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Abstract

We investigate connections between Lipschitz geometry of real algebraic varieties and
properties of their arc spaces. For this purpose we develop motivic integration in the
real algebraic set-up. We construct a motivic measure on the space of real analytic arcs.
We use this measure to define a real motivic integral which admits a change of variables
formula not only for the birational but also for generically one-to-one Nash maps. As
a consequence we obtain an inverse mapping theorem which holds for continuous
rational maps and, more generally, for generically arc-analytic maps. These maps
appeared recently in the classification of singularities of real analytic function germs.
Finally, as an application, we characterize in terms of the motivic measure, germs of
arc-analytic homeomorphism between real algebraic varieties which are bi-Lipschitz
for the inner metric.
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1 Introduction

In this paper we establish relations between the arc space and the Lipschitz geometry
of a singular real algebraic variety.

The interest in the Lipschitz geometry of real analytic and algebraic spaces emerged
in the 70’s of the last century by a conjecture of Siebenmann and Sullivan: there are
only countably many local Lipschitz structures on real analytic spaces. Subsequently
the Lipschitz geometry of real and complex algebraic singularities attracted much
attention and various methods have been developed to study it: stratification theory
[34,38], L-regular decompositions [24,26,39,43], Lipschitz triangulations [47], non-
archimedean geometry [16], and recently, in the complex case, resolution and low
dimensional topology [4]. In the algebraic case Siebenmann and Sullivan’s conjecture
was proved in [37]. The general analytic case was solved in [48].

In this paper we study various versions of Lipschitz inverse mapping theorems, with
respect to the inner distance, for homeomorphisms f : X — Y between (possibly
singular) real algebraic set germs. Recall that a connected real algebraic, and more
generally a connected semialgebraic, subset X C R¥ is path-connected (by rectifiable
curves), so we have an inner distance on X, defined by the infimum over the length
of rectifiable curves joining two given points in X.

We assume that the homeomorphism f is semialgebraic and generically arc-
analytic. For instance the recently studied continuous rational maps [20-22] are of
this type.

Arc-analytic mappings were introduced to real algebraic geometry in [23]. Those
are the mappings sending by composition real analytic arcs to real analytic arcs. It was
shown in [2,40] that the semialgebraic arc-analytic mappings coincide with the blow-
Nash mappings. Moreover, by [42], real algebraic sets admit algebraic stratifications
with local semialgebraic arc-analytic triviality along each stratum.

What we prove can be stated informally as follows: if £~! is Lipschitz, then so is
f itself. The problem is non-trivial even when the germs (X, x) and (Y, y) are non-
singular [14]. When these germs are singular, then the problem is much more delicate.
In fact we have to assume that the motivic measures of the real analytic arcs drawn on
(X, x) and (Y, y) are equal.

Developing a rigorous theory of motivic measure on the space of real analytic arcs
for real algebraic sets is another main goal of this paper.

We state below a concise version of our main results. For more precise and more
general statements see Theorems 4.13 and 5.10.

Theorem Let f : (X,x) — (Y, y) be the germ of a semialgebraic generically arc-
analytic homeomorphism between two real algebraic set germs, that are of pure
dimension' d. Assume that the motivic measures of the real analytic arcs centered
at x in X and of the real analytic arcs centered at y in Y are equal (see Sect. 3 for the
definition of the motivic measure). Then

1. If the Jacobian determinant of f is bounded from below then it is bounded from
above and =" is generically arc-analytic.

! For ease of reading, in the introduction we avoid varieties admitting points which have a structure of
smooth submanifold of smaller dimension as in the handle of the Whitney umbrella (x2 = zyz} CR3.
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2. Ifthe inverse =V of f is Lipschitz with respect to the inner distance then so is f.

The proof of this theorem is based on motivic integration. Recall that in the case
of complex algebraic varieties, motivic integration was introduced by Kontsevitch for
non-singular varieties in order to avoid the use of p-adic integrals. Then the theory was
developped and extended to the singular case in [1,10,11,29]. The motivic measure
is defined on the space of formal arcs drawn on an algebraic variety and takes values
in a Grothendieck ring which encodes all the additive invariants of the underlying
category. One main ingredient consists in reducing the study to truncated arcs in order
to work with finite dimensional spaces. Notice that since the seminal paper of Nash
[36], it has been established that the arc space of a variety encodes a great deal of
information about its singularities.

In the real algebraic set-up, arguments coming from motivic integration were used
in [8,9,12,19] to study and classify the singularities of real algebraic function germs.

In the present paper we construct a motivic measure and a motivic integral for
possibly singular real algebraic varieties. Similarly to the complex case, the motivic
integral comes together with a change of variables formula which is convenient to
do actual computations in terms of resolution of singularities. In our real algebraic
set-up this formula holds for generically one-to-one Nash maps and not merely for the
birational ones.

A first difference of the present construction compared to the complex one, is that
we work with real analytic arcs and not with all formal arcs. However, thanks to Artin
approximation theorem, this difference is minor. More importantly, it is not possible
to follow exactly the construction of the motivic measure in the complex case because
of several additional difficulties arising from the absence in the real set-up of the
Nullstellensatz and of the theorem of Chevalley (the image of a Zariski-constructible
set by a regular mapping is Zariski-constructible).

The real motivic measure and the real motivic integral are constructed and studied
in Sect. 3.

2 Geometric framework

Throughout this paper, we say that a subset X C R¥ is an algebraic set if it is closed
for the Zariski topology, i.e. X may be described as the intersection of the zero sets
of polynomials with real coefficients. We denote by 7 (X) the ideal of R[xy, ..., xy]
consisting of the polynomials vanishing on X. By noetherianity, we may always assume
that the above intersection is indexed by a finite set” and that 1 (X) = (f1, ..., f;) is
finitely generated. The dimension dim X of X is the dimension of the ring P(X) =
Rxg, ..., xN]/I(X) of polynomial functions on X.

The ring R(X) of regular functions on X is given by the localization of P(X) with
respect to the multiplicative set {4 € P(X), h~'(0) = @}. Regular maps are the
morphisms of real algebraic sets.

2 Actually, noticing that f| = --- = f; = 0 & f12 + fs2 = 0, we may always describe a real
algebraic set as the zero-set of only one polynomial.
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214 J.-B. Campesato et al.

Unless otherwise stated, we will always use the Euclidean topology and not the
Zariski one (for instance for the notions of homeomorphism, map germ or closure).

We say that a d-dimensional algebraic set X is non-singular at x € X if there exist
gl....,8N—a € 1(X) and an Euclidean open neighborhood U of x in R such that

unx=UnV(gi,..., gn—q) andrank (?—&(x)) = N —d. Then there exists an open

ax
semialgebraic neighborhood of x in V WhiC]h is a d-dimensional Nash submanifold.
Notice that the converse doesn’t hold [6, Example 3.3.12.b.]. We denote by Reg(X) the
set of non-singular points of X. We denote by Xging = X'\ Reg(X) the set of singular
points of X, it is an algebraic subset of strictly smaller dimension, see [6, Proposition
3.3.14].

A semialgebraic subset of RY is the projection of an algebraic subset of R+
for some m € N>¢. Actually, by a result of Motzkin [35], we may always assume
that m = 1. Equivalently, a subset S C R" is semialgebraic if and only if there exist
polynomials f;, gi 1, ..., &i,s; € R[x1, ..., xy] such that

S:O{x eRY, fi() =0, g1(x) > 0,.... g, (¥) > 0]

i=1

Notice that semialgebraic sets are closed under union, intersection and cartesian prod-
uct. They are also closed under projection by the Tarski-Seidenberg Theorem. A
function is semialgebraic if so is its graph.

We refer the reader to [6] for more details on real algebraic geometry.

Let X be a non-singular real algebraic set and f : X — R. We say that f is a
Nash function if it is C*° and semialgebraic. Since a semialgebraic function satisfies
a non-trivial polynomial equation and since a smooth function satisfying a non-trivial
real analytic equation is real analytic [5,30,46], we obtain that f is Nash if and only
if f is real analytic and satisfies a non-trivial polynomial equation.

A subset of a real analytic variety is said to be arc-symmetric in the sense of [23]
if, given a real analytic arc, either the arc is entirely included in the set or it meets
the set at isolated points only. We are going to work with a slightly different notion
defined in [41]. We define AS" as the boolean algebra generated by semialgebraic?
arc-symmetric subsets of ]P’g . We set

As= | As".

NeNxq

Formally, a subset A C }P’g is an AS-set if it is semialgebraic and if, given a real
analyticarcy : (—1,1) — IP’% such that y (—1, 0) C A, there exists ¢ > 0 such that
y(0,¢) C A.

Notice that closed .AS-subsets of IP’% are exactly the closed sets of a noetherian
topology.

For more on arc-symmetric and AS sets we refer the reader to [27].

3 A subset of PY is semialgebraic if it is for PN seen as an algebraic subset of some RM or, equivalently,
if the intersection of the set with each canonical affine chart is semialgebraic.
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Arc spaces, motivic measure and Lipschitz geometry of real algebraic sets 215

One important property of the AS sets that we rely on throughout this paper is
that it admits an additive invariant richer than the Euler characteristic with compact
support, namely the virtual Poincaré polynomial presented later in Sect. 3.2. This is
in contrast to the semialgebraic sets, for which, by a theorem of Quarez [45], every
additive homeomorphism invariant of semialgebraic sets factorises through the Euler
characteristic with compact support.

