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We extend the spiral vortex solution of Lundgren@Phys. Fluids25, 2193~1982!# to compressible
turbulent flows with a perfect gas. This model links the dynamical and the spectral properties of
incompressible flows, providing ak25/3 Kolmogorov energy spectrum. In so doing, a compressible
spatiotemporal transformation is derived, reducing the dynamics of three-dimensional vortices,
stretched by an axisymmetric incompressible strain, into a two-dimensional compressible vortex
dynamics. It enables us to write the three-dimensional spectra of the incompressible and
compressible square velocities in terms of, respectively, the two-dimensional spectra of the
enstrophy and of the square velocity divergence, by the use of a temporal integration. Numerical
results are presented from decaying direct simulations performed with 5122 grid points; initially, the
rms Mach number is 0.23, with local values up to 0.9, the Reynolds number is 700, and the ratio
between compressible and incompressible square velocities is 0.1. Ak25/3 inertial behavior is seen
to result from the dynamical evolution for both the compressible and incompressible
three-dimensional spectra. ©2001 American Institute of Physics.@DOI: 10.1063/1.1367368#

I. INTRODUCTION

To study turbulence through the dynamics of the small
scale structures which develop and their spectral counterpart,
Lundgren1 introduced a model based on the intermittent fine
scales of incompressible turbulent flows thought as consist-
ing in a collection of uncorrelated stretched spiral vortices,
randomly oriented in space and individually subject to an
axisymmetric irrotational straining field produced by larger
scales. The basic small scale structures are assumed to be
created by large scale processes, excluded in the dynamics of
the model, like Kelvin–Helmholtz instabilities or vortex in-
teraction mechanisms. These processes would produce a
given quantityN of vortex length per unit time and unit
volume, constant for a stationary turbulence.

This model is actually the only one which provides ana-
lytically the famousk25/3 spectrum of Kolmogorov,2 al-
though this kind of approach had already been introduced in
the Townsend model3 dealing with randomly oriented Bur-
gers vortices and leading to ak21 spectrum~see the follow-
ing!.

The central point of these vortex-based models is the use
of a spatial set of small scale structures, which are taken as
local solutions of the Navier–Stokes equations. A few mod-
els using tube-like or sheet-like structures have been inves-
tigated as well by Corrsin4 and Tennekes.5 The basic solution

has to contain the essential physics of the fine scale mecha-
nism of balance between vorticity production, by the local
strain rate, and vorticity dissipation, by viscosity.

The model due to Townsend predicts ak21 scaling law
for the energy spectrum in the case of the axisymmetric Bur-
gers vortex and ak22 law for the plane Burgers layer for
small scales (k@1), basically because of the singular nature
of such structures. Obviously, the Kolmogorov exponent
~25/3! lies between the values obtained for the tube-like and
sheet-like structures. This suggests that, in order to obtain the
k25/3 scaling law, the vorticity field might be composed of a
mixture of both structures. The properties of the axial strain-
ing combined with the roll-up of nonaxisymmetric vorticity
structures give rise to the most interesting model, the so-
called ‘‘stretched spiral vortex’’ proposed by Lundgren;1 it
produces rich physical properties both in the inertial and in
the dissipative ranges.6,7

It can thus be expected that any Navier–Stokes solution
which includes the roll-up of fine vorticity gradients in a
strain field may produce ak25/3 scaling law as noted by
Lundgren.8 All these models have been sought considering
incompressible Navier–Stokes dynamics. What happens in
the compressible case? Porteret al.9,10 performed numerical
simulations at high resolution in three dimensions, for either
decaying or forced compressible turbulent flows at a rms
Mach number of unity, using the Piecewise Parabolic
Method ~or PPM algorithm!.11 They showed that, in com-
pressible turbulence, the solenoidal velocity spectrum has aa!Electronic mail: gomez@lmm.jussieu.fr
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k25/3 scaling in the inertial range and, more surprisingly, that
the compressible velocity spectrum has the same behavior.
They also showed that the vorticity field organizes in strong
filaments and weaker sheets and spirals,12 whereas the
shocks are mostly planar when they appear. Thus the pur-
pose of this paper is to seek an explanation for such a be-
havior along the lines of the Lundgren vortex model.

