-Hausdorff formula for the Lie algebra g may
be written as

%log (X)) =X+Y - (1-e ) F(X,Y)— (¢® —1) G(X,Y), (KV1)
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F,G : U — g being analytic and given, in a neighborhood of the origin, by
convergent series of Lie brackets of X and Y. The existence of such Lie series
is proved in 1.5.2.a. Note our slight change of notation in comparison with
Section 1.3: if F!,G' denote the functions we used in Chapter 1 we have
F(X,Y) = 1F'(2X,2Y) and G(X,Y) = 1G'(2X,2Y) here. The present
notation is more convenient in this chapter.

Proposition 4.5 (i) There exist two maps A,C : U — [g,g], given by even
Lie series of brackets of X and'Y, mapping the subset O =U N (s X s) into
h. = [s,8] and such that, for (X,Y) e U,

Z(Y,X)=(chy)(X+Y)— (chyshz +shychz)A(X,Y) — (shy)C(X,Y) .

(4.6)
Besides the functions defined by Zy(X,Y) = t 1 Z(tX,tY), A(X,Y) =
t7LA(X,tY), Cy(X,Y) =t 1C(tX,tY) and By := A;+C; are analytic with
respect to (t,X,Y) on the open subset of R x g x g defined by (tX,tY) € U.
For0<t<1, (X,Y)elU,

O Zy = (0xZy) [ X, Al + (Ov Z4) Y, By (4.7)

= [Zy, At) + (Ov Z4) [V, Cy] . (4.8)

(ii) If F' and G are Lie series on U satisfying the Kashiwara-Vergne equation
(KV1) one can take, for example,

AX,)Y)=e"F(X,Y)+ e F(-X,-Y) , (4.9)

and B= A+ C, B(X,Y) =t !B(tX,tY).

Equation (4.6), restricted to (X,Y) € O, is the symmetric space analog of
the Kashiwara-Vergne equation (KV1) for Lie groups. There is no analog
of (KV2) in general; the e-function introduced below expresses the failure of
this trace equality (see Proposition 4.19).

Proof. Tt suffices to prove (7i). According to Proposition 4.3 the main point
is to prove (4.6). Let F, G satisfy (KV1); then, for all (X,Y) € U,

Z(Y,X) = %e_y log (ezyeQX)
=e V(X +Y)— (! —e Ve ") e "F — (e —e Y)(G - F)
=e Y X +Y)—2(chyshz +shychx)e ™™ F —2(shy) (G- F) .

Changing signs of X and Y we get a similar expression of Z(-Y,-X) =
—Z(Y, X) and the half difference is

Z(Y,X) = (chy)(X +Y)— (chyshz +shychz)(e F + " F")—
()G~ F 4 GY— ),
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with FF = F(X,Y), F¥ = F(—X,-Y) and similarly for G. Choosing A and
C' as given by (4.9) and (4.10) we thus obtain (4.6).

Besides the Lie series F' begins as F' = aX + Y + v[X,Y] + -+ where
a, 3,7 are scalars, and (4.9) implies that A is an even series of brackets of
X and Y beginning as A = 2(y — B)[X,Y] + ---. Thus, for (X,Y) near the
origin, A(X,Y") belongs to [g,g]. Let (\;) be a finite family of linear forms
on g such that (ker \; = [g, g]. By analytic continuation the functions A; o A

vanish identically on the connected open set U, therefore A maps U into [g, g].
Similarly A maps O into [s,s], and the same properties hold for C' and B.
By Proposition 4.3 our claim is proved for 0,7Z;|,_, and, replacing (X,Y") by
(tX,tY), we obtain (4.7)(4.8). =

Remarks. (a) If (F,G) is an a- and S-invariant solution of (KV1) (see Sec-
tion 1.7), Proposition 1.13 shows that (with the suitable factors 2 included)

: . 1
2e " F(X,Y) H(2X,2Y) + —e “log (e2¥e*) — 3 X

DO — s

H(2X,2Y) + = (Z(X,Y) — X)

where H is an even Lie series. The function A of (4.9) is then A(X,Y) =
H(2X,2Y) since Z(X,Y) — X is odd (Proposition 4.2).

(b) Any solution (A, C) of (4.6) can be replaced by the even solution

(; (A+AV),;(C’—|—CV))

since Z(Y,X) —chy(X +7Y) is odd.

4.2.4 a,band ¢

With the above tools we can now construct a diffeomorphism ® transforming
the map Z into its flat analog Zp(X,Y) = X +Y. As before dots denote the
adjoint action.

Theorem 4.6 There exists a connected open neighborhood Q) of the origin in
s X 8, contained in O and having the same invariance properties as O (Lemma
4.1), and an analytic diffeomorphism ® of Q onto ®(Q) C O endowed with
the following properties:

(i) (X, Y)=(a - X,b-Y) where a = a(X,Y) and b = b(X,Y) are given by
even analytic maps from § into the Lie subgroup H, of H with Lie algebra
b* = [575}'

(i) o(—X,-Y) = —-0(X,Y), &(h- (X,Y)) =h-®(X,Y) (diagonal adjoint
action of H) for oll (X,Y) € Q, h € H.

(i) If (X,Y) € Q and [X,Y] = 0, then o(X,Y) = b(X,Y) = e and
P(X,)Y)=(X,Y).



4.2. THE DIFFEOMORPHISM & 123

() (Zod)X,Y)=X+Y foral (X,Y) € Q.

(v) Assume H is compact and Exp : s — S is a global diffeomorphism. Then
the above is valid on Q = s x s and ® is a global diffeomorphism of s X s onto
itself.

For later reference we collect here a few facts taken from the proof below. The
diffeomorphism @ is obtained from maps Ay, B; : O — b, chosen according
to Proposition 4.5 (i) (for example those given by (4.9)(4.10)), and taking
a=ai, b="by, ® = &y where a;, b;, P; solve, for 0 < ¢t < 1, the differential
equations

8tat(X, Y) = (DeRat)At(at . )(7 bt . Y) 5 G/()(X, Y) =€
8tbt(X, Y) = (DeRbt) Bt(at . X, bt . Y) 5 bQ(X, Y) =€
P (X,Y) = (X4, ) = (ar - X, b - Y) (4.12)

8tXt - [At(Xt,)/t),Xt] B} XO =X
at}/t = [Bf(XhY;)a}/t} ) YO =Y

Sy=1Id, D, =3 .

(4.11)

(4.13)

Besides, for all (X,Y) e Q,t€[0,1], h € H,

at(h-X,h-Y) = ha(X,Y)h™' | by(h- X, h-Y) = hb(X,Y)h™'  (4.14)
a(X,Y) = a(tX,tY) , by(X,Y) = b(tX,tY) (4.15)
O(X,Y) =t O(tX, 1Y), (Zo®y) (X,Y) =X +Y. (4.16)

The Jacobian of ®; is positive and given by

Orlogdet 4 xs DP+(X,Y) =
= trg (ad(At + Bt) — X o axAt —yo 8th) o @t(X, Y) (417)

Proof. (i) and (i) Let us consider the differential system (4.11) on the
manifold H, x H,, with parameters (X,Y). The functions A; and B; are
analytic with respect to (¢,X,Y) in the open neighborhood of [0,1] x O
in R x s x s defined by (tX,tY) € O, and their values belong to h,.. It
follows that there exist € > 0, an open subset w of O, which may be assumed
invariant under (X,Y) — (tX,tY) for -1 <t <1 and (X,Y) — (Y, X), and
two unique analytic functions a;(X,Y), b(X,Y) € H,, solutions of (4.11) for
[t| < e and (X,Y) € w. In particular (ta; - X,tb; - Y) belongs to O at such
points. From the uniqueness and the properties of A;, B; we infer that

at(_Xa _Y) = at(Xv Y) ) at(8X7 SY) = a’st(Xa Y)

for (X,Y) ew, |t] <€, 0<s <1, and the same for b;. Replacing w by cw
we can therefore assume ¢ = 1. Likewise

at(h . X,h . Y) = hat(X, Y)h_l
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for h € H, whenever (X,Y) and (h- X,h-Y) belong to w, and the same for
b:. We can therefore replace w by Q := H - w (diagonal adjoint action of H
on s x ). This set Q is star-shaped, therefore connected, and meets all our
requirements. Our ay, b; extend to Q as solutions of (4.11) up to ¢ = 1; they
still belong to H, since H, is a normal subgroup of H.

Now X; := a¢ - X, Yy := by - Y satisfy the differential equations (4.13) for
0 <t < 1, with initial conditions (Xo,Yp) = (X,Y) € Q. By the general
theory of time-dependent vector fields the map ®; : (X,Y) — (X;,Y;) is
an analytic diffeomorphism of © onto the open set ®;(2). As noted above
(tX:,tY;) belongs to O for 0 < ¢ < 1. Thus, writing ® instead of &1, we see
that ®() is an open subset of O and ® satisfies (i) and (%) in the theorem.
(i) If (X,Y) € Q and [X,Y] = 0 we have A(X,Y) = B(X,Y) = 0, since
A and B are series of brackets of X and Y. It follows that a,(X,Y) =
b (X,Y) = e is the (unique) solution of (4.11), whence ®(X,Y) = (X,Y) in
this case.

(iv) By (4.13) and Proposition 4.5 we have

Oy (Z( X1, V1)) = (0 Zt) (X4, Vi) + (Ox Zt) 0r Xy + (Oy Zy) O1Y: = 0,

therefore Z;(X:,V:) = Zo(X,Y)=X+Y for 0 <t < 1.
Finally 0;logdet ®:(X,Y) is the divergence, computed at (X;,Y;), of the
vector field ([A4(X,Y), X],[Bi(X,Y),Y]) € s x s defining the flow ®;, that

1S

ad A; — x0x Ay — 20y Ay -
foxs ( 7anBf ad Bt — yaYBt (Xta Y;) =

= trs; (ad(At + By) — 2 00xAs —y o Oy By) 0 D4(X,Y),

and (4.17) is proved.

(v) If Exp is a global diffeomorhism we may take O = s x s (as noted before
Lemma 4.1) and A, By are analytic functions of (£, X,Y) in R x s x 5. Fur-
thermore, if H is compact, ((DeRq,) Ai(at-X,0:-Y), (DeRp,) Be(ar-X,b.-Y))
is an analytic time-dependent vector field on the compact manifold H x H
for any given (X,Y) € s x 5. It follows that a;, b; and ®, are globally defined
and analytic on R x s x s. Moreover, if ®(X,Y) = (a- X,b-Y) belongs to
a compact subset Ky x Kj of s X s, then (X,Y") belongs to the compact set
(H-K;p)x (H-Kj). Thus ® is a proper mapping of s X s into itself, hence a
global diffeomorphism onto by Hadamard’s theorem. m

4.2.5 ¢, h and ¢

Keeping to the notation of Theorem 4.6, we now study
ct(X,Y) = a,(X,Y) ' (X, Y) e H . (4.18)

A remarkable symmetry of our e-function (Theorem 4.24) will follow from
the properties of ¢;.
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In order to lighten notation in all proofs of this section we shall compute
as in a matriz Lie group, writing e.g. (0iat)cy rather than (Dg, Re,) Oray,
and sometimes aXa~! for a- X = Ada(X).

We first show that c; can be obtained from a simple differential equation.

Lemma 4.7 Let C(X,Y) = B(X,Y) — A(X,Y), Cy(X,Y) = t-'C(tX, tY).
Then ¢, = ¢(X,Y) is given by the differential equation, for (X,Y) € Q,

0<t<,
Osci = (DeRe,) Ce(X,ct - Y) , co=¢e (4.19)

and Uy :=¢; - Y by
0Ur = [Ce(X,U), U] ,Up =Y . (4.20)
Proof. From asc; = b; it follows that (in our simplified notation)
ai (Orcr) + (Orar) ¢ = Orby

that is, with (4.11),

ai (Orer) + A(ay - X, by - Y)age, = Be(ay - X, by - Y)by .
Therefore a; (0;c;) = Cilar - X, by - Y)by and (4.19) follows from the H-
equivariance of A and B, which implies Cy(a;- X, b Y) = a;Ce(X, ¢ ~Y)a;1
Then U; = cth{1 gives

U, = (atct)YC;l - CtYC{l(atct)c;l
= [(Decr) ¢ ' Us] = [Co(X, Uy), Uy

Remark. The solution (a¢,b;) of the system (4.11) can thus be obtained
from A and C by solving (4.19) for ¢; first, then solving

atat = (DeLat) At(X7 Ct - Y) ,ap =€
whence b; = azc; finally.

Proposition 4.8 (i) For (X,Y) € Qletc(X,Y) =a(X,Y) 0(X,Y). Then
e(X,Y) belongs to Hy and c;(X,Y) = c(tX,tY) fort € [0,1]. Besides

Z(X,e(X,Y) V) =a(X,Y) ' (X +Y) ,e(h- X,h-Y) = he(X,Y)h™!
for any h € H, and ¢(X,Y) = e whenever [X,Y] =0.
(ii) Assume F, G satisfy (KV1) with G(X,Y) = F(-Y,—X), and let C be
defined by (4.10). Then C(X,Y)=C(-X,-Y)=-C(Y,X) and

c(X,Y)=c(—X,-Y)=c(Y, X)L
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By Proposition 1.12 we can always assume that F' and G satisfy the condition
in (i) (a-invariance).

Proof. (i) is immediate from Theorem 4.6 and (4.14), (4.15) for a and b.
(ii) We have C(X,Y) = F(~Y,-X) — F(X,Y) + F(Y, X) — F(~X, -Y) by
(4.10) and the assumption on F' and G, therefore C(X,Y) = C(—X,-Y) =
—C(Y, X). The equality ¢(X,Y) = ¢(—X, —Y) now follows from uniqueness
of solutions of the differential equation (4.19). Likewise, letting ¢; = (Y, X)
we have ¢y = e and

8t (Et_l) = _Et_1 (atét)at_l = _Et_lct(ya Cy 'X)
=Ci(X, g, Y)e, !

in view of the skew symmetry and H-equivariance of Cy. Thus ¢, ' =
¢t(X,Y) by uniqueness. m

The function ¢(X,Y) is closely related to the e-function constructed be-
low: see Propositions 4.18 and 4.19; see also Corollary 3.17 above, with an
example for the 2-dimensional hyperbolic space.

The next proposition will be useful when extending our e-function to line
bundles, with the H-component h(X,Y) defined by eXe¥ = eZ(XY)h(X,Y)
playing a significant role in that case. Let us begin with a lemma.

Lemma 4.9 For (X,Y) c U let A= A(X,Y), A= A(Y,X) and similarly
for other functions. If A and C in (4.9)(4.10) arise from F, G satisfying
(KV1) and G(X,Y) = F(-Y,—X), then

1 — _
1 (loge® e** +loge®¥e?”) = (chy)Z = X +Y — (shz) A — (shy) 4
4

1 — _
1 (loge*¥ e** —loge**e*”) = (shy) Z = C + (chz) A — (chy) A.
Proof. By (4.9) and the symmetry assumption we have A = e *F + e*G
hence

(shx)A:%(1—6_2”)17—!-%(6%—1)@.

