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Abstract

We introduce a new homogenized hyperbolic (multi-class) tra�c �ow model which allows to
take into account the behaviors of di�erent type of vehicles (cars, trucks, buses, etc.) and drivers.
We discretize the starting Lagrangian system introduced below with a Godunov scheme, and we
let the mesh size h in (x, t) go to 0: the typical length (of a vehicle) and time vanish. Therefore,
the variables - here (w, a) - which describe the heterogeneity of the reactions of the di�erent car-
driver pairs in the tra�c, develop large oscillations when h→ 0. These (known) oscillations in
(w, a) persist in time, and we describe the homogenized relations between velocity and density.
We show that the velocity is the unique solution �à la Kruºkov� of a scalar conservation law,
with variable coe�cients, discontinuous in x. Finally, we prove that the same macroscopic
homogenized model is also the hydrodynamic limit of the corresponding multi-class Follow-the-
Leader model.

Keywords : Hyperbolic systems of conservation laws, Tra�c Flow, Multi-Class mod-
els, Homogenization, Discontinuous Flux, Uniqueness, Hydrodynamic limit

1 Introduction

In [1], Aw et Rascle developed a new macroscopic model of tra�c �ow which allows
to avoid some inconsistencies of the models inspired by the gas dynamic system. In
[2], a connection is established between the microscopic "Follow-the-Leader model",
and (a semi-discretization of) the macroscopic model introduced in [1], which is its
hydrodynamic limit.
In this paper, we introduce, still for a single lane tra�c, a new macroscopic homogenized
hyperbolic model for the multi-class tra�c �ow, described by a non linear hyperbolic
system of three conservation laws. For references in multi-class (or multi-population)
models see e. g. [6, 13, 18, 49], see also [44] for inhomogeneous road conditions and
uniqueness results.

The starting system, written in Lagrangian mass coordinates, is the following:
∂tτ − ∂xv = 0,
∂tw = 0,
∂ta = 0,
(τ, w, a)(x, 0) = (τ0, w0, a0)(x),

(1.1)

where τ = 1/ρ is the speci�c volume, i.e the inverse of the density of vehicles (i.e. of the
fraction of space occupied by the cars), v the velocity, and a ∈ [0, 1] is a dimensionless
coe�cient which allows to take into account the behaviors of di�erent types of vehicles
and/or of drivers. Here, (up to a constant) w describes the di�erence between the
velocity and some equilibrium velocity

w = v − V (τ, a), (1.2)



where (up to a constant) V (τ, a) is an "equilibrium" velocity for a given τ and for a
given class a. For simplicity, all the results are stated with w = v−V (τ, a) := v+aP (τ),
but they remain valid in the more general case described below.
The last two equations express the fact that w and a are characteristic of each vehicle
and therefore do not depend on time in Lagrangian coordinates.
In some sense, the model introduced in [1] was already multi-class, each class being
described by its distance to the same equilibrium curve v = V (τ). Here we add (at
least) a second parameter a, to let each equilibrium curve v = V (τ, a) depend on each
class. Of course, we could add more parameters, with the same results. We could also
take into account the length of cars by considering a non-uniform mesh in x.

We discretize the model (1.1) with the Godunov scheme: let Uh(·, ·) be the approximate
solution for a discretization (∆x,∆t) and initial piecewise-constant data U0

h . On one
hand, h is the step-size of the discretization, but on the other hand, h can be viewed
as a scaling parameter (x, t) → (x′, t′) = (hx, ht). Assuming typically that in each cell
there is a unique vehicle, we thus consider a large number of vehicles on a long stretch
of the road, and the length of the vehicles vanishes as h→ 0.
Practically, the distribution of the di�erent type of car-driver pairs can be highly os-
cillatory. We are thus led to studying an homogenized system: we consider a sequence
of initial data (v0

h, w
0
h, a

0
h, τ

0
h), with w0

h = v0
h − V (τ0

h , a
0
h), and h → 0. We assume that

the sequence (v0
h) converges boundedly almost everywhere to some v∗0, whereas (w0

h, a
0
h)

and therefore τ0
h only converge weakly to (w∗0, a

∗
0) and τ

∗
0 .

Let us also emphasize the fact that this model, like the Follow-the- Leader models, is in
principle a single lane model : no car can pass another car, and therefore the velocities
cannot be wildly oscillating, although some di�erences and even discontinuities (braking
etc...) are permitted. Therefore it is natural to assume that v0 is a BV function.

In contrast, w0 and a0 can de�nitely oscillate : for instance, in rescaled coordinates
(x′, t′), a good prototype would be w0

h(x′) := W0(x′, x′

h ), for some given function W0 (or
A0) of (x′, θ), oscillating (but not necessarily periodic)) in θ. In the sequel we will drop
the primes and write (x, t) instead of (x′, t′).
We then study the weak-star limit (v∗, w∗, a∗, τ∗) of the solution (vh, wh, ah, τh) of the
discretization of system (1.1)-(1.2) as h → 0. Using the notion of Young measure [43]
and the compensated compactness theory, we study the propagation of these initial
oscillations: we show that the Young measure νx,t associated to the variables (v, w, a)
is a.e. a tensor product

νx,t = δ(v − v∗(x, t))⊗ µx(w, a),

where δ is the Dirac mass at the origin and µx(w, a) a probability measure de�ned a.e.
in Rx.
We prove that the approximate solutions Uh constructed by the Godunov scheme satisfy
a discrete Lax entropy inequality, for any entropy convex with respect to τ , and under the
CFL condition, converge as h = (∆t,∆x) → 0 to an entropy solution of the homogenized
system described below, in fact to some measure-valued solution [19]. The existence of
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such a mv-solution is thus trivial.
In the case where the above-mentioned functions W0 and A0 are periodic in the second
variable (and more regular in x) we recover the results on the homogenization of the
corresponding Hamilton-Jacobi equation, see e.g. [31], [34], [22] and the references
therein. Still in the periodic case, see also [20] for the construction of corrector terms
to the next order.
We then study the uniqueness of the solution. The main di�culty is that wh and ah

only converge weakly as h → 0, so that the Young measure νx,t is not a δ-function in
(w, a). Due to its special form, the system can be rewritten as the two trivial equations
∂tw

∗ = ∂ta
∗ = 0, coupled with a scalar equation where the �ux explicitly depends on

x, with a low regularity in x, so that we cannot use directly the uniqueness result of
Kruºkov.
However, since the �ux is strictly increasing in τ , we can exchange the roles of x and
t (and τ and v), so as to obtain an entropy inequality in conservative form, without
any additional term involving the x-derivative of the �ux. Therefore, we do not need
stronger assumptions on the regularity of the �ux with respect to x and we show the
uniqueness by a variant of the Kruºkov "doubling of variables" argument, in which we
�rst �let y tend to x�, and then �let s tend to t�, as in [4].
Finally, last but not least, we consider the corresponding microscopic multi-class "Follow-
the-Leader model": 

τ̇j = vj+1−vj

∆x ,

ẇj = v̇j − ∂V
∂τj

(τj , aj) = 0, ȧj = 0,

τj(0) = τ0
j , wj(0) = w0

j , aj(0) = a0
j .

(1.3)

where vj is the speed of the vehicles at time t, ∆x the length of the vehicle, τj = 1/ρj

the local �speci�c volume around vehicle j� and ρj the local density, whereas aj is a
coe�cient which depends on each type of vehicles.
The function V is the same as in (1.2) and w has the same meaning. The two last
equations are due to the assumption that the coe�cients (wj , aj) characterize each
vehicle and therefore do not change in time.
We can easily see, at least formally, that the system (1.3) is a semi- discretization in
space of the continuum model (1.1) in Lagrangian coordinates. In fact, see also [2], we
establish rigorously in Section 6 that the solution of (1.3) converges as ∆x → 0 to the
unique entropy solution of the homogenized macroscopic model.

The outline of the paper is as follows. In Section 2, we describe the model and the
Riemann Problem. We also describe the scaling, and show in Remark 2.1 a prototype of
measure µx for a �practical� applications. In Section 3, we study the Godunov scheme
and the corresponding a priori estimates. In Section 4, we �rst show in Theorem 4.2 -
at least for a subsequence - the convergence to a (variant of) measure-valued solution
when (∆x,∆t) → (0, 0), with a �xed ratio and the CFL condition. In Theorem 4.3, we
then reformulate the limit system. The homogenized relation between τ and v is now
given by (4.6). The limit v is a solution �à la Kruºkov� of the �rst equation of the limit
system, i.e. of the scalar equation (4.14) (with variable non smooth coe�cients) coupled
with (4.6) and the two trivial equations (4.5) for w and a. Finally, in Section 5 we prove
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the uniqueness of this solution and in Section 6, we show that we recover (1.3) when
∆t → 0 and ∆x is �xed, and then we show that the solution of (1.3) converges to the
unique solution of the same homogenized model (4.14), (4.5), (4.6), which is therefore
the hydrodynamic limit of (1.3).