In Sec. II, we extend the Lundgren spatiotemporal trans-
formation to the dynamics of a compressible flow with per-
fect gas law. This transformation allows one to reduce the
dynamics of a three-dimensional flow to that of a two-
dimensional one. We then describe the three-dimensional ve-
locity spectra obtained for compressible homogeneous turbu-
lent flows by the use of a temporal integration of the two-
dimensional spectra of the enstrophy and of its compressible
counterpart: the square velocity divergence. In Sec. III, using
direct numerical simulations in two space dimensions, we
deduce the spectral properties of a three-dimensional station-
ary turbulent flow from the temporal evolution of the two-
dimensional flow.13 Section IV presents conclusions together
with a discussion of the implications of these results.

II. THE COMPRESSIBLE LUNDGREN
TRANSFORMATION

A. The incompressible model

For completeness, we first recall the essential steps of
the Lundgren model1 in the incompressible case. One first
considers a vortex structure parallel to thez direction, say,
and independent of thez variable: (v r ,vu ,vz ,t)
5(0,0,v(r ,u,t)), in the presence of an axisymmetric strain
(2a(t)r /2,0,a(t)z), modeling the effect of the large scales.
By use of a spatiotemporal change of variables, the dynamics
for the three-dimensional vorticity can be reduced to the dy-
namics of a two-dimensional flow. An asymptotic vorticity
solution of the two-dimensional Navier–Stokes equations is
then obtained at large time and small viscosity.1 This solu-
tion, v2(j,u,t), describes the roll-up of a spiral of vorticity,
with an arbitrary number of branches, by an axisymmetric
central core. The solution is generic in the sense that the
vorticity distribution along the branches can be set arbitrarily
and it is consistent with the existence of an infinite number
of conserved moments of the vorticity field for two-
dimensional inviscid flows.

The unsteady evolution of the three-dimensional vortic-
ity field reads

v~r ,u,t !5eatv2~j,u,t!, ~1!

v2~j,u,t!5 (
n52`

`

v2
~n!~j,t!exp~ inu!, ~2!

v2
~n!~j,t!5 f ~n!~j !exp~2 inV~j!t2nn2L2~j!t3/3!,

~3!

v2
~0!~j !5g~j!1 f ~0!~j !, ~4!

j~r ,t !5reat/2, ~5!

t~ t !5
eat21

a
, ~6!

where

1

j

d

dj
~j2V~j!!5g~j!1 f ~0!~j !, ~7!

and

L5
dV

dj
. ~8!

The variables~j,t! are the stretched variables in space and
time, corresponding to a purely two-dimensional evolution,a
is the uniform positive strain rate of the external field,n is
the kinematic viscosity,eatf (n)(j) is theu-averaged vorticity
for the vortex, andeatg(j) describes the axisymmetric back-
ground vorticity field. The spiral property is given byV(j),
a monotonous decreasing function withj, which gives the
two-dimensionalu-averaged angular velocity.

This solution, which describes the dynamics of a
stretched spiral vortex subject to a constant strain rate, is
then used to calculate the velocity spectrum of three-
dimensional homogeneous turbulence assuming several im-
portant hypotheses. Namely, in this ansatz, the local struc-
tures, which are taken asN randomly oriented vortices, are
supposed to fill a box of sizeL at a timet; this means that
each vortex can be represented by the state of a unique vor-
tex at a given age. All the vortices present the same temporal
evolution starting from timestn , randomly shifted, and have
the same lengthl 0 at times of creation. They do not interact
between themselves and the vorticity lies along the axis of
the tube, aligned with an eigenvector of the external strain
~see Gibbonet al.14 for a discussion on this latter point!.
Some external process creates these spiral vortices at a rate
Nc per unit time, and destroy them when the spiral branches
have been dissipated. Thus a statistical equilibrium is main-
tained with a constant number of structures.

Furthermore, an ergodic hypothesis is introduced,
summed up here as

(
n51

n5N

@¯#5NcE
t1

t2
@¯#dt, ~9!

where @¯# is any physical quantity of the model, like the
velocity spectrum, wheret1 is the creation time andt2 the
destruction time of the spiral component of the local vorticity
structure. The physical interpretation of this strong hypoth-
esis is that the ensemble average over all uncorrelated vorti-
ces in a stationary developed turbulence, with different ages,
can be replaced by a temporal integration over the history of
a unique vortex.

The energy spectrumE(k) is computed from the enstro-
phy spectrumEvv(k), namely E(k)5Evv(k)/2k2. The
three-dimensional enstrophy spectrum is itself evaluated
from the two-dimensional vorticity using the spatiotemporal
transformation and the previous ergodic hypothesis. The
shell-summed velocity spectrum of the ensemble is
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E~k!5E0~k!1
4p

3
Na1/3k25/3

3expF2
2nk2

3a G (
n51

n5`

n24/3E
0

` u f n~j!u2

uL~j!u4/3j dj,

~10!

whereN5Ncl 0 /L3. E0(k) is the spectral component coming
from the axisymmetric term@Eq. ~4!#, and the second term is
the contribution of the nonaxisymmetric termsnÞ0 @Eq.
~3!#.

