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1D Scalar advection-diffusion Equation (periodic)


∂T

∂t
+ c

∂T

∂x
= λ

∂2T

∂x2
, ∀x ∈ (0, 1), t > 0,

T (t,x) = T0(x) ∀x ∈ (0, 1), t = 0,
T (t,x = 0) ≡ T (t,x = 1) ∀t ≥ 0

Properties

well poseness : bb.

Existence : The solution T (x) always exists and is unique.

Regularity : The solution T (x) is regular and uniformly
bounded

Positivity :

Maximum principle : .
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1D mesh for the discretization (approximated solution)

x1 xNxi−1 xi xi+1

T̃i−1(t)
T̃i(t)

T̃i+1(t)

T̃0(t)

T̃N+1(t)

x0 xN+1

x1 = 0, xN+1 = 1, xi = (i− 1)δx, δx =
1
N

T̃i = T̃ (xi) for 1 ≤ i ≤ N, T̃0 ≡T̃N , T̃N+1 ≡T̃1
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Finite difference strategy : advection operator

Taylor’s expansions :

T (t,x+βδx) = T (t,x)+βδx
∂T

∂x
(t,x)+β2 δx

2

2
∂2T

∂x2
(t,x)+...+Rm(t,x)

Discrete approximations of ∂T
∂x :

Central Finite Difference scheme : ϑ = {−1, 1}.

∂T

∂x
' T (t,x + δx)− T (t,x− δx)

2δx

Upwind Finite Difference scheme : ϑ ⊂ {−1, 0, 1}.

∂T

∂x
' T (t,x + δx)− T (t,x− δx)

2δx
−|c|
c

T (t,x + δx)− 2T (t,x) + T (t,x− δx)
2δx
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Finite difference strategy : some Difference operators

First order derivatives :

δβξ T̃ (ξ) =
T̃ (ξ + βδξ)− T̃ (ξ)

βδξ
, δ

β
ξ T̃ (ξ) =

δβξ + δ−βξ
2

T̃ (ξ)

Forward finite difference :
δ+x T̃j = T̃j+1−T̃j

δx = ∂T
∂x

∣∣
j
+R+

1 (δx)
Backward finite difference :
δ−x T̃j = T̃j−T̃j−1

δx = ∂T
∂x

∣∣
j
+R−1 (δx)

Centered finite difference :
δxT̃j = T̃j+1−T̃j−1

2δx =
(
δ+x +δ−x

2

)
T̃j = ∂T

∂x

∣∣
j
+R0

1(δx
2)

Second order derivatives :

δxxT̃j = T̃j+1−2T̃j+T̃j−1

δx2 = ∂2T
∂x2

∣∣∣
j
+R0

2(δx
2)
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One step Finite difference scheme for advection/diffusion

T̃n+1
j − T̃nj

δt
+ c

(
θcδxT̃

n+1
j + (1− θc)δxT̃nj

)
−ζδx

(
θcδxxT̃

n+1
j + (1− θc)δxxT̃

n
j

)
= λ

(
θdδxxT̃

n+1
j + (1− θd)δxxT̃

n
j

)
ζ is the numerical diffusion coeficient.

ζ = 0 for the centered scheme

ζ = |c|
2 for the upwind scheme.

The parameters θ ≡ θc or θd can takes the values :

θ = 0 for explicit approximation of space derivatives.

θ = 1 for implicit approximation of space derivatives.

θ = 1
2 for Crank-Nicholson approximation of space derivatives.
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Truncation Error

En+1
j =

Tn+1
j − Tnj

δt
+ c

(
θcδxT

n+1
j + (1− θc)δxTnj

)
−ζδx

(
θcδxxT

n+1
j + (1− θc)δxxT

n
j

)
−λ
(
θdδxxT

n+1
j + (1− θd)δxxT

n
j

)
= (∂tT )nj +

δt

2
(
∂2
t T
)n
j

+O(δt2∂3
t )

+cθc (∂xT )n+1
j + c(1− θc) (∂xT )nj +O(δx2∂3

x)

−ζδx
[
θc
(
∂2
xT
)n+1

j
+ (1− θc)

(
∂2
xT
)n
j

]
+ ζδxO(δx2∂4

x)

−λ
[
θd
(
∂2
xT
)n+1

j
+ (1− θd)

(
∂2
xT
)n
j

]
+O(δx2∂4

x)
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Truncation Error

En+1
j = (∂tT )nj +

δt

2
(
∂2
t T
)n
j

+O(δt2∂3
t )