Let E, B, F be three AS-sets. We say that p : E — B is an AS piecewise trivial
fibration with fiber F if there exists a finite partition B = UB; into AS-sets such that
p~1(B;) =~ B; x F where ~ means bijection with AS-graph.

Notice that, thanks to the noetherianity of the .AS-topology, if p : E — B islocally
trivial with fiber F for the AS-topology,* then it is an AS piecewise trivial fibration.

3 Real motivic integration

This section is devoted to the construction of a real motivic measure. Notice that a first
step in this direction was done by Quarez in [45] using the Euler characteristic with
compact support for semialgebraic sets. The measure constructed in this section takes
advantage of the AS-machinery in order to use the virtual Poincaré polynomial which
is a real analogue of the Hodge—Deligne polynomial in real algebraic geometry. This
additive invariant is richer than the Euler characteristic since it encodes, for example,
the dimension.

Since real algebraic geometry is quite different from complex algebraic geometry
as there is, for example, no Nullstellensatz or Chevalley’s theorem, the classical con-
struction of the motivic measure does not work as it is in this real context and it is
necessary to carefully handle these differences.

3.1 Real arcs and jets

We follow the notations of [8, §2.4].

Definition 3.1 The space of real analytic arcs on R is defined as
LRY) = {y - (R,0) —> RV, y real analytic]
Definition 3.2 For n € N, the space of n-jets on R" is defined as
LyRN) = LRY)/~,

where y; ~, 2 < y1 =y mod "1

Notation 3.3 For m > n, we consider the following truncation maps:

7, LRYY > £,(RY)

4 je. for every x € B thereis U C B an AS-open subset containing x such that p_l (U)~U xF.
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216 J.-B. Campesato et al.

and

™ L,RYY > £, ®RY).

n

Definition 3.4 For an algebraic set X C R", we define the space of real analytic arcs
on X as

L) ={y e LEY), Vf € 1X), (@) =0}
and the space of n-jets on X as
Lu(X) = |y € LL®Y), Vf e 100, fr@)=0 mod "1}
The truncation maps induce the maps
Ty LX) = L(X)
and
Tt L (X) = Ly(X).

Remark 3.5 Notice that £, (X) is a real algebraic variety. Indeed, let f € I(X) and
ap, ..., a, € RN then we have the following expansion

flao +ait +-- -+ ayt")
=Pl (ao,...,an) + P (a0, ..., an)t + -+ P (ao, ..., an)t" +---

where the coefficients Pl.f are polynomials. Hence L£,(X) is the algebraic sub-
set of RN+ defined as the zero-set of the polynomials Pif for f € I(X) and
ief{0,...,n}.

In the same way, we may think of £(X) as an infinite-dimensional algebraic variety.

Remark 3.6 When X is non-singular the following equality holds:
Ln(X) = 7, (L(X))

Indeed, using Hensel’s lemma, we may always lift an n-jet to a formal arc on X
and then use Artin approximation theorem to find an analytic arc whose expansion
coincides up to the degree n + 1. However this equality doesn’t hold anymore when X
is singular as highlighted in [8, Example 2.30]. Hence it is necessary to distinguish the
space L, (X) of n-jets on X and the space 7, (L(X)) C L,(X) of n-jets on X which
may be lifted to real analytic arcs on X. We have the following exact statement.

Proposition 3.7 ([8, Proposition 2.31]) Let X be an algebraic subset of RN . Then the
following are equivalent :

@ Springer
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(1) X is non-singular.
(ii) Vn € Nxo, 7, 1 L(X) = L,(X) is surjective.
(iii) Vn € Nog, m+ 2 £,11(X) — L,(X) is surjective.

Proposition 3.8 ([8, Proposition 2.33]) Let X be a d-dimensional algebraic subset of
RN. Then

(1) For m > n, the dimensions of the fibers of
T e Ly T (L) = 1, (LX)

are smaller than or equal to (m — n)d.
(2) The fiber (JT,Z”“])_I (¥) of i+ s £,01(X) — L, (X) is either empty or isomor-

. Zar
phic to Ty(())X‘

Theorem 3.9 (A motivic corollary of Greenberg Theorem) Let X C RN be an alge-
braic subset. There exists ¢ € N+ (depending only on I (X)) such that

Vn e NZO’ JTn([:(X)) = ﬂ,fn(ﬁcn(x))

Proof Assume that I(X) = (fi, ..., fs). By the main theorem of [15], there exist
N € N.o,l € Nopgand o € N5, which depend only on the ideal of R{z}[xy, ..., xy]
generated by f; € R[xy, ..., xny] C R{t}[x1, ..., xn], and such that Vv > N, Vy €
R{)N,if fi(y()) =--- = fy(y()) =0 mod ¢V, then there exists n € R{r}" such
that (1) = y(r) mod ¢LT1=7 and fi(n()) = - = f;(n(1)) =0.

Fix ¢ = max (I(c + 2), N). We are going to prove that

Vn € Nxo, m,(L(X)) = 7" (Len (X))
It is enough to prove that 7" (L, (X)) C 7, (L(X)) forn > 1.

Letn > 1. Let € L, (X). Then there exists y € R{r}" such that y (r) = 7 (1)
mod "1 and

Ay@®)=--= fiy®)) =0 mod r"*!
Notice that cn + 1 > N so that there exists n € R{r}" such that n(r) = y (1)
centl |
mod A ! J “and i) = - = f;(n(t)) = 0.
Since
{cn + 1J
—o>n
I
we have that 7" (y) = m, () € m, (L(X)). O

Remark 3.10 By Tarski—Seidenberg theorem, 7, (L(X)) = 7" (L¢n (X)) is semialge-
braic as the projection of an algebraic set. However, 7, (£L(X)) may not be AS (and
thus not Zariski-constructible) as shown in [8, Example 2.32].

@ Springer



218 J.-B. Campesato et al.

This is a major difference with the complex case where 7, (L(X)) is Zariski-
constructible by Chevalley theorem as the projection of a complex algebraic variety.

Definition 3.11 Let X be an algebraic subset of RY. We define the ideal Hy of
R[xl,...,xN] by

Hy= > A(fioo fv-a)((fis s fyea) s (X))
Siseos fN—a€1(X)
where
e d=dimX
e A(f1,..., fn—aq)istheideal generated by the N —d minors of the Jacobian matrix

o (fis-ovs SN=a) : 1(X)) = {g € Rlx1, ..., xn], gI(X) C (f1,..., fN=a)} is
the ideal quotient of the ideal (f1, ..., fy—q) by the ideal I (X)

Remark 3.12 By [8, Lemma 4.1], V (Hx) = Xjing.

Definition 3.13 Let X C R" be an algebraic subset and e € N>(. We set

LX) = {y € L(X), 3h € Hx, h(y(1)) 20 mod te“}
Remark 3.14 From now on, we set

L(Xsng) = {7 € LRY), Vh € Hy, hy () =0}
and
L0 (Xing) = {y € L,(RN), Vh € Hy, h(y(#)) =0 mod z”“}.
Notice that
{y € LRNY, Vi € Hy, h(y (1) = 0]

={r € L®M). ¥/ € IXgng). £y (1) =0}
but in general

{y € Ly@RN), Vh € Hy, h(y(®) =0 mod r"“}

# v € L.®Y), ¥f € 1Xgng). Fr®) =0 mod *']
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Notice also that since the proof of Greenberg Theorem 3.9 is algebraic, it holds for
L(Xing) (just use the ideal H in the proof).

Remark3.15 £(X) = (Ueerr. £00) LI £(Xsing)
The following proposition is a real version of [10, Lemma 4.1]. Its proof is quite
similar to the one of [8, Lemma 4.5].

Proposition 3.16 Let X be a d-dimensional algebraic subset of RN and e € Nx.
Then, for n > e,

(i) 7 (£9(X)) € AS
(i) 7t e (£9X)) = 7, (£9(X)) is an AS piecewise trivial fibration with
fiber R4,

Proof By [8, Lemma 4.7], £©)(X) is covered by finitely many sets of the form

Aty = {y e LR, (h8)(y(1)) £0 mod ;€+1}

where £ = (f1,..., fn—d) € I(X)N_d, é is a N — d minor of the Jacobian matrix
(%)i:l,...,N—d and h € ((f1,..., fn—q) : 1(X)). Moreover,
j=1,..,N
_ Ny [ily @) == fy-aly(®)) =0,
L@ON Ay = {V €LERD: 1)y (1)) 20 mod e+ }

so that ﬂ(e)(X) =LX)N Uﬁnite At ps = Uﬁnite (ﬁ(X) N Af’h’a).
For ¢’ < e, we set

_ ord; 6(y (2)) = dafi
At hs.e = {y € Atns, ord, 8'(y (1)) > e f rall N — d minor 8’ of o,

in order to refine the above cover: £ (X) = Ufinite ([I(X ) N Ag, h,a,e’)-

Fix some set A = A¢ j, 5. N L(X). Notice that if 7, (y) € m,(A) and if m,41(n) €
Tpa1 (L (X)) is in the preimage of 7, (y) by n,’l‘“ then 7,11 (n) € m41(A).
Indeed, n € L(X) so fi(n) =--- = fn—q(n) = 0 and since 7, (n) = 7,(y), we also
get that (h8)(n(1)) £ 0 mod !, ord, §(n(1)) = ¢’ and ord, 8 (n(r)) > ¢'.