The second term on the right-hand side of Eq.~10!
dominatesE0 at small wave numbers and thus ak25/3 scaling
law is obtained1 in the inertial range whenk(n/a)1/2!1. This
result is derived using the two-dimensional analytical solu-
tion with constant strain ratea assumed to be provided by
larger scales. Lundgren8 showed using numerical consider-
ations that the spectral index is not considerably influenced
by taking a time-dependent strain rate, and this assumption is
largely used by different authors in the literature.

B. The compressible transformation and solutions

Similar to the Lundgren solution, we consider a problem
in which the fluid is strained by an axisymmetric flow of the
form

ustrain5~2a~ t !r /2,0,a~ t !z! ~11!

with “"(ustrain)50 and wherea(t) is the strain rate. We are
looking for a solution in which there is only az component
of vorticity, with all the variables independent ofz. The com-
pressible Navier–Stokes equations for the vorticityv
5“Ãu5(0,0,v) and the velocity divergenced5“"u with a
constant dynamic viscositym can be written as

]r

]t
1~u1ustrain!"“r52rd, ~12!

]v

]t
1~u1ustrain!"“v5a~ t !v2vd1

1

r2 ~“rÃ“p!

1
m

r
~¹2v!1m“S 1

r D
ÃF2“Ãv1

4

3
“dG , ~13!

]d

]t
1~u1ustrain!"“d5a~ t !d2“u:“u2

3

2
a2~ t !

2
1

r
¹2p1

1

r2 “r"“p1
4

3

m

r
¹2d

1m“S 1

r D •F2“Ãv1
4

3
“dG ,

~14!

]e

]t
1~u1ustrain!"“e52~g21!ed1

m

r S t:D2ad

1
3

2
a~ t !2D1

k

r
¹2T, ~15!

wherer is the mass density ande the internal energy per unit
mass. The temperatureT is related to the internal energye by
the relatione5CvT, assuming constant specific heatsCv
andCp . Let us then add the perfect gas law

p

r
5RT, ~16!

whereR is the specific gas constant. The viscous stress ten-
sor is defined ast i j 522/3“"ud i j 12Di j , whered i j is the
Kronecker symbol and the strain tensor is defined asDi j

51/2(] jui1] iuj ). These equations conserve mass, momen-
tum, and total energy.

Note that in Eq.~14! for the velocity divergence, there is
a term of divergence production by the strain,a(t)d, similar
to the term of vorticity production in Eq.~13! for the vortic-
ity.

In order to reduce the three-dimensional dynamics to a
two-dimensional one, the change of variables in space and
time is defined, similarly to the incompressible case, as

S~ t !5expE
0

t

a~ t8!dt8, ~17!

j~ t !5S1/2~ t !t, ~18!

t~ t !5E
0

t

S~ t8!dt8, ~19!

and, in the compressible case, the spatiotemporal transforma-
tions between the three- and two-dimensional fields and ther-
modynamic variables take the form

v~r ,u,t !5S~ t !v2~j,u,t!, ~20!

d~r ,u,t !5S~ t !d2~j,u,t!, ~21!

u~r ,u,t !5S1/2~ t !u2~j,u,t!, ~22!

r~r ,u,t !5r2~j,u,t!, ~23!

e~r ,u,t !5S~ t !e2~j,u,t!, ~24!

p~r ,u,t !5S~ t !p2~j,u,t!, ~25!

where the subscript 2 denotes the two-dimensional flow.
The behavior of the compressible velocity spectrum of

the vortex structures, which describe the local dynamics of
turbulent flows, can be investigated under the two following
assumptions. First, there exists a scale separation between
the large scales of the external strain and the internal fluc-
tuations of the vortex structures at scales comparable to their
cross-sectional diameters. Thus, we assume that the internal
fluctuations in planes perpendicular to the local structures are
provided only by the velocity field of the structures them-
selves. A similar hypothesis has been introduced by Pullin15

to evaluate the pressure spectrum of the incompressible
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Lundgren vortex. Second, the dynamical solutions are con-
sidered for large rescaled timet and small viscosity.