+c (∂xT )nj + cθcδt (∂t∂xT )nj +O(δx2∂3
x, δt

2∂2
t ∂x)

+ζδx
[
−∂2

xT + θcδt∂t∂
2
xT
]n
j

+ ζδxO(δx2∂4
x + δt2∂2

t ∂
2
x)

−λ
(
∂2
xT
)n
j

+ θdλδt
(
∂t∂

2
xT
)n
j

+O(δx2∂4
x + δt2∂2

t ∂
2
x)

=
(
∂tT + c∂xT − λ∂2

xT
)n
j

+
[
δt∂t

(
1
2
∂tT + θcc∂xT − θdλ∂2

xT

)
− ζδx

(
∂2
xT
) ]n

j

+
[
∂3
t + ∂2

t ∂x + ∂2
t ∂

2
x + ζδx∂2

t ∂
2
x

]
O
(
δt2
)

+
[
∂3
x + ∂4

x + ζδx∂4
x

]
O
(
δx2
)

En+1
j = δt

[
∂t

(
1
2
∂tT + θcc∂xT − θdλ∂2

xT

)]n
j

−ζδx
(
∂2
xT
)n
j
+O(δh2∂3+· · · )

blue terms are principal component of the truncation error.
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Truncation Error : Conclusions for regular solutions.

En+1
j = δt

[
∂t

(
1
2
∂tT + θcc∂xT − θdλ∂2

xT

)]n
j

−ζδx
(
∂2
xT
)n
j
+O(δh2∂3+· · · )

These schemes are always consistent : lim
δt−→0
δx−→0

‖EEEn+1‖ = 0.

Upwind schemes (for advection : ζ 6= 0) are always first order
accurate in space.

Crank-Nicholson schemes for both advection and diffusion
(θc = θd = 1

2) are second order accurate in time.

Centered(for advection)/Crank-Nicholson scheme is second
order accurate both in time and space.
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Modified equation

We assume now that we can define a smooth approximated
solution V (x, t) such as V (xj , tn) = T̃nj for all j and n.
Therefore,

V (xj , tn+1)− V (xj , tn)
δt

+cθc
V (xj+1, t

n+1)− V (xj−1, t
n+1)

2δx
+ c(1− θc)

V (xj+1, t
n)− V (xj−1, t

n)
2δx

−
[
ζδxθc + λθd

] V (xj+1, t
n+1)− 2V (xj , tn+1) + V (xj−1, t

n+1)
δx2

−
[
ζδx(1− θc) + λ(1− θd)

] V (xj+1, t
n)− 2V (xj , tn) + V (xj−1, t

n)
δx2

= 0

We can applied the Taylor expansions for V (x, t) to obtained the
modified equation statisfied by the approximate solution.
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Modified equation

(∂tV )nj +
δt

2
(
∂2
t V
)n
j

+
δt2

6
(
∂3
t V
)n
j

+O(δt3∂4
t )

+cθc

[
(∂xV )n+1

j +
δx2

6
(
∂3
xV
)n+1

j

]
+O(δx4∂5

x)

+c(1− θc)
[
(∂xV )nj +

δx2

6
(
∂3
xV
)n
j

]
+O(δx4∂5

x)

−
[
ζδxθc + λθd

] [(
∂2
xV
)n+1

j
+O(δx2∂4

x)
]

−
[
ζδx(1− θc) + λ(1− θd)

] [(
∂2
xV
)n
j

+O(δx2∂4
x)
]

= 0
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Modified equation

[
∂tV +

δt

2
∂2
t V +

δt2

6
∂3
t V +O(δt3∂4

t )
]n
j

+cθc

[
δt∂x∂tV +

δt2

2
∂x∂

2
t V +O(δh3∂4)

]n
j

+c
[
∂xV +

δx2

6
∂3
xV +O(δh4∂5)

]n
j

−
[
ζδxθc + λθd

] [
δt∂2

x∂tV +O(δh2∂4)
]n
j

−
[
ζδx + λ

] [
∂2
xV +O(δx2∂4

x)
]n
j

= 0

∂tV + c∂xV − λ∂2
xV =

−δt
2
∂2
t V − cθcδt∂x∂tV + ζδx∂2

xV + λθdδt∂
2
x∂tV +O(δh2)

∂2
t V = c2∂2

xV − 2cλ∂3
xV + λ2∂4

xV +O(δh)
∂x∂tV = −c∂2

xV + λ∂3
xV +O(δh)
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modified equation