Permuting X and Y and adding, we obtain (4.21) in view of the Kashiwara-
Vergne equality (KV1). The expression with Z follows from Proposition 4.2.
Likewise

(m@A:F+§f%@—‘*ﬂF+;( *-1)G.

Permuting X and Y, then combining with C = G — F + F — G we obtain
(4.22). m

2X 2Y

Remark. With V = Zloge equation (4.22) may be rewritten as

1
(mxA+ V) 0&@A+;V)
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Proposition 4.10 Assume F, G satisfy (KV1) and G(X,Y) = F(-Y, - X).
Let ® be constructed by means of A, C defined by (4.9), (4.10) and let h :=
ho®. Then, for all (X,Y) € Q,

(i) h(X,Y) = a(Y, X)b(X,Y)"t = b(Y, X)a(X,Y)"!, h(Y,X) = h(X,Y)" L.
(ii) Let (X1,Y1) := ®(X,Y). Then ®(Y,X) = h(X,Y) - (Y1, X1) (diagonal
adjoint action of H on s X s).

(iii) eXc(X,Y)eY = a(X,Y) XY a(Y, X) ,

and eX eV = o( X, YV) XY B(Y, X).

The latter equation improves Z(X,c¢(X,Y) Y) =a(X,Y)" 1 (X +Y) given
by Proposition 4.8.

Proof. (i) and (ii). Let a; = a4(X,Y), @ = a;(Y, X) (and similar notation
for other functions) and k; := @;b; *. The symmetry ¢ = c¢; * (Proposition
4.8 (ii)) gives k; = bia; ' = th' Besides

(I)t(Y,X) = (6,5 th X) = (k/’tbt 'Kktat X) == kt . (}/;vat)

Thus (i) and (ii) will follow from the equality k; = hy with hy(X,Y) :=
h(tX,tY) = h(tX,,tY;). Let us prove that k; and hy solve the same differen-
tial equation.

On the one hand

ky t0iky = k7t (Opay) byt — (O¢by) byt

But (0iar)a; b = Ay(®; (X,Y)) and (94by) b1 = By(®4(X,Y)) by (4.11),
hence
(0@, " = A (@4(Y, X)) = Ay (ke - Y, ke - Xy)

(ke - Xoy ke - Ye) = ki Ay (04(X,Y)) ;!

and finally B
kt_latkt = (Af - Bt) o (I)t-

On the other hand, replacing (X,Y") by (¢X;,tY?) in the definition of h(X,Y)
we have
iALt(X, Y)= e HXHY) ot Xe otV

Now 8t(tXt) = Xt - tZ‘t (At o @t), at(t)/t) = i/t - tyt (Bt o ‘I)t) by (413), with
z; = ad Xy, yy = ad Y;; therefore, remembering the differential of exp,

8t (etXt) = €tXt (Xt + (eitwt — ]_) (At [e] q)t))
() = e (Yot (e — 1) (Byo®y).

It follows that, at (X,Y),

hilohy = —h U (X +Y)+
e (X4 (e = 1) A) +Y + (e ~1) B] o ®, .
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The left-hand side and Ay, B; belong to h, whereas the first term on the right
belongs to 5. Writing e~** = chtx — shtz etc. the h-components separate as

)

Bl 0uhy = Hy 0 ®, | with Hy(X,Y) =t H(tX,tY) and
H(X,Y)=—(shy) X + (chychz +shyshz)A(X,Y)+
+ (Chy) C(Xﬂ Y) - B(Xa Y)a

with C = B — A as above. Now the symmetry assumption G(X,Y) =
F(-Y,—X) and Lemma 4.9 imply the simpler expression H = A— B: indeed,
to eliminate Z between (4.21) and (4.22) we may apply shy, resp. chy, to
both sides of these equalities and substract'. We infer that k; = ﬁt, which
proves (i) and (ii).

(iii) Replacing (X,Y) by ®(X,Y) = (a- X,b-Y) in the equality eXe¥ = e?h

we obtain
p@ X b XY gp1

since Z o ®(X,Y) = X +Y and ho ®(X,Y) = ab~! by (i) above and

Theorem 4.6 (iv). Writing e** = aeXa~! etc. our claim follows with ¢ =

ab="b _16. [ ]

4.3 Campbell-Hausdorff e-Functions

4.3.1 An Auxiliary Lemma

Terms like det Ad(...) or trad(...) will frequently occur in the sequel and it
will be useful to keep in mind the simplifications provided, on many examples,
by the following lemma. As before H, is the (connected) Lie subgroup of H
with Lie algebra h. = [s,s] C b.

Lemma 4.11 Let G/H be a symmetric space. The following properties (i)
to (v) are equivalent:

(i) trp ad b, =0

(i) trs ad h = 0

(1) the character try ad of b extends to a character of the Lie algebra g
(iv) dety Adh =1 for all h € H,

(v) dets Adh =1 for all h € H,

Property (vi) implies (i) to (v), and is equivalent to them if G is simply
connected:

(vi) G/H has a G-semi-invariant measure (i.e. G-invariant up to some fac-
tor, which is a character of the group G).

By Theorem 4.24 (ii) below properties (i) to (v) will also be equivalent to
the symmetry of our e-function. They hold true in particular if G/H has a

1Applyingﬁch y, resp. shy, instead and adding eliminates A and gives back the expres-
sion (4.6) of Z.
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G-invariant measure (which is equivalent, for H connected, to det; Adh =1
for all h € H), e.g. if Ad H is a compact group, a fortiori if H is compact.
Proof. (i)& (ii) because try ad[X,Y] + try ad[X, Y] = tryad[X,Y] = 0 for
X,Y €s.

(#ii)=>(i). A character of g is a linear form f on g such that f([g,g]) =0; a
fortiori f([s,s]) = 0, hence (i) if f extends tr; ad.

(i)=(ii3). If (i) holds try ad can be extended (by 0 on s) to a character of
g=hds, since [h,s] Cs and [s,s] = h..

(i)&(iv) and (ii)< (v), because det Ad(e®) = 724X and exph, generates
H,.

(vi)&> (iii). Indeed the space G/H has a G-semi-invariant measure? with
multiplier y if and only if x(h) = A (h)/Ag(h) for all h € H, where Ay,
resp. Ag, is the modular function of the group H, resp. G, and such a
measure exists if and only if Ay extends to a character of G. Since Ag(eX) =
et 2dX for X ¢ b the latter property implies (iii), and is equivalent to it if
G is simply connected. ®m

4.3.2 Construction of an e-Function

Let us go back to the transfer map ~ of Definition 3.2 associated to a factor
J (analytic, strictly positive and H-invariant on s, with j(0) = 1). With
the tools a, b, & from Section 4.2.4 we shall now construct an e-function
(Definition 3.3) on an arbitrary symmetric space.

In order to motivate the definition of e in the next theorem let us consider
first the simple case of a Riemannian symmetric space, with H compact,
assuming here j = J'/2 so that ~ agrees for functions and distributions,
with (u(X)dX) = u(xz)dz (see Example 1 in 3.1.1). If u,v are H-invariant
functions on s (with supports in a neighborhood of the origin) we have, for
feD(s),

/@mmmeM=/ (g3 H) F (g H)d(gH)d(g' H)
S SxS

= / u(Exp X)v(Exp Y)f(EXp Z(X,Y)J(X)J(Y)dXdY

ﬂﬂﬂﬂ)m
= w(X)(Y) | Z(X,Y))dXdY.
[ oo (Fzyy) AEy

Replacing (X,Y) by ®(X,Y) = (a- X,b-Y) and remembering the H-
invariance of u, v and J, the integral becomes

”L(ﬂ*sm(xﬂzwdx ::l/ w(X)o(Y)e(X,Y)f(X +Y)dXdY

J(X)J(Y)

1/2
M) detgst(P(X,Y)

with e(X,Y) :(

2See e.g. Bourbaki, Intégration, chap. VII, §2 n°6.
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(remembering that the Jacobian of ® is positive). This equality generalizes
as follows.

Theorem 4.12 Let S = G/H be a (simply connected) symmetric space and
g = h @ s the corresponding decomposition of the Lie algebra of G. Let u,
v, be H-invariant distributions on open subsets of s and let f € C>(s), with
suitable supports. Then

(s 5, F) = (w(X) @ 0(Y), e(X, V) F(X + 7))
with

_ JX)5(Y) 1
e(X,Y) .—mdetssté(X,Y) (det , Ad a(X,Y)b(X,Y)) (. |
4.23

Formula (4.23) defines an e-function for S = G/H associated with j and
arising from A, B as introduced in Proposition 4.5 (i). It is analytic and
strictly positive on 2.

The convolution equality holds in particular if u,v are H-invariant distrib-
utions on open subsets of s, with suppv = {0}, f € C*(s), and suppu N
supp f N Q1 is compact.

Here ; = {X € 5|(X,0) € Q}. For instance, the latter assumption holds
true if U is open in 5, u € D'(U)¥ and f € D(Q; NU). A more general
assumption on supports will be specified at the end of the proof, but the
special case mentioned in the theorem suffices for the application to invariant
differential operators. We refer to (4.23) as a Campbell-Hausdorff e—
function. More precisely:

Definition 4.13 We shall call (4.23) the (j, ®) — function of S.

If @ is defined by means of A, B chosen according to Proposition 4.5 (i), with
F,G satisfying the Kashiwara-Vergne equation (KV1), we shall call (4.23)
the (j, F, G) — function of S.

Remarks. (a) An equivalent expression of e follows from the identity
(det s Ada(X,Y)b(X,Y)) ™" = det, Ada(X,Y)b(X,Y).
Indeed dety Ada det; Ada = det y Ada for any a € H, and
O¢logdet g Aday(X,Y) = trgad A (P(X,Y)) =0,

where the first equality is proved as (4.27) below and the latter follows from
Aqy(...) € [s,5]. Thus det ; Ada,(X,Y’) = 1 which proves our claim.

Recall that, by Lemma 4.11, the det Ad factors in e(X,Y") are identically 1
if S has a G-semi-invariant measure.

(b) Let us emphasize that the (j, F,G)— function is a special case of the
(4, ®)— function, corresponding to the specific choice of A, B = A+ C arising



4.3. CAMPBELL-HAUSDORFF E-FUNCTIONS 131

from (4.9) and (4.10). Section 4.4 will show the stronger properties of e when
§ = JY2, the square root of the Jacobian of Exp.

(¢) According to Theorem 4.6 (v), the above is valid on Q@ = s x s if H is
compact and Exp : s — S is a global diffeomorphism.

(d) If j is even, then e(—X, —Y) = e¢(X,Y) because a and b are even by the
proof of Theorem 4.6.

Proof of Theorem 4.12. For (X,Y) € Q we know from Theorem 4.6
that ®(X,Y) belongs to O and X +Y = Z(®(X,Y)) belongs to s, hence
J(X +Y) > 0 and the expression (4.23) of e shows its analyticity on Q. It
is H-invariant because of the invariance of j, ®, a and b. No factor of e
vanishes, hence e > 0 on  since € is connected and €(0,0) = 1 (see (4.17)
with X =Y = 0). It will therefore be an e-function for S if we prove that
(Proposition 3.4)

<u<X> DoY), mf(Z(X, Y>>> — (u(X) @ o(Y), e(X, Y)F(X + V)

This is done by deformation according to a parameter ¢ € [0,1]. Recalling
ay, by and the diffeomorphisms ®; from (4.11)-(4.17), let g € C°°(Q) and g;
be defined on ®.(2) by

(ge 0 @) (X,Y) = g(X,Y)det DO:(X,Y) ' det s Adas(X,Y)be(X,Y).
We shall prove that
(u®v,0:g:) =0, (4.25)

therefore
<U®’U,gl> = <U®U7go> .

Applying this to g(X,Y) := e(X,Y)f(X +Y) with e defined by (4.23),
f € C*(s), and remembering the properties of ® and the H-invariance of j
we obtain

0%, v) = 2XI) X V) L go(X,Y) = elX, V)X +Y) (4.26)

- J(Z(X.Y))
and our claim will follow. The proof of (4.25) is split in the next two lemmas.

Lemma 4.14 With A, B, ®; as in (4.11)-(4.17) and g: defined by (4.24)
we have
Orgt = trs (z 0 Ox (9t At) +y o Oy (9:Bt))

on ®,(Q), withz=ad X, y=adY.
Proof. From (4.17) we know that

8,5 log det5X5D¢’t(X, Y) = tI‘5 (ad(At + Bt) — JjaxAt — yath) (‘I)t(X, Y))
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Besides
6,5 lOg det s Ad ar = tI‘s ((Ad at_l o] Dat Ad) 8tat)
= trgad ((DeLat)_1 Gtat) = trg ad (Ad at_1 (As0 <I>t))
by (4.11), therefore

at IOg det 5 Ad Qg (X, Y) = tI‘s ad At(q)t (X, Y)) (427)
8t IOg det5 Ad bt(X, Y) = trg adBt(‘I)t(X7 Y)),

and the definition (4.24) implies
O (g1 0 D) = (g1 trs (xOx At + yOy By)) o Dy
On the other hand
9¢(ge 0 @t) = (Orge + (Oxg¢) [Ar, X] + (Oyge) [Be, Y]) 0 @y

by (4.13) and, putting together the latter equalities we obtain, after compo-
sition by ®; !,

0rg¢ = (Oxgt) xAy + (Oy 9¢) yBy + trs (g¢ x0x Ay + g¢ yOy By)
= try (20x (9:Ar) + YOy (9:By)) -

Lemma 4.15 Let u be a distribution on an open subset U of s. If u is H-
invariant then, for any smooth map F : U — b such that supp u Nsupp F is

compact,
(u(X), tre(z 0 dx F(X))) = 0. (4.28)

The converse holds true if H is connected.

Proof. Repeat the proof of Lemma 1.4 with a basis (E;) of b.
Conversely, applying (4.28) to Fy(X) = f(e **PX)E where s € R and
E eh, we get

95 (w(X), f (e*”dEX» = (u(X),trs (x 0 Ix Fs(X))) =0
and u is H-invariant since H is generated by all expsE. m

Going back to the proof of Theorem 4.12 we apply Lemma 4.15 with u,
H, s, b, X and F respectively replaced by u®v, H x H, s x s, h x b, (X,Y)
and (g: A, g+ By) :

(u(X) @ v(Y), trs (2 0 Ox(9:4s) +y 0 Iy (9:B1))) = 0,

and (4.25) follows in view of Lemma 4.14.
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As regards supports we need to make sure that, given g € C*°(£), (u ® v, g¢)
is well defined for 0 < ¢t < 1 and Lemma 4.15 applies. But suppg: =
D, (supp(g: 0 D;)) = Pi(suppg) in view of (4.24) and our proof works if
(suppu X suppv) N @;(supp g) is compact for all ¢ € [0, 1]. In order to apply
it to g = e. F|,, with F(X,Y) := f(X +7Y), we assume f € C*(s) and
(supp u x suppv) N P¢(Q N supp F) compact for all ¢ € [0, 1].