Hence it is enough to prove the lemma for rr”“ Tpt1(A) = 1, (A).

We are first going to prove that the ﬁbers of 't 7,11 (A) — m,(A) are d-

dimensional affine subspaces of R". We can reorder the coordinates so that § is

the determinant of the first N — d columns of A = af’ ) Then, similarly to the

proof of [8, Lemma 4.5], there is a matrix P such that PA = (8Iy_4, W) and
Vy e A, W(y(t)) =0 mod .

Fix y € A. The elements of the fiber of ,+1(A) — m,(A) over 7, (y), y € A,
are exactly the

Tt (v (0) + o)
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220 J.-B. Campesato et al.

for v € R{r}¢ such that f(y () + t"T'v(r)) = 0.
Using Taylor expansion, this last condition becomes

f @) + " A @OWw@) + 2TV =0
Or equivalently, since y € A,
Ay )W) + 2"y =0
Multiplying by r~"~!=¢ P, we get

= (S ) In—a, Wy @))v(@0) + "¢ (..) =0

Notice that ord;(8(y (r)) = ¢’. Hence, by Hensel’s lemma and Artin approximation
theorem, the sought fiber is the set of

Tt (v (1) + 1" g

with v satisfying the linear system induced by

SO y—a, Wy (®))vo =0 mod 1

Let vy be a solution, then its first N — d coefficients are expressed as linear com-
binations of the last d. Therefore each fiber of 71,',"“ D41 (A) = m(A) is a
d-dimensional affine subspace of RV .

By Greenberg Theorem 3.9, there is a ¢ € Nxq such that 7z, (A) is an AS-set. Then
7, (A) is an AS-set as the image of 7" : 7., (A) — 1,(A) whose fibers have odd
Euler characteristic with compact support, see [41, Theorem 4.3].

Finally, notice that 7,11 (A) C m,(A) x RN and that 7*! : 7,1 (A) — 7,(A)
is simply the first projection. Then, according to the following lemma, 7/**!

n
Tp4+1(A) = 7, (A) is an AS piecewise trivial fibration. O

Lemma3.17 Let A be an AS-set, 2 C A x RN be an AS-set and w : 2 — A be
the natural projection.

Assume that for all x € A, the fiber 2, = w~'(x) is a d-dimensional affine
subspace of RN

Thenm : 2 — A is an AS piecewise trivial fibration.

Proof Up to embedding the space of d-dimensional affine subspaces of R" into the
space of d + 1-dimensional vector suspaces of RV 1!, we may assume that the fibers
are linear subspaces.

Denote by G = Gy 4 the Grassmannian of d-dimensional linear subspaces of RY
and let £ — G be the tautological bundle; i.e. for g € G, the fiber Ey is the subspace
given by g.

We are first going to prove that the following set is AS,

A={(x,9) € Ax G, 2 =Eg}.
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Identifying G with the set of symmetric idempotent (N x N)-matrices of trace d, see
[6, Proof of Theorem 3.4.4], fori = 1, ..., N wedefine theregularmap w; : G — RN
as the projection to the coordinates corresponding to the ith-column of such matrices.
Then Ej is linearly spanned by (w; (¢)). Hence L; = {(v, 9 eRY x G, v=uw; (g)}
is AS. Thus
[(x,v,g)eAxRN % G, v:wi(g)e.Qx} —(@xG)N(AxL)
is AS and its projection
Xi={(x,8) € AX G, wi(g) € 2}

is also AS as the image of an AS-set by an injective AS-map, see [41, Theorem 4.5].

Then A = (1); X; is AS as claimed.

Let xo € A. Fix a coordinate system on RY such that

v ={Xg11=--=xny=0)

and fix the projection A : RY — R? defined by A(x1,...,xn) = (x1,...,Xq).
~ N
Let w : A — R(2) be such that the coordinates of w(x, g) are the d-minors of
(A(wi(8)))i=1,.. n- Then
Ay = {(x,g) €A A:Q2, > RY isofrankd}
is an AS-set as the complement of w~!(0). Therefore
Ag = {x €A A2, — Ris ofrankd}
is AS as the image of the AS-set Ag by the projection to the first factor which is an
injective AS-map.

Thus @ (x, v) = (x, A(v)) is a bijection whose graph is AS.

7N Ag) —— 2~ Ay x RY

Consequently 7 : 2 — A is locally trivial for the .AS-topology and hence it is an
AS piecewise trivial fibration. O

3.2 The Grothendieck ring of .AS-sets

Definition 3.18 Let K((AS) be the free abelian group generated by [X], X € AS,
modulo
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222 J.-B. Campesato et al.

(i) Let X, Y € AS. If there is a bijection X — Y with AS-graph, then
[(X]=1[Y]
(i) If Y C X are two AS-sets, then
[X]=[X\Y]+[Y].

We put a ring structure on Ko (AS) by adding the following relation:
(iii) If X, Y € AS, then

[X x Y] =[X][Y]

Notation 3.19 Weset 0 = [Z], | = [pt] and L = [R].

Remark 3.20 Notice that 0 is the unit of the addition and 1 the unit of the multiplication.
Remark 3.21 If p : E — B is an AS piecewise trivial fibration with fiber F, then
[E] = [BI[F].

Definition 3.22 We set M = Ko(AS) [L™'].

The authors of [32] proved there exists a unique additive (and multiplicative) invari-
ant of real algebraic varieties up to biregular morphisms which coincides with the
Poincaré polynomial for compact non-singular varieties. This construction relies on
the weak factorization theorem. Then Fichou [12] extended this construction to AS-
sets up to Nash isomorphisms.

Next, in [33], they gave a new construction of the virtual Poincaré polynomial,
related to the weight filtration they introduced in real algebraic geometry. They proved
it is an invariant of AS-sets up to homeomorphism with AS-graph. Actually, using
the additivity, they proved it is an invariant of .AS-sets up to .AS-bijections (see [9,
Remark 4.15]).

Theorem 3.23 [12,32,33] There is a unique ring morphism
B : Ko(AS) — Zlu]

such that if X is compact and non-singular then

BUXD) =) dim H;(X, Zo)u'.

i=0

We say that B([X]) is the virtual Poincaré polynomial of X.
Moreover, if X # &, deg B(X) = dim X and the leading coefficient of B(X) is positive.

Theorem 3.24 ([13, Theorem 1.16]) The virtual Poincaré polynomial is a ring iso-
morphism

B : Ko(AS) = Z[ul.
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Remark 3.25 The virtual Poincaré polynomial induces a ring isomorphism
B: M — Zlu, u .

Definition 3.26 We define the ring M as the completion of M with respect to the ring
filtration® defined by the following subgroups induced by dimension

F"M = ([SIL™",i —dim S > m)
i.e.
M=tmM /7M.
Proposition 3.27 The virtual Poincaré polynomial induces a ring isomorphism
B: M — Zul[u"'].
Proof We have to prove that

tim Z{u, ™1/ F 2, u"] = Zlu)[u”"]

Wl

where F"Z[u,u""1 = (f € Z[u,u""], deg f < —m).
For n < m, we define

wt Zlusu™ 1/ F 2w, u™) — 2l w1 F L, u

by
r r
Z akukr—> Z akuk
and
w20 [u™ '] — Zlu, u™" ) F 2w, u']
by

Z aku — Z aku

k=—m+1

ie. ]-""H/\/l C F"Mand F" M - F" M C F™ " M. The last condition induces a ring structure on
the group M.
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By construction,

LiLnZ[u,u_l]/f’”Z[u,u_l]

{(fm> e [ 2tw w1/ F Zluu="1 . 0 < m = pun(fr) = fi
mez
The morphism
¢ Zulu"'] - Lgl Zlu, u*]]/]-"”Z[u, u 1
defined by f — (o (f))mez is an isomorphism. m|

Definition 3.28 For « € M, we define the virtual dimension of @ by dima = m
where m is the only integer such that o € F~" M\F "+ M.,

Proposition 3.29 dim o« = deg(B(«))

Remark 3.30 Notice that for x € M, (x + F" M), defines a basis of open neighbor-
hoods. This topology coincides with the one induced by the non-archimedean norm
[l : M — Rdefined by ||la|| = %™ The completlon/\/l is exactly the topological
completion with respect to this non-archimedean norm. Particularly,

o Let (o) € M, then,, — 0in M if and only if dim(a,) — —o00.
o Let (ay) € M, then ), ay converges in M if and only if ¢, — 0in M.
e The following equality holds in M:

(1-1L7P) ZL"” =1

i=0

Definition 3.31 We define an order on f\/\l as follows. For a, b € M\, we seta < b if
and only if either b = a or the leading coefficient of the virtual Poincaré polynomial
B(b — a) is positive.

Remark 3.32 Notice that this real setting has good algebraic properties compared to
its complex counterpart:

e Ko(AS) is an integral domain whereas Ko(Varc) is not [44]. Indeed, there is no
zero divisor in Ko(AS) whereas the class of the affine line is a zero divisor of
Ko(Varc) [7] [31].