2 Description of the model

In this Section, we describe the properties of system (1.1), that we �rst write in Eulerian
coordinates. We then study the Riemann Problem, before describing more precisely
in Section 3 the approximate solutions constructed by the Godunov scheme and the
corresponding a priori estimates for all h. We recall that h is a scaling parameter
which tends to 0, see Section 2.4 below, so that the sequence (w0

h, a
0
h, τ

0
h) only converges

weak-star in the L∞ space when h→ 0.

2.1 The macroscopic model

Aw et Rascle [1] have introduced a macroscopic model of tra�c �ow which allows to
avoid the severe inconsistencies of the so-called �second order" models, whose proto-
type is the Payne-Whitham model [35, 48]. Then, in [2], see also [24], a rigorous
connection is established between the microscopic "Follow-the-Leader model", and a
semi-discretization of the macroscopic model introduced in [1], see also [50]: namely,
the macroscopic system can be viewed as the limit of the microscopic Follow-the-Leader
(ODE) system (resp. of its explicit �rst order Euler (time) discretization) when ∆x→ 0
(resp. when (∆x,∆t) → 0 with a �xed ratio ∆t/∆x satisfying the CFL condition).
In this Section, we extend this macroscopic model to describe a multi-class tra�c �ow,
in order to take into account the behaviors of di�erent type of vehicles (cars, trucks,
buses, etc.) and drivers (slow, aggressive, etc.). In conservative form, the model writes
in Eulerian coordinates: 

∂tρ+ ∂x(vρ) = 0,
∂t(ρw) + ∂x(vρw) = 0,
∂t(ρa) + ∂x(vρa) = 0,

(2.1)

where ρ denotes the (normalized) dimensionless density of vehicles, a ∈ [0, 1] a dimen-
sionless coe�cient which characterizes each type of vehicle-driver pair and w is de�ned
by (1.2) with τ := 1/ρ : in other words, up to some constant, w describes the di�erence
between the actual velocity and the equilibrium one. In Lagrangian "mass" coordinates
(X,T ) [15], the system (2.1)-(1.2) can be rewritten under the form (1.1)-(1.2). We recall
that

∂xX = ρ, ∂tX = −ρv, T = t, τ : = 1/ρ,

and that - even for weak (entropy) solution, see [47] - systems (2.1) and (1.1) are
equivalent.
In our case, see [2], since ρ is dimensionless, X =

∫ x
ρ(y, t)dy is not a mass, but describes

the total length occupied by cars up to point x.
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Now, when h→ 0, system (1.1) is again preserved in the rescaled variables (X ′, T ′) :=
(hX, hT ), see Section 2.4 below. We then drop the primes and even rewrite (x, t) instead
of (X ′, T ′).
Finally, in these rescaled Lagrangian variables, we consider the system (1.1), with τ :=
1/ρ and w given by (1.2).
We assume that for all a, V (·, a) is strictly
increasing and strictly concave. A good prototype of function V could be, up to a
constant

V (τ, a) = −[(1− a)P1(τ) + aP2(τ)], 0 ≤ a ≤ 1,

or even, more simply

V (τ, a) = − aP (τ), 0 < amin ≤ a ≤ amax ≤ 1. (2.2)

Here, P (or P1, P2) satis�es the same assumptions as − V (·, a), i.e.

P ′(τ) ≤ c1 < 0, P ′′(τ) ≥ c2 > 0. (2.3)

Again, up to a constant, w describes a distance to equilibrium. Practically, a = amin

(resp. amax) would correspond to the slowest (resp. fastest) car-driver pairs and P1 and
P2 to a minimum and maximum equilibrium velocity for a given τ . Since V is invertible
in τ , we write

τ := T (v, w, a) := (V (·, a))−1(v − w) = P−1((w − v)/a). (2.4)

As we already said, all results below will be stated in the particular case (2.2), but they
remain valid in the more general situation (1.2). For concreteness, see [2], a practical
example of function P (τ) is, up to a constant:

P (τ) :=

{
vref

γ
1
τγ , γ > 0,

−vref ln(τ), γ = 0,
(2.5)

where vref is a given reference velocity for all classes of vehicles (for instance 90 km/h).
Here the parameter γ has no physical meaning, but similar power laws appear e.g. in
the (strongly related) microscopic models [23, 25], see Section 6.
In the sequel, unless explicitly stated, we work in Lagrangian coordinates.

2.2 The Riemann Problem

In order to introduce the Godunov method, we �rst describe the solution of the Rie-
mann Problem for (1.1), i.e. of the Initial Value Problem (IVP), with particular data
(τ0, w0, a0)(x) := (τ±, w±, a±) for ±x > 0.
The eigenvalues of the system (1.1) are

λ1 = − ∂V

∂τ
(τ, a) = aP ′(τ) < 0 = λ2 = λ3.
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The system is non strictly hyperbolic: the associated matrix is diagonalizable and its
diagonal form is: 

∂tv + aP ′(τ)∂xv = 0,
∂tw = 0,
∂ta = 0,

(2.6)

where v and (w, a) are the strict Riemann invariants, respectively associated to λ1 and
λ2 = λ3 = 0. The eigenvalue λ1 is genuinely nonlinear (GNL) i.e. ∀U , ∇Uλ1 · r1(U) =
−a P ′′(τ) < 0, and λ2 = λ3 is linearly degenerate (LD), i.e. ∀U , ∇Uλk · rk(U) ≡ 0,
k = 2, 3.
We show that the solution of the Riemann Problem associated to the system (1.1),
consists of two waves: a rarefaction or a shock wave associated to λ1, followed by a
contact discontinuity associated to λ2 = λ3 (see Figure 1).
The equivalent systems (1.1) and (2.1) are called Temple systems (in the extended
sense), see [26]: their shock curves and rarefaction curves coincide. Therefore, in the
space of the Riemann invariants v, w, a, the wave curves are straight lines.

PSfrag replacements

U−
U+

U0

w
a
v

contact discontinuity

rarefaction or shock
R

v−, w−, a−
v+, w+, a+

x/t = λ1

x/t = λ2 = λ3

v+
w−, a−

x
t

PSfrag replacements

U−
U+

U0

w
a
v

contact discontinuity

rarefaction or shock
R

v−, w−, a−
v+, w+, a+

x/t = λ1

x/t = λ2 = λ3

v+
w−, a−

x
t

Figure 1: Riemann Problem (here in the case of a 1-rarefaction wave) and invariant
region

Proposition 2.1. We consider the Riemann Problem:
∂t

τw
a

− ∂x

v0
0

 =

0
0
0

 ,

(τ, w, a)(x, 0) = (τ±, w±, a±) := U±, for ± x ≥ 0.

(2.7)

The solution U(x, t) := (τ, w, a)(x, t) is as follows:

(i) we connect U− to an intermediate constant state U0 = (τ0, w0, a0) such that v0 =
v+, w0 = w−, a0 = a−, by a 1-rarefaction if v+ > v− or by a 1-shock if v+ < v−.
We connect then U0 through U+ by a 2-3-contact discontinuity of velocity 0, with
v0 = v+.
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(ii) Moreover, w and a only take the values (w−, a−) and (w+, a+), and remain con-
stant in time for each x. Now, v is a monotone function of x/t, with min(v−, v+) ≤
v(x, t) ≤ max(v−, v+).

(iii) In a 1-wave, the speci�c volume τ varies in the same direction as v, i.e. is a
monotone function of x/t. Finally, for all x, τ is monotone with respect to t, and
∀t ≥ 0,

min(τ−, τ0) ≤ τ(x, t) ≤ max(τ0, τ+).

(iv) Therefore, U(x, t) and v(x, t) remain in an invariant bounded region R, away from
the vacuum:

R := {(τ, w, a); (v, w, a) ∈ [vmin, vmax]× [wmin, wmax]× [amin, amax]}, (2.8)

with vmin (e.g. vmin = 0), vmax, wmin, wmax, amin, amax ≥ 0 some constants and
max{τ, (τ, w, a) ∈ R} <∞ (in the case (2.2) we assume amin, amax > 0).

Proof. The proof is classical. The monotonicity of v is due to the fact that v only take
the values v−, v+ and the wave curves are straight lines in the (v, w, a) space. Finally,
since (w, a) is constant in a 1-wave and P monotone, τ = P−1((w− v)/a) varies in the
same sense as v.

The qualitative properties of the solution are as expected: braking corresponds to a
shock, accelerating to a rarefaction, no information travels faster than the velocity of
cars, the velocity and the density remain nonnegative and bounded, etc.

2.3 Entropies of the system

In the sequel, since v = w + V (τ, a), we will sometimes denote the entropies

η(v, w, a) = η(w + V (τ, a), w, a)
e.g.
= η(w − aP (τ), w, a), (2.9)

by η̃(U) = η̃(τ, w, a) or even - incorrectly - by η(τ, w, a), when this notation is not am-
biguous. In such a case ∂τη means ∂τ η̃, so that e.g. ∂τη(τ, w, a) = ∂vη(v, w, a)(−aP ′(τ)).
There is no such problem for the entropy �uxes q, which only depend on v, see below.
Now we study the entropy-�ux pairs (η, q) of the system (1.1). In variables (v, w, a),
multiplying formally the left-hand side of (2.6) by (∂vη, ∂wη, ∂aη), we obtain

aP ′(τ)∂vη = ∂vq,

0 = ∂wq,

0 = ∂aq.

