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Asymptotic Freeness of Random Matrices

Basic Observation (Voiculescu 1991)

Large classes of independent random matrices (like Gaussian or Wishart
matrices) become asymptoticially freely independent.
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Free Probability Theory

Section 1

Free Probability Theory
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Echusanioilieeness
Definition (Voiculescu 1985)

Let (A, p) be a non-commutative probability space, i.e., A is a unital
algebra and ¢ : A — C is unital linear functional (i.e., ¢(1) = 1).

Example (Commutative Probability Space)

For a classical probability space (2, P) take
° A = LOO(Q P)
= [l )forze A
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Echusanioilieeness
Definition (Voiculescu 1985)

Let (A, p) be a non-commutative probability space, i.e., A is a unital
algebra and ¢ : A — C is unital linear functional (i.e., ¢(1) = 1).
Unital subalgebras A; (i € I) are free or freely independent, if
o(ay -+ ap) = 0 whenever

Q@ a; € .Aj(i) j(l) el Vi

° j(1) #4(2) #---#j(n)

° p(a;)) =0 Vi
Random variables x1,...,x, € A are freely independent, if their generated
unital subalgebras A; := algebra(1, z;) are so.
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Free Probability Theory Freeness as rule for calculation of mixed moments

What is Freeness?

Freeness between = and y is an infinite set of equations relating various
moments in x and y:

o (m @0 @)p@)ax(y) ) =0

Basic observation: free independence between z and y is actually a rule
for calculating mixed moments in z and y from the moments of = and
the moments of y:

o (l‘ml ynl xmzynz e ): polynomial (90($i)7 So(yj))

Example

If  and y are freely independent, then we have

p(@™y") = p(x™) - p(y")
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Free Probability Theory Freeness as rule for calculation of mixed moments

Example

If = and y are freely independent, then we have

(x™y"™) = p(x™) - p(y")

mi, N mg)_

o™y "z

m1+m2)

p(z ~p(y")

but also

2

o(zyzy) = p(?) - o(y)? + o(x)* - 0(y°) — o(z)? - p(y)?

Free independence is a rule for calculating mixed moments, analogous to
the concept of independence for random variables.

Note: free independence is a different rule from classical independence; free
independence occurs typically for non-commuting random variables, like
operators on Hilbert spaces.
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Free Probability Theory Freeness as rule for calculation of mixed moments

Example
If = and y are freely independent, then we have

(x™y"™) = p(x™) - p(y")

mi,n,..m2

pa™y" ™) = p(x

m1+m2)

~p(y")
but also

2

o(zyzy) = p(z?) - p(y)* + o(@)* - 0(y®) — o(z)? - o(y)

This means of course that, for any polynomial p, the moments of p(x,y)
are determined in terms of the moments of z and the moments of y.
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N GIELT ALY Combinatorial Structure of Freeness

Combinatorial Structure of Freeness
Basic Observation (Speicher 1993)

The structure of the formulas for mixed moments is governed by the
lattice of non-crossing partitions.

Example (Factorization of Non-Crossing Moments)

Let x1,..., x5 be free. Consider 1 2 3 T3 X2 T4 T5 x5 v2x1  Then

LU

(,0(1315621‘3133:E2"L‘4I51I5I2331)

= p(z171) - p(T2T272) - P(T3%3) - P(T4) - P(T575)

V.

Crossing moments are more complicated, but still have non-crossing
structure: p(zyzy) = (z°) - p(y)? + ¢(@)? - 9(y?) — o(x)? - p(y)?
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N GIELT ALY Combinatorial Structure of Freeness

Combinatorial Structure of Freeness
Basic Observation (Speicher 1993)

The structure of the formulas for mixed moments is governed by the
lattice of non-crossing partitions.

Example (Factorization of Non-Crossing Moments)

Let x1,..., x5 be free. Consider 1 2 3 T3 x2 T4 x5 x5 v2x1  Then

LU

(,0(1,‘15621’31‘3:1,‘21‘4$5I5£U2331)

= (z121) - p(T2T2T2) - P(T3%3) - P(T4) - P(T575)

v

@ Many consequences of this are worked out in joint works with A. Nica

@ Nica, Speicher: Lectures on the Combinatorics of Free Probability,
2006
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R GIET A LT Occurrences of Freeness

Where Does Free Independence Show Up?

Free independence can be found in different situations; some of the main
occurrences are:

@ generators of the free group in the corresponding free group von
Neumann algebras L(F,,)

@ creation and annihilation operators on full Fock spaces

e for many classes of random matrices
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FEENSGUEL N AN Asymptotic Freeness of Random Matrices

Asymptotic Freeness of Random Matrices
Theorem (Voiculescu 1991)

Large classes of independent random matrices (like Gaussian or Wishart
matrices) become asymptoticially freely independent, with respect to
©=tr:= %Tr, if N = oo.

Example

This means, for example: if X and Yy are independent N x N Wigner
and Wishart matrices, respectively, then we have almost surely:

lim tr(XyYnXnYy) = lim tr(X%) - lim tr(Yy)?
N—o0 N—oo N—oco

: 2. 1 2\ _ 1 2. 1 2
—i-]\}l_r)nootr(XN) J&gnootr(YN) A}gnootr(XN) J\}Enootr(YN)

v

Hence we have a rule for calculating asymptotically mixed moments of our
matrices with respect to the normalized trace tr.
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FEENSGUEL N AN Asymptotic Freeness of Random Matrices

Asymptotic Freeness of Random Matrices
Theorem (Voiculescu 1991)

Large classes of independent random matrices (like Gaussian or Wishart
matrices) become asymptoticially freely independent, with respect to
Y =tr:= %Tr, if N = oo.