Under these assumptions, the spatiotemporal transforma-
tion enables us to find solutions of Eqs.~12!–~15! based on
the solutions of the transformed equations which correspond
to the dynamics of a purely two-dimensional flow. When
transforming the three-dimensional equations, using Eqs.
~17!–~25!, the nonlinear terms, proportional toa2, resulting
from the self-interaction of the large scales of the external
strain field are neglected in the two-dimensional dynamics of
the local structure, as well as a term of order 1/t on the
right-hand side of the equation of the internal energy, as we
are looking for solutions at larget. Starting from the three-
dimensional dynamics, we obtain the following set of equa-
tions involving the two-dimensional fields in the rescaled
time and space variables:

]r2

]t
1u2"“jr252rd2 , ~26!

]v2

]t
1u2"“jv252v2d21

1

r2
2 ~“jr2Ã“jp2!1

m

r2
~¹j

2v2!

1m“jS 1

r2
DÃF2“jÃv21

4

3
“jd2G , ~27!

]d2

]t
1u2"“jd252“ju2 :“ju22

1

r2
¹j

2p21
1

r2
2 “jr2"“jp2

1
4

3

m

r2
¹j

2d21m“jS 1

r2
D "F2“jÃv2

1
4

3
“jd2G , ~28!

]e2

]t
1u2"“je21~g21!e2d22

m

r2
~t2 :D2!2

k

r2
¹j

2T2

52
a

S~t! S e21
m

r2
d2D ~29!

with the perfect gas law

p2

r2
5RT2 , ~30!

where“j denotes the gradient in the stretched variables. A
supplementary simplifying assumption is to discard the right-
hand side of the internal energy equation~29!: the 1/S(t)
coefficient, of order 1/t, is likely to render those terms small
compared to the left-hand side of the equation, since, in the
spirit of the Lundgren analysis, the temporal integration is
carried out for long rescaled times (t;50– 200).8 In the
context of the incompressible Lundgren model, an analytic
solution can be found, as recalled in Sec. II, and the Kolmog-
orov spectrum emerges from an integration over time using
the approximation of the stationary phase. In the compress-
ible case, in view of the obvious complexity of the equiva-
lent model coupling all variables, we shall seek here a nu-
merical approach to be given in the next section. However,
the definition of the velocity spectrum is first introduced.

C. The compressible velocity spectrum

The velocity is decomposed as usual into two parts

u5us1ud, ~31!

where

“Ãud50, “"us50; ~32!

FIG. 1. Temporal evolution of the ratiox(t)
5Ed(t)/Es(t) at left; and of the rms Mach number
M rms(t) at right.

FIG. 2. Two-dimensional spectra at timet530: for the
incompressible square velocityEs(k) at left, and for the
compressible square velocity divergenceEd(k) at right.
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us is the solenoidal velocity andud the dilatational velocity.
The velocity decomposition~31! led Moyal16 to introduce
the decomposed spectra

E~k!5Es~k!1Ed~k!, ~33!

where

Es~k!5E E ûs"ûs* dSk , ~34!

and

Ed~k!5E E ûd"ûd* dSk , ~35!

where an asterisk denotes complex conjugates andû the Fou-
rier transform of the velocity.

The method developed by Lundgren8 to obtain the three-
dimensional kinetic energy spectrum of an incompressible
flow from two-dimensional numerical simulations consists in
a time integration of the two-dimensional square vorticity
~enstrophy! spectrum. In the compressible case, we can de-
fine the corresponding physical quantities, with the added
ingredient of the velocity divergenced5“"u.

The power spectrum of the velocity divergence can be
written in terms of the Fourier integral of the velocity diver-
gence correlation function

Rdd~r,t !5
1

L3 E d~r ,t !"d~r1r,t !dr , ~36!

whereL is the length of the box, and of its Fourier transfor-
mation

Fdd~k,t !5
1

2p3 E
all r

exp~2 ik"r!Rdd~r,t !dr. ~37!

In the case of three-dimensional compressible homogeneous
turbulence, the compressible velocity spectrum is

Ed~k,t !5F~k,t !/2k2 ~38!

with F the velocity divergence spectrum obtained by integra-
tion in spherical shellsSk of radiusk in wave number space

F~k,t !5E Fdd~k,t !dSk . ~39!