(2.10)

Therefore, the �ux q associated to η only depends on the variable v, i.e. q ≡ q(v) and
all entropy-�ux pairs are given by

η(v, w, a) =
∫ v

0

q′(s)
aP ′(τ(s, w, a))

ds+ η0(w, a), q = q(v), (2.11)
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for any function η0 = η0(w, a) := η(w, a, 0) and q = q(v). By (2.9) and the �rst equation
(2.10), we obtain

∂τη(τ, w, a) = ∂vη(v, w, a) ∂τv(τ, w, a) =
1

aP ′(τ)
q′(v)(−aP ′(τ)) = −q′(v). (2.12)

Proposition 2.2. For all entropy η = η(τ, w, a), associated to the �ux q ≡ q(v), we
have:

(i) η is convex with respect to τ if and only if q ≡ q(v) is concave: q′′(v) ≤ 0.

(ii) Let U be the solution to the Riemann Problem (2.7). Then, for all entropy η
satisfying (i), we have

∂tη + ∂xq ≤ 0 in M(R× (0,∞)). (2.13)

Proof. (i) Di�erentiating twice η with respect to τ (with �xed (w, a)), and using (2.12),
we obtain

∂2
τη(τ, w, a) = ∂τ (−q′(v)) = ∂v(−q′(v)) ∂τv = q′′(v) a P ′(τ).

Therefore, η is convex if and only if q is concave, since a > 0 and P ′ < 0.
(ii) Through a 1-rarefaction wave and a 2-3 contact discontinuity, for x > 0, (2.13) is
an equality. Through a 1-shock wave, therefore for x < 0, we have (w, a) = (w−, a−).
Using the Rankine-Hugoniot relations between U− and U = U0, the entropy condition
is equivalent to proving that

S(v) := Sv−(v) =
v− − v

τ − τ−
(η(τ, w, a)− η(τ−, w, a))− (q(v)− q(v−)) ≥ 0,

i.e. that S(·) is decreasing, since v < v− in a 1-shock and Sv−(v−) = 0. Since τ =
T (v, w, a) := P−1((w − v)/a), di�erentiating S with respect to v, we obtain

S′(v) =
−(τ − τ−)− (v− − v)∂T

∂v

(τ − τ−)2
(η(τ, w, a)− η(τ−, w, a)) +

v− − v

τ − τ−

∂η

∂τ

∂T
∂v

− q′(v).

Using (2.12) and recombining the terms, we obtain

S′(v) = −
η(τ−, w, a)− η(τ, w, a)− (τ− − τ)∂η

∂τ

(τ − τ−)2
(T (v−, w, a)−T (v, w, a)− (v−−v)

∂T
∂v

),

which is nonpositive since η is convex with respect to τ and T strictly convex with
respect to v.
We emphasize that we only need the convexity of η in τ , since (w, a) is constant through
a 1-shock, i.e. here for x < 0.
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2.4 Scaling. An example of µx

The macroscopic models are only valid if we consider a large number of vehicles on a
long stretch of the road. Therefore, we introduce a scaling (zoom) such that the size of
the domain and the number of vehicles is going to in�nity, whereas the length of the
vehicles tends to 0 (see also [2]). Given the Lagrangian coordinates x, t, we consider
the new rescaled coordinates

x′ := hx, t′ := ht,

where h is a small parameter, proportional to the inverse of the maximal possible number
of cars per new unit length. In the new coordinates x′, t′, the variables ρ, τ and the
Riemann invariants v, w, a are unchanged, whereas the length of a vehicle becomes
∆x′ = h∆x, which tends to 0 as h→ 0: in the new coordinates, the convergence of the
Godunov scheme to the entropy solution of (4.4) can be viewed as the convergence of
microscopic system to the macroscopic model, when the size of the road and the number
of vehicles are going to in�nity.
For instance, assume that the initial units are meter and second and the new one, 1500
m and 60 seconds, with ∆x = 5m. In the rescaled coordinates, x′ := x/1500, t′ := t/60,
a reference velocity of 90 km/h, i.e. 25 m/s becomes 1 in the new units and the length
of the car ∆x′ = 1/300, which is a �reasonable� step-size.
In particular, a typical sequence of oscillating initial data (wh

0 , a
h
0)(x) := (W0, A0)(x, hx)

(and its limit in L∞ weak*), could be in the new coordinates:

(w0
h, a

0
h)(x′) = (W0, A0)

(
x′

h
, x′
)

⇀
h→0

(w∗0, a
∗
0)(x

′) = (< µx, w >,< µx, a >) L∞ weak*,

where the Young measure µx will be introduced in Section 4.1.

Remark 2.1. Typically, given a �nite number N of classes ai, associated to wi =
vi − V (τi, ai), a possible choice of µx is given by

µx(w, a) =
N∑

i=1

µi(x)δwi,ai(w, a), with
N∑

i=1

µi(x) ≡ 1,

where the nonnegative coe�cients µi(x) are the local proportion (possibly 0) of each class
of car-driver pair and δ the Dirac measure. When we then compute an approximation
of the average velocity v∗ by the Godunov scheme, not only we know the average speci�c
volume τ∗(x, t) =

∑N
i=1 µi(x)T (v∗(x, t), wi, ai) introduced in equation (4.6), but also the

speci�c volume τi (and then the density) of every class ai.

3 The Godunov scheme

Now we discretize the system (1.1), written in general form as

∂tU + ∂xG(U) = 0,

with the Godunov scheme. We introduce a grid in time and space, with step-size ∆x
and ∆t (related to a parameter h as indicated below) and grid point xj−1/2 and tn. Let
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Ij be the open interval (xj−1/2, xj+1/2) and, ∀(∆x,∆t), with ∆t/∆x = C, the sequence
Uh := (τh, wh, ah) is the approximation by the Godunov scheme, given for all n ≥ 0 by{

∂tτh − ∂xvh = 0, in R× (tn, tn+1),
∂twh = 0, ∂tah = 0,

(3.1)

with vh := wh − ahP (τh) and with piecewise-constant initial data

Uh(x, t+n ) := (τh, wh, ah)(x, t+n ) :=
∑
j∈Z

(τn
j , w

n
j , a

n
j )χj(x),

where χj(y) = 1 on (xj−1/2, xj+1/2) and 0 elsewhere. Let Un
j := (τn

j , w
n
j , a

n
j ) denote the

average value of the function Uh(x, t) in the interval Ij , i.e.

Un
j := (1/∆x)

∫
Ij

Uh(x, t−n )dx.

In every cell Ij×]tn, tn+1[, we compute the solution of the local Riemann Problems cen-
tered in the grid points xj±1/2, with initial data (Un

j , U
n
j+1). LetG

n
j+1/2 := G(Un

j , U
n
j+1) =

(−vj+1, 0, 0) be the �ux at point xj+1/2. The solution U
n+1
j of the Godunov scheme is

given by

Un+1
j := Un

j −
∆t
∆x

(Gn
j+1/2 −Gn

j−1/2) = Un
j +

∆t
∆x

(vn
j+1 − vn

j , 0, 0). (3.2)

with vn
j := wn

j − an
j P (τn

j ). Now, we assume that (forall h), ∀x ∈ R, Uh(x, 0) = U0
h(x) =

(τ0
h , w

0
h, a

0
h) ∈ R, where R is de�ned in (2.8), and for simplicity, see (4.1), we also

assume that the sequence v0
h is bounded in BV (R) , i.e.

∑
j∈Z |v0

j+1 − v0
j | ≤ C0 < +∞.

This assumption is su�cient in practical life (just think of a road where the velocity of
cars is not in BV (R)!), but it is not necessary since λ1 is "GNL". We do not assume
that the sequences w0

h and a0
h are bounded in BV .

The following Theorem shows that the region R de�ned in (2.8) is also invariant for the
Godunov scheme and gives estimates on the total variation of some components of the
solution. Under the above assumptions,

Theorem 3.1. Let ∆x and ∆t satisfy the CFL condition. Then

(i) The region R remains invariant for the Godunov scheme.

(ii) ∀n ≥ 0, the total variation (in x) of vh(·, t) is non increasing in time, and the total
variation in t of ṽh(·, ·) is bounded on R× [0, T ]:

TVx(vn
h ; R) :=

∑
j∈Z

|vn
j − vn

j+1| ≤ TV (v0
h; R) , (3.3)

sup
h

sup
t≥0

TVx(vh(·, t); R) ≤ sup
h
TV (v0

h(·); R) := C0, (3.4)

sup
h
TVt(ṽh(·, ·); R× [0, T ]) ≤ C max(T,∆t) C0 , (3.5)

10



where v0
h := vh(·, 0+) is the piecewise-constant approximation of the initial datum

v∗0(·), and

ṽh(x, t) ≡ vn
j + (t− tn)(vn+1

j − vn
j )/∆t on Ij × (tn, tn+1), (3.6)

and similarly for τ̃h.