∂tV + c∂xV − λ∂2
xV =

−δt
2
∂2
t V − cθcδt∂x∂tV + ζδx∂2

xV + λθdδt∂
2
x∂tV +O(δh2)

∂2
t V = c2∂2

xV − 2cλ∂3
xV + λ2∂4

xV +O(δh)
∂x∂tV = −c∂2

xV + λ∂3
xV +O(δh)

The modified equation is then writen as

∂tV + c∂xV − λ∂2
xV = T (∂x)V

T (∂x) ≡ β2∂
2
x + β3∂

3
x + β4∂

4
x − · · · where

β2m∂
2m
x V are associated to ampliude error ≡ dissipation.

β2m+1∂
2m+1
x V are associated to phase error ≡ dispersion..
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Modified Equation

∂tV + c∂xV − λ∂2
xV =

∑
k≥2

βk∂
k
xV

Solving this equation, by using Fourrier transform in space :

V̂ (θ, t) = exp(µ(θ)t)V̂ (θ, 0) = eµateıµφtV̂ (θ, 0)

where µ(θ) = −ıcθ − λθ2 +
∑
k≥2

βk(ıθ)k

µa = Real
[
µ(θ)

]
= −λθ2 +

∑
m≥1

β2m(−1)mθ2m

µφ = Imag
[
µ(θ)

]
= −cθ +

∑
m≥1

β2m+1(−1)mθ2m+1

−λθ2 − µa is the ampliude error ≡ dissipation.

−cθ − µφ is the phase error ≡ dispersion..
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Equivalent equation (regular solution) : Explicit scheme

T (∂x) ≡ −c
2δt

2
∂2
x + ζδx∂2

x +O(δh2∂3 · · · )

Appropriate choise of ζ leads to the elimination of the second order
dissipation vanish.

The Lax-Wendroff scheme :: ζ =
c2δt

2δx

This scheme is second order in space and time.
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VN Stability (L2) : Discrete Fourier mode &
transformations.

T̂̂T̂T (t, θ) = β(t, θ)T̂̂T̂T (θ) with T̂j(θ) = exp (ıjθ) for 1 ≤ j ≤ N

T̂n+1
j − T̂nj

δt
=
βn+1 − βn

δt
T̂j(θ),

δxT̂j(t) =
T̂j+1(t)− T̂j−1(t)

2δx
= β(t)

eıθ − e−ıθ

2δx
T̂j = ıβ(t)

sin θ
δx

T̂j(θ)

δxxT̂j(t) = −β(t)
4 sin2 θ

2

δx2
T̂j(θ)
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Von Neumann Stability Analaysis : Discrete Fourier mode

T̃n+1
j − T̃nj

δt
+ c

(
θcδxT̃

n+1
j + (1− θc)δxT̃nj

)
−ζδx

(
θcδxxT̃

n+1
j + (1− θc)δxxT̃

n
j

)
= λ

(
θdδxxT̃

n+1
j + (1− θd)δxxT̃

n
j

)
=⇒ βn+1 − βn

δt
+
[
θcβ

n+1 + (1− θc)βn
] ıc sin θ

δx

+
[
θcβ

n+1 + (1− θc)βn
] 4ζ sin2 θ

2

δx

= −
[
θdβ

n+1 + (1− θd)βn
] 4λ sin2 θ

2

δx2

g(θ) =
1− (1− θc)

(
ıcδt sin θ
δx + 4ζδt sin2 θ

2
δx

)
− (1− θd)

4λδt sin2 θ
2

δx2

1 + θc

(
ıcδt sin θ
δx + 4ζδt sin2 θ

2
δx

)
+ θd

4δtλ sin2 θ
2

δx2
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Von Neumann Stability Analaysis

g(θ) ≡ g(X) =
1− (1− θc)4σζ

c X − 4ν(1− θd)X − ıσ(1− θc) sin θ

1 + θc
4σζ
c X + 4νθdX + ıσθc sin θ

where σ =
cδt

δx
, 0 ≤ X = sin2 θ

2
≤ 1, ν =

δtλ

δx2

Using the fact that sin2 θ = 4(X −X2) and setting
αi = 2σ(1− θc), αi = 2σθc, αr = (1− θc)4σζ

c + 4ν(1− θd) and

αr = θc
4σζ
c + 4νθd, we obtain

|g(X)|2 =
(1− αrX)2 + α2

i (X −X2)
(1 + αrX)2 + α2

i (X −X2)
=

1 +X
[
(α2

i − 2αr) + (α2
r − α2

i )X
]