Notice that in particular Ko(Varc) — Mc = Ko(Varc) [ ] is not injective.

e The natural map M — M is injective. Indeed its kernel is N, F™ M and the
virtual Poincaré polynomial allows us to conclude: if « € N, F™" M, then, for
allm € Z, degar < —m and hence @ = 0. In the complex case, it is not known
whether M¢ — M is injective.
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3.3 Real motivic measure

Kontsevitch introduced motivic integration in the non-singular case where the mea-
surable sets were the cylinders by using the fact that they are stable. Still in the
non-singular case, V. Batyrev [1, §6] enlarged the collection of measurable sets: a
subset of the arc space is measurable if it may be approximated by stable sets.

Concerning the singular case, Denef and Loeser [10] defined a measure and a first
family of measurable sets including cylinders. Then, in [11, Appendix], they used the
tools they developped in the singular case to adapt the definition of Batyrev to the
singular case. See also [29].

From now on we assume that X is a d-dimensional algebraic subset of RV .

Definition 3.33 A subset A C £(X) is said to be stable at level n if:

e Form > n, m,,(A) is an AS-subset of L,,(X);

e Form >n, A= nnjl(nm(A));

e Form > n, n,’n"“ : Tm4+1(A) = 1, (A) is an AS piecewise trivial fibration with
fiber R,

Remark 3.34 Notice that, for the two first points, it is enough to verify that 77,,(A) €
AS and that A = yrn_l(nn(A)) only for n. Indeed, then, for m > n, 7, (A) =
(71,’1")_l (7, (A)) is an AS-set as inverse image of an AS-set by a projection.

Then the following proposition holds (notice that the condition A = 7, L, (A))
is quite important).

Proposition 3.35 If A, B are stable subsets of L(X), then AU B, AN B and A\B are
stable too.

Remark 3.36 Notice that £(X) may not be stable when X is singular.

Definition 3.37 For A C L£(X) a stable set, we define its measure by

(77, (A)]

Definition 3.38 The virtual dimension of a stable set is
dim(A) = dim(w, (A)) — (n + 1)d, n > 1.

Remark 3.39 Notice that the previous definitions don’t depend on n for n big enough.

Remark 3.40 Notice that dim(A) = dim(u(A)) where the second dimension is the
one introduced in Definition 3.28.

Definition 3.41 A subset A C £(X) is measurable if, for every m € Z_, there exist

e astable set A, C L(X);
e asequence of stable sets (Cy,; C L(X))i>0
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such that

e Vi, dimC, ; <m;
o AAA,, CUCy,,;

Then we define the measure of A by u(A) = lim,,,— _oo 1(An).

Proposition 3.42 The previous limit is well defined in M and doesn’t depend on the
choices.

The proof of the above Proposition, presented below, relies on the following two
lemmas.

Lemma3.43 Let (A;)ien., be a decreasing sequence of non-empty AS-sets
Al DAy D -

Then

(A # 2.

ieN

Proof Recall that ZAS denotes the smallest closed AS-set containing A. We have the
following sequence which stabilizes by noetherianity of the AS-topology:

—AS _ —AS —AS ——AS
Aq D A DD Ag = Ak41 = ...

Recall that AS-sets are exactly the constructible subsets of projective spaces for
the AS-topology whose closed sets are the semialgebraic arc-symmetric sets in the
sense of [23]. Hence A; = Uspite (U; N'V;) where U; is AS-open, V; is AS-closed and
U;NV; # @. We may assume that the V;’s are irreducible (up to spliting them) and that
U; N V,-AS = V; (up to replacing V; by U; N ViAS). Hence we obtain the following
decomposition as a union of finitely many irreducible closed subsets A_kAS =UV; (it
is not necessarily the irreducible decomposition since we may have V; C V;).

Fix Z an AS-irreducible subset of A_kAS. By the previous discussion, for [ > k,
there exists U; an open dense AS-subset of Z such that U; C A;.

By [41, Remark 2.7], dim(Z\U;) < dim U; so that Z\Uj is a closed subset of Z
with empty interior for the Euclidean topology. From Baire theorem, we deduce that
the Euclidean interior of U;>; Z\U; is empty. Hence M;>x U; is non-empty. O

The following lemma is an adaptation to the real context of [1, Theorem 6.6].

Lemma3.44 Let A C L(X) be a stable set and (Ci)ieN., be a family of stable sets
such that

AcuCi

ieNxq
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Then there exists | € N> such that

1
AC UC,’
i=0

Proof Without loss of generality, we may assume that C; C A (up to replacing C; by
CiNA).
Set D; = A\ (C1 U---U () so that we get a decreasing sequence of stable sets

Dy D>DDy,>D3D---

satisfying

ﬂ D=0

ieNsq
Assume by contradiction that A may not be covered by finitely many C;, then
Vi € N>o, D; # @
Now assume that A is stable at level n and that D; is stable at level n; > n. Then
.(D;) = ! (7w, (D;)) € AS as the image of an AS-set by a regular map whose

fibers have odd Euler characteristic with compact support, see [41, Theorem 4.3].
Hence, by Lemma 3.43,

B,

() m(D) # @

ieN>g

Choose u,, € B,.
Now set

Byi1 = ﬂ Tn+1(Dy) # 2

ieN>g

As before each 7,11 (D;) is a non-empty 4S-set. Notice that (n,’]*l y~! (uy) is anon-
empty AS-subset of £,,11(X).
Then, by Lemma 3.43, B, 11 N (JT;ZJ'_I)_I (u,) # . This way, there exists u, 4| €
B+ such that 7" (u, 1) = uy,.
Therefore, we may inductively construct a sequence (#,, € Ly, (X)),,>, such that:
® uy € By = miENzo m(Dj) # D
° ”nn:+l(um+l) =Um.
This defines an element u € £(X) such that for all m > n, 7, (1) € B,,. Hence for
i € N>g,my, (u) € By, C my, (D;).Since D; is stable atlevel n;, u € 71,;1(71,,1. (D)) =
D;.
Therefore u € (") D; which is a contradiction. O
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Proof of Proposition 3.42 We first prove that the limit is well defined. Let A,,, C,,.; be
as in the definition. Then for m, my € Z o,

Am Ay € | (Conyi U Ciny)

ieN>o
By Lemma 3.44, there exists [ € N> such that

!

Am DAy €| J(Cny i U Cny)
i=0

hence dim(A,,, AA;,) < max(my, my). Thus u(A,) is a Cauchy sequence and its
limit is well defined in the completion M.

We now check that the limit doesn’t depend on the choices. Let A,,, C;, ; be another
choice of data for the measurability of A. Fix m € Z_( then

AndA, C | €CuivC,)

IGNZ()
By Lemma 3.44, there exists / € N> such that
I
AnAA, | J€Cnivc,, )

i=0

Hence dim(A,, AA},) < m and limy,— —oo £ (Ap) = limy— —oo (AL,). O

Proposition 3.45 If A, B are measurable subsets of L(X), then AU B, AN B and
A\ B are measurable too.

Proof Assume that A and B are measurable, respectively with the data A,,, Cp, ; and
Bm s Dm,i .

e AU B is measurable since
(AU B)A(Ap UBy) C | J(Cni U D)

e In order to prove that A\ B is measurable, we may use the previous point and
assume that B C A up to replacing A by A U B. Similarly, we may assume that
B,, C A,,. Then

(A\B)A(An\By) C | JCini U Dy

e Using both previous points, we obtain that

ANB = (AUB)\ (((AUB)\A) U ((AU B)\B))

is measurable. O
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Proposition 3.46 The measure is additive on disjoint unions:
n(A U B) = u(A) + u(B)
Proof According to the previous proof we have
wAUB) = lim (u(An) + w(Bpn) — w(Am N By))

and

0=pu(ANB)= lim w(A, N By)

m— 00

Hence

wAUB) = lim p(Ay) + lim w(Bu) = n(A) + pu(B)

Proposition 3.47 Let (By)neN., be a sequence of measurable sets with
dim B, — —o0.
Then B = UB,, is measurable and
nB) = lim p () B
k<n

Furthermore, if the sets By, are pairwise disjoint, then
(0.¢]

w(B) =7 n(BY.
n=0

Proof By Definition 3.41 for each n € N> and m € Z_g there are stable sets A,
and C, i, dim Cp, ;, ; < m such that

ByAAym €| Cumi-
i

Form € Z o choose N € Nx¢ such thatif » > N then dim B,, < m.
Note that then dim A, ,, < m. Letus set A,, = Uk<N Aj m- Then

UBnAAm C Ucn,m,i U U An,m-
n n,i

n>N

This shows that B is measurable. The other properties follows easily. O
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3.4 Measurability of the cylinders

Lemma3.48 Let X be a d-dimensional algebraic subset of RN. Let S C X be an
algebraic subset of X withdim S < d. For every e € N>, there exists N € Nx>q such
that