Note that moments with respect to tr determine the eigenvalue distribution
of a matrix.

For an N x N matrix X = X* with eigenvalues A\j,..., Ay its eigenvalue
distribution

1
px o= 35 (0 + -+ day)

is determined by

/tkdux(t) = tr(X") forall k=0,1,2,...
R
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Free Convolution

Section 2

Free Convolution
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Free Convolution

Sum of Free Variables

Consider z, y free.

Then, by freeness, the moments of x + vy are uniquely determined by the
moments of z and the moments of y.

Notation
We say the distribution of = + y is the

free convolution

of the distribution of = and the distribution of y,

Moty = Mo B py.
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The Cauchy Transform

Definition
For any probability measure i on R we define its Cauchy transform by

G(2) ::/ L au)

z—t
R

—G@ is also called Stieltjes transform.

This is an analytic function G : C* — C~ and we can recover u from G by
Stieltjes inversion formula.

1
du(t) = —— lim SG(t + ie)dt

T e—0
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The R-transform

Definition
Consider a random variable = € A. Let G be its Cauchy transform

et g1 p(z")
6 = vl =S+ L 55
We define its R-transform by the equation
1 + R[G(z)] = =
G(2) B

Theorem (Voiculescu 1986)

The R-transform linearizes free convolution, i.e.,

Ryty(2) = Ry(2) + Ry(2) if x and y are free.
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Free Convolution

Calculation of Free Convolution by R-transform

The relation between Cauchy transform and R-transform, and the Stieltjes
inversion formula give an effective algorithm for calculating free

convolutions; and thus also, e.g., the asymptotic eigenvalue distribution of
sums of random matrices in generic position:

z ~ Gp ~ R,

1
R, +Ry=Ryyy ~ Gaopy ~ z+y

T
y ~ Gy ~ Ry
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Free Convolution

. . . 2
What is the Free Binomial (56_; + 36.)
Example
1 1
Hi= 55—1+§5+1» vi=pBpu
1 1 1 1 Z
Then Gu(z)—/z_tdﬂ(t)—§(z+1+z_1)_22_1
_ _ Ru(2) +1/z
and so 2= GulR,(z) + 1/2] = Rulz) - 1/2)7 — 1
T 4.2 _
thus Ru(z) — i
2z
T 4.2
and so R,(z) =2R,(z) = #

Roland Speicher (Saarland University) Operator-Valued Free Probability 15 / 98



What is the Free Binomial (%5_1 + %5“

Example
vV1+422 -1 . 1
R,(z) = viteZ oo gives Gy(2) = ——
z 22 —4
and thus
1
1 1 TV/4—t2’ |t| <2
— &3 —
dv(t) = T 4dt =
0, otherwise
So

)EE2 = v = arcsine-distribution

1 1
(5571 + §5+1
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Free Convolution

What is the Free Binomial (%5_1 + %5“)532

iz (4-x3)"?)
T

-1.5 -1 -05 0 0.5 1 15
x

2800 eigenvalues of A+ UBU™, where A and B are diagonal matrices with
1400 eigenvalues +1 and 1400 eigenvalues -1, and U is a randomly chosen
unitary matrix
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The R-transform as an Analytic Object

@ The R-transform can be established as an analytic function via power
series expansions around the point infinity in the complex plane.

@ The R-transform can, in contrast to the Cauchy transform, in general
not be defined on all of the upper complex half-plane, but only in
some truncated cones (which depend on the considered variable).

@ The equation @ + R[G(z)] = z does in general not allow explicit
solutions and there is no good numerical algorithm for dealing with
this.

Problem

The R-transform is not really an adequate analytic tool for more
complicated problems.
Is there an alternative?
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An Alternative to the R-transform: Subordination

Let = and y be free. Put w := R, ,(2) + 1/2, then

Gary(0) = 2 = CalR¥(2)+1/2] = Calw—Ry(2)] = Gl —Ry[Gary(w)]

v

Basic Observation (Voiculescu, Biane, Gétze, Chistyakov, Belinschi,
Bercovici ...)
There are nice analytic descriptions in subordination form, e.g., for x and
y free one has

Gary(2) = Gy (W(z)):
where w : C™ — C™T is an analytic function which can be calculated
effectively via fixpoint descriptions.
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Free Convolution

The Subordination Function

Theorem (Belinschi, Bercovici 2007)
Let x and y be free. Put

Then there exists an analytic w : CT™ — C™ such that

Fory(2) = Fo(w(z))  and  Guyy(2) = Ga(w(2))

The subordination function w(z) is given as the unique fixed point in the
upper half-plane of the map

fo(w) = Fy(Fp(w) —w + 2) = (Fp(w) — w)

Roland Speicher (Saarland University)
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Example: semicircle EH Marchenko-Pastur

Example

Let s be semicircle, p be Marchenko-Pastur (i.e., free Poisson) and s, p
free. Consider a := s+ p.

thus we have

and hence

A 1
Gl e TG
Alternative subordination formulation

Gotp(2) = Gp|z — Rs[Gsyp(2)]] = Gplz — Goip(2)] |
Roland Speicher (Saarland University)
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Free Convolution