(iii) The total variation (in x) of τh(·, t) on ∪j∈ZIj and the total variation in t of τ̃h(·, ·)
on R× [0,∞[ are bounded, uniformly in h:

sup
h

sup
t≥0

∑
j∈Z

TVx(τh(·, t);∪j∈ZIj) ≤ C ′ C0, (3.7)

∀0 ≤ t ≤ t′, sup
h
TVt(τ̃h(·, ·); R× [t, t′]) ≤ C ′max(|t′ − t|,∆t) C0. (3.8)

(iv) ∀x ∈ R, (wh, ah)(x, t) ≡ (w0
h, a

0
h)(x).

Proof. (i) follows easily from the solution of the Riemann Problem in Proposition 2.1.
(ii) Adding and subtracting vn

j+1 and recombining the terms in the sum, we obtain

TVx(vn+1
h ; R) =

∑
j∈Z

|vn+1
j − vn+1

j+1 | ≤
∑
j∈Z

(|vn+1
j − vn

j+1|+ |vn
j+1 − vn+1

j+1 |) =

=
∑
j∈Z

(|vn+1
j − vn

j+1|+ |vn
j − vn+1

j |).

Now, using the monotonicity property of v in the Riemann Problem (see Proposition
2.1), we see that the average value vn

j of v(·, tn+1) on Ij in the projection step belongs
to the interval I(vn

j , v
n
j+1) (see Figure 1) and thus

|vn+1
j − vn

j+1|+ |vn
j − vn+1

j | = |vn
j+1 − vn

j |.

Therefore, we obtain

TVx(vn+1
h ; R) ≤

∑
j∈Z

|vn
j+1 − vn

j | ≤ · · · ≤
∑
j∈Z

|v0
j+1 − v0

j | = TV (v0
h; R),

and for the same reason we obtain (3.4).
Concerning (3.5), since ṽh is piecewise-linear in time, vn+1

j ∈ I(vn
j , v

n
j+1) for t ∈

[tn, tn+1), with I(a, b) = [min(a, b),max(a, b)]. Therefore,

TVt(ṽh(x, ·); [0, T ]) =
∑
j∈Z

∑
n≤ T

∆t

|vn+1
j − vn

j |∆x ≤
∑
j∈Z

∑
n≤ T

∆t

|vn
j+1 − vn

j |∆x ≤

≤ T

∆t
∆xTV (v0

h; R) ≤ C max(T,∆t) C0

(3.9)

where C = ∆x/∆t. See an alternate proof below with a uniform constant C.

(iii) Since in each cell Ij , τh(x, t) = T (vh(x, t), wj , aj) = P−1
(

wj−vh(x,t)
aj

)
, with P−1

Lipschitz continuous, we have

TVx(τh(·, t),∪j∈ZIj) =
∑
j∈Z

TVx(τh(·, t), Ij) ≤ ‖(P−1)′‖L∞(amin)−1 C0

11



and similarly for (3.8).
(iv) is obvious.

Remark 3.1. We �rst note that in general, the Godunov approximate solutions do not
satisfy such a BV estimate. The result is true here since in each cell (w, a) is constant.
We also note that the total variation in space of τh on ∪j∈ZIj is bounded, whereas its
total variation on R can be in�nite, due to the jumps in x = xj+1/2, ∀j ∈ Z. Finally,
as to the total variation in time, we could proceed di�erently and use (3.4) and the
�rst equation in (3.2) to show �rst (3.8) and then (3.9) with in each case a constant C
independent of ∆x/∆t, see Section 6.

Proposition 3.1. On any time interval [tn, tn+1), the solution Uh = (τh, wh, ah) satis-
�es the discrete entropy inequality in the sense of Lax: for any entropy η(Uh) convex
with respect to τh, associated to the entropy �ux q(Uh), for any n and j,

η(Un+1
j ) ≤ η(Un

j )− (∆t/∆x)(q(Un
j+1)− q(Un

j )). (3.10)

Proof. Classically, on any time interval [tn, tn+1), Uh is the solution of the Riemann
Problem (2.7) and satis�es the entropy inequality (2.13) in every cell Ij . The Jensen
inequality allows to conclude. We remark that, since (w, a) is constant in each cell, we
only need the convexity of η with respect to τ .

Finally, the sequence (Uh) is a sequence of approximate solutions to (1.1), associated
for each h to the initial data U0

h . More precisely,

Proposition 3.2. (i) ∀h > 0, ∀ϕ ∈ D(Rx × R+) = C∞0 ((Rx × R+),∫ ∞

0

∫
R
(τh∂tϕ− vh∂xϕ)(x, t)dxdt+

∫
R
τh(x, 0)ϕ(x, 0)dx =

= −
∑
n≥1

∑
j∈Z

∫
Ij

(τn
j − τh(x, t−n ))ϕ(x, tn)dx :=< Lh, ϕ > .

(3.11)

(ii) If the support of ϕ is compact in {0 ≤ t ≤ T}, then

| < Lh, ϕ > | ≤ (∆x)2‖∂xϕ‖L∞
∑
n≥0

∑
j∈Z

TVx(τh(·, t); Ij), (3.12)

| < Lh, ϕ > | ≤ C T ‖ϕ‖L∞ sup
n≤ T

∆t

∑
j

TVx(τh(·, t−n ); Ij). (3.13)

(iii) Therefore, Lh → 0 as h→ 0 in D′(R×R) and for all T > 0, the sequence (Lh) is
bounded in M(R× [0, T ]).

(iv) Concerning the entropy production, ∀η convex with respect to τ , associated to the
�ux q, ∀ϕ ∈ D(R× R+), ϕ ≥ 0, we have:∫ ∞

0

∫
R
(η(Uh)∂tϕ+ q(Uh)∂xϕ)(x, t)dxdt+

∫
R
η(Uh(x, 0))ϕ(x, 0)dx ≥

≥ −
∑
n≥1

∑
j∈Z

∫
Ij

(η(Un
j )− η(Uh(x, t−n ))ϕ(x, tn)dx ≥ 0.

(3.14)
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Consequently, for all C2 nonnegative entropy η associated to q, such that x →
η(U0

h(x)) is integrable on R, ∂tη+∂xq is a bounded measure on R×R+, nonpositive
if η is convex with respect to τ .

Proof. The proof of (i),(ii),(iii) uses the classical arguments provided by the BV esti-
mates in the Theorem 3.1. In particular, the BV property of τh on ∪j∈ZIj (and not on
R) is su�cient for (3.12). On the other hand (3.13) shows that the functional Lh is a
bounded measure.
The proof of (iv) classically combines the entropy inequality for the Riemann Problem
(Proposition 2.2), a discrete integration by parts (see for instance [30]), as well as the
obvious remark that any C2 function is the di�erence of two C2 convex functions.

We are now ready to pass to the limit as h→ 0.

4 The homogenized model: existence of a solution

4.1 The Young measure

In order to introduce in the model oscillations describing the heterogeneity of the reac-
tion of each car-driver pairs in the tra�c, we consider a sequence of oscillating initial
data (w0

h, a
0
h, τ

0
h) bounded in L∞(R). We study the evolution in time of these initial os-

cillations for the approximate solution (wh, ah, τh) constructed by the Godunov method.
For a few references in the study of large amplitude oscillations in nonlinear hyperbolic
systems of conservation laws, we refer e.g. to [19, 42, 37, 16, 10, 14, 36] and numerous
other reference.
Here, we simply consider the measure-valued solution [19] associated to this sequence
of approximate solutions Uh. We consider typically that there is a unique vehicle in
every cell Ij and we pass to the limit in the system (3.1) as h→ 0, in order to obtain a
homogenized model. To describe the limit as h→ 0 of τh, which is a non linear function
of the three variables vh, wh, ah, we need the concept of Young measures.
Let us brie�y recall the concept of Young measures associated to a sequence un, see e.g.
[5, 43, 17, 32]. For any sequence un : RN → Rp of measurable functions, with values

in a �xed compact set K ⊂ Rp, and such that un ∗
⇀ u∗ in L∞(RN )p, there exists a

subsequence of un, still denoted by un, and a family of probability measures {νx}x∈RN ,
called Young measures, uniformly supported in K such that for any f ∈ C(Rp; Rq), and
for almost all x in RN ,

f(un) ∗
⇀ f∗ 6= f(u∗) in L∞(RN )q, with f∗(x) =

∫
RN

f(s)dνx(s) =< νx(·), f(·) > .