Vi,n € Nag, n>i > N = dim (n,, (rri_l (Li(S)))) <(+Dd—e—1
where 1, denotes the n-th truncation map for X
Vn € Nxo, 7, : L(X) = L,(X)
and where L(S) C L(X) and Vi € N>o, L;(S) C Li(X).
Proof By Greenberg Theorem 3.9 applied to S, there exists ¢ € N>g such that
7o (7! (Lee($) = 7 (£(S))
Let N = ceand n > N. By 3.8(1) applied to
7o (e (LeeS)) = 7o (w2 (Lee(S)
we get that
dim (7, (75! (Lee(SD))) = dim (e (7, (Lee(S)) + (2 — e)d
But
e (722! (Lee(SD)) = e (£(S))
so that (see [8, Proposition 2.33.(i)])
dim (7, (5! (Lee($))) S (e + D@ =D+ —e)d = (1+1) —e ~ 1
Now if n > i > N (= ce), the result derives from the inclusion

7o (771 (Li(5)) € T (! (Lee(S)

Definition 3.49 Let X C RY be an algebraic subset. For i € N.g, we set

Ci(X) = LOXNLTD(X).
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Remark 3.50
Ci(X) = [y € L(X), Vh € Hy, ord, hoy > i, 3 € Hy, ord; iy =i]
Proposition 3.51 Fori € N, C;(X) is stable and

lim dim C;(X) = —oc0

i—400

Proof Fix some i € N-. First, C;(X) is stable at level i since the £ (X) are stable
by Proposition 3.16.
Notice that 7r; _1 (C; (X)) C L;i—1(Xsing). Hence

Ci(X) C 7 (mim1(Ci(X)) € 77" (Lim1 (Xsing))
and then
7 (Ci(X)) C 7 (ﬂi:11 (ﬁi—l(Xsing)))-

As explained in Remark 3.14, we may apply Greenberg Theorem 3.9 to Hy so that
Lemma 3.48 holds for Xging.
Hence, for all e € N>, there exists N € N> so that fori > N we have

dim (7 (C; (X)) = (i + d = dim (i (7,2 (Lot (Xng)) ) ) = G + D = —e

]

Corollary 3.52 A subset A C L(X) is measurable if and only if Ve > 0, AN L) (X)
is measurable.

Proof By Proposition 3.16 every £(¢)(X) is stable and therefore if A is measurable so
is every A N L (X).

Suppose now that Ve > N, A N £ (X) is measurable.
Then so are A N C;(X) fori > N. Hence

A=(AnLM X)) U U (ANCi(X))
i>N

is measurable by Proposition 3.47. O

Definition 3.53 A cylinder at level n is a subset A C L£(X) of the form
A=m1(C)

for C an AS-subset of £, (X).
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Remark 3.54 A cylinder at level n is a cylinder at level m for m > n. Indeed x,, =
M oy, so thatm, 1 (C) = ., ((r")~1(C)) where (") ~!(C) € AS as the inverse
image of an AS-set by a projection.

The following result derives from Proposition 3.16.

Proposition 3.55 If X is non-singular, a cylinder of L(X) is stable.

Proposition 3.56 A cylinder A C L(X) is measurable and
wd) = lim p (A n L(’")(X)>
m——+00

Proof By Proposition 3.51, we may construct by induction an increasing map ¢ :
N.o — N, such that

i>p@k)=>dmC;(X) < —s
Letm € Zg.Set A,, = ANL®Y"™)(X). Then A,), is stable by Proposition 3.16 and

ADAy, = ALY (X)) = ANz, ! (LoemKsingd) € | Ci(X)
izp(—m)

where C;(X) is stable with dim C;(X) < m. Hence A is measurable and
WA = Lim p (A n £<‘/J<’">>(X))
m—+00

The second part of the statement derives from the fact that

(u(anemen))

meN< o

is already a Cauchy sequence. Assume that A is a cylinder at level s then AN L") (X) is
stable at level max (m, s). Indeed fix k € N>¢. Then, forn > m’ > m > max(¢(k), s),
we get

" (A n c('">’(X)) —u (A n E(’”)(X))

C[m (a0 ®)] m (anemen))

L—(+Dd IL—(n+1)d

[0 (40 £700) V1 (40 £ (0)]

_ Kk
- L-(+Dd €FM
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Corollary 3.57 ForY C X an algebraic subset, set
LX,Y)={y € LX), y(0) e Y}

then

e L(X,Y) is a measurable subset of L(X);
e in particular, L(X) is measurable.

Proof Indeed, L(X) = nO_I(X) and L(X,Y) = no_l(Y) are cylinders. O

Corollary3.58 If Y C X is an algebraic subset with dimY < dim X, then L(Y) C
L(X) is measurable of measure 0:

mrxy (L(Y) =0

Proof Notice that £(Y) is a countable intersection of cylinders:

Ly = () 7, (La(¥)

neNxq

Then 1(£,(Y)) is measurable as a cylinder and

dim (n,;l(,cn(y))) < (n+ DH(dim Y — dim X) —— —o0

n—oo

3.5 Motivic integral and the change of variables formula

Definition 3.59 Let X C RY be an algebraic subset. Let A C £(X) be a measurable
set. Letar : A — NxoU{oo} be such thateach fiber is measurable and ,u(g:l (00)) =0.
We say that L™ is integrable if the following sequence converges in M:

/AL_“du = Z,u (a_l(n)) L=

n>0

Definition 3.60 We say that a semialgebraic map o : M — X between two semi-
algebraic sets is generically one-to-one if there exists a semialgebraic set § C X
satisfying

e dim(S) < dim(X),

e dim (071(9)) < dim(M),

e VpeX\S, #o71(p) = 1.
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Definition3.61 Let 0 : M — X be a Nash map between a d-dimensional non-
singular algebraic set M and an algebraic subset X C R¥. For a real analytic arc
y : (R,0) - M, we set

ord, jac, (y(¢)) = min {ord; §(y (¢)), Y& d-minor of Jac,},

where the Jacobian matrix Jac, is defined using a local system of coordinates around
y(0) in M.

The following lemma is a generalization of Denef-Loeser change of variables key
lemma [10, Lemma 3.4] to generically one-to-one Nash maps in the real context.

Lemma 3.62 ([8, Lemma 4.5]) Let 0 : M — X be a proper generically one-to-one
Nash map where M is a non-singular d-dimensional algebraic subset of R” and X a
d-dimensional algebraic subset of RN. For e, ¢’ € N> and n € Nx, set

Aeer = |y € LD, ord;jac, (7 (1) = e, 0.() € L0}
and

Ae,e’,n =Ty (Ae,e’) ,

where o, : LIM) — L(X) is induced by o.
Then for n > max(2e, ¢') the following holds:

(i) Giveny € A, o and § € L(X) witho,(y) =8 mod " there exists a unique
n € L(M) such that 6.(n) =8 andn =y mod " ~¢*1,
(i) Let y,n € LIM). If y € Ao and o.(y) = ox(n) mod "7 then y = p
mod "t andn € A, p.
(iii) The set A, o is a union of fibers of .
(iv) 0w (Ape ) is an AS-set and oywnja,

e.e’.n

piecewise trivial fibration with fiber R®.

: Ae,e’,n - a*iz(Ae,e’,n) is an AS

Lemma3.63 Let o : X — Y be a Nash map between algebraic sets. If A C L(Y) is
a cylinder then cr*_l (A) C L(X) is also a cylinder.

Proof Assume that A = nn_l (C) where C is an AS-subset of £,(Y). Then we have
the following commutative diagram:

LX) —Z = £(Y)

L (X) 7‘ Ly (Y)

Notice that oy, is polynomial and thus its graph is AS so that the inverse image of an
AS-set by oy, is also an AS-set. Hence U,:l (A) = n,jl (cr,:n1 (C)) where cr*’nl (O) is
AS. o
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Proposition 3.64 Leto : M — X be aproper generically one-to-one Nash map where
M is a non-singular d-dimensional algebraic subset of RP and X a d-dimensional
algebraic subset of RN .

If A C L(X) is a measurable subset, then the inverse image 0*_1 (A) is also measur-
able.

Proof Let

r

S o (X US) U T,
= sing o

where S C X is as in Definition 3.60 and X is the critical set of o. Notice that the
Zariski-closure of a semialgebraic set doesn’t change its dimension. Therefore £(S")
is a measurable subset of £(M) with measure 0.

Hence o~ L(A) is measurable if and only if o~ 1 (A)\L(S’) is measurable and then

i (07 ) = (071 ANEE))

Since A is measurable, there exists A,, and Cy, ; as in Definition 3.41. Hence for
allm e Z<0,

o, (M) Ao (A) | o (Cni)

1

" (o' @neesh) a (o @mnesh) €U (o' Cunesh)

1

By Lemma 3.63 the sets o~ LA, and o, 1 (Cp,i) are cylinders, therefore they are
stable sets by Proposition 3.55 since M is non-singular.
By definition of S,

LIM\LES) C | Ac.er

e,e

By Lemma 3.44, there exists k such that

L\LES) € | Ace

e, e/ <k

Thus, by Lemma 3.62, dim (0*_1 (Cm,,-)\[,(S’)) <k +m.
This allows one to prove that o 1 (A)\L(S") is measurable by shifting the index m
in (1). O

Proposition 3.65 Leto : M — X be a proper generically one-to-one Nash map where
M is a non-singular d-dimensional algebraic subset of RP and X a d-dimensional
algebraic subset of RN.

If A C L(M) is a measurable subset, then the image o,(A) is also measurable.
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Proof We use the same S’ as in the proof of Proposition 3.64. Then £(S’) and
ox (£(8)) have measure 0 so that it is enough to prove that o, (A\L(S")) is mea-
surable.