Example: semicircle H Marchenko-Pastur

Gsip(2) = Gy [Z - RS[Gs+p(z)]] = Gplz — Gstp(2)]

0.35

031
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Semicircular Element

Section 3

Gaussian Random Matrices and Semicircular
Element
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Gaussian Random Matrix (Wigner 1955)

Definition
A Gaussian random matrix Ay = ﬁ(xij)ﬁv._l
A=
@ is symmetric: Ay = Ay
o {z;; |1 <i<j< N} are independent and identically distributed,
with a centered normal distribution of variance 1

Example (eigenvalue distribution for N = 10)
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Gaussian Random Matrix (Wigner 1955)

Definition
A Gaussian random matrix Ay = ﬁ(wzj)ﬁv._l
A=
@ is symmetric: Ay = Ay
o {z;; |1 <i<j< N} are independent and identically distributed,
with a centered normal distribution of variance 1

Example (eigenvalue distribution for N = 100)
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Gaussian Random Matrix (Wigner 1955)

Definition
A Gaussian random matrix Ay = ﬁ(wzj)ﬁv._l
A=
@ is symmetric: Ay = Ay
o {z;; |1 <i<j< N} are independent and identically distributed,
with a centered normal distribution of variance 1

Example (eigenvalue distribution for N = 3000)
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Definition
The empirical eigenvalue distribution of Ay is

/‘AN N Z‘SA (w)

where \;(w) are the N eigenvalues (counted with multiplicity) of Ay (w)

v

Theorem (Wigner's semicircle law)

We have almost surely
MANy = UW (weak convergence)

i.e., for each continuous and bounded f we have almost surely

i [ Fduan ()= [ FOdun ) / F(VI— 2dt

N—oo
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Semicircular Element

Proof of the Semicircle Law

One shows
Um pa,(f) = pw(f) almost surely
N—o0

in two steps:

@ convergence in average:
im Elpay (f)] = pw(f)
N—o0

@ fluctuations are negligible for N — oc:

> Varluay ()] < o
N
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Semicircular Element

Convergence of Averaged Eigenvalue Distribution

Example (eigenvalue distribution for N = 5)

Roland Speicher (Saarland University)
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Semicircular Element

Convergence of Averaged Eigenvalue Distribution

Example (eigenvalue distribution for N = 20)
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Convergence of Averaged Eigenvalue Distribution

Example (eigenvalue distribution for N = 50)
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Semicircular Element

Convergence in Average

For
Jim Eluay (f)] = pw(f)

it suffices to treat convergence of all averaged moments, i.e.,

lim B / P ()] = / Pduw(t)  YneN

N—o00

Note:
N

B [ tdpay () = Bl Yo M) = Blir(4%)
=1
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Semicircular Element

Calculation of Averaged Moments

Note: ) N
Bl [ "y (0] = Blyy 3 M) = Bler(AR)
i=1
but

N
1
Eltr(AN)] = > Elaiiyigis - Gigiy]

B1yeeeytn=1
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Semicircular Element

Calculation of Averaged Moments

Note:
n 1 - n w
E[ [ t"dpay ()] = Bl > M) = Eltr(AR)]
i=1
but
1 N
Bltr(4R)] = + > [ailigaisz,"'aini1l
11,ee0yin=

expressed in
terms of pairings
“Wick formula”
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Semicircular Element

Asymptotically, for N — oo, only non-crossing pairings survive:

lim Eftr(Ay)] = #NCa(n)

N—oo

Definition
Define limiting semicircle element s by

p(s") = #NC(n).

(s € A, where A is some unital algebra, ¢ : A — C)

Notation

Then we say that our Gaussian random matrices Ay converge in
distribution to the semicircle element s,

distr

AN—>S
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What is Distribution of s?

p(s") = lim Bltr(Ay)] = #NC(n)

Claim
o(s™) = / " duyy (2)

more concretely:

R
#NCo(n) = 5 / /I — Pt
—2
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What is Distribution of s?

Example
n=2 ¢(s¥) =1

n=4: p(s*) =2
o |Y

n=6: p(s8) =5

oo U My ey |
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What is Distribution of s?

Claim

o(s%) = Cy k-th Catalan number

What are the Catalan numbers?

° Cr=rmx(¥)

@ (Y} is determined by Cy = C7 = 1 and the recurrence relation

k

Cr = Z C1—1Cgy.
=1

Roland Speicher (Saarland University) Operator-Valued Free Probability
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Semicircular Element

Moments of s are Given by Catalan Numbers

It is fairly easy to see that the moments ((s*) satisfy the recursion for the
Catalan numbers:

ng 20— 2 2k—2l>‘

=1

Notation

oo oo
:Z(p(sn)zn:1+zso(s2k)z2k
n=0 k=1

o~ k
=14 22 ZZ 2l 2 2l_2g0(82k_2l)22k_2l
=1 1=1

—1+z2M() M(z)
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Semicircular Element

Moments of s are Given by Catalan Numbers

M(z) =1+ 22M(2) - M(2)

Notation (Cauchy transform)

Instead of moment generating series M (z) consider

Gle) = p(=)
Note - -
6 =3 B8 =13 o (3)" = Tmaya),
n=0 n=0
thus
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Semicircular Element

For the basic Gaussian random matrix ensemble one can thus derive

equations for the Cauchy transform of the limiting eigenvalue distribution,

solve those equations and then get the density via Stieltjes inversion.