From now on, we assume that the sequence of initial data, with values in R, satis�es :

The whole sequence (w0
h, a

0
h, τ

0
h) converges in L∞ weak* to a unique limit

(w∗0, a
∗
0, τ

∗
0 ) whereas v0

h → v∗0 boundedly a.e. as h→ 0, with sup
h
TV (v0

h) ≤ C0.
(4.1)

So, we assume that for all h, the total variation of the sequence v0
h is bounded from

above. As we already said, this assumption is not necessary, since λ1 is GNL, but it is
more than su�cient for practical applications.
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Here by Theorem 3.1, the sequence (vh, wh, ah) remains in the invariant region R.
Consequently, for any continuous function f , at least for a subsequence, the associated
Young measure νx,t satis�es:

f(vh, wh, ah)(x, t) ∗
⇀ f∗ :=< νx,t(v, w, a), f(v, w, a) >,

where (v, w, a) are (dummy) integration variables and
∗
⇀ denotes the convergence in

L∞(R× R+) weak*. In particular, since τh = T (vh, wh, ah) = P−1((wh − vh)/ah),

τh
∗
⇀ τ∗(x, t) =< νx,t(w, a), T (v, w, a) >=< νx,t(w, a), P−1((w − v)/a) > . (4.2)

In the following Theorem, we show that νx,t is a tensor product of a Dirac measure
associated to v and a probability measure µx (depending only on x) associated to
(w, a).

Theorem 4.1. Let Uh = (vh, wh, ah) be constructed by the Godunov scheme. We assume
that U0

h is bounded in L∞(R) and (v0
h) bounded in BV (R). Then, under the assumptions

(2.3), (4.1),

(i) Under the CFL condition, with ∆t/∆x = constant, as h → 0, there exists a
subsequence, still denoted by Uh, such that

(wh, ah)(x, t) ≡ (w0
h, a

0
h)(x) ∗

⇀ (w∗0, a
∗
0), τh(·, ·) ∗

⇀ τ∗(·, ·),
vh(·, ·) → v∗(·, ·) in L1

loc(R× R+) strong and in L∞(R× R+) weak*.

(ii) In the variables (v, w, a) νx,t is a tensor product. More precisely, since λ1 is gen-
uinely non linear (GNL), even if v were not initially in BV (R), we have:

νx,t = γx,t(v)⊗ βx,t(w, a) := δ(v − v∗(x, t))⊗ µx(w, a), (4.3)

where δ is the Dirac measure at 0 and µx does not depend on time.

(iii) In particular,

τh
∗
⇀ τ∗(x, t) =< µx(w, a), P−1((w − v∗(x, t))/a) > .

Proof. (i) follows directly from the L∞ and BV estimates on Uh and vh.
Here is a �rst proof of (ii). The sequence (ṽh) has a uniformly bounded total variation
and is equicontinuous in time in the L1 space. Therefore it is strongly convergent (at
least for a subsequence) to some v∗(x, t), and then νx,t satis�es (4.3).
A second proof, with no BV assumptions, is the following: using Murat's Lemma [33]
and Proposition 3.2, we apply the div-curl Lemma [43] to entropy-�ux pairs (η1 =
η1(w, a), q1 ≡ 0) and (η2 =

∫ v
q′(s)/(aP ′(τ(s, w, a)))ds, q2), with arbitrary η1, q2. There-

fore, ∀η1, q2,

< νx,t, η1(w, a)q2(v) >=< νx,t, η1(w, a) >< νx,t, q2(v) > .

Therefore νx,t = γx,t(v)⊗µx(w, a). The associated measure µx only depends on x, since
w and a do not depend on t. Now, let [v1, v2] be the convex hull of the support of γx,t,
with v1 < v2. We want to prove that γx,t is a Dirac measure, i.e. that v1 = v2.

14



We apply again the div-curl Theorem to entropy-�ux pairs of �east-west type� (ηε
1, q

ε
1)

and (ηε
2, q

ε
2) (see [40]): e.g. we choose a smooth qε

1 such that its support is contained in
(−∞, v̄1], where v̄1 = v1 + ε(v2− v1), and such that qε

1(v) → −H(v1− v) as ε→ 0, with
H the Heaviside function. Similarly, qε

2(v) → H(v − v2).
Let ηε

1,η
ε
2 be the associated entropies. Applying the div-curl Theorem and passing to

the limit as ε→ 0, we obtain

< µx(w, a),
1

aP ′(T (v1, w, a))
>=< µx(w, a),

1
aP ′(T (v2, w, a))

>,

which implies v1 = v2, since P
′(T (v, w, a)) is strictly monotone with respect to v.

(iii) is then obvious.

4.2 Existence of a weak entropy solution

In this Section, we prove the convergence of the Godunov scheme to a weak entropy
solution to the initial value Problem for the homogenized system introduced below, as
(∆t,∆x) → (0, 0) with a �xed ratio satisfying the CFL condition.

Theorem 4.2. Under the same assumptions as in Theorem 4.1,

(i) At least for a subsequence, in fact for the whole sequence, the sequence (Uh) con-
structed by the Godunov scheme converges to a weak solution of the system{

∂tτ
∗ − ∂xv

∗ = 0,
∂tw

∗ = 0, ∂ta
∗ = 0,

(4.4)

with initial data {
τ∗0 =< µx(w, a), T (v∗0(x), w, a) >,
w∗0 =< µx(w, a), w >, a∗0 =< µx(w, a), a >,

(4.5)

and
τ∗(x, t) =< µx(w, a), T (v∗(x, t), w, a) >:= T ∗(x, v∗(x, t)), (4.6)

where T is de�ned by (2.4).

(ii) The family of probability measures νx,t = δ(v − v∗(x, t)) ⊗ µx(w, a) is a measure-
valued (mv) solution in the following sense: for any entropy-�ux pair (η, q), de�ned
by (2.11), with

η(v, w, a) := η̃(τ, w, a)
∣∣
τ=T (v,w,a)

, (4.7)

and η̃ convex with respect to τ , i.e. q concave with respect to v (by Proposition
2.2 (i)), and for any test-function ϕ ≥ 0, we have∫ ∞

0

∫
R
(< νx,t(v, w, a), η(v, w, a) > ∂tϕ+ < νx,t, q(v) > ∂xϕ) dxdt

+
∫

R
< νx,0(v, w, a), η(v, w, a) > ϕ(x, 0) dx ≥ 0.

(4.8)
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(iii) Applying (4.8) to arbitrary entropy �ux pairs (η(w, a), 0), we recover that µx,t(w, a) ≡
µx(w, a) satis�es (4.5). In addition, ∀ϕ ≥ 0, ∀k ∈ R, we have∫ ∞

0

∫
R
(< µx(w, a), |T (v∗(x, t), w, a)− T (k,w, a)| > ∂tϕ− |v∗(x, t)− k|∂xϕ)dxdt

+
∫

R
< µx(w, a), |T (v∗0(x), w, a)− T (k,w, a)| > ϕ(x, 0)dx ≥ 0.

(4.9)

Proof. We �rst prove this Theorem for a subsequence. The uniqueness Theorem 5.1
will then imply the same results for the whole sequence.
(i) We write the �rst equation of (4.4) in the weak form:

< L,ϕ >:=
∫ ∞

0

∫
R
(τ∗∂tϕ− v∗∂xϕ)dxdt+

∫
R
τ∗0 (x)ϕ(x, 0)dx = 0. (4.10)

We add and subtract in (4.10) the term < Lh, ϕ > of (3.11), to obtain

< L,ϕ > =
∫ ∞

0

∫
R
(τ∗ − τh)∂tϕ dxdt−

∫ ∞

0

∫
R
(v∗ − vh)∂tϕ dxdt

+
∫

R
(τ∗(x, 0)− τh(x, 0))ϕ(x, 0)dx+ < Lh, ϕ > .

Of course the �rst three integrals converge to 0 in L∞(R×R+) weak*, due to Theorem
4.1 and by (3.12), the term < Lh, ϕ > tends to 0 as h→ 0.
(ii) The inequality (4.8) is obtained by passing to the weak* limit in (3.14), using the
L1 equicontinuity in time of ṽh or τ̃h, see Proposition 5.1.
(iii) Now, we choose in (4.8) the entropy η(v, w, a) = |τ−P−1((w−k)/a)| = |T (v, w, a)−
T (k,w, a)|, associated to the concave �ux (−|v − k|). Using the information (4.3) on
the structure of νx,t, we obtain (4.9).

The above Theorem describes the point of view of measure-valued solutions, see again
[19, 42, 37], etc. We note that the uniqueness results of Di Perna and Szepessy are not
directly applicable here, see Remark 5.2.
Now, the structure of µx,t ≡ µx is obvious, whereas the evolution of δ(v − v∗(x, t))
turns out to be governed by a scalar conservation law, whose �ux depends on x in a
non smooth way through µx. The striking fact is that, due to the strict monotonicity
of function T (·, w, a), we can do two things:

(i) the map {v∗ → T ∗(x, v∗) := τ∗ =< µx, T (v∗, w, a) > is strictly increasing, and
(therefore) invertible. We de�ne V(x, τ∗) = v∗.