Lemma 3.66 There exists k such that for every stable set B C L(M)\L(S’), 0x(B) is
stable and dim (04 (B)) < dim(B) — k.

Proof By definition of S" and Lemma 3.44, there exists k such that

B LIMN\LES) C | Ace

e, e'<k
Then the lemma derives from Lemma 3.62. O

Assume that A is measurable with the data A,,, C,, ; then

AAAy | Cni
so that
(A\L(SNAANLSY)) C | Cmi\L(S)
and
0 (A\L(S") Ao, (A \L(S))
C ou ((A\L(S)) A(AR\L(S')))
C U O (Cm,i\E(S/))
Then we may conclude using Lemma 3.66. O

Theorem 3.67 Let o : M — X be a proper generically one-to-one Nash map where
M is a non-singular d-dimensional algebraic subset of R? and X a d-dimensional
algebraic subset of RN

Let A C L(X) be a measurable set. Let o« : A — Nxo U {oo} be such that L™ is
integrable.

Then 1L~ (@°0x+ordi jacs) i integrable on o, L(A) and

/ Liadﬂﬁ(x) :/ 1 Lf(aoa*+ordljacﬂ)dM£(M)
ANIm(oy) ox (A)

where oy : L(M) — L(X) is induced by o.

Proof Set 8 = a oo, +ord; jac,. By Proposition 3.64, o~ 1 (A) and the fibers of o o o,
are measurable.
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Notice that

n
gl = | ((a 00) "1 — e) N (ord; jac,) "' (e) N a;‘(A))
e=0
so that the fibers of 8 are measurable.
As in the proof of Proposition 3.64, up to replacing 0*_1 (A) by 0*_1 (A\L(S), we
may assume that

o' (M) c | Aee

e,/ <k

Using Lemma 3.62, we obtain

/ i L~ (@eosFordrjaco) gy oy
oy (A)

— f 1 L—(aoa*—i-ordtjacg)duﬁ(M)
0. (ANA,

e,/ <k

=Y Y (y €0 N (A) N Ay, doou(y) =n — e) L
e e/ <knze

= Z Z“ (y € AN0u(Aee), aly) =n—e) L7079
e e/ <knze

3 3wy € ANouAee). aly) =n)L™"

e,/ <k n>0

3wy € ANou(Aee). aly) =n)L7"

n>0e,e' <k

=) uy € ANIm(,), a(y) =n)L™"

n>0

= / L™ducx)
ANIm(oy)

Notice that Im (o) is measurable by Proposition 3.65. O

4 An inverse mapping theorem for blow-Nash maps
4.1 Blow-Nash and generically arc-analytic maps
Definition 4.1 ([23, Définition 4.1]) Let X and Y be two real algebraic sets. We say

that f : X — Y is arc-analytic if for every real analytic arc y : (—1,1) — X the
composition f oy : (—1,1) — Y is also real analytic.
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Definition 4.2 ([8, Definition 2.22]) Let X and Y be two algebraic sets. We say that
f + X — Y is generically arc-analytic if there exists an algebraic subset S C X
satisfying dim S < dim X and such thatif y : (—1, 1) — X is a real analytic arc not
entirely included in S, then the composition f oy : (—1, 1) — Y is also real analytic.

Definition 4.3 Let X and Y be two algebraic sets. We say that f : X — Y is blow-
Nashif f is semialgebraic and if there exists a finite sequence of algebraic blowings-up
with non-singular centers o : M — X such that f oo : M — Y is real analytic (and
hence Nash).

Lemma4.4 [8, Lemma 2.27] Let f : X — Y be a semialgebraic map between two
real algebraic sets. Then f : X — Y is blow-Nash if and only if f is generically
arc-analytic.

Remark 4.5 In the non-singular case, the previous lemma derives from [2] or [40].

Assumption 4.6 For the rest of this section we assume that X ¢ RY and ¥ ¢ RM are
two d-dimensional algebraic sets and that f : X — Y is blow-Nash. Since f is, in
particular, semialgebraic, it is real analytic in the complement of an algebraic subset
S of X of dimension < d. We may choose S sufficiently big so that S contains the
singular set of X and the non-analyticity set of f. Because f is blow-Nash we may
suppose, moreover, that f is analytic on every analytic arc y not included entirely in
S. Then for every y € L(X)\L(S), foy € L(Y).

We say that such f is generically of maximal rank if the Jacobian matrix of f is of
rank d on a dense semialgebraic subset of X\ S.

Let y € L(X)\L(S). Then the limit of tangent spaces T, ;)X exists in the Grass-
mannian Gy 4 of d-dimensional linear subspaces of RN. After a linear change of
coordinates we may assume that this limit is equal to R4 ¢ RVN. Then (X1, ..., Xq)
is a local system of coordinates at every y(f), t # 0. Fix J = {ji,..., jq) with
1 <ji1<---<js<M.Then,fort #0,

dfjy A Adfj, (v (@) =ny@)dx; A--- Adxg,

where 1, (¢) is a semialgebraic function, well-defined for ¢ # 0. Indeed, let I'y C
RN*M denote the graph of f and let T, : Reg(I'y) = G4 m.q be the Gauss map. It
is semialgebraic, see e.g. [6, Proposition 3.4.7], [24]. Denote by If;} the closure of its
image and by 77 : 1:} — I'y the induced projection. Then y lifts to a semialgebraic
arc y in F} The limits lim,_, o+ ¥ (¢) and lim,_,o- ¥ (¢) exist, and as follows from
Proposition 4.10 they coincide.

Denote by E — Gy 4um 4 the tautological bundle. Thus each fiber of E — Gyya.4
is a d-dimensional vector subspace of RN+M We denote by (x1,...,xn, f1,--- fm)
the linear coordinates in R¥*M_ Then the restriction of alternating d-forms to each
vd e GnN+m a4 gives an identity

dfj, A Adfy, =ns(VDdey A Adag

@ Springer



Arc spaces, motivic measure and Lipschitz geometry of real algebraic sets 239

that defines a semialgebraic function 1 (Vz) on Gyyar.4 with values in R U {£00}.
Then n;(t) = ny(y(t)). As follows from Proposition 4.10, 1, (¢) is meromorphic and
ord; ny € Z U {o0}.

The following notion generalizes the order defined in Definition 3.61.

Definition 4.7 The order of the Jacobian determinant of f along y is defined as
ord,jacf (y) = mjin{ordt ny(t)}.

If n(t) = 0 then we define its order as +oc0.

Definition 4.8 We say that the Jacobian determinant of f is bounded from above (resp.
below) if there exists S C X as in 4.6 such that

Vy € LIX)\L(S), ord,jacf(y) > 0 (resp. ordtjacf(y) <0).

4.2 Resolution diagram of f

Let g : M — X be a Nash map where M is a non-singular algebraic set and X is an
algebraic subset of R". Denote by O the sheaf of Nash functions on M. Assume
that dim M = dim X = d. Then the Jacobian sheaf J, of g is the sheaf of Oy-ideals

generated, in a local system of coordinates z1, ..., zg on M, by
goo (Meneg) o,
0zl -5 2d)

Let D = UD; C M be a divisor with normal crossings. We say that a local system
of coordinates z1, ..., zg at p € M is compatible with D if D at p is the zero set of a
monomial in z; or p &€ D.

Proposition4.9 Let g : M — X be as in the previous definition. Then there exists
o : M — M the composition of a sequence of blowings-up with smooth algebraic
centers and an algebraic divisor with simple normal crossings D = UD; C M such
that in any local Nash system of coordinates compatible with D, Jgos is generated by
a monomial.

Proof First we fix a regular (in the algebraic sense) differential form wys of degree d
on M which is not identically zero on every component of M.

There exists a sequence of blowings-up whose Jacobian determinant is a normal
crossing divisor and such that the compositions with the coefficients of wj; are also
normal crossings, see for instance [3, Theorem 1.10]. Then the zero set of the pullback
of wyy is a divisor with simple normal crossings.

Up to composing with blowings-up, this allows us to assume that the zero set of
wy, denoted by Z(wyy), is a divisor with simple normal crossings.

Since M, and hence Z(wyy), is affine there is a regular function ¢ on M such that
Z(wpy) C div ¢. By performing additional blowings-up we may assume that div(¢)
is a divisor with normal crossings.
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For I = {iy,...,ig} C {1,..., N}, letm; : X — R< be defined by

(X, o XN) = (Xips vy Xig)-

We consider the algebraic differential form w; = 7w*(dx;; A --- A dx;,). Then

pg wr =hjoy,

where h; is a Nash function on M. By [9, Proposition 2.11], we may find a finite
composition of blowings-up o : M — M, with smooth algebraic centers, such that
hy o o is locally a monomial times a Nash unit. More precisely, let D C M be the
union of o ~! (div ¢) and the exceptional divisor of . We may suppose that D is with
simple normal crossings and hence /; o o equals a monomial times a Nash unit, in
any local system of coordinates compatible with D.

Let zy, ..., zq4 be such a local system of coordinates and let g = g o o. Then

(&iys-- - 8iy)

dz = (pflhlo*a)M = z%u(z)dz,
0(z1, ..., 24)

~%
8§ wy =

where u is a unit.