Example (Gaussian rm)

G(2)? +1 = 2G(2),

which can be solved as

z—z22—14
Gy =224
thus
1
dpis(t) = - /4 — 2t
T

Wigners semicircle

Roland Speicher (Saarland University)
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Operator-Valued Semicircular Element

Section 4

Block Random Matrices and Operator-Valued
Semicircular Elements
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Operator-Valued Semicircular Element

Eigenvalue Distribution of Block Matrices

Example

Consider the block matrix

Ay By Cn
Xv=|By Ax By |,
Cy By An

where Ay, By, Cpn are independent Gaussian N x N-random matrices.

Problem
What is eigenvalue distribution of Xy for N — oco?
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Typical Eigenvalue Distribution for N = 1000

Example
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Operator-Valued Semicircular Element

Averaged Eigenvalue Distribution

Example
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Operator-Valued Semicircular Element

Problem

This limiting distribution is not a semicircle, and it cannot be described
nicely within usual free probability theory.

Solution

However, it fits well into the frame of

operator-valued free probability theory!
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Operator-Valued Semicircular Element

What is an operator-valued probability space?

scalars — operator-valued scalars
C B
state — conditional expectation
p: A= C E:A—-B

E[blabg] = blE[a]bQ
moments — operator-valued moments

p(a") Elabiabsa - - - aby,_1a]
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Operator-Valued Semicircular Element

Example: M,(C)-valued probability space
Example

Let (C, ¢) be a non-commutative probability space. Put

My(C) = {(i Z) | a,b,c,d € c}

and consider ¢ :=tr® p and E:=id ® ¢, i.e:
o[ )= ae@rean =l Q)= (5 Fa)

o (M>(C),%) is a non-commutative probability space, and
e (M>(C), E) is an M3(C)-valued probability space
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Operator-Valued Semicircular Element

What is an operator-valued semicircular element?

Consider an operator-valued probability space

E:-A— B

Definition
s € A is semicircular if

@ second moment is given by
El[sbs] = n(b)

for a completely positive map n: B — B

@ higher moments of s are given in terms of second moments by
summing over non-crossing pairings
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Operator-Valued Semicircular Element

Moments of an Operator-Valued Semicircle

sbs

Elsbs] = n(b) L

E[sbysbas - - sby_15] = Z (iterated application of 1 according to 7r>
TENC2(n)
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Operator-Valued Semicircular Element

Sixth Moment of Operator-Valued Semicircle

sb1sbasbssbysbss Sblsb28b38b48658 Sb18b28b38b48b58
Juu ||| Y
1(b1)-ba-1(b3)-ban(bs)  1(b1)-ba-n(b3-1(ba)-bs) 51 1(ba-1(b3)-ba) b5
sb1sbysbzsbysbss sb1sbosbssbysbss
u A et
(b1 1(b2) - b3) -ba-m(bs) by -n(b2) - by - 1(ba) - bs)
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Operator-Valued Semicircular Element

Sixth Moment of Operator-Valued Semicircle

(i
1]
+1(b1) - by - (b3 - n(ba) - bs)
=]
(b1 (b2 m(bs) - ba) - bs)
(2]
LU

E[8b18b28b38b4sb58] =77(b1) . b2 . 7](1)3) . b4 . n(b5)

+n(by - n(b2) - b3) - by - (bs)

+1(b1 - n(b2) - b3 - n(ba) - bs)
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Operator-Valued Semicircular Element

Sixth Moment of Operator-Valued Semicircle

Ly u
=
+n0(1) - n(n(1))
=
+n<n(n(1)))
=gl
L u

Elssssss| =n(1) -n(1) - n(1)

+n(n(1)) - n(1)

+n(n(1) -n(1))
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Operator-Valued Semicircular Element

Recursion for Moments of Operator-Valued
Semicircle

As before, we have the recurrence relation

k
E[SQk] _ Zn(E[82lf2]) . E[S2k72l]'
=1
Notation
Put - -
M(z) := Z E[s"]z" =1+ Z E[s%k)22F,
n=0 k=1

thus we have again

M(2) =1+ 2*n(M(z)) - M(z)

Roland Speicher (Saarland University) Operator-Valued Free Probability
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Operator-Valued Semicircular Element

Recursion for Moments of Operator-Valued

Semicircle

M(2) =1+ 2*n(M(z)) - M(z)

Notation (operator-valued Cauchy transform)
Instead of M (z) consider

1
=F .
G(2) = El—] |
Note 1 1 1
= E[- =-M(z"!
G(2) = Bl - 7= = M(z™),
thus

Roland Speicher (Saarland University) Operator-Valued Free Probability
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Operator-Valued Semicircular Element

Thus, the operator-valued Cauchy-transform of s, G : CT — B, satisfies

1

2G(z) =14+ n(G(2)) - G(2) or G(z) = m

This is equivalent to

1

5:(G)=G  where F.(G)= pep e}

Theorem (Helton, Rashidi Far, Speicher 2007)

For Sz > 0 there exists exactly one solution G € H™ (B) to §.(G) = G;
this G is the limit of iterates G, = §7(Go) for any Gy € H™ (B). Here

b—b*

H(B):={beB|—

<0}
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Operator-Valued Semicircular Element

Back to Random Matrices

Basic Observation

Special classes of random matrices are asymptotically described by
operator-valued semicircular elements, e.g.