(ii) On the other hand, in (4.8), we can �take the absolute value out of the integral
with respect to µx�. Therefore (4.8) looks like the Kruºkov entropy inequality for
the scalar equation (4.14) below. We consider all the entropy-�ux pairs of the
form H(x, v∗) = H̃(x, τ∗), Q(v∗), �conservative� in the sense that for any smooth
solution of (4.14),

∂tH(x, v∗) + ∂xQ(v∗) = 0,
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without any additional term. Moreover, we can show as in Section 2.3, that

∂H̃

∂τ
(x, τ∗) =

∂H

∂v
(x, v∗)

1
∂T ∗
∂v (x, v∗)

= −Q′(v∗), (4.11)

and that H̃(x, τ∗) is convex in τ∗ if and only if Q(v∗) is concave. Therefore, all
these entropy-�ux pairs are given by

H(x, v∗) = H0(x)−
∫ v∗

0
Q′(s)

∂T ∗

∂v
(x, s)ds = H̃(x, τ∗), Q ≡ Q(v∗), (4.12)

with arbitrary functions Q(v) and H0(x) = H(x, 0).

Theorem 4.3. (i) The �rst equation of system (4.4) can be rewritten as a scalar
equation with a �ux depending explicitly on x,

∂tτ
∗ + ∂xV(x, τ∗) = 0, (4.13)

or in the more convenient form:

∂tT ∗(x, v∗)− ∂xv
∗ = 0. (4.14)

Therefore, the weak solution of system (4.4) satis�es (4.14), (4.6).

(ii) Using the monotonicity in v∗ of T ∗(x, v∗), v∗ is also a weak solution "à la Kruºkov�
of (4.14): for any k in R, (4.9) is equivalent to∫∫
(|T ∗(x, v∗)−T ∗(x, k)|∂tϕ−|v∗−k|∂xϕ)dxdt+

∫
R
|T ∗(x, v∗0)−T ∗(x, k)|ϕ(x, 0)dx ≥ 0.

(4.15)

(iii) For any such entropy H(x, v∗) = H̃(x, τ∗) convex in τ∗, associated to a concave
Q(v∗) by (4.12), let η be given by (2.11), with the same q ≡ Q. Then, for any
test-function ϕ ≥ 0, we have

H(x, v∗) =< νx,t(v, w, a), η(v, w, a) >=< µx(w, a), η(v∗(x, t), w, a) >, (4.16)∫ ∞

0

∫
R
(H(x, v∗) ∂tϕ−Q(v∗) ∂xϕ)dxdt+

∫
R
H(x, v∗0)ϕ(x, 0)dx ≥ 0. (4.17)

Proof. (i) is obvious.
(ii) Using the fact that T is increasing in v∗, we see that ∀(w, a),

sign(T (v∗, w, a)− T (k,w, a)) = sign(v∗ − k)

does not depend on (w, a), so that

< µx(w, a), |T (v∗, w, a)− T (k,w, a)| >=
= sign(v∗ − k) < µx(w, a), T (v∗, w, a)− T (k,w, a) >= |T ∗(x, v∗)− T ∗(x, k)|.
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(iii) Let η be de�ned by (2.11). Using (4.11) and di�erentiating in v in the integral,
one can show that necessarily:

H(x, v∗)−H0(x) =
∫ v∗

0

∂H

∂v
(x, s)ds =

∫ v∗

0
−Q′(s)∂T

∗

∂v
(x, s)ds =

=
∫ v∗

0
−Q′(s) ∂

∂v
< µx(w, a), T (s, w, a) > ds =< µx(w, a),

∫ v∗

0
−Q′(s)∂T

∂v
(s, w, a)ds >=

=< µx(w, a), η(v∗, w, a) > .

Substituting the expression of (4.16) in (4.8), we obtain (4.17).

Remark 4.1. Therefore we have proved (4.8) and (4.17), respectively for any entropy
η(v, w, a) and for the homogenized entropy H(x, v∗) convex in τ . Thus these two quan-
tities satisfy the corresponding entropy inequalities, but there is a priori no obvious re-
lation between them, since η(v, w, a) = η̃(τ, w, a) is only convex in τ , with no convexity
assumption in (w, a): (4.16) holds true, but in general

H(x, v∗) =< µx(w, a), η(v∗, w, a) > 6= η(< νx,t, (v, w, a) >) = η(v∗, w∗, a∗).

5 Uniqueness of the solution

We are interested in the homogenized model (4.4)-(4.6). The existence of an entropy
solution of (4.4) follows directly from the convergence of the Godunov method in the
Theorem 4.2.
Concerning the uniqueness, knowing the measure µx, we have written the �rst equation
of system (4.4)-(4.6) as the scalar equation (4.13) with a �ux depending explicitly on x.
The low regularity in x of the �ux does not allow to use directly the uniqueness result
of Kruºkov [29].
For references on the uniqueness of the solution for scalar conservation laws with a �ux
discontinuous in x, see e.g. [4, 28, 27, 45, 39], and concerning Temple systems, e. g.
[12, 3, 11, 8, 9], but they are not applicable in this homogenized case.
Since in (4.14) the function T ∗(x, v∗) (explicitly depending on x) appears in the deriva-
tive with respect to t, we have exchanged the roles of x and t so that inequality (4.15)
is in conservative form, even though the �ux depends on x. Therefore, assumptions on
the x-regularity of the �ux of (4.13) are not required.
The following proposition gives the L1 - continuity in time of τ∗, which will be useful
for the uniqueness of the solution.

Proposition 5.1. Let (τ̃h, ṽh) be the approximate solution de�ned in (3.1), (3.6), of
system (1.1), with τ∗0 ∈ L∞(R) and v∗0 ∈ L∞(R) ∩ BV (R). Then, at least for a subse-
quence,

ṽh → v∗ in C0([0, T ];L1
loc(R)), (5.1)

‖τ∗(·, t)− τ∗0 (·)‖L1
loc(R) ≤ Cmax(t,∆t) V Tx(v∗0(·); R), (5.2)

and then
‖τ∗(·, t)− τ∗0 (·)‖L1

loc(R) → 0 as t→ 0.
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Proof. Let X = BV (R) and B = L1
loc(R). The sequence (ṽh) is bounded in L∞(0, T ;X)

by (3.4). On the other hand, for all compact subset K of R, vh ∈ C([0, T ];L1(K)) and
by (3.8),

‖ṽh(·, t′)− ṽh(·, t)‖L1(K) ≤
∫

K

∫ t′

t
|∂sṽh(x, s)|dsdx = ‖∂tṽh‖L1(t,t′;L1

loc(R)) =

= TVt(ṽh(x, ·); [t, t′]) ≤ C ′max(|t′ − t|,∆t).
(5.3)

where C ′ depends on TV (v∗0(·); R). By a Theorem of Simon ([41], Thm. 3), the sequence
ṽh(·, t) is relatively compact in C([0, T ];L1

loc(R)), which implies (5.1). Passing to the
limit as h → 0 in (5.3), with t′ = 0+, since T (or P−1) is L-Lipschitz continuous and
τ∗(·, 0+) = τ∗0 (·), we obtain

‖τ∗(·, t)− τ∗0 (·)‖L1
loc(R) ≤ L‖v∗(x, t)− v∗0(·)‖L1

loc(R) ≤ L C ′ t→ 0 as t→ 0.

Theorem 5.1. We consider the scalar equation (4.14), (4.6) (or the equivalent equation
(4.13), (4.6), due to the monotonicity in v∗ of T ∗), with initial data (4.5) and under
the assumption that V , de�ned by (1.2), is strictly increasing and strictly concave We
also assume that (τ∗0 , w

∗
0, a

∗
0) ∈ L∞(R), v∗0 ∈ L∞(R)∩BV (R) and (4.1). Then, there is

a unique weak entropy solution "à la Kruºkov� v∗ of problem (4.14), (4.6), (4.5).
Therefore the whole sequence (τh, wh, ah, vh) converges to the unique limit of the system
described in Theorem 4.2.

In the proof, we will need the following Lemma in which we write v instead of v∗:

Lemma 5.1. Let T ∗(X, v(Y, t)) :=< µX(w, a), T (v(Y, t), w, a) > with T Lipschitz with
respect to v ∈ L1

loc(R× R+). Then we have, for almost all X in R and t in (0,+∞),

lim
h→0

1
h

∫
|Y |≤h

|T ∗(X ± Y, v(X ± Y, t))− T ∗(X, v(X, t))| dY = 0,

where the two signs ± can be chosen independently.