If we consider a stationary turbulence, and assume that the
velocity divergence is concentrated in the vicinity of the vor-
tex filaments which are themselves isolated and created at a
constant rateNc , with the same structure and the same
strength, we can invoke the ergodic hypothesis as in
Lundgren to transform a space integration into a time inte-
gration on the temporal evolution of a single structure. The
compressible velocity spectrum is thus expressed as

Ed~k!5
2p2Nc

L3

1

k2 E
0

tcut
l ~t!F~k,t!dt, ~40!

wheretcut is the lifetime of the spiral structure andl (t) the
filament length.

III. NUMERICAL EXPERIMENTS

A. Numerical setup

We consider a medium of characteristic lengthL, of
mean densityr0 , and mean velocityu0 . These quantities are
used to normalize to unity the densityr and the velocityu,
and the spatial scale~size of the computational box! is 2p.
The internal energy is normalized byu0

2 and is related to the
temperature as usual bye5CvT with the nondimensional-
ized constant parameterCv51/(g(g21))M0

2; the initial
Mach number isM05u0 /c0 where the speed of sound is
defined asc0

25gRT0 with g the adiabatic index andR the
perfect-gas constant. The normalization temperatureT0 on
which the sound velocity is based, is set to ensure that the

FIG. 3. Temporal evolution of the incompressible
square velocityEs(t) at left, of the compressible square
velocity Ed(t) at right.

FIG. 4. Temporal evolution of enstrophyVs(t) at left,
and of its compressible counterpartVd(t)

5
1
2^(“"u)2& at right.
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temperature variable is of order unity. Furthermore, we take
the eddy turnover timeL/u0 as the dependent unit. In the
code, the equations for conservation of mass, momentum,
and internal energy are written in the following nondimen-
sionalized form:

]r

]t
1u"“r52r“"u, ~41!

]u

]t
1u"¹u52

1

r
“p1

1

r ReS ¹2u1
1

3
“~“"u! D , ~42!

]e

]t
1u"“e52~g21!e“"u1

1

r Re
~t:D!1

g

Pr Re
¹2T,

~43!

wherer is the mass density,u the velocity, ande the internal
energy per unit mass;t and D are, respectively, the stress
tensor and the strain tensor defined as in Sec. II B. The two
dimensionless parameters that arise are the Reynolds number
Re5r0u0L0 /m and the Prandtl number Pr5mCp /k5n/h
wherek is the constant thermal conductivity,n the kinematic
viscosity, andh the thermal diffusivity. The perfect gas law
in nondimensional form writesp5(g21)re.

Using periodic boundary conditions with a Fourier rep-
resentation, the numerical simulations are performed with a
pseudospectral code. The temporal scheme is a third-order
Runge–Kutta scheme, the intermediate steps of which rely
on an Euler scheme for the nonlinear terms and a Cranck–
Nicholson scheme for the dissipative ones. The wave num-
bers vary fromkmin51 to kmax5N/2, whereN is the number
of grid points in each direction, withN up to 512.

B. Initial conditions

As stated before, the velocity fluctuations can be
uniquely distributed via the Helmholtz decomposition into a
solenoidal part whose Fourier transform is orthogonal to the
wave vectork, and a dilatational part with its Fourier trans-

form collinear tok.16 The incompressible part of the initial
velocity distribution is given by the Lundgren spiral solution
at a given nondimensional time.8 The compressible part of
the velocity is taken as a Gaussian noise with an energy
spectrum at small scales analogous to the incompressible
part, and set up at wave numbers corresponding to the
branches of the spiral in a range excluding essentially the
five first modes linked to the vortex core. This is done in
order to favor the interactions between the compressible and
spiral incompressible components of the velocity field. This
condition allows for an intensification of the interactions be-
tween incompressible and compressible modes. The total
compressible kinetic energy level is given through the ratio
x5Ed/Es, initially equal to 0.1 in the simulations. Note that
x is a second free parameter, besides the Mach number, in
compressible flows; the value chosen here is in keeping with
most numerical simulations of supersonic flows, although
high values ofx can arise in the context of the interstellar
medium when energy is injected through supernov, blast
waves or through heating by incoming cosmic rays. The ini-
tial density and temperature fields are set to be uniform and
equal to unity. The initial internal energye5CvT defines the
initial rms Mach number; we take it equal to 0.23 with local
values up to 0.9. The Prandtl number is unity and the adia-
batic index isg51.4. The Reynolds number, based on the
rms velocity and the integral scale, is Re5700 with a viscos-
ity such that 1/n520 000.