@ band matrices (Shlyakhtenko 1996)
@ block matrices (Rashidi Far, Oraby, Bryc, Speicher 2006)
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Operator-Valued Semicircular Element

Back to Random Matrices

Example
Ay By Cn
Xyv=|By An By,
Cy By Apn

where Ay, By, Cn are independent Gaussian N x N random matrices.
For N — 0o, X converges to

S1 SS9 S3
S = S92 S1 S2 s
83 82 S1

where s1, s2, 53 € (C, ¢) is free semicircular family.

This means: the asymptotic eigenvalue distribution of X is given by the
distribution of s with respect to tr3 ® (.

The latter does not show any nice recursive structure! But ...
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Operator-Valued Semicircular Element

Example
S1 S2 83
But s=1[s2 s so (51,582,853 € (C,9))
83 S 81

is an operator-valued semicircular element over M3(C) with respect to
o A= M;(C), B = M;3(C)
. 3 3
o F=id® @ : Mg(C) — Mg((C), (aij)i,jzl — (go(aij))iyjzl
e 7 : M3(C) — M;3(C) given by  n(D) = E[sDs]

Hence asymptotic eigenvalue distribution p of X, which is given by
distribution of s with respect to tr3 ® ¢, can now be factorized as:

I}

1

zZ— S8

HE) = [ dutt) = s 0 0( ) = tro{ Bl

z—1

z —

and G(z) = E[;L] is solution of 2G(z) = 1 4+ n(G(z)) - G(z)

zZ—Ss

Roland Speicher (Saarland University) Operator-Valued Free Probability



Operator-Valued Semicircular Element
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Operator-Valued Semicircular Element

System of Quadratic Equations for
Operator-Valued Semicircle

Example
So

means explicitly

2f(2) = 1+ g(2)(f(2) + h(2)) + 2(f(2)* + h(2)?)
29(2) = 1+ 9(2)(9(2) + 2(f(2) + h(2)))
zh(z) = 4f (2)h(2) + 9(2)(f(2) + h(2))
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Operator-Valued Semicircular Element

Comparison of the Solution with Simulations
L, (n)
3

0.35

0.3t 7 111 (P 1
0.25¢ 4 i 1
0.2} 1
0.15¢ 1
0.1 1

0.057 1
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Operator-Valued Semicircular Element

Some More Examples
L,m) Ly(n)

0.3 0.3

0.25¢ 0.25
021 0.2
0.15p 0.15
0.1p 0.1

0.051 0.05

WemQ
= Qg

SAQwm
QW
T QW
SQwe=

QWA
e QU
= AQbE
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Operator-Valued Extension of Free Probability

Section 5

Operator-Valued Extension of Free Probability

Roland Speicher (Saarland University) Operator-Valued Free Probability



Operator-Valued Extension of Free Probability

Problem

What can we say about the relation between two matrices, when we know
that the entries of the matrices are free?

X = (fcz‘j)z]'?g'zl Y = (ykl)lzc\{lzl

with
{z;} and {yp } free w.rt. ¢

Solution
@ X and Y are not free w.r.t. tr ® ¢ in general

@ However: relation between X and Y is more complicated, but still
treatable in terms of

operator-valued freeness
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Operator-Valued Extension of Free Probability

Notation

Let (C,¢) be non-commutative probability space.
Consider N x N matrices over C:

My (C) = {(ai;)Y=1 | @iy € C} = MN(C) ®C

Mp(C) is a non-commutative probability space with respect to

tr®p: My(C) = C

but there is also an intermediate level )
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Operator-Valued Extension of Free Probability

Different Levels

Instead of consider
Mn(C) Mn(C) = MN(C)®C=: A
lid®p=FE
Itr®e My (C)=: B
4 tr
C C
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Operator-Valued Freeness
Definition
Let B C A. A linear map E : A — B is a conditional expectation if

Eb=b VbeB

and
E[blabgl = blE[a]bg Ya e A, Vbi,byeB

An operator-valued probability space consists of B C A and a
conditional expectation F : A — B

Example (Classical conditional expectation)

Let 9t be a o-algebra and 91 C 9 be a sub-o-algebra. Then
o A=L>(Q,M,P)
o B=L®(Q,MN,P)

e E[-|7M] is the classical conditional expectation from the bigger onto
the smaller o-algebra.
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Operator-Valued Extension of Free Probability BNOJ.ISE I AVE] T W SE=TNTES

Example: M,(C)-valued probability space
Example

Let (A, ») be a non-commutative probability space. Put

My(A) = {(Z Z) la,b,c,d € A}

and consider ¢ :=tr® p and E:=id ® ¢, i.e.:
o[ )= ae@rean =l Q)= (5 Fa)

o (M3(A),1) is a non-commutative probability space, and
o (Ms(A), E) is an Ms(C)-valued probability space

Roland Speicher (Saarland University)
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Operator-Valued Distribution

Definition (operator-valued distribution)

Consider an operator-valued probability space (A, E : A — B). The
operator-valued distribution of a € A is given by all operator-valued
moments

E[ablab2~--bn_1a] eB (’rLEN,bl,...,bn_l EB)

Note: polynomials in = with coefficients from B are of the form
o

boz2

bixboxbs

bixboxbs + byxbsxbg + - - -

etc.

b's and x do not commute in general!
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Definition of Operator-Valued Freeness

Definition (Voiculescu 1985)

Let £ : A — B be an operator-valued probability space.
Subalgebras A; (i € I), which contain B, are free over 3, if
Ela; - - -ap] = 0 whenever

@ a; € .Aj(i), j(l) el Vi

° j(1) #j(2) # - #i(n)