1 +X
[
(α2

i + 2αr) + (α2
r − α2

i )X
]
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Von Neumann Stability Analaysis

|g(θ)|2 ≡ |g(X)|2 =
1 +X

[
(α2

i − 2αr) + (α2
r − α2

i )X
]

1 +X
[
(α2

i + 2αr) + (α2
r − α2

i )X
]

Von Neumann Stability condition : |g(θ)| ≤ 1, ∀θ
Here it is equivalent, for 0 ≤ X ≤ 1 , to

(α2
i − 2αr) + (α2

r − α2
i )X ≤ (α2

i + 2αr) + (α2
r − α2

i )X

⇔
{
α2
i − 2αr ≤ α2

i + 2αr :: X = 0
α2
r − 2αr ≤ α2

r + 2αr :: X = 1

B. Nkonga 2009 28 / 39



LogoINRIA

Overview 1 PDE 1-2 PDE 2 ODE 3 FD 4 FD 5 FD 6 FV 7-8 FV 8-9 FV 10

VN Stability : Explicit centered (advection) scheme

VN condition : α2
i−2αr ≤ α2

i +2αr and α2
r−2αr ≤ α2

r+2αr

Explicit centered scheme : αi = 2
δtc

δx
, αr = 4

δtλ

δx2
, αi = αr = 0.

Then the VN Stability condition is satisfyed when δt and δx
satisfies the following conditions :

ν =
δtλ

δx2
≤ 1

2
and Pe =

c2δt

λ
≤ 2

advection dominated asymptotic when λ→ 0 : the VN
condition require a time step δt→ 0 : unstable ! ! !

diffusion dominated asymptotic when c→ 0 : the VN
condition require a time step δtλ

δx2 ≤ 1
2 . see previous lectures.
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L∞ Stability

L∞ Stability condition

Let us consider a numerical scheme given by

T̃n+1
j =

∑
k

αkT̃
n
j(k)

This numerical scheme is L∞ when (sufficient condition) :∑
k

αk = 1 and αk ≥ 0, ∀k

Indeed, These conditions insure that

‖T̃̃T̃Tn+1‖∞ ≤ ‖T̃̃T̃Tn‖∞
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L∞ Stability of Explicit schemes (‖T̃‖∞ = maxj |T̃j|)

T̃n+1
j − T̃nj + σ

(
T̃nj+1 − T̃nj−1

)
= (ν + ξ)

(
T̃nj+1 − 2T̃nj + T̃nj−1

)
where σ = cδt

δx , ξ = ζδt
δx and ν = λδt

δx2

T̃n+1
j =

[
ν + ξ − σ

]
T̃nj+1 +

[
1− 2(ν + ξ)

]
T̃nj +

[
ν + ξ + σ

]
T̃nj−1

The scheme is L∞ stable if ν + ξ ± σ ≥ 0 and ν + ξ ≤ 1
2 .

ν + ξ ≤ 1
2
⇐⇒ cδt

δx
+
λδt

δx2
≤ 1

2

Indeed (in this case)

|T̃n+1
j | ≤

[
ν + ξ − σ

]
|T̃nj+1|+

[
1− 2(ν + ξ)

]
|T̃nj |+

[
ν + ξ + σ

]
|T̃nj−1|

‖T̃n+1‖∞ = ‖G(T̃n)‖∞ ≤ ‖T̃n‖∞
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L1 Stability of Explicit schemes (‖T̃‖1 = δx
∑

j |T̃j|)

T̃n+1
j =

[
ν + ξ − σ

]
T̃nj+1 +

[
1− 2(ν + ξ)

]
T̃nj +

[
ν + ξ + σ

]
T̃nj−1

The scheme is L1 stable if ν + ξ ± σ ≥ 0 and ν + ξ ≤ 1
2 . Indeed

(in this case) (‖T̃‖∞)

|T̃n+1
j | ≤

[
ν + ξ − σ

]
|T̃nj+1|+

[
1− 2(ν + ξ)

]
|T̃nj |+

[
ν + ξ + σ

]
|T̃nj−1|

‖T̃n+1‖1 = ‖G(T̃n)‖1 ≤ ‖T̃n‖1

Then

‖G‖1 = sup
T̃n 6=0

(
‖G(T̃n)‖1
‖T̃n‖1

)
≤ 1
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L2 Stability of Explicit schemes (‖T̃‖22 = δx2∑
j |T̃j|2)