C. Two-dimensional dynamical evolutions

We now examine the numerical results for simulations
with an initial ratio x50.1. This ratio is stabilized around
0.03 att5100 as shown in Fig. 1. The rms Mach number,
initially equal to 0.23, has a quasiconstant value during its
time evolution, with a decrease of the order of 1% at the final
time t5200, as shown on the right-hand side of Fig. 1. How-
ever, the maximum of the local Mach number, initially equal

FIG. 5. Temporal evolution of the ratio of the maxi-
mum to the minimum of the mass density
rmax(t)/rmin(t) at left, and temporal evolution of the rms
velocity at right.

FIG. 6. Temporal evolution of the maximum and mini-
mum of the vorticity production terms; left:
2v“"u(t); right: the baroclinic term “r
Ã“p/r2(t).
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to 0.9, decreases along the simulation and stabilizes itself
around 0.55 at a time aroundt5100. Note that it takes a
sound wave a timetac52p/crms;47 to cross the computa-
tional box of sizeL52p; this time is the characteristic com-
pressible time for the interaction of a sound wave with the
central spiral vortex.

All along the dynamical evolution of the two-
dimensional flow, the wave numbers of the compressible
square velocity, when compared to the incompressible ones,
are dominant at small scales (k.5) while they are subdomi-
nant at large scales~Fig. 2!, as observed in numerous nu-
merical simulations using, for example, random initial
conditions.17 Hence, when integrated over wave numbers,
this leads to an incompressible square velocity remaining
larger than its compressible counterpart~see Fig. 3!, as well
as to a ratiox decreasing from its initial value of 0.1~Fig. 1!.
One can distinguish three different regimes on the temporal
evolution of the enstrophyVs(t)5 1

2^(v)2& and of its com-
pressible counterpart, the square velocity divergenceVd(t)
5 1

2^(“•u)2& ~Fig. 4!. The first one, extending fromt50 to
t;50, corresponds to an acoustic time and starts with the
rapid generation of weak shocks up tot;15, followed by a

decrease ofVd(t) up to t;50 during an interaction time
between the spiral vortex and the sound waves. This behav-
ior is also visible on the temporal evolution of the ratio of
maximal to minimal mass densityrmax(t)/rmin(t) which is
characteristic of the flow compressibility, because of the ag-
gregation and condensation on the one hand, and rarefaction
waves on the other hand~Fig. 5 at the left-hand side!. During
this phase, there is no creation of enstrophy;Vs(t) decays
rapidly from t50 to t;15, displaying then a small plateau
~from t;15 to t;40!. This is similar to the incompressible
case: all the incompressible small scales are initially present
for the incompressible part of the initial velocity which is a
solution of the incompressible equations; thus enstrophy can
only decrease through dissipation. Moreover, the compress-
ible modes of the velocity do not produce any substantial
enstrophy at large scales, as they are mostly prevalent at
small scales. However, the interactions between the incom-
pressible and compressible modes are very intense as shown
on the temporal evolution of the maxima and minima of the
nonlinear terms of the vorticity equation~Fig. 6!; up to t
;50 for the 2v“•u term, and up tot;80 for the baro-
clinic term“r3“p/r2.

FIG. 7. Map of the total velocity square as a function of
time for time ranging fromt55 to t5150;3tac. The
maximum values of velocity squareu2 are, respec-
tively, 1.2331022, 1.0831022, 8.0231023, 7.11
31023, 5.8931023, 4.4831023 at times 5, 10, 15, 50,
100, 150.
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Note that the ratiox(t) ~Fig. 1, on the left-hand side!
and the compressible square velocityEd(t)5^(ud)2& ~Fig. 3,
on the right-hand side! present altogether a similar behavior:
a rapid increase up tot;10, followed by a decrease which
saturates fromt;15 to t;40.

The second temporal regime, fromt;50 tot;100, cor-
responds to a second interaction of the weak shocks with the
central spiral vortex, and with other weak shocks created
simultaneously. The weak shocks dissipate less energy, since
most of it has already been dissipated at small scales, as
visible on the slowing down of the decrease ofVd(t) ~Fig.
4!, measuring the viscous dissipation of the kinetic com-
pressible energy, to within a pressure term. The fluctuations
of the ratiormax(t)/rmin(t) ~Fig. 5! stabilize around 1.9 with
short weak oscillations. They reveal the presence of small
turbulent fluctuations of the compressible velocity that have
not yet dissipated.

The third regime, fromt;100 onward, is an acoustic
one, during which the compressible velocity fluctuations
travel through the computational box, with almost no sizable
interactions with the incompressible part. This is visible on
the strong diminution of the maximum and the minimum of
the vorticity production terms ~Fig. 6!. The ratios
rmax(t)/rmin(t), x(t) andEd(t) are quasiconstant, with val-
ues, respectively, oscillating around 1.5, 0.03, and 0.001.