@ Ela;] =0 Vi

Variables z1, ..., x, € A are free over B3, if the generated B-subalgebras

A; := algebra(B, x;) are so.
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Operator-Valued Extension of Free Probability BNOJ.ISE I AVE] T W SE=TNTES

Freeness and Matrices

Basic Observation

Easy, but crucial fact: Freeness is compatible with going over to matrices

v

Example

If {a1,b1,c1,d1} and {ag, ba, c2,da} are free in (C, p), then
a1 b az by
(@ a) = (&)

@ in general, not free in (Mz(C),tr ® )
@ but free with amalgamation over M5(C) in (M3(C),id ® ¢)

are

Roland Speicher (Saarland University) Operator-Valued Free Probability
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Operator-Valued Extension of Free Probability BNOJ.ISE I AVE] T W SE=TNTES

Freeness and Matrices

Example
[ b1 _ (a2 ba
X1 = (Cl dl) and X5 = <02 d2)
Then
_(araz +bica aibs + bids
X1 X2 = (Clag +dico c1by + d1d2>
and

P(X1X2) = (p(a1)p(az) + o(br)w(ca) + pler)p(ba) + (di)e(dz)) /2
# (p(a1) + ¢(d1))(p(az) + ¢(da))/4
P(X1) - h(Xa)

but

E(X1X2) = E(Xy) - E(X2)
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Operator-Valued Extension of Free Probability BNOJ.ISE I AVE] T W SE=TNTES

Freeness and Matrices

Example
_(a b1 _ (a2 ba
X1 = (Cl dl) and X2 = <02 dg)
Then
_ (o102 + bicas aibs + bids
X1 X2 = (Clag +dica c1by + dldg)
and
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Combinatorial Description of Operator-Valued
Freeness

Operator-valued freeness works mostly like ordinary freeness, one only has

to take care of the order of the variables; in all expressions they have to
appear in their original order!

Example

Still one has factorizations of all non-crossing moments in free variables.

Tr1 o X3 T3 Ty T4 T Ty T2 T1

L] L

E[m1x2x3x3m2x4x5x5x2x1]

=F |:x1 0 E[xg o E[xgxg] o gbgy © E[x4] o E[:IJ5JI5] 0 :EQ] 0 .’L‘l]
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Operator-Valued Extension of Free Probability BNOJ.ISE I AVE] T W SE=TNTES

Combinatorial Description of Operator-Valued
Freeness

For “crossing" moments one has analogous formulas as in scalar-valued
case, modulo respecting the order of the variables ...

Example

The formula

p(T1727172) = P(T121)0(2) 0(22) + P(T1) (1) P(T2T2)
— p(@1)p(z2)p(71)P(22)

has now to be written as

E[$13§'2x1$2] = E[l‘lE[mg]:ﬁl] . E[.Q?Q] + E[:L‘l] . E[.%‘QE[xl]:UQ]

— Elz1] B[22 E[z1] Ez]

Roland Speicher (Saarland University) Operator-Valued Free Probability
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Operator-Valued Extension of Free Probability BNOJ.ISE I AVE] T W SE=TNTES

Free Cumulants

Definition
Consider £ : A — B.
Define free cumulants

kB . A" - B
by

Ela;---ay) = Z KBlay,. .., an]
TeNC(n)

o arguments of k5 are distributed according to blocks of 7

@ but now: cumulants are nested inside each other according to nesting
of blocks of =

Roland Speicher (Saarland University) Operator-Valued Free Probability
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I
Free Cumulants
Example

T = {{1,10},{2,5,9},{3,4},{6},{7,8}} € NC(10),

ap az az a4 a5 ag ar ag ag aig

L] L]

kf[al, coo ,aw]

= kQB (al . k?ég (CLQ . k‘QB(ag, a4), as - kf(aﬁ) . k:g(cw, ag), ag),am)

v
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(0L TSTE VLT AVE VY NPT BTG WG S N TG ELT A Operator-Valued Free Convolution

Analytic Description of Operator-Valued Free
Convolution

Definition

For a random variable x € A in an operator-valued probability space
E : A — B we define the operator-valued Cauchy transform:

Gb):=E[b-2z)"1 (beB).

For x = x*, this is well-defined and a nice analytic map on the

operator-valued upper halfplane ~ H*(B) := {b € B | b ;ib > 0}
Definition
We define the operator-valued R-transform by
1
bG(b) + R(G(b)) - G(b) or G(b) b= R(GD))
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(0L TSTE VLT AVE VY NPT BTG WG S N TG ELT A Operator-Valued Free Convolution

On a Formal Power Series Level: Same Results as
in Scalar-Valued Case

Note that for an operator-valued semicircular element with covariance 7 we
have R(b) = n(b) and thus

bG(b) =1+ R(G(b)) - G(b), restricted to b = z,
is nothing but our formula from before

2G(z) =1+ U(G(z)) -G(2)

If x and y are free over B, then
@ mixed B-valued cumulants in x and y vanish
© Rypy(b) = Ro(b) + Ry (b)
@ we have the subordination G4, (2) = G, (w(2))
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(0L TSTE VLT AVE VY NPT BTG WG S N TG ELT A Operator-Valued Free Convolution

Subordination in the Operator-Valued Case

@ again, analytic properties of R transform are not so nice

@ the operator-valued equation G(b) = ch(b)), has hardly ever
explicit solutions and, from the numerical point of view, it becomes
quite intractable: instead of one algebraic equation we have now a
system of algebraic equations

@ subordination version for the operator-valued case was treated by
Biane (1998) and, more conceptually, by Voiculescu (2000)

@ an analytic description of subordination via fixed point equations, as in
the scalar-valued case, was given by Belinschi, Mai, Speicher (2013)

Roland Speicher (Saarland University) Operator-Valued Free Probability 76 / 98



(0L TSTE VLT AVE VY NPT BTG WG S N TG ELT A Operator-Valued Free Convolution

Subordination Formulation
Theorem (Belinschi, Mai, Speicher 2013)

Let x and y be selfadjoint operator-valued random variables free over B.
Then there exists a Fréchet analytic map w: H (B) — H* (B) so that

Goiy(b) = Go(w(b)) for all b € HT (B).