If suppv = {0} it is easily checked, remembering that ®,(X,0) = (X,0) for
(X,0) € Q, that this assumption boils down to supp uNsupp f N compact.
This concludes the proof of Theorem 4.12. B

4.3.3 Application to Invariant Differential Operators

An alteration of the proof of Theorem 4.12 leads to a more precise form
of Theorem 3.8, extending to symmetric spaces Proposition 4.2 of [30] for
Lie groups. We denote by &y, the adjoint vector field associated to a vector
V € b, defined by

Evf(X) = 8, (f(Ad(e V) X) dety Ad(e®))] _,
= (Df(X),[X,V]) + f(X) tryad V (4.29)

where f is smooth on an open subset U of s and X € U.

Let Z(U) be the left ideal generated by the £y’s with V' € b, = [s,8] in
the algebra of all differential operators on U with analytic coefficients. As
before H, denotes the Lie subgroup of H with Lie algebra b.,.

For R € Z(U) we have Rf = 0 whenever f(X)dX is an H,-invariant mea-
sure (in particular if it is H-invariant). Indeed this invariance is equivalent
to f(h-X)dets Adh = f(X) for h € H,, X € U. But for V € b, we have
trpad V +trgsadV =trgadV = 0 and

det y Ad(e®") = exp(stry ad V) = exp(—str,ad V) = det s Ad(e™*")

whence &y f = 0.

Furthermore, if try ad h. = 0 (in particular if G/H admits a G-invariant
measure, see Lemma 4.11) we have Rf = 0 whenever f is an H,-invariant
function (since try ad V' = try ad V = 0 in this case).

Theorem 4.16 Let P = P(9) € D(s)" be a constant coefficients H -invariant

differential operator on s, let P e D(S)E be the corresponding G-invariant
operator on S (see 3.1.1) and let P, be defined as in Theorem 3.8 by

Pe(X,0x) f(X) = P(dy) (e(X,Y)f(X +Y))ly— -

where e is the (§, ®)— function (4.23).
Let Oy = {X € s/(X,0) € Q}. There exists a differential operator R =
R(X,0x) € I() such that, for all f € C*®(s),

Pf=P.f+Rf on ExpQ,.
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Proof. From the expression (3.3) of P and the definition of the map ~ we
have

PJ(Exp X) = P(oy) (i(V)fexp X - ExpY )|

-0 (s )

Y=0

)

Y =0

that is o .
Pf(Exp X) = Qf(Exp X)

where Q = Q(X,0x) is the differential operator with analytic coefficients
defined by

J(X)i(Y)

Qf(X):=P(dy) (](Z(X,Y))

fzex )

Y=0

To prove the theorem we must show that the operator R = @) — P, belongs
to Z(€;). But, comparing P, and Q,

Rf(X) = P(9y) (91(X,Y) = 90(X,Y))ly—o

in the notation g; from (4.24) and (4.26).

We shall therefore study P (9y) (0:9:(X,Y"))y=o. Differentiation with respect
to Y will be easier from the following expression of d,¢;, giving up the sym-
metry in Lemma 4.14. Let us recall the notation Z;(X,Y) =t~ Z(tX,tY).

Lemma 4.17 Then
dege = (&v,f) © Ze + txs (y Oy (9:Ch))
where Cy = By — Ay and V; € b, is defined at the end of the proof.

Proof. By Lemma 4.14

Ovgy = trs (x0x (9: Ar) + YOy (9:Br)) = try u + trs (yoy (9:Cy))

where u is the endomorphism of h defined by u := Ox (g1 A:) ox + 9y (g1 As) 0y.
For W € b we have

u(W) = 95 ((9:A) (e - X, e Y))| _,

and we must look at the behavior of g;A; under the adjoint action of e=*" ¢

H. On the one hand Ay(h- X,h-Y) =h- A(X,Y) for any h € H. On the
other hand, remembering that Z; o ®;(X,Y) = X 4+ Y, the definition (4.24)
of g may be rewritten as

gt(X,Y) = 7(X,Y) f(Z:(X,Y))
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where 7, is the function g; corresponding to f = 1, that is
(7, 0®) (X,Y) =e(X,Y)det D®,(X,Y) det s Ada, (X, Y)by(X,Y).

But (7, 0®;) (h-X,h-Y) = (7, 0P¢) (X,Y) by the H-equivariance of &y, a,
b, and e, therefore v,(h- X,h-Y) =~,(X,Y). Then, looking back on u,

u(W) =+, 0s (f (e*SW . Zt) e sW. At)’
But for V € h and X € s we have
§y f(X) = try [W = 0s (f (eisw - X) e V)’s:O] ;

since this derivative at s = 0 is (Df(X),[X, W)V 4+ f(X)adV(W). We
finally obtain

s=0 *

try u = 7, (5Atf) (Zs) = (‘fvtf) (Z)
with V3 1= 7,(X,Y)A:(X,Y) € b, and the lemma follows. ®

When applying P(dy) at Y = 0 to 0,g; as given by Lemma 4.17, the
second term vanishes in view of Lemma 4.15 for the H-invariant distribution
tP§o. Thus

P (9y) (09(X,Y))ly—o = P (0y) (€, ) Ze(X, V)], -

Let (E;) be a fixed basis of b, and §; = £z ; decomposing V; according to this
basis we obtain £y, = >, Vi(t, X, Y)§; where the coefficients V;’s are analytic
functions. Then, by Leibniz’ formula in multi-index notation (with respect
to some basis of s),

P (0y) (Orge(X, Y))‘Y 0=
S (P9I (1.X.0) 0 (€) (ZX Yy

But, Y; denoting the components of Y,
Oy, ((6:) (Zi(X,Y)) = (D (&) (Ze(X,Y), 0y, Z:(X,Y))

and, since Z;(X,0) = X, each 9% ((§;f) (Z:(X,Y))|y_, is obtained by ap-
plying to &, f a differential operator with analytic coefficients and evaluating
at X. Finally

P (8y) (09:(X, Y))ly—o = ZR (t, X, 0x)(&:)(X)

where the R; are differential operators on €; with analytic coefficients. In-
tegrating from 0 to 1 with respect to ¢ we obtain an equality of the form

P (y) (91(X,Y) — go(X,Y))ly_o = ZR (X,0x)(&f)(X) = Rf(X)

with R =), R;j(X,0x) 0 §; € (1), as claimed. W
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4.4 Properties of Campbell-Hausdorff e-Functions

We keep to the notation of Section 4.2.

4.4.1 e and c

We first give a new expression of e by means of the element ¢(X,Y) =
a(X,Y)7'h(X,Y) of H introduced in 4.2.5, similar to Corollary 3.17 in the
Riemannian case (H compact).

Proposition 4.18 For (X,Y) € Qlet (V) :=c¢(X, Y)Y and ¥(X,Y) :=
(X, ¥ x(Y)). The map ¥ is then a diffeomorphism of Q onto ®(Q) and

det 4xs DB(X,Y) = det s D1 (V) (det s Ad a(X,Y))* (4.30)

(where Dty is the differential of Y — ¢ x(Y) for fized X). The (j, ®)—
function defined in Theorem 4.12 may be written as

S,y - 1)

Ty dets DY (¥) deto Ad (a(X,Y)e(X, V)71

Proof. Remembering the expression (4.23) of e we only have to study ¥ and
prove (4.30). Let h-(X,Y) := (h- X, h-Y) denote the diagonal adjoint action
of h € H on s x 5. The H-invariance c(h - (X,Y)) = he(X,Y)h™! implies

Uh - (X,Y)=(h-X,e(h-(X,Y)h-Y)=h -¥(X,Y).
In particular, h = a(X,Y) gives

that is
UoA =9 with A(X,Y) :=a(X,Y) (X,Y).

Because ) is H-invariant, A maps  into itself. Using a(h - (X,Y)) =
ha(X,Y)h~! with h = a(X,Y), we obtain (a0 A)(X,Y) = a(X,Y) and infer
that A is a diffeomorphism of Q onto itself, with A~1(X,Y) = a(X,Y)"!-
(X,Y). Therefore ¥ = ® o A~ is a diffeomorphism of © onto ®(2).

Besides D®(X,Y) = (DY) (a(X,Y)(X,Y))oDA(X,Y) and the H-invariance
of ¥ gives (D¥) (h- (X,Y)) o Adh = Adho DU(X,Y) (where Adh is the
diagonal adjoint action) so that, with h = a(X,Y") again,

D®(X,Y) = Ada(X,Y) o DU(X,Y) o (Ada(X,Y)) ' o DA(X,Y).
Since det sxs DU (X, Y) = det s Dy (V) it will suffice to show that

det g5 DA(X,Y) = (det s Ada(X,Y))*.
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Introducing a parameter t let
Af(X,Y) =t TARX, YY) = (a4(X,Y) - X, a4(X,Y) - Y)

and U, (X,Y) :=t1W(tX,tY), so that &, = ¥, 0 A;. Let A; := A; 0¥y, By
(4.11) we have

atat = (DeRat) (At o (bt) = (DeRat) (At o At) 5

where all functions are evaluated at (X,Y), therefore 0; log det s xs DA; can
be obtained as 0;logdet s xs D®; in (4.17), with b; replaced by a; and A; by
A;. Using (4.3) and Lemma 4.4 we infer that

O;logdet 45 s DAy = trs (2ad A; — 20x A; — yOy As) o Ay
= (2trs ad Ay — try ad Ag) o A,
= (2trsad Ay — try ad A¢) o ®y.

But tryad A, = —trsad A since A; € [s,s] implies tryad A, = 0, whence
Ot logdet sxs DAy = 3trs ad Ay o &4 and our claim in view of (4.27). m

4.4.2 Some Deeper Properties of ¢

Let e(X,Y) := e(tX,tY) with e given by Theorem 4.12. By (4.15) and
(4.16) we have

_X)j()

XY =G )

det oxe DD,(X,Y) (det ¢ Adas(X,Y)by(X,Y)) 7 .

(4.31)
All properties of e in this subsection will follow from various expressions of
the derivative J, loge; given by the next proposition. The particular choice
§(X) = J(X)¥? = (dets(sh ac/gc))l/2 (the square root of the Jacobian of Exp)
now becomes important.
For later reference let us recall the Kashiwara-Vergne equation (KV1)
for the Lie algebra g and the trace condition (KV2) (Section 1.5.1), with
(X,Y) replaced by (2X,2Y) for convenience:

%log (VX)) =X+Y - (1-e*)F(X,Y) - (e* —1) G(X,Y) (KV1)

1
1 trg (zcotha + ycothy —vcothv — 1) =trg (z o OxF +yo Oy G) (KV2)

Here (X,Y) belongs to U (Section 4.2.2) and v = ad V with V := 1 loge?Xe?Y".
Any solution of (KV1) alone, or of (KV1) and (KV2), can be modified by
Proposition 1.12 so as to satisfy G(X,Y) = F(-Y, —X) too. The existence
of Lie series F,G solutions of (KV1) and (KV2) (the «Kashiwara-Vergne

conjecture») has been proved in full generality (see Chapter 1).
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Proposition 4.19 (i) Let e be the (J'/2, ®)— function of a symmetric space
and e, (X,Y) = e(tX,tY). Then, for (X,Y) € Q,

Ologe( X, Y)=TJ - F
with
1 1
J = 3 try, (x cothtx + ycothty — (v + y) cotht(z +y) — t) (4.32)

1 1
=3 try, <x cothtz + ycothty — zcothtz — t) 0 d(X,Y), (4.33)

z=adZ(X,Y), and

F =try (OxArox+ dyBioy) o d(X,Y) (4.34)
=try (OyCroy+adA;) o (X,Y) (4.35)
=try (—0xCrox+adB;) o &, (X,Y). (4.36)

(ii) Let e be the (JY/2 | F,G)— function, where F and G satisfy the Kashiwara-
Vergne equations (KV1) and (KV2). Then, for (X,Y) € Q,

Orloge(X,Y) = try (;[y, Oy Cy] — ad At> 0 d(X,Y) (4.37)

1
= try <2[3XC,5,:E] —ad Bt> 0 d(X,Y). (4.38)
Also, with Uy = ¢;,(X,Y) - Y given by Lemma 4.7,
1
875 IOg et(X, Y) = tI‘h (2 [(8XC’t) (X, Ut),l'] —ad Bt(X, Ut)) . (439)

Remarks. (a) The ad A; and ad B; terms in these equalities can be forgotten
if try ad h,. = 0, for example when the symmetric space G/H has a G-invariant
measure (Lemma 4.11). The (J'/2, F,G)— function can then be written in
terms of C only, with U; given by (4.20). See also Proposition 4.18 above,
applying to the more general (j, ®)— function.

(b) Writing 0; loge; by means of (4.33) and (4.34) shows that it embodies
the obstruction of an analog of (KV2) for symmetric spaces.

Proof. In order to lighten notation we compute derivatives at t = 1 only.
The general case will follow from the behavior of all terms under scalings
(X,Y) — (tX,tY) (see (4.16)).

(i) The terms in J come from the J'/2 factors in e;, those in F from ®;,
a¢ and b;. The definition J(X) = dets(sha/z) implies 0;log J(tX)|,_, =
trs (x cothx — 1), therefore

JEX)J(Y)\
Orlog <J(tX 1Y) )

t=1

1
= itr5 (zcothx + ycothy — (z + y) coth(x +y) — 1).
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We may replace here trg by try because of (4.3). Since X +Y = Z o ®(X,Y)
and ®(X,Y) = (a-X,b-Y) by Theorem 4.6, this may be rewritten as

J(tX)J(tY) > 1/2

1
J(EX 1 67) = —try (zcotha + ycothy — zcothz — 1)o®(X,Y)

0y log < 5

t=1

with z =ad Z(X,Y), and both formulas for J are proved.
Combining this with the derivatives of the determinants in e; (see the proof
of Lemma 4.14) we obtain

Oiloges|,_y =T — F , with F = trg (x0x A+ yOy B) o ®.
In view of Lemma 4.4 (b) the latter term can be changed into

F =try (OxAox+0yBoy)o®d =tr, (OyCoy+adA)od
=try (—0xCox+adB)od

with C' = B — A. This proves (4.34), (4.35) and (4.36).