We now turn to the dynamics of the flow in physical
space. We show the square velocity as a function of time in
Fig. 7, fromt55 to t5150, corresponding approximately to
three acoustic times.

The intense fine compressible structures are weak shocks
which interact strongly with the spiral branches of the vortex
during a characteristic time comparable to the acoustic time.
One can observe these interactions on the iso-contours of the

velocity square~Fig. 7!; note as well the persistence of the
spiral structure of the solenoidal component of the velocity,
even though the maximum initial Mach number is close to
unity. This is due to the fact that the energetic structures of
the compressible velocity are at smaller scales than the char-
acteristic scale of the spiral arms. The energetic structures of
the square velocity field are exemplified by plotting a profile
~Fig. 8, on the right-hand side! of the field at timet530
;0.6tac ~Fig. 8, on the left!. In fact, the most intense shocks
are localized along the branches of the spiral vortex, as vis-
ible on the profiles plotted in Fig. 9 for, respectively, the
vorticity field ~Fig. 10, on the left-hand side! and the velocity
divergence field~Fig. 10, on the right-hand side! shown at
time t530;0.6tac. Moreover, these compressible struc-
tures locally—in the vicinity of the spiral arms—are perpen-
dicular to them, leading globally to what can be called an
‘‘ortho-spiral’’ structure; the divergence field is locally per-
pendicular to the vorticity and is then carried along in the
global rotation of the flow enticed by the strong vortex;
hence, the complex structure for“•u whose skeleton is the
spiral of vorticity.

D. Three-dimensional spectral properties

In this section, we compute numerically the three-
dimensional spectrum of the compressible square velocity
from the two-dimensional spectra of the square velocity di-
vergence according to relation~40!, as well as its incom-
pressible counterpart from the two-dimensional enstrophy
spectra.8 The three-dimensional spectra are obtained through
a temporal integration of the two-dimensional ones; the up-
per time limit of this integration,tcut, is chosen according to
the dynamical evolution of the two-dimensional flow.

FIG. 8. Velocity square contours and its profile aty
5256 at timet530;0.60tac. The maximum values of
velocity squareu2 is 7.4131023.

FIG. 9. Profiles aty5256 of vorticity ~left! and“"u
~right! at timet530;0.60tac.
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For the compressible part of the flow, the temporal inte-
gration is carried up totcut

d 550;tac to take into account
only one interaction between the shocks and the vortex struc-
ture. In the model, after this time, the compressible struc-
tures, which have interacted with the spiral vortex, leave the
influence domain of the local vortex; they travel away while
weakening because of dissipation until another intense spiral
vortex is encountered which re-energizes them again. During
this travel between intense vortices, the compressible fluc-
tuations are assumed to have nonrelevant contributions to the
three-dimensional compressible kinetic spectrum.

The resulting compressible spectrum, compensated by a
factor k5/3, is plotted in Fig. 11 for different values of the
external strain rate, namelya51, a54, anda510; note that
a higher value of the parametera, that is related to an in-
crease of the strain intensity, allows for an acceleration of the
energy cascade mechanism from large to small scales. This
procedure thus enables us to extend the range of the domain
of the three-dimensional wave numbers toward higher val-
ues, from 1 toS1/2(t)3kmax5A11at3kmax, wherekmax is
the highest wave number reached in the two-dimensional
numerical simulation, withkmax5256 here. Fora51, ak25/3

inertial range is obtained and extends roughly fromk535 to
k570. For a54 anda510, this k25/3 range extends from
k570 to k5130 andk5110 tok5210, respectively. Thus,
the increase of the strain rate enlarges thek25/3 range of the
spectrum, without a significant change of the spectral slope,
thus clearly pointing out to the correlation between thek25/3

range and the strain intensity. This physical property could
be due to a self-similar behavior of the square of the velocity
divergence analogous to that of the enstrophy as shown by
Lundgren8 in the purely incompressible case. However, one
has to realize that increasinga enables one to enlarge the
inertial range, but does not change the total number of two-
dimensional wave numbers used to construct the three-
dimensional spectrum. Note that in the case of a substantially
lower Mach number than that taken here, the 5/3 spectrum
does not obtain; for example, for an initial rms Mach number
of order 1022, with local maxima of the Mach number up to
3.931022, our model does not provide a well-defined self-
similar range for the spectrum, probably due to the weak
energy exchanges, in that case, between the compressible
and incompressible velocity scales.