We may apply the above procedure to all w; and their differences. Then, by [49,
Beginning of the proof of Proposition 2.1], see also [2, Lemma 6.5], we conclude that
the ideal generated by such g*wy is, locally, principal and generated by a monomial.

O

Let p : ' — X be a composition of finitely many algebraic blowings-up such
thatg = fop : ' — YisNashand o : M — I be an algebraic resolution of I
such that Jpes (resp. Jyoo) is locally generated by a monomial. Notice that M is a
non-singular real algebraic variety and that f o p o ¢ is Nash. Note that if M is not
connected then Jpo can vanish identically on a connected component of M if and
only if f is not generically of maximal rank.

Wecall p: I' — X and o : M — I satisfying the above properties a resolution
diagram of f. By Hironaka’s desingularisation theorem [17,18] and Proposition 4.9,
such a diagram always exists but is not unique.

r )

By choosing the algebraic subset S C X bigger (but still with dim S < d) we
may assume that (p o o), induces a bijection L(M)\L(S") — L(X)\L(S), where
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S’ = (p o o)~ 1(S). Note that dim S < d. Thus the diagram (2) induces a diagram

LM)\L(S)

LXNL(S) 7 L(Y)

where we denote f, = (goo).o(po a);l.
Now we show how to compute the order of the Jacobian determinant of f along y
using a resolution diagram.

Proposition 4.10 Let y € L(X)\L(S) and let 7 = (p 0 o) ' (). Then

ord; jac ; () = ord; jac,u, (7(1)) — ord; jac o, (7 (1)). 3)
Proof The result derives from the chain rule which holds outside S. |

Corollary 4.11 Suppose that f is generically of maximal rank. Then the Jacobian
determinant of f is bounded from above, resp. from below, if and only if at every
point of M a local generator of Jpos divides a local generator of Jyo0, resp. a local
generator of Jyoo divides a local generator of Jpoo-

Remark 4.12 We deduce from the previous corollary that if one of the conditions of
Definition 4.8 is satisfied for one S, then it holds for every S.

4.3 An inverse mapping theorem

Theorem 4.13 Let f : (X, x) — (Y, y) be a germ of semialgebraic homeomorphism
between real algebraic sets.

Assume that (g x)(L(X, X)) = pryy (LY, y)).
If f is generically arc-analytic and if the Jacobian determinant of f is bounded from
below, then the inverse map f~' : Y — X is also generically arc-analytic and the
Jacobian of f is bounded from above.

Remark 4.14 Notice that arc-analyticity is an open condition for semialgebraic con-
tinuous maps (see [28, Theorem 3.1] where it is not necessary to assume that f is
bounded, up to composing f with a real analytic diffeomorphism ¢ : R — (—1, 1)).
Hence, since the above statement is local, it is enough to use real analytic arcs centered
at x for the arc-analyticity condition.

The same holds for the boundedness of the Jacobian of f: we assume that the arcs
of Definition 4.8 or Corollary 4.11 are centered at x.
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Proof of Theorem 4.13 We have the commutative diagram (2). Notice that E = (p o
o)~ 1(0) is algebraic since p o o is regular. By Theorem 3.67,

ieon (o 0)w (LM, EY)) = f L%z
(poo)«(L(M,E))

N / L0 ey gy
L(M,E)

= Z'U“E(M) (L(M, E)n (ordtjacpw)_1 (n)) L=

n>0

Thus
weo (o) (LM, EN) Y L™
i>0

=22 neon (E(M, E) N (ord; jac o)~ (n)> LG+

i>0 n>0

= ZMC(M) (y € LM, E), ord, jac ., (v (1)) = n) L=

n>0
Similarly

iy (g o 0)(L(M, E))) ZLﬂ'

i=0

= wrwn (v € LM, E), ord; jac,,, (y (1)) < n)L™"

n>0

Hence

(120r) (q 0 0O)(LIM. EN) = parixy (p o 0)u (LM, E))) Y L™

i=0

=3 (rean (v € LML E), ord;jac,q, (7 (1) < n)

n>0

— ttzom (v € LM, E), o1d, jac 0 (y(0) < n) JL™"

Since we may lift a real analytic arc non-entirely included in the exceptional locus by
p oo, we have

mexy ((poo) (LM, E))) = urx) (L(X,x))
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so that

() (g 0 0)5 (LM, E))) — i) (£(X, x)) Y L™

i=0

=3 (neon (v € LO1, E), ord; jac,0 (v (1) < 1)

n>0

— teony (v € LI, E), ord, jac,0 (v (1) < n) )L™

Since pryy (LY, y)) = mrx)(L(X, x)), we obtain

(o) (g 0 )+ (LM, E))) = piqyy (LY, ¥) D L™

i>0

=Y (nean (v € LM E). ord; jacyo (v (1) < n)

n>0

— eony (v € LI, B), ord, jac o0 (v (1) < 1) JL™

Since M is non-singular, we may simply write

(o) (g 0 )+ (LM, E))) = pirqyy (LY, ¥)) D L

i>0

=Y ([r € La(M, ), ord, jac,., (1) = n]

n>0

_ [V eL,(M,E), 01"d;jach7 (y@) < l’l] )L—(n+2)d

Since the Jacobian determinant f is bounded from below, using Proposition 4.10, we
get that each summand of the RHS is positive or zero (in the sense of Definition 3.31)
because the leading coefficient of the virtual Poincaré polynomial of a non-empty
AS-set is positive:

(e (g 0 0)w (LM, E))) — pureyy (LY, ) Y L~

i>0
=3 ([ ly € La(M, E), ord, jac,u, (v (1)) < n)

n>0

\{y € Lu,(M, E), ord; jac .., (v (1)) < n} ])L—(n-i-Z)d

Moreover, the LHS is negative or zero since (g o 0)«(L(M, E)) C L(Y, y).

Assume that f is not bounded from above, then at least one of the summand of the
RHS is positive so that we obtain a contradiction. This proves that f is bounded from
above.
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Furthermore, since the RHS is zero, we obtain that

ey ((qoo)s (LM, E))) = ey (LY, y)) @4

We are now going to prove that f~! is generically arc-analytic so that it is blow-
Nash.

Assume by contradiction there exists y € L(Y, y) not entirely included in f(S) U
Ysing which may not be lifted by g o o. Nevertheless, by [8, Proposition 2.21],

(qoo) ') = citi, 120
i>0

and

(goo)  (y@) =Y di(-nf. 1 <0.

i>0
By assumption (g o o)~ (y (1)) is not analytic so that either these expansions don’t
coincide or they have a non-integer exponent.

1. We first treat the latter case. Assume that
i a
(qoa)_l(y(t))=ZCit’ +cth4-, >0, m< 5 <m+1,c¢#0.
i=0

Since (goo)™! : Y\ £(§) — M is continuous and subanalytic, it is locally Holder
so that there exists N € N> satisfying for all real analytic arc n(¢) not entirely
included in f(S) U Yjing,

n(0)=y@) mod " = (goo) ') =(goo) ' (y() mod ™.

Thus 775" (Ty (¥)) C LY, Y)\(g 0 0)«(L(M, E)).

Notice that 711;1 (wn (y))ismeasurable asacylinder. Let p : Y — Y bearesolution
of Y. Since y is not entirely included in the singular set of Y, there exists a unique
real analytic arc ¥ on M suchthat y = poy.Lete = ordtjacp()?(t)) and ¢’ be

such that y € Efe/) (Y). We may assume that N > max(e’, 2¢). Then, by Lemma
3.62 and since Y is non-singular,

HL(Y) (71,;1 (mv()/))) = i) (ﬂﬁl (mv(f))) L~
- [NN (”/Vl (”N();))):I L—N+Dd—e
#0
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Since nlgl (N (y)) C LY, y)\(g 0 0)«(L(M, E)), we obtain that

w (LY, y)\(g 00)«(L(M, E))) # 0

which contradicts (4).
2. We now assume that

m—1

Pt =(qoo) 'y =) cit' +et" +---, 1=0
i=0

and

m—1
PO =(qoo) () =) at' +dt" 4, 120
i=0

with ¢ # d.

Notice that (g oo)(yi(t)) are analytic so that y (t) = (foqoo)(y T (t)) = (fogo
o) (y~(t)). Since f is ahomeomorphism, we get (goo)(y () = (goo) (¥ ~(1)).
Since this real analytic arc is not entirely included in S, it may be uniquely lifted
by g o o so that y T (t) = y~(t). Hence ¢ = d and we obtain a contradiction.

Thus, for all y € LY, y)\L(f(S) U Ysing) there exists y € L(M, E) such that

(g oo)(y(t)) = y(t). Then f_l(y(t)) = (p o o)(y(t)) which is real analytic.
Therefore f~! is generically arc-analytic and so blow-Nash. O

Remark 4.15 Notice that, in the above proof, we do not need a homeomorphism f :
X — Y but only a homeomorphism of f : Reg(X) — Reg(Y).

Under the assumptions of the previous theorem, we derive the following corollary
from Lemma 4.4.

Corollary4.16 Let f : (X,x) — (Y,y) be a semialgebraic homeomorphism
germ between real algebraic sets with dim X = dim Y. Assume moreover that
mro)y(L(X, x)) = puew)y (LY, y)).