T̃n+1
j = α+1T̃

n
j+1 + α0T̃

n
j + α−1T̃

n
j−1

with α+1 = ν + ξ − σ, α0 = 1− 2(ν + ξ), α−1 = ν + ξ + σ,
Extension of the numerical scheme to functions

T̃n+1(x) = α+1T̃
n(x + δx) + α0T̃

n(x) + α−1T̃
n(x− δx)

Fourier transform of this extension (assumed periodic) :

T̂n+1(k) =
[
α+1 exp (ıkδx) + α0 + α−1 exp (−ıξδx)

]
T̂n(k)

= g(θk, δx, δt)T̂n(k)

θk = kδx

g(θ, δx, δt) = 1 + (ν + ξ)
[
−2 + 2 cos (θ)

]
− 2ıσ sin (θ)
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L2 Stability of Explicit schemes (‖T̃‖22 = δx2∑
j |T̃j|2)

T̂n+1(k) = g(θk, δx, δt)T̂n(k)

where the amplification factor is

g(θ, δx, δt) = 1 + (ν + ξ)
[
−2 + 2 cos (θ)

]
− 2ıσ sin (θ)

= 1− 4(ν + ξ) sin2
(
θ
2

)
− 2ıσ sin (θ)

The scheme if L2 stable if ∀θ we have |g(θ, δx, δt)| ≤ 1 (VN
Condition). Indeed, in this case (using Plancherel relation)

‖T̃n+1‖22 = ‖T̂n+1‖22 = δx2
∑
k

|T̂n+1(k)|2 = δx2
∑
k

|T̂n+1(k)|2

≤ max
k

[
|g(θk, δx, δt)|

]
δx2

∑
k

|T̂ (k)|2

≤ max
k

[
|g(θk, δx, δt)|

]
‖T̃‖22
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L2 Stability of Explicit schemes (‖T̃‖22 = δx2∑
j |T̃j|2)

‖T̃n+1‖22 ≤ max
k

[
|g(θk, δx, δt)|

]
‖T̃‖22

‖G‖22 = sup
T̃n 6=0

(
‖G(T̃n)‖22
‖T̃n‖22

)
≤ max

k

[
|g(θk, δx, δt)|

]
g(θk, δx, δt) =

[
α+1 exp (ıθk) + α0 + α−1 exp (−ıθk)

]
If α+1 ≥ 0, α0 ≥ 0 and α−1 ≥ 0 (Courant-Friedrichs-Lewy
condition) then the scheme is L2 stable.Indeed, in this case

|g(θk, δx, δt)| ≤ α+1 |exp (ıθk)|+ α0 + α−1 |exp (−ıθk)| = 1
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L∞ Stability of Implicit schemes (‖T̃‖∞ = maxj |T̃j|)

T̃n+1
j − T̃nj + σ

(
T̃n+1
j+1 − T̃

n+1
j−1

)
= (ν + ξ)

(
T̃n+1
j+1 − 2T̃n+1

j + T̃n+1
j−1

)
If we assume σ = cδt

δx ≥ 0, ξ = ζδt
δx , ν = λδt

δx2 and ν + ξ ≥ 0

T̃n+1
j + σT̃n+1

j+1 + (ν + ξ)
(
T̃n+1
j+1 + T̃n+1

j−1

)
= T̃nj + σT̃n+1

j+1 + 2(ν + ξ)T̃n+1
j

Therefore

‖T̃n+1‖∞ (1 + σ + 2(ν + ξ)) ≤ ‖T̃n‖∞ + (σ + 2(ν + ξ)) ‖T̃n+1‖∞

Do it for

a) σ ≤ 0 and ν + ξ ≤ 0.

b) σ ≤ 0 and ν + ξ ≥ 0.

c) σ ≥ 0 and ν + ξ ≤ 0.

=⇒ ‖T̃n+1‖∞ ≤ ‖T̃n‖∞

unconditionnal stability for implicit schemes.
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Plan

1 Finite Difference(FD) and Finite volume(FV) : Overview

2 Modelization and Simplified models of PDE.

3 Scalar Advection-Diffusion Eqation.

4 Approximation of a Scalar 1D ODE.

5 FD for 1D scalar poisson equation (elliptic).

6 FD for 1D scalar difusion equation (parabolic).

7 FD for 1D scalar advection-diffusion equation.

8 Scalar Nonlinear Conservation law : 1D (hyperbolic).

9 FV for scalar nonlinear Conservation law : 1D

10 Multi-Dimensional extensions
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