(ii) Let us now compare with the Kashiwara-Vergne trace condition (KV2).
Since Z(X,Y) = e *V by Proposition 4.2, v can be replaced by z = e~ ve®
in the left-hand side. Using Lemma 4.4 (@) to modify the right-hand side we
see that (KV2) is equivalent to

1
Ztrg (zcothz 4+ ycothy — zcothz — 1) =trg (Oy (G — F)oy+adF).

(4.40)
For the symmetric space we have chosen A = e *F + e*FY and C = (G —
F)+ (G — F)Y in (4.9), (4.10) with FV(X,Y) = F(—X,-Y) etc. Adding
(4.40) and (4.40)Y, (KV2) implies

1

3 trg (x cotha + ycothy — zcothz — 1) = trg (OyC o y); (4.41)
indeed Z¥ = —Z by Proposition 4.2 and trg ad(F + F") = 0 because F 4+ F"
is an even series of Lie brackets, thus maps U into [g, g].
Restricting now to (X,Y) € O C s X s we may replace, in view of (4.2) and

(4.3), try by try +tr, = 2try in the left-hand side and by try +tr, in the
right-hand side. Thus, for (X,Y) € O,

%trh (xcothx +ycothy — zcothz — 1) = % (try +trs) (OvCoy).
Together with (4.33) and (4.35) we obtain
Ocloge|,_, = (;(tr5 —try)(0yC oy) — try ad A) o®
on €, and finally (4.37) because trs (OyC oy) = try (yodyC). A similar

proof gives (4.38) - or else (4.38) is equivalent to (4.37) in view of Lemma 4.4
and tryad C' = 0.
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With ¢ = a='b we have ®(X,Y) = (a- X,b-Y) = a- (X,c-Y) (diagonal
adjoint action of a € H on s X s), thus

ad (Bo®)(X,Y)=Adaoad (B(X,c-Y))oAda™*
and similarly for [0xCy, z]. Consequently (4.39) follows from (4.38). m

Theorem 4.20 (structure of e-functions) If Lie series F, G satisfy (KV1)
and (KV2) the corresponding (J'/2, F,G)— function has the following prop-

erties: there exist sequences (asp), (bap), (C2p), (V2p—1), (wWop—1), of non-

commutative homogeneous polynomials in v = ad X and y = adY (with

degrees given by the subscripts) such that, in a neighborhood of the origin of
5 X8,

(i) loge(X,Y) = 37" try ([2,vap—1] + [y, wop—1]) = 227 (trs —trp) az, =

27 (trg —2try) agy

(i6) 10g e(X, Y) = S°5° try ([, ylbay) + 5 tre ([2, yleay)-

In particular e(X,Y) =1 for any (X,Y) € Q such that [X,Y] = 0.

Remarks. (a) All series above are absolutely convergent in a neighborhood
of the origin.

(b) Property (i) proves a conjecture of [44] p. 255.

(c) There exists a sequence (f,) of homogeneous polynomials in four (non-
commutative) variables such that loge(X,Y) = Y 1°trs f,(22, zy, yz,y?).
Indeed loge(X,Y) = > 7 trs ug, by (i) with ugy = [vep—1, 2] + [wap—1, ],
and an easy induction on the degree shows that each monomial in the even
polynomial uz, may be written as a monomial in z?, zy, yz and y>.

Since zy is the endomorphism V' — [V Y, X] of the Lie triple system s (Sec-
tion 0.3) and similarly for x2, yz, 32, we see that e is directly linked to
the structure of Lie triple system corresponding to our symmetric space S.
When replacing S by the contracted space Sy (Section 4.1), zy etc. is mul-
tiplied by 2 therefore e;(X,Y) = e(tX,tY) is an e-function for S;. When
replacing S by the dual space S, xy etc. changes into —xy etc. therefore
e«(X,Y) =e(iX,1Y) is an e-function for S,.

Besides the f,,’s are obtained from (F,G) in (KV1), therefore universal for
all symmetric spaces if (F, @) are universal.

(d) From (ii) we infer that there exists a sequence (\,) of scalars such that

loge(X,Y) = Z Aptrg ad (z*11Y) + O (Y?),
0

whence dye(X,0) = 0 if try ad h. = 0; Proposition 4.36 will provide a more
precise result. Indeed loge(X,Y) is, modulo Y2, a sum of terms of the form
(with scalars 3, 7,):

try ([, 918,2™) + tra ([, 9l 2™) = (B, =) try [, 9]
— 2B, ) try ad (27Y)
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by Lemma 4.37.
(e) The equality e(X,Y) = 1 is actually valid under a weaker assumption:
see Theorem 4.22 (i) below.

Proof. (i) Since e is analytic, even, and e(0,0) = 1 we know that

log e(tX,tY) = > #%Peg,(X,Y),

p>1

where es), is homogeneous of degree 2p in (X,Y’), and there exists R > 0 such
that the series converges absolutely for | X|| < R, ||Y|| < R and |t| < 1. We
shall obtain the coefficients eg, from (4.39) by identification of formal power
series with respect to t.

Let us consider first the solution Uy = ¢(tX,tY)-Y of the differential equation
0U; = [Cy(X,Uy), U], Uy =Y (Lemma 4.7). On the right-hand side is a Lie
series of the form

[CX,Y),Y]=> #270  Y" copZap(X,Y)

q>1 la|+|B]=2¢+1

where the c,s’s are coefficients and Z,s5(X,Y) = z*1y%1 ... 29Y. We claim
that U; can be expanded as®

Ur=Y +) Uz

p>1

where Ug,11 is a homogeneous Lie polynomial in (X,Y") of degree 2p + 1.
Indeed, substituting U; for Y,

Zopg(X,Up) = Zap(X,Y) + ZtZTZQB(X, Y,Us, ...,Usrt1)

r>1

where Zj, ; is a homogeneous Lie polynomial in (X, ..., U,41). The differential
equation for U; becomes

S 22 1y = 3 120 x

p>1 q>1

XY Cap | Zap(XY) 4D T Z05(X,Y, . Unpg)
la|+|81=2q+1 r>1

and determines the Uspi1’s inductively, Lie polynomials in (X,Y") of degree
2p + 1.

Similarly By(X,Y) = 30,5177 301,11 151=2p PasZas(X,Y).  Substituting
U; for Y and reordering acgording to the powers of ¢ we obtain B(X,U;) =

3 An explicit expression of Us and Us is given by Lemma 4.30.
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D1 t?P~1By,(X,Y), where By, is a homogeneous Lie polynomial in (X,Y))
of degree 2p. Each By, begins with [X,...] or [Y,...] and, separating both
types, it follows that

adBt(X7 Ut) = ZtQP_l ([.’L‘7b/2p71(x,y)] + [y7 gp,1($,y)])

p>1

with b5, 1, by, ; homogeneous non-commutative polynomials in (z,y) of
degree 2p — 1.

Next OxCi(X,Y) = Zle t?P~teg, 1 (z,y) with cop—1 of degree 2p — 1 and,
replacing y by ad U; and reordering,

(OxCy) (X, Up) = > 77 ey, 1 (x,y).
p>1

Finally (4.39) becomes, in similar notation,
1
8t loge(tX, tY) = tI'h <2 [((%(Cf) (X, Ut)7l'] — adBt(X, Ut))

= Sty ([, fopor (@ 9)] + [9s g2p1 (@ 9)])

p>1

whence the first claim in (i) with

1 1
Vop—1 = %fzp—l(ﬂ%y) y Wop_1 = %921)—1(3:52/)'

Then try [z, vop—1] = try(zvop—1 — vop_1x) = (try —trs) (zvep—1) by (4.3),
hence the second expression of log e with as, = zvap_1 + ywap—1, even. The
third follows since try ag, = try asp + trs aop.

(ii) The bracket [z, ...] acts as a derivation on all monomials 21 yP1 - . . % yFx
in v9p—_1, giving

[z, vop_1] = Z bjlz, ylb) + Z cklz, yley
j k
with b;, b even and cy, ¢, odd. Thus

try [, vap—1] = tro ([, 9] Y b3b;) + tre([2,9] > chen),

the same for try[y, wep—1], and (i) implies (ii).

If [X,Y] = 0 then [z,y] = ad[X,Y] = 0 and (%) applies to (¢X,tY) for
|t| small enough, giving loge(tX,tY) = 0. For (X,Y) € Q the function
t — loge(tX,tY) is analytic on an open interval containing [—1, 1], therefore
loge(X,Y) = 0 by analytic continuation. m

Definition 4.21 A symmetric Lie algebra (g, o) is called strongly symme—
tric if there exists a linear isomorphism v of g which commutes with all ad X
for X € g and anticommutes with o. A symmetric space with strongly sym-
metric Lie algebra is called strongly symmetric.
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In other words v maps h onto s, s onto h and yoad X = ad X oy = ad(y(X))
for all X € g; the latter equality follows from ad(y(X))Y = —(adY o) X =
—(yocadY)X = (yoad X)Y. This property implies dimg = 2dimbh =
2dims. The basic examples of strongly symmetric Lie algebras are:

(a) (gc,0) where the symmetry o is the conjugation with respect to a real
form h = gr of the complex Lie algebra gc and + is the multiplication by @
(b) (gxg,0) where g is a Lie algebra, o(X1, Xo) = (X2, X1), b is the diagonal
subalgebra of g x g and (X1, X5) = (X1, —X>).

These examples are dual to each other: the map X +iY — (X, X)+i(Y, -Y)
identifies (a) with the dual of the symmetric Lie algebra (b) ([31] p. 253).
The corresponding strongly symmetric spaces are G¢/Gr (a complex Lie
group modulo a real form) and a Lie group viewed as a symmetric space.
Let us recall that a symmetric space is called special if 1 is an e-function.
Properties of special spaces are studied in Section 3.2.

Theorem 4.22 (special symmetric spaces) For a symmetric space with
the (JY2 F,G)— function constructed from j = J'? and Lie series F,G
satisfying the Kashiwara-Vergne equations (KV1) and (KV2), the following
holds.

(i) Let (X,Y) € Q such that X and Y belong to a solvable Lie subalgebra of
g. Then e(X,Y) = 1. In particular, solvable symmetric spaces are special.
(ii) Strongly symmetric spaces are special.

(i1) e is identically 1 on Q if and only if try ad b, = 0 and try[y,dyC] =0
for all (X,Y) € O. Then detyys DB(X,Y) = (J(X +Y)/J(X) (V)2

Proof. Replacing (X,Y) by (tX,tY) if necessary, we work in a neighorhood
of the origin where Theorem 4.20 applies. The result will extend by analytic
continuation on t.

(i) Let g’ be a solvable subalgebra of g containing X and Y. By Lie’s theorem
for the adjoint representation of g’ on the complexification gc of g, there exists
a basis of g¢ in which x = ad X and y = adY are given by upper triangular
matrices. The same holds for ve,_1 and wg,_1 in Theorem 4.20 (¢) therefore
[, v2p—1] and [y, wap_1] are nilpotent, their try vanishes and loge(X,Y) = 0.
(ii) Now assume the space is strongly symmetric. Given X,Y € s let v be
an odd (non-commutative) monomial in x = ad X and y = adY of degree
2p— 1> 1. Let us write X = v(X’), Y =~(Y’) with X", Y’ € b, and let v’
denote the monomial obtained from v by replacing = by ' = ad X’ and y by
y' = adY’. Observing that z = vyox' =2’ oy, y =~voy =y oy and that
2', v, ¥? are endomorphisms of b, we have

try (zv) = try (/7)) = try, (?P0'2") = try ()

therefore try [x, v] = 0 for any odd monomial v in  and y. Similarly try [y, w] =
0 for w odd, hence loge = 0 by* Theorem 4.20 (7).

4The result also follows from (4.37) directly, since we have here trp adh, = 0 and
trp [y, Oy C] = 0, C being even.
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(i11) If try [y, Oy C] = 0 and try ad b, = 0, then (4.37) implies 0, loge; = 0 and
e is identically 1. Conversely, the expansion loge(X,Y) = 1 try ad[X,Y] +
Oy (Proposition 4.31) shows that e = 1 implies try adh, = 0, therefore
try ad A = 0 and finally try [y, 0y C] = 0 by (4.37). The latter result, valid in
a neighborhood of the origin in s x s, extends to O by analytic continuation.
The expression of det D® follows from (4.23) and Lemma 4.11. m

Remarks. (a) Let By, resp. By, denote the Killing forms of the Lie al-
gebras g, resp. h. Considering the second term in the expansion of loge in
Proposition 4.31 we see that e = 1 on 2 also implies By —2By = 0 on h. x b..
(b) The above proof of (ii) shows that, for all strongly symmetric Lie algebras,
trpx,y] = 0 for X,Y € s, that is try adh, = 0. Besides, for X', Y’ € h we
have

(Bg —2By) (X', Y') = (trg +trs) (2y') — 2try (2'y') = (trs — try) (2'y).
But X' =4(X), Y =~(Y) for some X,Y € s, thus 2’ = vz =2,y =y =
yvy and

trs (@'y') = trs (yryy) = try (yyay) = try (y'2’) = try (2y) .

Therefore By — 2By = 0 on h x b for all strongly symmetric algebras.

The next proposition supplements Theorem 4.22. It shows that j = J'/2
is essentially the only choice allowing some symmetric spaces to be special.

Proposition 4.23 Let e; denote the (j, ®)— function, where ® is constructed
from universal Lie series A and C' (see 4.6.4). Assume e; is identically 1.
Then try ad b, = 0 and there exists a linear form § € s* such that j(X) =
J(X)V2e<&X> for all X. Thus ej = eji2 = 1, and j = J'/2 if j is even.

Proof. By Proposition 4.36 below the (J/2, ®)—function satisfies
1 T 9
logeu2(X,Y) = ; try ad ((th 5) Y) +O(Y?).
Let f be defined by j(X) = J/2(X)ef/(X)| an analytic function on a neigh-
borhood of 0 in s with f(0) = 0. If
loge;(X,Y) =loge (X, Y)+ f(X)+ f(Y) - f(X+Y)

vanishes identically near the origin, the first order terms in Y give
1
5 try ad ((th g) Y) = (Df(X) — Df(0))Y. (4.42)

At first order in X this implies  tryad[X,Y] = D?f(0)(X,Y) and both
sides must vanish identically, the right being symmetric and the left skew-
symmetric with respect to (X,Y’). Thus try ad[s,s] = 0. Besides

(th %) Y = {xp thiﬂy}
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belongs to [s,s] and the left-hand side of (4.42) vanishes, hence Df(X) =
Df(0). Since f(0) =0, f is a linear form on s and e; = eji/2. If f is even,
it must vanish identically and j = JY/2. m

Theorem 4.24 (symmetry of e-functions) Let e be the (j, F,G)— func-
tion of a symmetric space, constructed from functions F,G satisfying the
Kashiwara-Vergne equation (KV1) and G(X,Y) = F(-Y,—X). Then

(i) The function e,(X,Y) = e(X,Y) (dety Ad(h o ®(X,Y))™? is symmet-
ric on §, that is e, (Y, X) = e, (X,Y).

(ii) e(X,Y) = e(Y, X) for all (X,Y) € Q if and only if try ad h. = 0.

As shown in the next section e, is the natural e-function for the line bundle
of half-densities.

By Lemma 4.11 the symmetry of e in (i) holds true if (and only if for
simply connected G) the space S = G/H has a G-semi-invariant measure.
By Theorem 3.9 this symmetry implies the commutativity of the algebra
D(S).

Proof. The skew-symmetry of C(X,Y’) (Proposition 4.8) is the key to the
proof. In view of the definition (4.23) of e the factor j plays no role here and
we may as well assume j = 11/2 and use Proposition 4.19.

