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Lectures Références: Roger Peyret (NICE ESSI : 89), Tim Warburton (Boston MIT : 03-05), Pierre Charrier (Bordeaux Matmeca 96-08) 1

/ 26



LogoINRIA

Overview 1 PDE 1-2 PDE 2 ODE 3 FD 4 FD 5 FD 6 FV 7-8 FV 8-9 FV 10

1 Finite Difference(FD) and Finite volume(FV) : Overview

2 Modelization and Simplified models of PDE.

3 Scalar Advection-Diffusion Eqation.

4 Approximation of a Scalar 1D ODE.

5 FD for 1D scalar poisson equation (elliptic).

6 FD for 1D scalar difusion equation (parabolic).

7 FD for 1D scalar advection-diffusion equation.

8 Scalar Nonlinear Conservation law : 1D (hyperbolic).

9 FV for scalar nonlinear Conservation law : 1D

10 Multi-Dimensional extensions

B. Nkonga
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Stokes Fluides homogenous and isotropic

σ = −pI + µτ , no volumic forces (will be considered latter).
∂tρ+∇ · (ρuuu) = 0

∂t(ρuuu) +∇ · (ρuuu⊗ uuu+ p) = µ∇ · τ

∂t(ρe) +∇ · (ρhuuu) = µ∇ · (τuuu) + λ∆T

(1)

where h is the specific enthalpy and define as h = e+ p
ρ . The

equation of states (perfect gaz one)

p = (γ − 1)ρε, ε = e− 1
2
uuu · uuu = CvT.

We assume a linear viscous stress tensor

τ = ∇uuu+∇uuuT − 2
3

(∇ · uuu) I

entropy inequality ∂t(ρS) +∇ ·
(
ρSuuu− λ∇T

T

)
≥ 0 (2)
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Non conservative form

Let us define the material derivative as Dt (∗) = ∂t∗+ uuu · ∇ ∗ .
Dt (ρ) = −ρ∇ · uuu
ρDt (uuu) = −∇p+ µ∇ · τ

ρ

2
Dt (uuu · uuu) = −uuu · ∇p+ µuuu · ∇ · τ
ρDt (e) = −∇ · (puuu) + µ∇ · (τuuu) +∇ · (λ∇T )

ρε = ρe− ρuuu·uuu
2 −→ ρDt (ε) = ρDt (e)− ρDt

(
uuu·uuu
2

)
Therefore,

ρDt (ε) = −p∇ · uuu+ µτ : ∇uuu+ λ∆T

where we assume that λ is constant and it is used the fact that

τ : ∇uuu = ∇ · (τuuu)− uuu · ∇ · τ =
∑
i,j

τ i,j∂juuui

B. Nkonga
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Primitive non conservative form.


Dt (ρ) = −ρ∇ · uuu

ρDt (uuu) = −∇p+ µ∇ · τ

ρDt (ε) = −p∇ · uuu+ µτ : ∇uuu+ λ∆T

Using the relation ε =
p

(γ − 1)ρ
and

Dt (ε) =
Dt (p)

(γ − 1)ρ
− pDt (ρ)

(γ − 1)ρ2
=

Dt (p)
(γ − 1)ρ

+
p∇ · uuu

(γ − 1)ρ

we obtain, with c2 = γp
ρ (c is the sound speed),

Dt (p) = −ρc2∇ · uuu+ (γ − 1) (µτ : ∇uuu+ λ∆T )
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Dimensionless quantities

[x], [t], [ρ], [u], [p] = [ρ][c]2, [h] = [e] = [c]2,

[T ], [µ], [λ], [τ ] =
[µ][u]

[x]

St =
[x]

[u] [t]
=

[x][ω]
[u]

Strouhal number.

Ma =
[u]
[c]

, Mach number

Re =
[x] [ρ] [u]

[µ]
, Reynolds number

Pr =
[µ] [c]2

[λ] [T ]
Prandtl number
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Dimensionless Equations

Conservative

.