The three-dimensional incompressible velocity spectrum
is computed from the the temporal integration of the two-
dimensional enstrophy spectra, up to eithertcut

s 550 or tcut
s

5100;2tac; the second choice oftcut
s is done in order to

check the influence of the temporal upper limit. Indeed, the
lifetime of the spiral vortex is shorter than in the purely
incompressible case; this can be interpreted as the result of
the energy exchanges between the compressible and the in-
compressible flow components leading to the formation of
inhomogeneities inside the spiral branches, thus reinforcing
their dissipation. The temporal evolution of the intensity of
these energetic exchanges, as can be observed in Fig. 6

FIG. 10. At timet530;0.60tac, contour plot of the
vorticity v ~left! with minimum and maximum values
of 20.08 and 0.25, and, on the right, contours of“"u
with values ranging from23.68 up to 1.25.

FIG. 11. Compressible three-dimensional compensated spectra obtained
with a time integration betweent50 andtcut

d 550;tac for various external
strain ratesa51, a54, anda510.
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showing the vorticity production terms, leads to the choice of
the values fortcut

s used to perform the temporal integration
providing the incompressible spectrum. In fact, aftert
;100, the spiral branches of the Lundgren vortex have con-
siderably faded out and, as discussed before, we have entered
an acoustic regime unrelated to the present problem. The
resulting compensated spectra are plotted in Fig. 12. They
display a lesser agreement with ak25/3 behavior on a shorter
range of wave numbers than in the case of an incompressible
flow at the same Reynolds number.8 However, at the same
Mach number, one can obtain a better agreement and a more
extended scaling zone for flows at higher Reynolds numbers.

In fact, the numerical simulations we performed have
shown that when increasing the Mach number, thek25/3

spectral range is extended for the compressible spectrum,
while, when increasing the Reynolds number, this range is
extended for the incompressible spectrum. At the resolution
considered here, some compromise has to be found. In this
work, we make the choice to favor the compressible aspect
in considering a range of Mach numbers approaching locally
unity. This explains, in part, the shorterk25/3 range obtained
for the incompressible spectrum.

On the other hand, one has to notice that the spectral
decrease at small scale that we observe here can be compared
with a similar behavior obtained by Lundgren8 for the in-
compressible spectrum, when considering an initial condition
consisting in an axisymmetric central vortex surrounded by
eight identical smaller circular vortices. Such an initial con-
dition is not a solution of the Navier–Stokes equations and
the interactions among its different substructures feed all the
scales, including the smallest ones. This could influence the
self-similar behavior of the temporal decrease of the enstro-
phy, lead to the presence of inhomogeneities, and enforce the
dissipation, thus explaining the observed spectral decrease
on the compensated plots.

IV. CONCLUSION

We have extended the Lundgren spiral vortex model to
compressible flows and shown that it is compatible with a
k25/3 Kolmogorov scaling range for the spectrum of the
compressible square velocity, as well as for the incompress-
ible one, although with a lesser agreement on a shorter spec-
tral extent for the latter. Such spectral scaling laws are ob-
served in three-dimensional numerical simulations of either
forced or decaying compressible turbulence, at rms Mach
numbers of order unity.9,10 Note that, although our simula-

tions are at rms Mach numbers of 0.23, they display local
values of the Mach numbers up to the order of unity.

The model is based on geometrical considerations linked
to the roll-up of the velocity divergence fluctuations by the
strong vorticity structures of the flow. We have thus shown
the crucial role of the intense vorticity structures, including
in the case of compressible flows. Indeed thek25/3 scaling
law satisfied by the energy spectrum of the compressible
velocity component could have as its origin the most intense
vorticity structures which drive the compressible modes in a
global roll-up motion. This differential roll-up of compress-
ible fluctuations combined with a large scale straining could
thus explain thek25/3 spectrum by a process similar to the
one described by Gilbert18 for incompressible flows. Indeed,
one observes that the divergence of the velocity displays
what can be called an ortho-spiral organization: the diver-
gence field, locally perpendicular to the vorticity, is carried
along in the global rotation of the flow enticed by the strong
vortex; hence, the complex structure for“•u leads as well to
a 5/3 spectrum~to within intermittency corrections, which is
a topic not considered by these types of models!, and for the
same basic reasons as exemplified in the model developed by
Gilbert: it is a combination of stretching by a strain field and
a differential rotation by a vorticity field which leads to such
a balance.
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