(i) Let e, = e; - (dety Ad hy)™'/2 with hy(X,Y) = ho ®(tX,tY). Writing
as before A;(X,Y) = A;(Y, X) etc. we know from the proof of Proposition
4.10 that E;laﬁt = (Zt — Bt) o ®,, therefore

0; log (detb Adﬁt)_l/2 = —% try ad (Zt - Bt) o ®;.
Besides we have by (4.32), (4.35) and (4.36)
Oiloge; = J — %trh (=0xCiox+ 0yCroy+ad(A; + Bt)) o Py
with 7(X,Y) = J(Y, X). But C; = By — A, = —C; by Proposition 4.8 (ii),

therefore 9y C;, = —0yC; = —0xC; and —0xC, o x + Oy C; o y is invariant
under permutation of X and Y. From this we infer an equality of the form

Orloge, +(X,Y) = try (ue(X,Y) + v (P4 (X,Y)))

where u;, vy are non-commutative series in ad X, ad Y such that u:(X,Y) =
us (Y, X) and (X, Y) = v (Y, X).
The map ®; is not symmetric but, in view of Proposition 4.10 (i) with
(Xt7 Y—t) = q)t(X? Y) = tilq)(tX7 ty)a
v (Be(Y, X)) = ve(he - (Y, X1)) = Ad hy 0 v (Yy, X)) 0 Ad byt
= Adhy o vy (4(X,Y)) 0 Ad by !

Thus try v,(®4(X,Y)) is symmetric and (i) is proved.
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(ii) Since A; — By belongs to h. we have dety, Adh, = 1if try ad b, = 0 and
(i) implies the symmetry of e.

Conversely the Taylor expansion loge(X,Y) = 1 try ad[X,Y] + O4 (Propo-
sition 4.31 below) shows that the symmetry of e on €2 implies try ad h,. = 0.
]

4.5 Extension to Line Bundles

In this section we extend the construction of e and the above results to line
bundles over symmetric spaces, using the notation L., (z, z) etc. of Sections
2.2 and 3.8. The previous study coresponds to the trivial character y = 1.
The symbol ~, resp. *, now denotes the transfer map, resp. the convolution,
for the line bundle. Our first theorem generalizes Theorem 4.12.

Theorem 4.25 Let S = G/H be a symmetric space and x a character of H.
Let u,v be H-invariant distributions on open subsets of s and let f € C™(s),
with suitable supports. Then

(7, ) = ((X) @ (Y ), e (X, V) (X + 7))

with
ex(X,Y) :=e(X,Y) x (ho®(X,Y))™" (4.43)

where e is the (§, ®)— function (4.23) of S.

The convolution equality holds in particular if u,v are H-invariant distrib-
utions on open subsets of s, with suppv = {0}, f € C*®(s), and suppu N
supp f N Q1 is compact.

Here again 0y = {X € s|(X,0) € Q}. More generally, the result holds under
the assumption on supports specified at the end of the proof of Theorem 4.12,
but the special case mentioned here suffices for the application to invariant
differential operators. We shall call (4.43) the (j, ®, x)— function of the
line bundle L,.

Proof. From the definitions of ~ and * we have

(%3, F) = (u(X),§(X) (7 Fexpx ) ).

where the section fexp x of the line bundle is given by fexp x(ExpY) =
e . f(e¥e¥ H). Using the decomposition eXe¥ = e?h with Z = Z(X,Y)
and h = h(X,Y) we obtain
forx(ExpY) = e - (e7,5(2) 7 £(2)) = (" 1", i(2) "' (2))
= (", x(h)"'§(2)"" f(2))
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and it follows that

(75.7) = (utx) 0 o), U v ey ).

We can then use (4.25) with g(X,Y) := e, (X,Y)f(X +Y) and e, defined
by (4.43). The resulting equality is (v ® v,¢1) = (4 ® v, go), with

X)) 1
a(X,Y) = mX(h(Xv Y) T f(Z(X,Y))
w(X)Y) = X Y)f(X+Y),

which implies our claim. m

Given a character x of H we denote by x’ its differential at the origin,
which is a character of the Lie algebra b (that is x’ ([h, h]) = 0); thus x (¢V) =
eX' V) for V € . A character of § extends to a character of g=b®sif and
only if it vanishes on the ideal b, = [s,s] of h: indeed extending it by 0 on s
proves the «if» part, and the converse is obvious.

Proposition 4.26 The function e, defined by (4.43) has the following prop-
erties.

(i) It is analytic on 2, strictly positive, and e, (X,Y) = ey (h- X,h-Y) for
all h € H. Besides ey (X,Y) = ey (=X, =Y) if j is even.

(it) Given two characters x1, xo of H we have ey, = ey, if and only if the
character x| — x5 of b extends to a character of g.

Under the assumption of (ii) the line bundles L, and L,, are isomorphic.
Proof. (i) is clear by Proposition 4.2 (¢), Theorem 4.6 (i) and Remark (d)
after Theorem 4.12.

(ii) Assume x} — x4 extends to g. Then, G being simply connected, X1X§1
extends to a character of G. By Proposition 4.2 (iv) it follows that x;(ho®) =
Xo (h o ®) hence ey, = ey,.

Conversely e,, = e, implies x; x5 ' (ho®(X,Y)) = 1 for all (X,Y) € Q. But
ho®(X,Y) = exp (%[X, Y]+ 04) by Lemma 4.30, therefore (x} — x4) [X, Y] =
0 for all X,Y € s. The character x} —x5 of b, which vanishes on [s, s], extends
to a character of g. m

Let us consider the following characters of H, resp. b,
1
w(h) == (det y Adh)"? | resp. ' := 3t ad.

Since dety Adh = (dety Adh) (dety,, Adh) extends to a character of G we

see that, up to isomorphism, w defines the same bundle as (detg/h Ad h) _1/2,
that is the bundle of half-densities on G/H (Section 2.2.1).
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The line bundle L, is called special if the convolution equality of Theo-
rem 4.25 holds with e, = 1. In the next theorem we specialize to j = JV2? an
assumption motivated by an easy extension of Proposition 4.23: if j is even,
A, C are universal and the (j, @, x)-function of a line bundle is identically 1,
then j = J/2.

Theorem 4.27 (special line bundles) Let e, be the (JYV2,®,x)— func-
tion of a line bundle L, where ® is constructed from Lie series F,G satis-
fying the Kashiwara-Vergne equations (KV1) and (KV2). Then

(i) ey is identically 1 on Q if and only if e, is identically 1 on Q and X' —w’
extends to a character of g.

(1) ey (X,Y) =1 if (X,Y) € Q, if X|Y belong to a solvable Lie subalgebra
of g and X' — W' extends to a character of g.

(tii) ey is identically 1 on Q if the space G/H is strongly symmetric and
X' — w' extends to a character of g.

Thus, among bundles equipped with e, defined by (4.43), only the bundle
L,, of half-densities can be special (up to isomorphism). It actually is if G is
a solvable Lie group or if G/H is strongly symmetric. See Proposition 3.28
for some properties of special bundles.

Proof. (i) The "if" part follows from Proposition 4.26 (ii). Conversely the
expansion loge, (X,Y) = 3(w — x)[X,Y] + Oy (Proposition 4.31) shows
that e, = 1 implies the vanishing of X’ — w’ on [s,s]. Thus it extends to a
character of g and e, = e,, = 1 by Proposition 4.26 (i) again.

(i) By Theorem 4.22 (i) we have e(X,Y) = 1 and it remains to show that

X (ho®(X,Y))=1.

We know from the proof of Proposition 4.10 that h¢(X,Y) := h o ®(tX,tY)
solves the differential equation

ﬁt_lafzt = Ht o (I)t

and the right-hand side belongs to [s, s] (note that the assumption G(X,Y) =
F (=Y, —X) of Proposition 4.10 was not used for that). Therefore ho®(X,Y)
belongs to H.,, the connected Lie subgroup of H generated by exp[s,s]. But
for V € [s,5] we have x (¢V) = eX' V) = (V) since y' — w' vanishes on
[s,5], and w'(V) = 3 tryadV = 0 since ad V is nilpotent as in the proof of
Theorem 4.22.

(tii) The proof is similar to (4): here e = 1 and try ad[s,s] = 0 by Theorem
4.22, hence x'(V) = w'(V) =0 and yx is trivial on H,. m

Theorem 4.28 (symmetry of e,) Let e, be the (j, ®,x)— function of a
line bundle L, where ® is constructed from functions F,G satisfying the
Kashiwara-Vergne equation (KV1) and G(X,Y) = F(-Y,—X). Then

(i) ex (Y, X) = ez, -1 (X,Y) for (X,Y) € Q

(1t) ey is symmetric on Q, that is e, (X,Y) = e, (Y, X), if and only if e, = e,
that is if the character X' — W' of b extends to a character of g.
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Remarks. (a) The bundle of half-densities is thus (up to isomorphism) the
only line bundle over S with a symmetric function e, . By (i) the convolution
of H-invariant distributions and the algebra D (L,) (see Theorem 3.27) are
commutative whenever ' — w’ extends to a character of g; the latter result
was originally proved by Duflo [19].

(b) Combining Theorem 3.27 (éii) with Proposition 4.31 the following nec-
essary condition is easily obtained (cf. [45] p. 125): if D(L,) is commuta-
tive, then (x' — w’) [X,Y] = 0 whenever X = DP({) and Y = DQ(&) with
P,Q € S(s) and ¢ € s*. The differentials DP(¢), DQ(€) are here identified
with elements of s.

(c) For the trivial bundle (x = 1), (i¢) shows that e, = e is symmetric if
and only if W' = %trb ad vanishes on [s,5]. Thus Theorem 4.28 generalizes
Theorem 4.24.

Proof. (i) By (4.43) we have e,(X,Y) = €,(X,Y) (wx™!) (ho ®(X,Y)).
Under permutation of X and Y the factor e, is invariant (Theorem 4.24
(7)) whereas the second factor changes into its inverse (Proposition 4.10 (4)),
hence

EX(K X) = EW(X’ Y) (w71X) (h 0 CD(Xr Y)) = 6w2xf1(X7 Y)

(it) By (i) ey is symmetric if and only if e, = e,2,-1, in other words if
X' = (20 —x') = 2(x' — ') extends to a character of g (Proposition 4.26
(7)). This is equivalent to the vanishing of ¥’ —w’ on [s, 5], or else to e, = e,,.
[

4.6 Taylor Expansions

In this section we expand all important expressions considered in the chapter,
first up to order 4 or 5 with respect to (X,Y), then up to an arbitrary order
with respect to X but up to order 1 with respect to Y. These expansions
aim at giving a better understanding of the functions we have introduced,
and possibly testing conjectures about their properties. They are also used
in the course of several proofs in 4.4 and 4.5.

In the following O,, means terms of order > n with respect to (X,Y)
- not to be confused with the degree with respect to t in expressions like
A X,Y) =t LA(RX, tY).

As usual we write z = ad X, y = ad Y. All terms in our expansions will be
written as ®'yP1...2%* Y, which is short and convenient but not unique: for
instance [[X, Y], [X, Y]] = 0 gives zyzY = yz?Y because ad[X,Y] = zy — yz
and [X,Y] = zY. Such relations will be taken into account.

4.6.1 Expansions of Z h, A, B,C

Recall the definitions Z(X,Y) = e log (e*¥e?V), h(X,Y) = e 2 V)XY
(Proposition 4.2). Moreover A, B, C' are even Lie series such that B = A+ C
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and
Z(Y,X)=(chy) (X +Y)— (chyshz +shychz)A(X,Y) — (shy)C(X,Y)
(4.44)
for (X,Y) € U (Proposition 4.5 (7)).
Lemma 4.29 For X,Y near the origin of g X g we have
1
Z(X,Y)=X+Y — E(mZ + 2yz)Y +

1
+ 360 (73:4 + 16yz® + 12zyz? + 48y%2? — 162y%x + 8y3m) Y + Or.

1 1
hMX,Y) =exp <2£L'Y - — (x2 + 3zy + y2) Y + OG)

24
1 1, )

AX)Y) = —37Y + 55 (72* + 12yz + 4y°) Y + Og (4.45)
1 1

CX,Y) = —za¥ + = (22% + 3yx + 2¢?) 2Y + O. (4.46)

Proof. From the classical Campbell-Hausdorff expansion up to order 5:

1 1 1 1
log(eXe¥) = X +Y + ixY + Esz — Eme — ﬁy:r2Y+

+ % (—x4 + 2ya® — 6ayz? + 6y2a? — 2z + y3ac) Y + O
the expansion of Z(X,Y) is easily obtained. Since Z(—X,-Y) = -Z(X,Y)
all even terms may be neglected during the calculations.

The expansion of h = e~ % (eX ey) follows, applying twice the Campbell-
Hausdorff formula up to order 4.

It turns out that the expansion of Z together with (4.44) uniquely determine
A and C up to order 4. Indeed the expansions (4.45) and (4.46) are easily
obtained by identification: we may look for

A= azxY + ba3Y + cyz®Y + dy*zY + Og

(where a, b, c,d are unknown coefficients) and a similar expression for C ;
all terms have different degrees with respect to X and to Y, and xyzY =
yx?Y . The result drops down from (4.44) and the expansion of Z after some
computations. Note that (4.46) implies C(Y, X) = —C(X,Y’) necessarily, up
to order 4 at least. m

Then A; =t tA(tX,tY) and B; = A; + C; are given by
43

t
AlXY) = —gaY + o

(72® + 12y2® + 4y%2) Y + O (4.47)

2t t
Bi(X,Y) = —ZaY + & (112* + 18yz* + 8y°z) Y + Og. (4.48)
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4.6.2 Expansion of ¢

Let ® and ®; be given by Theorem 4.6, from A, C satisfying (4.44) and
B=A+C, and let ¢; = at_lbt.

Lemma 4.30 In a neighborhood of the origin of s X 5, ®:(X,Y) = (X¢,Ys)
and Uy = ¢(X,Y) - Y expand as

t2 t4

X=X+ gsz + 355 (=72 — 12zy2® + 5ya® — day’z) Y + O7
£ tt 3 2,2 2 3

Y, =Y + gny—i—% (—11yx + 12y“2* — 20zy“x — 8y x)Y+O7
t2 t4

U =Y + nyY + 360 (—4y$3 + dy?2? — sayPe — 4y3x) Y +0O5.

Also
t2 tt
c(X,Y) =exp (—GxY + 360 (4902 + xy + 4y2) Y + Og)

1 1
ho®(X,Y) =exp (QxY— 2 (:c2 —|—:cy+y2) xY+OG> )

Proof. In view of Theorem 4.6 we must solve

at)(t - [At(Xt7)/t)7Xt] ) XO =X
at}/t = [Bt(Xt7Y;)7}/t] ) YO =Y

in the form of X; = X +t? X5 +t* X5+ 07, Y; = Y +t?Y3+t*Y5 4+ O;. Taking
into account the identities

w2yxY = xy2’Y |, ad(2?Y) = 2%y — 2zyx + ya?
yryzY = y22?Y | ad(y?X) = yPx — 2yzy + x9°

and the above expansions of A;, By, the result is easily obtained by identifi-
cation.