St∂ρ̂
∂t̂

+∇x̂ · (ρ̂ûuu) = 0

St∂ρ̂û
uu

∂t̂
+∇x̂ · (ρ̂ûuu⊗ ûuu) +

1
Ma2

∇x̂p̂ =
1
Re
∇x̂ · τ̂

St∂ρ̂ê
∂t̂

+∇x̂ · ((ρ̂ê+ p̂)ûuu) =
Ma2

Re
∇x̂ · τ̂ûuu +

1
PrRe

∇x̂ · (∇x̂T̂ )

Non conservative

.


St∂ρ̂
∂t̂

+ ûuu · ∇x̂ρ̂ = −ρ̂∇x̂ · ûuu

Stρ̂∂û
uu

∂t̂
+ ρ̂ûuu · ∇x̂ûuu = − 1

Ma2
∇x̂p̂+

1
Re
∇x̂ · τ̂

Stρ̂∂ε̂
∂t̂

+ ρ̂ûuu · ∇x̂ε̂ = −p̂∇x̂ · ûuu+
Ma2

Re
τ̂ : ∇x̂ûuu+

∇x̂ · (λ̂∇x̂T̂ )
PrRe
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conservation laws : asymptotic

.


St∂ρ̂
∂t̂

+ ûuu · ∇x̂ρ̂ = −ρ̂∇x̂ · ûuu

Stρ̂∂û
uu

∂t̂
+ ρ̂ûuu · ∇x̂ûuu = − 1

Ma2
∇x̂p̂+

1
Re
∇x̂ · τ̂

Stρ̂∂ε̂
∂t̂

+ ρ̂ûuu · ∇x̂ε̂ = −p̂∇x̂ · ûuu+
Ma2

Re
τ̂ : ∇x̂ûuu+

∇x̂ · (λ̂∇x̂T̂ )
PrRe

Ma −→ 0 incompressible limit ∇x · uuu = 0, ρ = ρ0

Adding a source term, the last equation gives (dimensioned form)

∂ε

∂t
+∇ · (uuuε) = ∇ · (λ∇T ) + Sε

where λ ≡ λ
ρ0

and we assume from now that uuu is given.
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Necessary information to solve the PDE.

The PDE
∂ε

∂t
+∇ · (uuuε) = ∇ · (λ∇T ) + Sε

requires some additional information in order to to be solvable.

Initial Condition + Boundary conditions.

What is the solution at start of the process :
ε(t = 0,x) = ε0(x)
What are the boundary conditions :

Dirichlet : ε (t,x ∈ ∂Ωd) = α(t,x)
Neumann : nnn · fffε (t,x ∈ ∂Ωn) = βββ(t,x)

This defined an Initial, Boundary, Value Problem (IBVP).
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Initial, Boundary, Value Problem (IBVP).

We assume that parameters Cv Sε, ε0(x), α(t,x) and βββ(t,x) are
given. Then the Initial, Boundary, Value Problem is formulated as :

Cauchy Problem ≡ Initial, Boundary, Value Problem (IBVP).

Find ε(t,x) solution of the following problem :
∂ε

∂t
+∇ · (uuuε) = ∇ · (λ∇T ) + S ∀x ∈ Ω, t > 0,

ε(t,x) = ε0(x) ∀x ∈ Ω, t = 0,
ε(t,x) = α(t,x) ∀x ∈ ∂Ωd, t > 0,

εuuu ·nnn− λ∇T ·nnn = βββ(t,x) ∀x ∈ ∂Ωn, t > 0,
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Initial, Boundary, Value Problem (IBVP)

If Cv is constant, we can use a scaling such as to set Cv ≡ 1.

Linear Convection diffusion Equation .



∂T

∂t
+∇ · (uuuT ) = ∇ · (λ∇T ) + Sθ, ∀x ∈ Ω, t > 0,

Initial Conditions
T (t,x) = T0(x) ∀x ∈ Ω, t = 0,

Boundary conditions
T (t,x) = α(t,x) ∀x ∈ ∂Ωd, t > 0,

Tuuu ·nnn− λ∇T ·nnn = βββ(t,x) ∀x ∈ ∂Ωn, t > 0,
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Dimensional analysis and asymptotic limits.