Proof. The result would be wrong for a general function of two variables. It holds true
here since, roughly speaking, T ∗(X, v(Y, t)) �looks like� a product f(X)g(Y, t).
Here, we write λ instead of (w, a). For almost all (�xed) t, we �rst choose the precise
representing function of v(·, t) ([21] p. 46), precisely de�ned at every Lebesgue point for
{y 7→ v(y, t)}, and identically equal to 0 on the null set N1 := N1(t) of points y which
are not Lebesgue points for this function. Similarly, see e.g. [5], we �remove� a null set
N2 := N2(t) of points x such that either µx is not a probability measure or x is not a
Lebesgue point for the L1

loc function:

{x 7→ Fv(x, t) := T ∗(x, v(x, t)) :=< µx(λ), T (v(x, t), λ) >}, (5.4)

with the same (�xed) t. We see that the set {(x, x), x ∈ N1∪N2} is a (one dimensional)
null set. Therefore, each x /∈ N1(t) ∪ N2(t) is simultaneously a Lebesgue point for the
two functions of one variable (5.4) and {y 7→ Gv(x, y, t) :=< µx(λ), T (v(y, t), λ) >}. In
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particular, ∀x /∈ N1(t) ∪N2(t), Gv(x, x, t) = Fv(x, t). The same result would be true if
T were only continuous, see e.g. [7] for the related notion of Caratheodory functions.
Therefore, we have for instance:

lim
h→0

1
h

∫
|Y |≤h |T

∗(X + Y, v(X − Y, t))− T ∗(X, v(X, t))| dY =

= lim
h→0

1
h

∫
| < µX+Y (λ), T (v(X − Y, t), λ) > − < µX(λ), T (v(X, t), λ) > dY ≤

≤ lim
h→0

1
h

∫
{| < µX+Y (λ), T (v(X − Y, t), λ) > − < µX+Y (λ), T (v(X, t), λ) > |

+| < µX+Y (λ), T (v(X, t), λ) > − < µX+Y (λ), T (v(X + Y, t), λ) > |

+| < µX+Y (λ), T (v(X + Y, t), λ) > − < µX(λ), T (v(X, t), λ) > |} dY ≤

≤ lim
h→0

1
h

∫
{< µX+Y (λ), L|v(X − Y, t)− v(X, t)|+ L|v(X, t)− v(X + Y, t)| >

+| < µX+Y (λ), T (v(X + Y, t), λ) > − < µX(λ), T (v(X, t), λ) > |} dY =

≤ lim
h→0

1
h

∫
{L|v(X − Y, t)− v(X, t)|+ L|v(X, t)− v(X + Y, t)|

+| < µX+Y (λ), T (v(X + Y, t), λ) > − < µX(λ), T (v(X, t), λ) > |} dY.
(5.5)

Therefore, almost everywhere in t, for any X /∈ N1(t) ∪ N2(t), the integrals in (5.5)
converge to 0 as h→ 0.

Remark 5.1. Integrating in X the result of the Lemma 5.1 and applying Lebesgue
Theorem, the corresponding double integrals in (X,Y ) converge to 0 as h tends to 0.
This new result does not explicitly involve the above Lebesgue points and could be also
proved [46] as follows: approximate the function {v : y 7→ v(y, t)} by a sequence of
smooth functions (vn), for which there is no ambiguity: a.e. in x, ∀n, Fvn(x, t) =
Gvn(x, y, t)|y=x. Then, justify the result for each vn, and pass to the limit as n→∞.

Proof of Theorem 5.1. We consider two weak entropy solutions σ and τ of (4.13)
(or two solutions u and v of (4.14)) which satisfy the entropy inequality (4.15). In this
proof, we write σ, τ, u, v, T , . . . instead of σ∗, τ∗, u∗, v∗, T ∗, . . .. We have:∫

R

∫ ∞

0
|T (x, u(x, t))− T (x, k)|φt(x, t)− |u(x, t)− k|φx(x, t) dx dt ≥ 0, (5.6)∫

R

∫ ∞

0
|T (y, v(y, s))− T (y, l)|φs(y, s)− |v(y, s)− l|φy(y, s) dy ds ≥ 0, (5.7)

where φ ≥ 0 is a test-function ∈ C∞0 (R× (0,+∞)). Following Kruºkov [29], we obtain
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classically:∫
R

∫ ∞

0

∫
R

∫ ∞

0
{|T (x, u(x, t))− T (x, v(y, s))|φt + |T (y, v(y, s))− T (y, u(x, t))|φs

−|u(x, t)− v(y, s)|(φx + φy)} dx dt dy ds ≥ 0.
(5.8)

We choose

φ(x, t, y, s) = ψ

(
x+ y

2
,
t+ s

2

)
δh

(
x− y

2

)
δk

(
t− s

2

)
,

for any function ψ and where {δh}h≥0 et {δk}k≥0 are the usual regularizing sequences,
with bounded support in (−h, h), with 0 ≤ δ1(·) ≤ 1. Denoting by

X =
x+ y

2
, T =

t+ s

2
, Y =

x− y

2
, S =

t− s

2
, (5.9)

we rewrite (5.8):

1
2

∫
{|T (x, u(x, t))− T (x, v(y, s))|+ |T (y, v(y, s))− T (y, u(x, t))|}ψT δh(Y ) δk(S)

+{|T (x, u(x, t))− T (x, v(y, s))| − |T (y, v(y, s))− T (y, u(x, t))|} ψ δh(Y ) δ′k(S)
−|u(x, t)− v(y, s)| ψX(X,T ) δh(Y ) δk(S) dx dt dy ds := (I1 + I2) + (I3 − I4)− I5 ≥ 0.

We now proceed in the same spirit as [4]: we let h and k tend to 0 separately. We

only show the convergence of (I3 − I4) := (Ik,h
3 − Ik,h

4 ), for which it is crucial to �rst
let h tend to 0, since this term involves δ′k(S). The proof for the other terms is similar.
Writing (I3 − I4) in variables (X,Y, t, s), adding and subtracting the term

I6 :=
∫
|T (X,u(X, t))− T (X, v(X, s))|ψ(X, (t+ s)/2)δh(Y )δ′k((t− s)/2)dXdY dtds,

we �rst obtain
|I3 − I4| ≤ |I3 − I6|+ |I6 − I4|.

Then, using the relation ||a− b| − |c− d|| ≤ |a− b− (c− d)| ≤ |a− c|+ |b− d|, we have

|I3 − I6| ≤
1
h

∫
|Y |≤h

{|T (X + Y, u(X + Y, t))− T (X,u(X, t))|

+ |T (X + Y, v(X − Y, s))− T (X, v(X, s))|}|ψ(X, (t+ s)/2)|δ′k((t− s)/2) dY dX dt ds,

(5.10)

and similarly,

|I6 − I4| ≤
1
h

∫
|Y |≤h

{|T (X − Y, v(X − Y, s))− T (X, v(X, s))|

+ |T (X − Y, u(X + Y, t))− T (X,u(X, t))|}|ψ(X, (t+ s)/2)|δ′k((t− s)/2) dY dX dt ds.

(5.11)
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By Lemma 5.1, for any �xed k > 0, a.e. in (s, t,X), the integrals in Y corresponding
to the above integrals tend to 0 as h → 0. Applying then the Lebesgue dominated
convergence Theorem, the corresponding integrals in (X,Y ), and �nally in (X,Y, t, s),
also tend to 0 as h→ 0, for any �xed k. A fortiori,

lim
k→0

( lim
h→0

(Ik,h
3 − Ik,h

4 )) = lim
k→0

(0) = 0.

Therefore, this singular term (I3−I4) vanishes at the limit, contrarily to the other terms
for which we apply again the Lebesgue Theorem when k tends to 0.
Then, we have shown that for any ψ ≥ 0 (we now write (x, t) instead of (X,T ) and T ∗
instead of T ),∫

R

∫ ∞

0
|T ∗(x, u(x, t))−T ∗(x, v(x, t)|ψt(x, t)−|u(x, t)−v(x, t)|ψx(x, t)dxdt ≥ 0. (5.12)

Now, we choose classically the test-function ψ(x, t) in (5.12) as a regularization of the
characteristic function of the set Ω = {(T,X); t1 ≤ T ≤ t2, |X| ≤ R − NT}, for any
R > 0. Using the L1-continuity in time of the solution at t = 0, see Proposition 5.1, we
obtain the L1 contraction property:∫

R
|T ∗(x, u(x, t))− T ∗(x, v(x, t)| dx ≤

∫
R
|T ∗(x, u(x, 0))− T ∗(x, v(x, 0)| dx, i.e.∫

R
|σ(x, t)− τ(x, t)| dx ≤

∫
R
|σ(x, 0)− τ(x, 0)| dx,

and therefore the uniqueness of the solution, for a given τ(·, 0).

Remark 5.2. (i) First, we have established here the L1 contraction for equations
(4.14), (4.6), with only L∞ assumptions in µx and v∗(x, t). We have essentially
used the strict monotonicity of T (·, w, a), which allows to exchange the role of
x and therefore of τ and v. After this exchange, the stationary solutions uζ(x)
introduced in [4] to solve the equation

∂tu+ ∂xF (x, u) := ∂tu+ ∂xf(v(x), u) = 0,

arise much more naturally: compare (4.15) with formula (60) in [4].