The expansion of U; follows similarly from 0,U; = [Cy(X,Uy),Us] , Uy =Y
(Lemma 4.7).

According to Proposition 4.8, ¢; = exp~y, withy, € h. = [s,s] and v, (- X, -Y) =
Tt (X7 Y)a thus

v = t?azy + t* (bx2 + cxy + dy2) zY + Og

where a,b, ¢, d are scalars. These coefficients may be obtained by identifica-
tion of ¢; - Y = exp (ad+y,)Y with the above expansion of Uy, or else from
the differential equation (DeR.,) ' 9y¢, = Cy (X,Uy) (Lemma 4.7) which is
equivalent to

eadv: _ 1

ad ,

1 1
V= (1+Qad%—f—6(ad'Yt)Q“‘"')’Y;:Ct(XaUt)'
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The definition of h and the properties of ® imply
ho®(X,Y) = (e X YeX)eM .
Knowing that
X, :X+%m2Y+05 .Y :Y—i—%me—&—O5.

the result for h o ® follows from the classical Campbell-Hausdorff formula,
applied twice up to order 4. Note that the remainder is actually Og since
h o ® is an even function. m

4.6.3 Expansions of ¢ and e,

We can now expand the (J'/2 ®)— function defined by (4.23) with j =
JY2. Let us introduce T := [X,Y] = Y and the Killing forms By (U, V) :=
trg(adU ad V), resp. By(U,V) :=try(ad U ad V), of the Lie algebras g, resp.
h. For line bundles we recall the notation x’ (the differential at the origin of
the character x of H), w’ = 3 try ad (that is ' for the bundle of half-densities)
and the definition (4.43) ey, = e x(ho ®)7L.

Proposition 4.31 In a neighborhood of the origin of s x s the logarithm of
the (JY/2,®)— function e expands as

1 1 1
loge(X,Y) = 1 try ad <T - E(xQ +zy + yg)T> f%(Bg—2Bb)(T, T)+40.

More generally, for any character x of H,

1
(By—2By)(T, T)+O.

1 1
log ey (X,Y) = - (w'=X') (T — @ty + y2)T>_240

2 12

Note that the first term of log e vanishes if try ad b, = 0. More generally, the
first term of log e, vanishes if x’ —w’ extends to a character of g.
Proof. By Proposition 4.19 (i):

Ologe (X, Y)|,_, = %trb (zcothx + ycothy — (z + y) coth(x +y) — 1) —
— tfh ((8}/0) oy + ad A) (X17Y1).

Having computed this for ¢ = 1 the general case will follow, observing that
loges(X,Y) =loges(tX,tY) hence

Orloge (X, Y) =t (0sloges|,_,) (tX,tY)

by taking the derivative with respect to s at s = 1; then loge:(X,Y) =
loge(tX,tY) is obtained by integration. To perform the calculations one
uses the following:
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. xcothle—i—%—%—&-()a
e z2yx ~ yz? (and similar relations), where a ~ b means try a = try b
o y22Y = —ad(yzY)Y = —yad(zY)Y, implying
Oy (y?xY) = y?z — ad(y2Y) — yad(zY)
(and similar relations), to compute 9y C

o ad(z3Y) = 23y — 322yx + 3wya® — ya® ~ 4(z3y — y23) (and similar
relations) to compute ad A

e replace x by ad X; = = + éad(x2Y) + O5 and y by adY; = y +
+ad(yzY) + Os in view of Lemma 4.30.

We skip the details, lengthy but easy. One checks that

(By — 2By)(T.T) = 2wy ays — a2y?) = try (o9, a] + [y, )
ad ((a:2 + oy + yz)T) ~ [z, 4y + yxy] — [y, 42> + zyz],

and the expansion of loge can finally be written as claimed.
Moreover log x(h o @)™t = —y/ (log(h o ®)) and the result for loge, follows
from the expansion of h o ® in Lemma 4.30. B

In the following examples |T|?> = tr (!TT) denotes the Hilbert-Schmidt
norm of a matrix 7.
Example 1. For the real hyperbolic space H"(R) = SO,(n,1)/SO(n)
Proposition 4.31 gives

3—n
240

with XY €5, T =[X,Y] € g = so(n, 1), and this expansion agrees with the
example following Theorem 3.23.

Indeed try ad h = 0 since H = SO(n) is a compact group. Besides By (T,T) =
(n—2) tr (T?) by a classical result for the Killing form of so(n) ([27] p. 189),
and we must evaluate By (T,T'). Let

loge(X,Y) = IT|? + O

X = ( ;;1/ ‘6 ) ,or X = (A, V) for short ,
denote an element of g = so(n, 1), where A € so(n) is a skew-symmetric n xn
real matrix and V' € R™ is a column vector. The subalgebra b of g is defined
by V = 0 and the subspace s by A =0. Let H € s be defined by A = 0 and
'V =(1,0,...,0). Computing brackets it is easily checked, with the root space
decomposition of g defined by the abelian subspace RH, that the eigenvalues
of ad H are 1, 0 and —1, with respective multiplicities n — 1, 1 and n — 1.
Thus By(H,H) = tr (ad H)? =2(n—1) and H is a unit vector with respect
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to the norm ||.|| of Section 3.7 with p = n — 1, ¢ = 0. Extending this remark
by H-invariance (with H = SO(n)) to any X € s, we see that || X|| coincides
with the canonical norm of V' in R™ and By (X, X) =2(n — 1) V]2

Now let X = (0,V), Y = (0,W) € s; then T = [X,Y] = (A4,0) € b with
A =V'W —W'V. Observing that By(T,T) = By(zY,2Y) = —B,(Y,2?Y)
and %Y = [X,T] = (0,—AV), we obtain

By(T,T) = —2(n—1)(W < V)
= 2= 1) (VW) = VI )
20— 1) (XY = IXIPIY)7) .

But 2 ((v WY v ||W|\2) = tr (T?) = —|T}?, therefore

(By —2By) (I,T) = (3—n)tr(T?)
2n = 3) (IXI° Y] = (X - ¥)?).

This implies our claims.
The same expansion of loge holds for the n-sphere S™ = SO(n + 1)/S0(n)
since By(T,T) = (n—1) tr (T?) and we still have By (T,T) = (n—2) tr (T?).

Example 2. For the symmetric space SL(n,R)/SO(n) Proposition 4.31 gives
L2
loge(X,Y) = %|T| + O

where |T? = tr (*T'T) is again the Hilbert-Schmidt norm of the matrix 7' =
[X,Y] € g =sl(n,R).
Indeed, by [27] p. 187 and 189,

By(T,T) =2ntr (T?) , By(T,T) = (n—2)tr (T?),

therefore (By — 2Be) (T, T) = 4tr (T?) = —4|T|? for T € so(n).

Remark. The expansions in Examples 1 and 2 seem to disagree for the space
H2(R) = SO,(2,1)/50(2) = SL(2,R)/SO(2)... but it should be noted that
the Lie algebra so(2, 1) is isomorphic to sl(2,R) under the map

0

b 1 U v+t
X=| -t 0 v >—>X’:< >
2 v—t —u
u v 0

and that | X|? = 4|X'|2.
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4.6.4 Expansions of Z, h, A,C Modulo Y?

We now give several expansions up to an arbitrary order with respect to
X but up to order 1 only with respect to Y. All functions we deal with
are analytic in (X,Y) so that f(X,Y) = O (Y?) will mean: there exist a
neighborhood U of the origin in g x g (or s x s) and a constant C' > 0 such
that || f(X,Y)] < C||Y]? for all (X,Y) € U.

Lie series A,C are called universal solutions of (4.44) if, for any finite
dimensional real Lie algebra g, this equality holds identically in some neigh-
borhood of the origin in g.

Lemma 4.32 (i) Let Z(X,Y) and h(X,Y) be defined as in Proposition 4.2.
Then

T

Z(X,)Y)=X + i O(Y?) (4.49)
Z(Y,X) =X + (vcothz) Y + O(Y?) (4.50)
h(X,Y) = exp ((th g) Y + 0(Y2)) . (4.51)

(i) Let A and C be even Lie series which are universal solutions of (4.44).
Then

AX,Y) = L220hTy o2y (4.52)
shx
CX,y) = LTy oy (4.53)
2sh”x

Proof. (i) In view of Proposition 4.2 (v) we have
Z(X,Y) = Z(X,0) + 0y Z(X,0)Y + O(Y?) = X + ﬁy +O(Y?)
Z(Y,X)=2(0,X)+0xZ(0,X)Y + O(Y?) = X + (zcothz) Y + O(Y?)
for X,Y near the origin of g. Then dyh(X,0) is obtained by taking the
derivative at t = 0 of eZ(X*YIR(X,tY) = e¥XetY. Since Z(X,0) = X and
h(X,0) = e it gives

1—e®

Oy h(X,0)Y =Y — By Z(X,0)Y = (1 _l-em ) v— (w2,

shz

whence the expansion of h(X,Y).

(i) As in Section 1.8.7.d we shall prove that (4.44) and the universality
determine the expansions of A and C' modulo Y2. They are even Lie series,
therefore

AX,Y) =a(x)Y +O(Y?), C(X,Y) = c(z)Y + O(Y?) (4.54)
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where a and ¢ are odd power series in the variable x = ad X. Writing (4.44)
modulo Y? at first we obtain

Z(Y,X) =X+ (zcothz) Y + O(Y?) = X +Y — (shz)a(z)Y + O(Y?),
hence a(z) = (1 — zcothz)/shx) in view of the next lemma.

Lemma 4.33 Let u be a power series in one variable, convergent in a neigh-
borhood of the origin. The following are equivalent:

(i) for all Lie algebras u(x)Y =0 for all X,Y in a neighborhood of 0 in g
(i) for all symmetric spaces u(x)Y = 0 for all X,Y in a neighborhood of 0
m s

(1) w is identically 0.

Proof. Ouly (i)= (iii) needs to be proved. For the symmetric space
SL(2,R)/SO(2), s is the space of symmetric 2 X 2 matrices with trace 0.

Taking
o t)2 0 (01
(0 ) = ()

we obtain

and the lemma. =

To reach c¢(x) we need to consider the second order terms in (4.44) as
follows. Let Z(t) := Z(tY,X) and z(¢t) := ad Z(t). Then, according to
Proposition 4.2 (v),

Z'(t) = (0xZ) (tY, X)Y = s;it()t) o Adh(tY,X) o (cha)Y.

But h(tY, X) = e ZWetY eX = e~V =X by (4.4), hence
AdR(tY,X)oe® = eMe ™ | AdA(tY,X)oe @ = e *(Mety
and Adh(tY, X) o (chz)Y = (chz(t)) Y, therefore

Z'(t) = f(2(t))Y with f(2) := zcothz = 14 »  fnz".

n>1

The first order expansion Z(t) = X + tf(z)Y + O(t?) gives 2(t) = = +
tad (f(z)Y) + O(t?) whence
Z'(t)=f(z+tad (f(2)Y)+O(t))Y
=f@Y +t> fo Y 2’ lad(f(2)Y)2®PY + O(£?).

n>1 1<p<2n
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A more convenient expression of Z”(0) = > ., (---) is obtained by means
of Petracci’s notation -

(C(wlv $2)|Y, Y)) = Z é“pq[xi”y’ qu]

p,q

where ((u,v) =3_,  (p,uPv? is any (commutative) power series. In particu-
lar, as in Section 1.8.7.d,
Y, Y)

Z P ltad (f(z)Y)2?PY =

1<p<2n

( (1‘1 + x2) " - x%nf(l'l)

x

and we infer that Z”(0) = (¢(z1,z2)|Y,Y)) with

f(x1 + x2) — f(22)

T

C(z1,22) =

f(z1).

Thus
2

2, X) = X 4 1f(@)Y + 5 (¢(an,2)|Y, ) + O().
Similarly, let
A(X,tY) = ta(2)Y + 12 (a(z1,22)|Y, Y)) + O(?)

denote the Taylor expansion of A up to order 3. Transferring this and
C(X,tY) = te(x)Y +O(t?) into (4.44) the coefficients of t? lead to the identity
(E(x1,22)|Y,Y)) =0, where

1 1
E(zy,29) := ig(xhxg) + 51’2 + a(xz) chxo + c(x2) + sh(zy + z2)a(x1, x2).

Lemma 4.34 Let E(u,v) be a (commutative) power series, convergent in a
neighborhood of the origin. The following are equivalent:

(i) for any Lie algebra g, (E(z1,22)|Y,Y)) = 0 identically for X,Y in a
neighborhood of the origin of g

(ii) E is symmetric: E(u,v) = E(v,u).

Proof. Let E(u,v) =Y EpquPv? be the given series.