Moreover, if b € H (B), then w(b) is the unique fixed point of the map

fo: HY(B) » HY(B),  fy(w) = hy(ho(w) + ) +b,

and
w(b) = lim £ (w) for any w € H' (B).
where
b—b* 1
HY(B):={beB 0 h(b) .= ——=—1
®=tes Eo0n a0 = o
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Deterministic Equivalents

Section 6

Deterministic Equivalents
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Deterministic Equivalents

Problem

Quite often, one has a random matrix problem for (large) size N, but the
limit N — oo is not adequate, because there is no canonical limit for some
of the involved matrices )

Solution (Girko; Couillet, Hoydis, Debbah; Hachem, Loubaton, Najim)
Deterministic Equivalent: Replace the random Stieltjes transform gy of
the problem for N by a deterministic transform gy such that
@ gy is calculable, usually as the fixed point solution of some system of
equations

o the difference between g and gy goes, for N — oo, to 0
(even though gy itself might not converge)
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Deterministic Equivalents

Deterministic Equivalent

@ Replace the original unsolvable problem by another problem which is
solvable
close to the original problem (at least for large N)
@ The replacement is done on the level of Stieltjes transforms and there
is no clear rule how to do this

o Essentially one tries to close the system of equations for the Stieltjes
transforms by keeping as much data as possible of the original situation

@ Replacement and solving is done in one step
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Deterministic Equivalents

Free Deterministic Equivalent (Speicher, Vargas)

@ We will replace the original problem by another one on the level of
operators in a quite precise way, essentially by prescribing

replace Gaussian random matrices by semicircular variables
replace matrices which are asymptotically free by free variables
@ The free deterministic equivalent is then a well-defined function in free
variables

@ That the free deterministic equivalent is close to the original model
(for large N) is essentially the same calculation as showing asymptotic
freeness

@ One can then try to solve for the distribution of this replacement in a
second step
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Deterministic Equivalents

Free Deterministic Equivalent (Speicher, Vargas)
Example
Consider Ay = Ty + X where

@ Xy is a symmetric N x N Gaussian random matrix

@ T is a deterministic matrix

We do not have a sequence T, with N — oo, thus we only have the
distribution of Ty for some fixed N.

We replace now Ay by ay =ty + s, where
@ s is a semicircular element
@ ¢y is an operator which has the same distribution as Ty

@ tyn and s are free

In this case, the distribution of ay is given by the free convolution of the
distribution of ¢) and the distribution of s,

HAy ™~ Pay = MPty+s = Mty B ps = pry B ps
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Deterministic Equivalents

Can We Calculate Free Deterministic Equivalents?

Problem

Usually, our free deterministic equivalents are polynomials in free variables.
Can we calculate their distribution out of the knowledge of the distribution
of each variable? |

Solution
Yes, we can!
For this, use the combination of
@ the linearization trick
@ and recent advances on the analytic description of operator-valued free
convolution )
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The Linearization Trick

Section 7

The Linearization Trick
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The Linearization Philosophy

In order to understand polynomials in non-commuting variables, it suffices
to understand matrices of linear polynomials in those variables.

History (in operator algebras)
@ Voiculescu 1987: motivation
@ Haagerup, Thorbjgrnsen 2005: largest eigenvalue

@ Anderson 2012: the selfadjoint version
(“Schur complement")

History (in other fields)

The same idea has been used in other fields under different names (like
"descriptor system" in control theory), for example:

@ Schiitzenberger 1961: automata theory

@ Helton, McCullough, Vinnikov 2006: symmetric descriptor realization

v
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Definition
Consider a polynomial p in non-commuting variables x and y.
A linearization of p is an N x N matrix (with N € N) of the form

. (0 u
p_an

@ u,v, () are matrices of the following sizes: wis 1 x (N —1); v is
(N—1)x1;and Qis (N —1) x (N —1)
@ u, v, @ are polynomials in z and ¥, each of degree <1

e @ is invertible and we have p = —uQ v

Theorem (Schiitzenberger; Helton, McCullough, Vinnikov; Anderson)

@ For each p there exists a linearization p
(with an explicit algorithm for finding those)

o If p is selfadjoint, then this p is also selfadjoint
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The Linearization Trick

Theorem (Schiitzenberger; Helton, McCullough, Vinnikov; Anderson)

@ For each p there exists a linearization p
(with an explicit algorithm for finding those)

o If p is selfadjoint, then this p is also selfadjoint

Example

A selfadjoint linearization of

0 73 24y
2

p=xy+yx + z? is D= 0 0 -1
sy =l 0

because we have
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The Linearization Trick

What is a Linearization Good for?