(ii) On the other hand, the uniqueness results on measure-valued solutions of Di Perna
[19] and Szepessy [42] are (at least) not directly applicable here, since we deal with a
system: the Young measure νx,t = δ(·−v∗(x, t))⊗µx(·, ·) involves several variables,
which do not play the same role. Here, we wanted to prove the uniqueness of v∗ for
a given µx. Note that for instance, convolving in (x, t) such a measure νx,t does
not preserve its tensor product structure.

6 The microscopic model

6.1 Introduction of the model

Microscopic models of vehicular tra�c are usually based on so-called �Follow-the Leader
models� [23, 25], which usually consist, in Eulerian coordinates, of a system of second
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order ordinary di�erential equations. The basic idea is that the acceleration at time t
depends on the relative speeds of the vehicle and its leading vehicle at time t and the
distance between the cars.
The system in (1.3) is a Follow-the Leader type of model in which the function V also
depends on the coe�cients aj , characteristic of the di�erent types of vehicles and their
heterogeneous response to their leading vehicle.
At least formally, the system (1.3) is clearly a semi-discretization in space of the macro-
scopic model in Lagrangian coordinates (1.1). In the following Sections, we will give
a rigorous justi�cation that (1.3) converges to the entropy solution of (4.4)-(4.6) as
∆x→ 0.

6.2 First order Euler time approximation

We consider the in�nite system of ordinary di�erential equations (1.3), written in general
form as {

dU(t)
dt = F (U(t)),

U(0) = U0,
(6.1)

where U := (U1, U2, . . . , Uj , . . .) and F (U) = (F1(U), F2(U), . . . , Fj(U), . . .), with Uj :=
(τj , wj , aj) and

Fj(U) :=
(
vj+1 − vj

∆x
, 0, 0

)
=
(
wj+1 − wj

∆x
− aj+1P (τj+1)− ajP (τj)

∆x
, 0, 0

)
.

We introduce the �rst order explicit Euler discretization in time:
τn+1
j = τn

j + ∆t
∆x (vn

j+1 − vn
j ),

wn+1
j = wn

j ,

an+1
j = an

j .

(6.2)

In the following Theorem, we prove that, for any �xed ∆x, the previous discretiza-
tion is stable and consistent and therefore convergent as ∆t → 0 to U∆x(x, t) :=∑

j∈Z Uj(t)χj(x), where χj is the characteristic function of the interval Ij . We also
show that the microscopic multi-class model (1.3) is the semi-discretization of the La-
grangian system (1.1).

Theorem 6.1. We consider the system (6.2), with initial data U0
j = (τ0

j , w
0
j , a

0
j ) in the

invariant region R de�ned by (2.8), away from vacuum. We assume that the initial data
are constant for x large enough, so that there is a ��rst� vehicle. Then,

(i) The operator F is Lispchitz-continuous in the l∞ space. Therefore the Initial Value
Problem (1.3) has a unique solution U(t), globally de�ned in time.

(ii) The �rst order approximation (6.2) is stable and consistent in l∞. Therefore the
sequences Un

j := (τn
j , w

n
j , a

n
j ) and vn

j converge as ∆t→ 0, for any �xed ∆x.
Moreover, their limits U∆x(x, t) and v∆x(x, t) stay in the region R and satisfy the
uniform L∞ and BV estimates inherited from the Godunov scheme. The micro-
scopic model (1.3) is then the semi-discretization of the macroscopic system (1.1),
(1.2).
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(iii) Uj(t) satis�es a semi-discrete entropy inequality, i.e. for any entropy η convex
with respect to τj, associated to the entropy �ux q and for any j,

dη(Uj(t))
dt

+ (1/∆x)(q(Uj+1(t)))− q(Uj(t)))) ≤ 0. (6.3)

Proof. (i) The proof is obvious, by Cauchy-Lipschitz Theorem.
(ii) Since F is Lipschitz continuous, adapting classical results, see e.g. [38], we can show
that the Euler approximation (6.2) is stable and consistent and therefore convergent
when ∆t→ 0.
On the other hand, since the �rst order approximation (6.2) coincides with the Godunov
scheme (3.2), Un

j and vn
j stay in the same bounded invariant region R and satisfy the

L∞ and BV estimates in x for v (resp. in t for τ and v) as in Theorem 3.1. In the latter
case, we slightly modify the proof of (3.4) and (3.8) to obtain constants C independent
of the ratio ∆x/∆t, as indicated in Remark 3.1.
(iii) Since for each j the sequence vn

j converges as ∆t → 0 to vj(t) for t = n∆t, q(vn
j )

is also convergent. On the other hand, since wj , aj are constant in the cell Ij , we have
for each j

η(Un
j ) = η(τn

j , w
n
j , a

n
j ) = η(T (vn

j , w
n
j , a

n
j ), wn

j , a
n
j ) → η(τj(t), wj(t), aj(t))

Finally (iii) is obtained passing to the limit in the fully discrete entropy inequality
(3.10).

6.3 Hydrodynamic limit of the microscopic multi-class model

We rewrite (6.1) in the form{
dUj(t)

dt + G(Uj+1(t))−G(Uj(t))
∆x = 0,

Uj(0) = U0
j ,

(6.4)

with G(Uj) := (−vj , 0, 0) = (−(wj − ajP (τj)), 0, 0). We now show that the entropy
solution of the system (4.4) is the limit as ∆x → 0 (i.e. when the number of vehicles
goes to in�nity), of the solution of the in�nite-dimensional system of ordinary di�erential
equations (6.4).

Theorem 6.2. Under the same assumptions as in of Theorem 6.1, when ∆x→ 0, the
whole sequence U∆x converges in L∞ weak* (and almost everywhere for the velocity) to
the unique entropy weak solution of the macroscopic system (4.4)-(4.6).

Proof. Multiplying (6.4) by an arbitrary test-function ϕ(x, t), making a discrete inte-
gration by parts (see e.g. [30]), we have:

I∆x :=
∫ ∞

0

∑
j

∫
Ij

Uj(t)∂tϕdxdt−
∫ ∞

0

∑
j

G(Uj(t))

(∫
Ij

ϕ(x, t)− ϕ(x−∆x, t)
∆x

dx

)
dt

+
∑

j

∫
Ij

U0
j ϕ(x, 0) dx = 0

24



Due to the uniform L∞ estimates, see Theorem 6.1, at least for a subsequence, U∆x(x, t)
converges in L∞(R × R+) weak* to some function U∗∗(x, t) when ∆x → 0. Moreover,
by compactness, G(U∆x(., .)) = (−v∆x(., .), 0, 0) → (−v∗∗, 0, 0) in L1

loc strongly when
∆x→ 0. Therefore we obtain at the limit :∫ ∞

0

∫
R
U∗∗(x, t)∂tϕ dx dt+

∫ ∞

0

∫
R
G(U∗∗(x, t))∂xϕ dx dt+

∫
R
U∗0 (x)ϕ(x, 0) dx = 0,

which shows that U∗∗ is a weak solution of (4.4).
Due to the uniform BV estimates on v∆x, the Young measure associated to the sequence
(v∆x, w∆x, a∆x) is still a tensor product γx,t(v)⊗βx,t(w, a) = δ(v−v∗∗(x, t))⊗βx,t(w, a)
as in (4.3), with the same initial data (v∗0, w

∗
0, a

∗
0) as in Section 4.2, since we have assumed

in (4.1) that all the sequence (v0
h, w

0
h, a

0
h) converges to (v∗0, < µx, w >,< µx, a >) as

h → 0. Therefore βx,t(w, a) ≡ βx(w, a) ≡ µx(w, a). Now integrate by parts in the
semi-discrete entropy inequality (6.3), for all ϕ ≥ 0:∫ ∞

0

∑
j

∫
Ij

η(Uj(t))∂tϕ dx dt+
∫ ∞

0

∑
j

q(Uj(t))

(∫
Ij

ϕ(x, t)− ϕ(x−∆x, t)
∆x

dx

)
dt

+
∑

j

∫
Ij

η(U0
j )ϕ(x, 0) dx ≥ 0,

and pass to the limit as ∆x→ 0. Note that q(U∆x(·, ·)) → q(U ∗(·, ·)) strongly, whereas,
as in Section 4, η(U∆x(·, ·)) converges weakly to < µx, η(T (v ∗ ∗(x, t), w, a) >. Finally,
as in Proposition 5.1, the L1 equicontinuity in time is preserved for the sequence η(U∆x)
when ∆x tends to 0. Therefore, the limit v∗∗ satis�es (4.8) and the (Kruºkov) entropy
condition (4.15). Consequently, by the uniqueness result of Theorem 5.1, v∗∗ = v∗

almost everywhere in (x, t), which also implies that the whole sequence converges to the
same limit.

In conclusion, starting from the fully discrete system (3.1), we obtain the same limit (i.e.
the macroscopic system (4.4)), either by letting (∆x,∆t) → 0 with a �xed ratio and the
CFL condition, or by �rst letting ∆t → 0 with a �xed ∆x, and then letting ∆x → 0.
This last limit process says that the homogenized model (4.4) is the hydrodynamic limit
of the microscopic �Follow-the-Leader� system.
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