(ii)= (i) clearly, since [zPY, 2?Y] is skew-symmetric with respect to (p, q).
(i)=(ii). Splitting E as the sum of a symmetric and a skew-symmetric
series we may assume F is skew-symmetric and, replacing X by ¢X in the
assumption (%), we infer that ) Ep[2?Y,z9Y] = 0 for any n > 1, or
else

pt+g=n

> Epgla"Y,29Y] =0 (4.55)
pt+q=n, p>q
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for all X,Y € g. Let us apply this to the nilpotent Lie algebra of strictly
upper triangular (n + 3) x (n + 3) real matrices and choose the elements

01 --- 0 0 0 v -~ 0 0
. . o

X = 10 |0V e 0 |’
0 0 0 1
0 0

which lead to simple computations. Then, for p+g = n, the matrix [zPY, z7Y]
is filled with 0 everywhere except in its upper right corner, equal to

Foly) = fa () with f,(y) = (=) yo + (—1)P ' Chyn + - = CL g1 +

(where the CJ’s are the binomial coefficients). Therefore (4.55) implies

> Epnp (o) = fap(y) =0

n/2<p<n

hence E, ,_, = 0 since the linear forms y = (yo, ..., ¥n) — fp(¥) — fo—p(y)
are linearly independent. The lemma is proved. m

Our previous calculations and Lemma 4.34 imply that

f(x1+ 22) — f(22)

2.%‘1

1
fz1) + 5902 + a(za) chxs + c(x2) + sh(zy + z2)a(z1, z2)

is a symmetric function of (z1,z2). In particular, taking z; = —z, 29 = =z,

we see that 1
% f(=2)+ 5 +a(@) cha + c(x)

is an even function of z, thus identically 0 since f is even and a,c are odd.
We finally obtain

1 f(x) x x—shxcha

c(x) 5y 4@ =5 —alz)che=——5—,

which completes the proof of Lemma 4.32. B

4.6.5 Expansion of ® Modulo Y?

Lemma 4.35 Let ® be constructed from a solution (A,C) of (4.44). Then
B(X,Y) = (X+ (1 - i) Y+O(Y2),Y+O(Y2)) (4.56)

shz
ho®(X,Y) = exp ((th g) Y+O(Y2)). (4.57)
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Proof. We refer to 4.2.4 for the definition and properties of ®4(X,Y) =
(X;,Y;) =t 1®(tX,tY) ; in particular ®;(X,0) = (X,0) (Theorem 4.6 (4ii)).
Let us recall (4.13):

at}/t(X’ Y) = [Bt © (bt(X7 Y)7 }/t(Xv Y)]

Taking derivatives with respect to a component Y; of Y (with respect to some
basis of §) we obtain d; (dy,Y;) (X,0) = 0 since B; o ®4(X,0) = By(X,0) =0
and Y;(X,0) = 0. Thus 9y Y;(X,0) does not depend on ¢. Since Y5(X,Y) =Y
it is the identity, and the second component of ®(X,Y) is Y + O(Y?).
Let (X1,Y7) = ®(X,Y). We have Z(X;,Y7) = X + Y by the fundamental
property of ® therefore, by differentiation with respect to Y at Y = 0,

8XZ(X,0) anxl(X,O) —|—8yZ(X,0) oﬁle(X,O) = 1,

the identity mapping of s. The derivatives of Z are given by Proposition 4.2
(v), with Z = X and h =e for Y =0, and dyY71(X,0) = 1 by the first part
of the proof. It follows that

By X1(X,0) =1 — —

YAl ) - shaz ’

whence our claim for the first component of ®.
Then ho ®(X,Y) = h(X +O(Y),Y + O(Y?)) and Lemma 4.32 (i) implies
(4.57). m

Remark. For (X;,Y;) =t 1®(tX,tY) the lemma gives

- _ b= 2 _ 2
XtX+(1 Shm)YJrO(Y ), i =Y +0(Y?),

whence a new proof of the expansion (4.52) of A. Indeed, writing A(X,Y) =
a(z)Y + O(Y?), the first order terms with respect to Y in the differential
equation 0; Xy = [A+(X3, V), X¢] lead to

Oy (1 _ > Y = —za(tz)Y,

hence, for t =1,
<1 — zcothx

shz

- a(m)) 2Y =0

and the result by the universality of A (Lemma 4.33). Thus A is uniquely
determined modulo Y2 by its universality and the properties of ®.

4.6.6 Expansions of ¢ and ¢, Modulo Y?

For a line bundle L, we recall the notation x’ (the differential of the character
X at the origin), replaced by w’ = %trh ad for the bundle of half-densities.
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Proposition 4.36 Let e be the (J1/2,<I>)ffunctz'0n, where ® is constructed
from even Lie series A, C which are universal solutions of (4.44). Then, for
X, Y near the origin of s,

_ 1 z 2y _ 1 2
log e(X,Y) = 5 try ad ((th 2) Y) +0(Y?) = 7 tryltha,y] + O(Y?).
More generally, for any character x of H,
RN x 2
log ey (X,Y) = (& = x') ((th 2) Y) +0(r?).
Proof. By (4.32) and (4.35) in Proposition 4.19 (i) we have, with ¢ = 1 for
simplicity and f(z) := z cothz,
2 0iloge(X,Y)|,_, =
— b1y (f() — [+ 1)+ J(y) — 1) — try 20y C oy +2ad A) 0 B(X, V).

We know from Lemmas 4.32 and 4.35 that

C(X,Y)=c(2)Y +O0(Y?) , A(X,Y) = a(z)Y + O(Y?)

O(X,Y)=(X+0(Y),Y +0(Y?))
with 2¢(z) = (z — shazchx) /sh®’z = — f/(x) and a(x) = (1 — z cothx) /shz.
Since f(y) — 1 = O(Y?) we infer

20 loge(X,Y)|,_, =
= try (f(z) = f(z +y)) — try (= f'(2)y + 2ad(a(2)Y)) + O(Y?).
Lemma 4.37 (i) For any even power series f in one variable
1

try (f(2 +9) = £(2) = 5ty (f' @)y + yf'(2)) + O(?),

(i) For any odd power series a in one variable
2try ad(a(2)Y) = try[a(22), y].

Proof. (i) is easily checked for f(x) = z%".
(ii) Since ad(z" 1Y) = [x,ad (z"Y)] it follows that

n

ad (z"Y) = Z(—l)kCﬁxn_kyaEk

k=0

inductively, where C¥ is the binomial coefficient. Replacing n by 2n-+1 we can
separate out even and odd k’s so as to obtain, after repeated commutation
of 22 with even monomials,

() = (S ) 0y (SO ) it

k
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where v9,, is an even monomial in (z,y). Thus

2 ad ($2”+1Y) _ [(2$)2n+1’ y] 4 2[$2’ UQn]
and the lemma follows. m

Going back to the proof of Proposition 4.36 we now obtain by elementary
computations

9108 (X, Y)|o_y = + try ([ (2).0] — 2[a(22).3]) + O(¥?)

1 x
= —try [thz + | + 0.
Fo [t 5] + o0

Then

(Deloger) (X,Y) =171 (Osloges|,_y) (X, 1Y)

1 tx
—trh |thte + ———,y| + O(Y?
pr [t + S5 ] + 00

1
T [On(tthtz),y] + O(Y?)
and integration from ¢t =0 to t = 1 gives
1
loge(X,Y) = ztrh [thz,y] + O(Y?).

The other expression of log e follows from (%i) in the lemma.
For the line bundle

loge, =loge — X' (log(h o ®)) =loge — X’ ((th g) Y) +0(Y?)
— (W — ) ((th g) Y) +O(Y?)

by (4.57) and the proof is complete. H

4.7 Open Problems

a. Characterize special symmetric spaces in a more explicit way than Theo-
rem 4.22 (74). Give other examples (see ¢ below).

b. Characterize the line bundles L, such that D(L,) is a commutative
algebra (see Remarks after Theorem 4.28).

c. Besides solvable and strongly symmetric spaces (Theorems 4.22 and 4.27),
another interesting candidate for a special line bundle was introduced by
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Alekseev and Meinrenken in [4]. These authors consider a quadratic sym-
metric algebra (g, 0) with skew o-invariant quadratic form, that is a nonde-
generate symmetric bilinear form B such that B([X,Y],Z) = —B(X,[Y, Z])
and B(cX,0Y) = —-B(X,Y) for all X,Y,Z € g; examples are given in Sec-
tion 8.2 of [4]. Using their non-commutative Chern-Weil homomorphism,
they prove a version of Duflo’s isomorphism in this case: our transfer map
~ is an isomorphism of the algebra of H-invariant differential operators with
constant coefficients on s onto the algebra of G-invariant differential operators
on the bundle of half-densities on G/H. A different proof (and a generaliza-
tion) was given by Torossian [56]. It is therefore natural to conjecture that
our function e, is identically 1 in this case.

Yet another proof of the same result appears in Section 3.6 of the paper®
[15] by Cattaneo and Torossian who, more generally, propose a completely
different approach to e-functions. Using Kontsevich diagrams they construct
a function E, (X,Y) for the line bundle L,, which has many similarities to
our e,,-1(X,Y). It would be interesting to know whether both functions
coincide.

d. Can the (J1/2, F, G) —function of 4.4.2 be written as
loge(X,Y) = tryad (a(z,y)T) + (By — 2By) (T, b(x,y)T)

where T = [X,Y] and a(z,y), b(x, y) are even non-commutative series? This
result (suggested by the expansion in Proposition 4.31) would improve The-
orem 4.20 (7): since a(z,y)T = [X,V] + [Y,W] for some V,W € s and
b(x,y)T = T’ belongs to b, the above expression would imply

loge = try ([z,v] + [y, w]) + (trs — try) ((zy — yz)t)
= try ([z,0 —t'y] + [y, w + t'z])

with v =adV, w=adW, ¢ = adT’. It would also give a direct proof that
strongly symmetric spaces are special (see Remark (b) after Theorem 4.22).

e. The property e(X,Y) = e(X, Z) whenever X +Y + Z = 0 holds true for
the rank one function of Section 3.7 (Proposition 3.24 (7)) and obviously for
special spaces. Is is true in some other cases?

Notes

This chapter collects several facts on e-functions directly related to their
construction by means of the Campbell-Hausdorff formula, in the spirit of
the fundamental work [30]. A large part of the chapter is taken from my
papers [43] - [47]. Most proofs have been rewritten however, because their
counterparts in those papers made use of a specific choice of the Lie series

%See also the correction in [14].
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F,G, given by some integrals which we do not need any more. Theorem
4.16 is new. The function ¢(X,Y") was introduced in [46]. Section 4.4, which
contains our main theorems, is partly new, with some results relying on the
Kashiwara-Vergne conjecture now proved in full generality (see Chapter 1).
The proof of Lemma 4.32 is adapted from Alekseev and Petracci [6] (arXiv
version).

In [55] Torossian gives a new proof of Theorem 4.22 by means of the
Kontsevich star product adapted to symmetric spaces.

Theorem 4.28 implies the commutativity of the algebra ID (L, ) if x’ — w’
extends to a character of g. It gives a new proof of a result due to Michel
Duflo [19], generalizing a previous theorem by André Lichnerowicz [36] which
states that ID(S) is commutative if S is a symmetric space with G-invariant
measure.
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Appendix A

Proof of Lemma 3.22

Keeping to the semisimple notation in use in Section 3.6, we recall that the
radial component of g € G is defined as the unique R(g) € at such that

g = ke 9}

for some k, k' € K (Cartan decomposition in G, see [27] p. 402). Let | X| =
V/{X, X) denote the norm on g, o the origin of G/K and d(.,.) its distance

function.
Lemma A.1 Forallg,g € G
[R(9) — R(¢')| < d(g-0,9"-0).

Remark. This inequality is equivalent to d(a - 0,a’ - 0) < d(ka - 0;a’ - 0) for
all a,a’ € expat and k € K.

Proof. ! The classical decomposition G = (exp p) K reduces the problem to
the case g = X, ¢ = X' with X, X’ € p. We split the proof into two steps.
(i) |R (¢¥) = R(eX)| < 1X = X'|.

Indeed, by Cartan decomposition in p we may write X = k- H, X' =k - H'
for some k, k' € K, H, H' € a* and Proposition 5.18 in [28] p. 196 implies

‘R(eX) - R(ex’)‘ —|H-H|<|k-H-K- -H|=|X-X|.

(ii) | X — X'| < d(Exp X, Exp X') = d(eX - 0,eX" - 0).

Indeed d(Exp X, Exp X’) is the length of the geodesic segment I' joining both
points. Let v be the corresponding curve segment in the chart Exp, joining
X to X’ in p. Then (¢ denoting length) |X — X'| < £(~) in the Euclidean
space p. Besides £(y) < (') by a general property, due to Elie Cartan, of

T am indebted to Sigurdur Helgason for shortening my original proof of the lemma.

165
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the exponential chart in a Riemannian manifold of negative curvature ([27]
p. 73). Thus | X — X'| <{(T") and the proof is complete. =

Remark. For G/K Cartan’s theorem is easily proved as follows. The
point is to show that |(Dx Exp)V| > |V| for X,V € p, with Dx Exp =
Dot () o (shad X/ad X). By Cartan decomposition of X it suffices to
consider X € a. In the orthogonal decomposition p = a @ (B4>0pa) the en-
domorphism (ad X)? is then diagonal with respective eigenvalues 0, a(X)2,
therefore shad X/ad X =1+ " (ad X)*" /(2n + 1)! is diagonal with eigen-
values > 1 and the result follows.

Proof of Lemma 3.22. We now explain how Lemma A.1 implies the
estimate
R (eXetH) =tH+ A(X)+ 0O (e_t“(H))

as t — 4oo for X € p, H € a™, with pu(H) := inf,s a(H).
First, replacing ¢ by e’ g and ¢’ by e with H' € aT, the lemma gives

‘R(eH/g)—H’ <d(e'g-o0,e -0)=d(o,g-0). (A.1)

Then let eX = k(X)eA(X)e>Xa be the Iwasawa decomposition for X € p,
with k(X)) € K, A(X) € a, Xo € ga, the sum ¥ running over all positive
roots . Fixing H € at and remembering [H, X,] = a(H)X, we obtain

X etH — k(X)etH+A(X)eV(t) with V(t) := Z et x e,
a>0

Since a(H) > 0 for all positive roots a, we have tH + A(X) € a' for ¢

large enough (uniformly for X in a compact subset of p) and (A.1) applies
to R (etH+A(X)eV(t)) = R (eXetf):

R (eXet™) —tH — AX)| < d(o,eV® . o).

The latter distance can be evaluated by means of the decomposition G =
(expp)K. Forgetting ¢ for the moment let us write e®V = eV () k(s) with
W (s) € p and k(s) € K, smooth functions of s € R, hence e2WV(*) = sV =50V
and d(o,e" - 0) = |W(1)|. Disregarding a trivial case we assume V # 0. For
the s-derivative W’ we obtain, with w = ad W (s),

1— 672w

o2V = (e —1)V+(V-0V).

Since (1 —e72¥) /2w = e " (shw)/w is, for W € p, an invertible endomor-
phism of p it follows that 2W/ =V — 0V + [W,---] and, by scalar product
with W,

2 (W (s), W(s)) = (W(s),V —6V),
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hence f'(s) < |V —0V|+/f(s) with f(s) = |W(s)|>. To integrate this, ob-
serve that f(0) = 0 and f(s) > 0 for s # 0 because W(s) = 0 implies
e’V ="V € NNGN = {e} hence s = 0. Thus /f(s) < £ |V —6V| and

d(o,¢V - 0) = /(1) < % W ov].

For V = V(t) defined above we have |V — V| < Ce (1) with u(H) =
inf,~o@(H) > 0 and a constant C' uniform for all X in a compact subset of
p. This completes the proof of Lemma 3.22. m
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Appendix B

Proof of Theorem 3.23

Here G/K is a rank one Riemannian symmetric space of the noncompact
type and we use the notation of Section 3.7. As explained in the outline 3.7.1
our main task is to make explicit the kernels a,b in the integral formulas
(Lemmas B.2 and B.5 below)

T4y
/K o (lcH + k- yH|) dk = /| o(Da(e,y,)dz (B

z—y|
z+y
[tzen e pmna = [ ene e ©2
Ty
where ¢ is a continuous function on [0,00[, H € a with a(H) =1, ||H|| =1

and x,y > 0. As usual the Haar measure dk over K is normalized by fK dk =
1. After identification of a = RH with R the orthogonal projection 7w : p — a
is m1(X) = X - H (the dot denotes here the scalar product on p corresponding
to the norm ||.|| in (3.44)).