We have then

2= 5)=( ") ¢ o) (o

and thus (under the condition that @ is invertible):

= O
N—

p invertible — P invertible

Note: (clz (1)) is always invertible with

C9 =(L 9
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The Linearization Trick

What is a Linearization Good for?

More general, for z € C put b = <g 8) and then
s (% TU)_ I wQ YN (z—p 0 1 0
P={-v —g) " \o 1 0 -Q)\QWw 1
z — p invertible = b — p invertible )

and actually

e e [ [
()T )6
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The Linearization Trick

(b p) = (_Q1_1U (1)) <(z —Op)—1 _QO_l) ((1) —ulQ—l)

_ ( (z—p)! —(z—p)'u@" )
—-Q v(z—p)™" Qlw(z—p)luQ ' - Q7!

and we can get the Cauchy transform G,(z) = ¢((z — p) 1) of p as the
(1,1)-entry of the matrix-valued Cauchy-transform of p

Gyt =id pl(o—p) ) = (PP )
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Why is p better than p?

The selfadjoint linearization p is now the sum of two selfadjoint
operator-valued variables

0 g = 0 0 Y
p=2+y=|=x 0 Ol+1{o0 0 -1
: 0 0 Yy -1 0

where
@ we know the operator-valued distribution of & and the operator-valued
distribution of g
@ and Z and § are operator-valued freely independent!

This is now a problem about operator-valued free convolution. This we can
do. |
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The Linearization Trick

The selfadjoint linearization p is now the sum of two selfadjoint
operator-valued variables

0 7 = 0 0 Y
p=2+y=|=x 0 Ol+1{0 0 -1
: 0 0 Yy -1 0

where

@ we know the operator-valued distribution of & and the operator-valued
distribution of 3

@ and Z and § are operator-valued freely independent!

So we can use operator-valued free convolution to calculate the
operator-valued Cauchy transform of & + .

Gp(b) = Gz (w(b))

and from this get the Caucy transform of p(z,y).
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The Linearization Trick

Theorem (Belinschi, Mai, Speicher 2013)

1) The following algorithm allows the calculation of the distribution of any
selfadjoint polynomial p(x,y) in two free variables x and y, given the
distribution of x and the distribution of y:

o Linearize p(x,y) top =2 + 9.
o Calculate G3(b) out of G(2) and Gy(b) out of Gy(2)
o Get wy(b) as the fixed point of the iteration

w i Gy(b+ Ga(w) ™ —w) ™! = (Ga(w) ™! — w)

o Calculate G(b) = G3(w1(b)) and recover G,(z) as one entry of

G(b) for b= <S 8)

2) Iteration of step 3 of the above algorithm allows the calculation of the
distribution of any selfadjoint polynomial p(x1,...,zy) in k non-com-
muting variables, given the distribution of each x;.

Roland Speicher (Saarland University) Operator-Valued Free Probability 93 / 98



The Linearization Trick

Example

PX)Y)=XY +YX + X?
for independent X,Y"; X is Gaussian and Y is Wishart

p(z,y) =y +yz + 2
for free @, y; = is semicircular and y is Marchenko-Pastur
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The Linearization Trick

Example

P(X1,X2,X3) = X1 X2X1 + X2 X3X5 + X3X1X3
for independent X1, X9, X3; X1, Xo Wigner, X3 Wishart

0 0 xq] 0 xo 0 x3 0.25
0 z3 -1 0 0 0 0
A z; -1 0 0 0 0 0 02
p= 0 0 0 a3 -1 0 0
25 0 0o -1 o 0 0
0 0 0 0 0 z; -1 018
z3 0 0 0 0o -1 o0

p(x1, T2, T3) = X1T2T1 + T2x3T2 + T3T123
for free 21, x2, x3; 21,22 is semicircular and w3 is Marchenko-Pastur
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A Bit on the Linearization Algorithm

Problem
We want to find selfadjoint linearization a non-commutative polynomial p.
For this consider the following steps.
O Calculate a linearization for each monomial of p.
@ Given linearizations of monomials q1, ..., g,, what is a linearization of
g+ ...+ q,?
© Consider a polynomial p of the form ¢ + ¢* and let ¢ be a linarization
of ¢q. Calculate a linearization of p in terms of q.
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The Linearization Trick

Solution
O A linearization of ¢ = z;z;xy, is

0 0 xI;
(j: 0 a:j —1
zr. —1 O

0 . . . ~ 0 Ul ~ 0 u9
@ We consider two linearizations ¢; = ( ) and ¢ = ( )
ol v Q1 e v2 Q2

A linearization 1 + ¢ of g1 + g2 is given by

0 Ul (5

v @1 0

ve 0 Q2
0 - 0 u v
Q Ifg= (v Q) then we can choose ¢ +¢* = |u* 0 @
v QF 0
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The Linearization Trick

Solution

@ Linearizations of z1zox1, Tox322, T3T1 T3 are

0 0 e 0 0 xIo 0 0 I3
0 T —1 s 0 T3 —1 s 0 I1 —1
1 -1 0 xTo —1 0 T3 -1 0

@ thus a linearization of p(z1, x2, x3) = z1T271 + Tow3T2 + T3T1 T3 IS

0 0 i) 0 xZ9 0 T3
0 2o -1 0 0 O O
zz -1 0 O O 0 O
0 0 0 =23 -1 0 O
z2z 0 0 -1 0 0 O
o 0o 0 0 0 =z -1
xzz 0 O O O -1 0
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