If f is blow-Nash and if the Jacobian determinant of f is bounded from below,
then the inverse f~! is also blow-Nash and the Jacobian determinant of f is bounded
from above.

Remark 4.17 Notice that in the previous results we do not assume that X = Y contrary
to [8, Main Theorem 3.5].

Theorem 4.18 Let f : (X, x) — (Y, y) be a semialgebraic homeomorphism germ
between algebraic sets with dim X = dim Y. If f is generically arc-analytic and
if the Jacobian determinant of f is bounded from below, then pwzx)(L(X, x)) =
mry (LY, y)).
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Proof Following the beginning of the proof of Theorem 4.13, we obtain :

(o) (LY, ) = e (L(X, X)) D L™
i>0
> (1eer) (g 0 0) (LM, E))) — pirex) (L(X,x)) Y L™

i=0

=3 (ncan (v € £, E), ord; jacyo (v (1) < n)

n>0
— eon (v € LM, E), ord, jac 0 (v (1) < n) )L™
>0

5 An inverse mapping theorem for inner-Lipschitz maps
5.1 Inner distance

Let X be a connected semialgebraic subset of R equipped with the standard Euclidean
distance. We denote by dy the inner (also called geodesic) distance in X. By definition,
for p, g € X, theinnerdistance dx (p, q) is the infimum over the length of all rectifiable
curves joining p to g in X. By [25], dx(p, q) is the infimum over the length of
continuous semialgebraic curves in X joining p and q. It is proven in [25] that dx can
be approximated uniformly by subanalytic distances.

We recall some results from [25], based on [24]. Let ¢ > 0, we say that a connected
semialgebraic set I' C RN is K,-regular if for any p,q € I" we have

dr(p,q) = (1 +&)lp—ql.
We state now a semialgebraic version of [25, Proposition 3].

Proposition 5.1 Ler X C RN be a semialgebraic set and ¢ > 0. Then there exists a
finite decomposition X = | J,,cy I, such that:

1. each T, is a semialgebraic connected analytic submanifold of RV,
2. each Iy is K -regular.

Remark 5.2 Given a finite family of semialgebraic sets X;, i € I, we can find a
decomposition satisfying the above conditions and such that foranyi € I,v € V, we
have: either I, C X; or I, N X; = (.

Fora C! map f : X’ — RM defined on a submanifold X’ of RV we denote by
Dyf:T,X — RM its differential at p € X’. Then the norm of D, f is defined by

IDpfll =sup {IDpf()|: veT,, [v|=1}.
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Lemma 5.3 Assumethat f, : I’y — RM isa C'-map, such that forany p € T, we have
IDpfull < L. Then f, is (1 + €) L-Lipschitz with respect to the Euclidean distance,
hence it extends continuously on I', to a Lipschitz map with the same constant.

Proof Let p,q € I, and &’ > ¢, then, by [25], there exists a C 1—semialgebraic arc
A : [0, 1] — T, such that p = A(0), ¢ = A(1) of the length |A| < (1 +&")|p —q|. Tt
follows that

| fo(p) = fu(@] < LIAl < (1 +&)LIp —ql.

We obtain the conclusion passing to the limit &’ — ¢.
Notice that, on any metric space, a Lipschitz mapping extends continuously to the
closure with the same Lipschitz constant. O

Let X and Y be locally closed connected semialgebraic subsets respectively of RY
and RM . They are equipped with the inner distances dy and dy, respectively. Let

f:X—>Y

be a continuous semialgebraic map. Then there exists a semialgebraic set X' C X,
which is open and dense in X, such that the connected components of X’ are analytic
submanifolds of RY, possibly of different dimensions. Moreover f restricted to each
connected component of X’ is analytic.

Proposition 5.4 The following conditions are equivalent:

(i) dy(f(p). f(q)) < Ldx(p. q) forany p,q € X,
(i) ID,fll <L forany p € X'.

Proof The implication 5.4(i) = 5.4 (ii) is obvious since at a smooth point p € X, the
inner and Euclidean distances are asymptotically equal.

To prove the converse let us fix p, g € X. For any ¢ > 0 there exists a continuous
semialgebraic arc A : [0, 1] — X such that p = A(0), ¢ = A(1) of the length
A < (1 + &)dx(p, q). By Proposition 5.1 there exists a finite decomposition X’ =
U,ey I into K -regular semialgebraic connected analytic submanifolds of RV . Let
X" = U,ey I'v be the union of those I, which are openin X’. Note that X" is dense in
X'. It follows that X C {J,cy+ Iy Since the arc 1 is semialgebraic there exists a finite
sequence 0 =19 < --- <ty = 1 suchthateach A([¢#, t;+1]) C T, forsomev € V'. By
Lemma 5.3 the length of f(A([#;, ti+1])) is bounded by (1 + ¢)|A([#;, t;i+1])|. Hence

k—1 k-1
[f ([0, 1) = Z [f ([t i DI = (L + )L Z IA([7i, tipa D] < (1 + &) LA
i=0 i=0

Thus

dy(f(p), (@) < £ 010, 1D)] < (1 +&)LIA| < (1+8)*Ldx (p, q)

We conclude by taking the limit as ¢ — 0. O
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5.2 An inverse mapping theorem

We suppose now that f : X — Y satisfies Assumption 4.6. Thus it is a blow-Nash
map between two real algebraic sets of dimension d.

Let y € L(X)\L(S). Let us adapt the notation introduced in the paragraph after
Assumption 4.6. In particular we assume that the limit of tangent spaces T), ;) X in the

Grassmannian G g4 is equal to RY ¢ RY. Then, for every i = 1, ...,d and every
j=1L....M
ni.j (1) ox;

is semialgebraic. Thus the order of n; ;(¢),ast — 0% is a well defined rational number
(or +o0 if f; vanishes identically on y).

Definition 5.5 The order of the Jacobian matrix of f along y is defined as

ord,_, o+ Jacy (y (1)) = r?i/n{ord,_)m ni,j ()}

Remark 5.6 The above notion should not be confused with the order of the Jacobian
determinant defined in Definition 4.7.

Remark 5.7 1t is likely that »; ;(¢) is actually meromorphic and it is not necessary, in
the above definition, to restrict to ¢+ — 0F. We leave it as an open problem.

Definition 5.8 We say that the Jacobian matrix of f is bounded from above if there is
an S such that for every y € L(X)\L(S), ord,_, o+ Jacy(y(t)) > 0.

One may show again that if the above condition is satisfied for one S they are
satisfied for every S.
The following result follows from Proposition 5.4.

Proposition5.9 Ler f : (X,x) — (Y,y) be a semialgebraic homeomorphism
germ between two real algebraic set germs with dim(X,x) = dim(Y, y). Then
f : Reg(X) — Reg(Y) is inner Lipschitz if and only if the Jacobian matrix of f
is bounded from above.

Theorem 5.10 Let f : (X, x) — (Y, y) be a semialgebraic homeomorphism germ
between two real algebraic set germs with dim(X, x) = dim(Y, y). Assume that
neon(L(X,x)) = pewy(LY, ). If f is generically arc-analytic and e
Reg(Y) — Reg(X) is inner Lipschitz, then f~' : Y — X is also generically arc-
analytic and f : Reg(X) — Reg(Y) is inner Lipschitz.

Remark 5.11 Notice that both previous results involve the closure of the regular parts
of the algebraic sets. The obtained sets Reg(X) and Reg(Y) do not contain any part
of smaller dimension but they still may not be smooth submanifolds.

For instance, for the Whitney umbrella X = {x2 = zyz}, Reg(X) consists in the
canopy (i.e. the z > 0 part of X). Therefore Reg(X) is singular along the half-axis

@ Springer



Arc spaces, motivic measure and Lipschitz geometry of real algebraic sets 249

{(0, 0, z), z = 0}. However it doesn’t contain the handle of the Whitney umbrella (i.e.
{(0, 0, 2), z < 0}) which is a smooth manifold of dimension 1 whereas dim X = 2.

Proof of Theorem 5.10 To simplify the exposition we suppose that X, and hence Y as
well, is pure-dimensional. That is X = Reg(X) and ¥ = Reg(Y). The proof in the
general case is similar.

First we apply Proposition 5.4 to f~!. Hence the Jacobian determinant of f~! is
bounded from above. Therefore the Jacobian determinant of f is bounded from below
and we can apply to f Theorem 4.13. This shows that f~! is generically arc-analytic
and that the Jacobian determinant of f is bounded from above and below.

Now we show that the Jacobian matrix of f is bounded from above. Let y €
L(X)\L(S). We may assume, as explained above, that R¢ c RV is the limit of
tangent spaces T, ;)X . Similarly by considering the limit of ¢, (;))¥ we may assume

that it equals RY ¢ R™. Then yi, ..., y; form a local system of coordinates on Y
at every f(y(t)),t # 0. By the assumptions the matrix (g—;ci_)(f(y (¢)) is bounded
J

and its determinant is a unit. Therefore, by the cofactor formula, its inverse, that is

(gT)f;)( f(y(¢)) is bounded. This shows that f is inner Lipschitz by Proposition 5.9. O

Remark 5.12 Notice that, in the above proof, we do not need a homeomorphism f :
X — Y but only a homeomorphism of f : Reg(X) — Reg(Y).
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