Let us consider the flux expression

fff ε = εuuu− λ∇T.

The magnitude of the Flux is estimates as

[fff ε] = [Cv][T ][uuu]− [λ]
[T ]
[x]

= −[λ]
[T ]
[x]

(
1− Pe

)

Where the Peclet Pe is defined as :

Pe =
[Cv] ∗ [uuu] ∗ [x]

[λ]
≡ [uuu] ∗ [x]

[λ]

When Pe −→ 0 the flux is of order fff ε ' −λ∇T .

When Pe −→ +∞ the flux is of order fff ε ' εuuu.
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Reduced Models Pe −→ 0 : parabolic

Diffusion-reaction equation
∂T

∂t
= ∇ · (λ∇T ) + S, ∀x ∈ Ω, t > 0,

T (t,x) = T0(x) ∀x ∈ Ω, t = 0,
T (t,x) = α(t,x) ∀x ∈ ∂Ωd, t > 0,
−λ∇T ·nnn = βββ(t,x) ∀x ∈ ∂Ωn, t > 0,

1D Diffusion equation : Ω = (a, b), S ≡ 0.


∂T

∂t
=

∂

∂x

(
λ
∂T

∂x

)
, ∀x ∈ (a, b), t > 0,

T (t,x) = T0(x) ∀x ∈ (a, b), t = 0,
T (t,x) = α(t,x) if x = a or/and x = b, t > 0,
−λ∇T ·nnn = βββ(t,x) if x = a or/and x = b, t > 0,
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Reduced Models Pe −→∞ : hyperbolic

Advection-reaction equation
∂T

∂t
+∇ · (uuuT ) = S, ∀x ∈ Ω, t > 0,

T (t,x) = T0(x) ∀x ∈ Ω, t = 0,
T (t,x) = α(t,x) ∀x ∈ ∂Ωd, t > 0,
Tuuu ·nnn = βββ(t,x) ∀x ∈ ∂Ωn, t > 0,

1D Advection equation : Ω = (a, b), uuu ≡ c, S ≡ 0.
∂T

∂t
+ c

∂T

∂x
= 0, ∀x ∈ (a, b), t > 0,

T (t,x) = T0(x) ∀x ∈ (a, b), t = 0,
T (t,x) = α(t,x) if x = a or/and x = b, t > 0,
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Reduced Models : ∂T
∂t ' 0 with Pe = 0 elliptic

Poisson equation
−∇ · (λ∇T ) = S ∀x ∈ Ω,

T (x) = α(x) ∀x ∈ ∂Ωd,
−λ∇T ·nnn = βββ(x) ∀x ∈ ∂Ωn,

1D Poisson equation : Ω = (a, b)
∂

∂x

(
λ
∂T

∂x

)
+ S = 0, ∀x ∈ (a, b),

T (x) = α(x) if x = a or/and x = b,
−λ∇T ·nnn = βββ(x) if x = a or/and x = b,
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Properties of a first order PDE

Let us consider the following first order PDE :

∂T

∂t
= L(∂)T, T (x, t = 0) given

This PDE is well posed, for some choise of norm, if
‖T (., t)‖ ≤ C(t)‖T (., 0)‖.
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Lectures Références: Roger Peyret (NICE ESSI : 89), Tim Warburton (Boston MIT : 03-05), Pierre Charrier (Bordeaux Matmeca 96-08) 24

/ 26



LogoINRIA

Overview 1 PDE 1-2 PDE 2 ODE 3 FD 4 FD 5 FD 6 FV 7-8 FV 8-9 FV 10

Plan

1 Finite Difference(FD) and Finite volume(FV) : Overview

2 Modelization and Simplified models of PDE.

3 Scalar Advection-Diffusion Eqation.

4 Approximation of a Scalar 1D ODE.

5 FD for 1D scalar poisson equation (elliptic).

6 FD for 1D scalar difusion equation (parabolic).

7 FD for 1D scalar advection-diffusion equation.

8 Scalar Nonlinear Conservation law : 1D (hyperbolic).

9 FV for scalar nonlinear Conservation law : 1D

10 Multi-Dimensional extensions

B. Nkonga
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