Lemma B.1 Let f be a continuous function on [—1,1]. Then

/f (k- M)k = sy 1 / £ty (=) g,

Proof. The map k— k- H = Ad(k:)H induces a diffeomorphism of K/M
onto the unit sphere ¥ of p. The classical spherical measure do on X is
invariant under all isometries preserving the origin of p, therefore under the
adjoint action of K, and do corresponds to a K-invariant measure on K/M:
there exists a positive constant C' such that

[ st = [ et )0 =€ [ fan)iox).
K >

K/M

Here X = (z1,...,x,) are coordinates with respect to an orthonormal basis
of p, with H as the first basis vector. Given t € [—1, 1] the intersection of ¥

169
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with the hyperplane z; =t is (for n > 3) a (n — 2)-dimensional sphere with
radius 1 — 2 and it follows that (with another constant C”)

/f (k- H) M_U/f 1) g,

which remains valid for n = 2 too. Taking f = 1 we obtain the value of C’
and the lemma. m

Lemma B.2 Given z,y > 0 let ¢ be continuous on ||z — y|,z + y]. Then,
for all rank one spaces,

Tty
/ o (|cH + k- yH|) dk = / o()ale,y, 2)dz
K |

z—y|
with
_ PTG)
S C e
(+y+2)(z+y—2)(z—y+2)(—z+y+2) "2
(zy)"—2

One has a(z,y,z) >0 forx,y >0 and |z —y| < z <z +y.

Xz

Proof. Since |[zH + k- yH|* = 2% + y2 + 2zyx(k - H), this follows from the
previous lemma with f(t) = ¢ ( 2 4+y? + Qxyt) and the change of variable

t—z=+/22+y?2+2zyt. m

Remark. A similar proof would give John’s formula for the iterated spherical
means (see [29] p. 356), where the same factor a(z,y, z) appears.

Lemma B.1 turns out to imply (B.2) too in the simple case of real hyper-
bolic spaces, as follows.

Lemma B.3 Given z,y > 0 let ¢ be continuous on ||z — y|,z + y]. Then,
for H"(R),

z+y
[ etz ymae= [ FECYRE
K T—y
with
on=3p (n hzchwych (n—3)/2
b(z,y,2) = _ (2)1 (chzchyc Z)%2 shz B(n=3)/2
I'(%3*)T(3)  (shashy)
and
1

N chacchychz><

ssh (TEV L2 g (ZEY Z2) g (22 g, (22t yre
2 2 2 2
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Proof. Here H"(R) = G/K with G = SOy(n,1), K = SO(n) x {1}, and p
is the set of matrices

v—| o o o ’
0 0 0 y,
y1 o Yn O

identified with Y = (y1,...,yn) € R™ for short. We take the unit vector
H = (1,0,...,0) as a basis of a. The adjoint action of K on p is the natural
action of SO(n) on R™. Since

chy —1

h
e =14+ 2y Ty

) Y

with y = [[Y] = (X7 yz) , the equality e? K = e*HeY K implies (looking
at the element in the last row and column) chz = cha chy + sh xShTyylwith
z=|Z||, hence z € [|[z —y|,x +y]. TakingY =k-yH withy e Rand k € K
we see that z = || Z(xH, k- yH)|| is given by

chz=chzchy+n(k-H)shashy.

Then, by Lemma B.1,

N 73) ! o\ (n-3)/2
)

if ¢ and f are related by cp( = f(t) and chz = chachy + tshzshy.
Expressing the latter integral with the variable z, the result now follows

since
ch xchychz

1% = 5
sh xsh®y

B(x,y, 2).

Our goal is now to prove Lemma B.5, giving (B.2) for the other hyperbolic
spaces, by the classical technique of reduction to SU(2,1) ([27], Chapter IX,
§3). Let V € g_, and W € g_o, be fixed, with |[V]| = |[W]| = v/2. The
next lemma reduces integration of M-bi-invariant functions on K to a 2-
dimensional integral; for a similar lemma with different coordinates see Orloff
[39] p. 588. Let us recall that dimG/K =n =p+ g+ 1 with p = dimg_,,
q = dimg_s, and let g = k(g)e@n(g) denote the Iwasawa decomposition
of g € G.

Lemma B.4 Let k(r,w) := k(n) be the K-component of m = exp(vV +wW)
€ N =0N, where v >0, w > 0 are related to (r,w) by
2

1 .
7t 1+v2—2zw
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Then, for any continuous function f on K such that f(mkm') = f(k) for
m,m' € M and k € K,
(i) if ¢ > 1 (quaternionic and exceptional hyperbolic spaces)

/K f(k)dk =

= QF(%) 11—7‘2 (P/2)=1p4 gy i k(r,w))sin? ™ w dw
rrerm b J, iy

(i) if ¢ =1 (complex hyperbolic spaces)

/ Fk)dk = 2p/1(1—r2)(p/2)_1rd7‘ " w))do.
K ™ Jo o

Proof. (i) The M-invariance of f implies

[ swan = [ pamye < 1m>an
K N

by a classical integral formula valid for arbitrary rank ([28] p. 198), if

the Haar measure dn is suitably normalized. In the rank one case N =
exp (g—a D g-24); if ¢ > 1 we may use polar coordinates (v, o) in g_g, resp.
(w,T) in g_s4, and obtain

[ -
K
= C/f(k(eXP(w +wr)))e 2P Hexpot )= b=y a1 gy dwdo dr

where C' is a constant, v,w run over ]0,00[ and o, 7 over the unit spheres
S1, So of g_qn, g—2q4 with measures do,dr. By a theorem of Kostant ([60]
p. 265) AdM acts transitively on S; x Sy if ¢ > 1 so that, in view of

[V = W] = v2, we have vo 4+ wT = m - (%V—i— %W) for some m € M.

But M commutes with A and normalizes N, therefore
k(mam ™) = mk@)m~" , H(mam ™) = H(R)

for m € M, w € N and, by the M-invariance of f,
[ -
K
=C' / f(k(exp(vV + wiW)))e~ </ HEPWVHEOW> =1yt~ dydw,  (B.3)

an integral over v > 0, w > 0 with another constant C".



173

The relation (1 +rei‘*’) (1 + 02 — in) = 2 defines a change of variables
(v,w) + (r,w) (which will be convenient to prove the next lemma), a diffeo-
morphism of ]0, 0o[x]0, oo[ onto |0, 1[x]0, 7| inverted by

1—7r2 1/2 rsinw
V= | T y W= .
1+ 2rcosw + 12 1+ 2rcosw + 12
Besides )
vdvdw = (1 + 2rcosw + 7“2)7 rdrdw.

As usual let 6 denote the Cartan involution of g. To compute the Iwasawa de-
composition of T = exp(vV +wW) it suffices to work in the Lie subalgebra of g
generated by V., W, 0V and W, a method known as SU(2, 1)-reduction since
this subalgebra corresponds to a Lie subgroup of G isomorphic to SU(2,1).
By [27], Chapter IX, Theorem 3.8 we have (remembering our choice (3.44)
of the norm and ||V = [|[W] = v2)

e—2<p H(M)>  _ ((1+v2)2+4w2>—(1)/2)—q

= 27P % (1+2rcosw+ r2)(p/2)+q

and the integral formula follows, with C’ given by the case f = 1.

(ii) For ¢ = 1 the group Ad M acts transitively on the unit sphere of g_,,
by Kostant’s theorem and trivially on g_a,. The integral (B.3) now runs
over v > 0 and w € R and the change (v, w) — (r,w) is a diffeomorphism of
(]0, 0o[xR) \ ([1, 00[x {0}) onto ]0,1[x] — 7, 7w[. The result follows as above.
(]

Lemma B.5 Given z,y > 0 let ¢ be continuous on [|x — y|,x +y]. Then,
for all rank one spaces,

z+y

/K o (12 (H, k- yH)|) dk = / ()b, , 2)dz

|z—y|

with

2730 (%) (chzchych z)(p/z)f1
b(z,y,z2) = n_1 1 n—2
L(*5)T(3)  (shashy)

1
xshz(chz)! B@=3/2 ,py <1 - % g; n ;B)

and

1
N chmchychz><

r+y+z rT+y—z r—y+z —x+y+z
Xsh( 5 >sh< 5 )sh( 5 )sh( 2 >

One has b(x,y,z) >0 forz,y >0 and |z —y| < z <z +y.
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Proof. For ¢ = 0 the hypergeometric factor is 1 and the result is given by
Lemma B.3, where n =p + 1.
We shall prove the lemma for ¢ > 1; the case ¢ = 1 is similar with minor
changes.
(i) Since the function k — z = ||Z(zH, k- yH)| is M-bi-invariant we only
need to compute it, by the previous lemma, for k = k(r,w). In order to find
z > 0 such that

€wHk‘(T, w)eyH _ k/eZHk”

for some k' k" € K, we use SU(2, 1)-reduction again. By [27] Chapter. IX,
Th. 3.1, the Lie subalgebra of g generated by V', W, 8V and W contains H
and is isomorphic to su(2,1). Under this isomorphism H,V, W respectively
correspond to

00 1 0 1 0 i 0
Hy=l0o0o0]| ., Vo= -1 0o -1 | ,w=( 0 o
1 00 0 -1 0 —i 0

T
—1

All computations can now be performed in SU(2,1) with the maximal com-
pact subgroup S(U(2) x U(1)); we use subscripts 0 for all notions relative to
this group. Let My = kge!fong be the Iwasawa decomposition of

l—g—i—iw v —%—&—iw
o = exp (vVVp + wWp) = —v 1 —v ,
%—zw v 1—&-%—@'10
with
a b 0 a b
k=1 ¢ d 0 ,< )6U(2),ad—bc:u,|u:1.
00 ul ¢ d

Applying gy to the (column) vector v = (1,0, 1) it is easily checked, since
Hyv = v and ngv = v, that

1= v? + 24w
1402 — 2w

au =re¥

with (1 + rei“) (1 +0? — in) = 2 as in the previous lemma.
Besides, a look at the matrix element on third column and third row of
evHopgevHo = Ll e*Hokll oives (with u/, u” corresponding to kj, ki)

we' "' "tchz =chazchy + aushzshy.

Setting €™ := wu'~'u”~1! we conclude, first in SU(2,1) then in G, that
eHE(r,w)ev = k'e*H k" implies

eV chz=chzchy+re™shrshy (B.4)
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for some ¥ € R.

(i) Keeping x,y > 0 fixed let us look at the map (r,w) — (z,%) defined by
(B4), with0 <r <1,0<w<m7and z > 0, -7 < ¢ < m. Taking the
imaginary part we have

chzsiny = rsinwshzshy, (B.5)

thus siny > 0 and 0 < ¥ < w. Taking the modulus, ch(z — y) < chz <
ch(z+y), thus |z —y| < z < z+y. With B defined in the lemma it is readily
checked that

(ch(z +y) — chz)(chz — ch(z — y))

B = B.6

4chxchychz (B.6)
ch2x+ch2y+ch2z— 1

1-2B = B.7

2chxchychz ’ (B.7)

thus 0 < B < 1/2. Furthermore (B.4) implies |e®¥ chz — chzchy|? =
r2sh? zsh?y, that is

2chzchychz (cosy —1+2B) = (1—1r?) sh?zsh?y. (B.8)

Therefore cosy > 1 — 2B > 0 and we conclude that (r,w) — (z,%) is a
diffeomorphism of |0, 1[x]0, 7[ onto the open set defined by

le—yl<z<z+y,0<tv<w/2, costp >1—2B(z,y,2).
By Lemma B.4 the integral I = [, ¢ (| Z(zH, k-yH)|) dk is

I= C/ o(2)(1 — )PP (rsinw)? ! rdrdw
0

with z = z(r,w) given by (B.4) and C' by the previous lemma. Using (B.5),
(B.8) and shzchz dzdy = sh? z sh? y rdrdw the integral becomes

(2ch z chy)®/2)-1
(shzshy)n—2

X /cp(z)(ch )P/ Ha gy zdz/ (costp — 14 QB)(P/Q)*I (sinp) "~ dy.

I1=C

Considering the domain of ¢ for a given z it is now natural to introduce a
variable ¢, running over ]0, 1], such that

cosy =1 —2tB.
Then sin®+ = 4tB(1 — tB) and the integral with respect to 1) becomes

1
9(p/2)+a-2 g(n=3)/2 / Ha/2)=1(1 _ y(/-1(1 _ ¢ By@/D—1gs —

0
_ ow/2)+a-2 F(P/Q)P(Q/”B(nfs)/z JF, <1 - %’ : n; 1 : B)

I'((n-1)/2)

NS
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by Euler’s integral representation of the hypergeometric function. Since 0 <
B < 1/2 the left-hand side is strictly positive. This implies the lemma, with
b(z,y,2) >0for |z —y|<z<z+y m

Remarks. (a) Similar computations appear in the study of generalized
translation operators by Flensted-Jensen and Koornwinder ([22], or [34] §7.1)
in the more general framework of Jacobi functions.

(b) The easy Lemma B.2 may be viewed as a flat limit of Lemma B.5. Indeed
on the left-hand side of the integral formula e =1 Z(¢X,eY’) tends to X +Y as
€ tends to 0 whereas, replacing x,y, z by ez, ey, €z respectively in the right-
hand side, B tends to 0, the hypergeometric factor to 1 and eb(ex, ey, ez) to

a(z,y, 2).

Proof of Theorem 3.23. We now combine Lemmas B.2 and B.5. The
function

b chz \%? o(z) qg g n—1
- = F{l—=Z,-—: B
a(xyyvz) (chxchy) (a(x)a(y))n_2 241 ( 2’ 23 9 ) ) X

TH+Y+=z rTt+y—=z r—y—+z —z4+y+2z (n—3)/2
X| o o o o
2 2 9 9

(where o(t) = sht/t and B is defined in the previous lemma) is continuous
on the set of (z,vy,2) € R3 such that |z —y| < 2 < x+y. Indeed 0 < B < 1/2
in this domain by (B.6)(B.7), and the hypergeometric factor is continuous.
Taking ¢ continuous on [|x — y|,z + y] we may therefore replace ¢(z) by
o(z)(b/a)(z,y, z) in Lemma B.2, whence

Tty

| etz@r -y di= [ o) @y 2awp s

lz—y|

b
= [ et + -y (oo o + -y

Our claim follows, as explained in the outline 3.7.1, with

X0V b

e(X,Y) iX+Y)a

XY 1X + Y-

We now specialize to j = J'/2. In the rank one case any X € p may be
written as X = k- aH with x > 0, k € K. Since a(zH) = x = || X]|| the
Jacobian of Exp is

J(X) = J(zH) = (Shm)p <Sh 2x)q = o(z)" ! (cha)?.

T 2

For j = J'/2? we thus obtain

(0 ¥) = Al )07 oF (12 8 40 (e )
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as claimed, with z = || X|, y = Y], 2 = || X + Y. Clearly e(k- X,k-Y) =
e(X,Y) for k € K.

Besides, A and B are analytic functions of (z,y, z) € R3, even with respect
to each variable, therefore define analytic functions of (x2,4?%,2%). Thus
AXILIYN, IIX +Y)) is an analytic function of (X,Y) € p x p and the
same holds for B. Since |x —y| < z < x + y for the chosen values we have
0 < B(z,y,2) < 1/2, which implies analyticity of the hypergeometric factor
too. The theorem now follows from Proposition 3.16. =
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