Convergence of the relaxation approximation to a scalar nonlinear hyperbolic equation arising in chromatography

J.F.Collet and M.Rascle (*)

Laboratoire J.A. Dieudonné, U.R.A. C.N.R.S. 168

Université de Nice, Parc Valrose B.P. 71, F06108 Nice Cédex 02

(*) Reprint from Z angew Math Phys 47 (1996), 400-409.

Abstract For a single nonlinear hyperbolic equation, we prove the convergence of the solution to the so-called “local-equilibrium relaxation system” to that of the original conservation law, when the relaxation parameter tends to zero. Our study is motivated by a model arising in the theory of gaseous chromatography, where the flux function appearing in the conservation law is obtained from a thermodynamical assumption of local equilibrium. The relaxation of this assumption naturally leads to a chemical kinetic equation, in which the (small) relaxation parameter is the inverse of the reaction rate. The convergence of such zero-relaxation limits has been studied in a very general framework by G.Q.Chen, C.D.Levermore and T.P.Liu [15, 3, 4], and most of the results we present here are in fact already contained in these papers. However we deal here with a particular case and therefore, assuming of course that the so-called "subcharacteristic condition" introduced by Liu [15] is satisfied, we can give very direct and explicit relations between the entropies of the limit equation and those of the relaxed system. The latter is also semi-linear, which sligthly simplifies the proof of convergence by compensated compactness in section 2. Since our primary interest here is the above-mentioned physical problem, we have tried to make the mathematical part of this paper self-contained. We conclude by applying the above ideas to two natural relaxations in this gaseous chromatography model. The “subcharacteristic condition” is then equivalent to the strict monotonicity of the function f appearing in the equilibrium relation.

1 Introduction

Let us consider the Cauchy problem for a scalar nonlinear conservation law in one space dimension:

∂_tu + ∂_xf(u) = 0 u(x, 0) = u_0(x) x ∈ IR.

(1.1)

It is a natural idea to try to replace (1.1) by the relaxed system:

∂_tu^ϵ + ∂_xv^ϵ = 0 ∂_tv^ϵ + a^2∂_xu^ϵ =^1_ϵ (f(u^ϵ) − v^ϵ)

(1.2)

where a^2 is a scalar parameter, with the initial condition:

u^ϵ(x, 0) = u_0(x), v^ϵ(x, 0) = f(u_0(x)).

The system (1.2) has the advantage of being linear, but it is not clear a-priori wether it induces a singular limit. Relaxed systems similar to (1.2) often arise from physical considerations, and are the object of much current research. For theoretical results on the convergence of the relaxation process in a very general setting we refer the reader to [15, 3]. Reference [4] contains the proof of convergence for a particular model arising in viscoelasticity, and numerical algorithms for relaxed systems are studied in [12, 14, 13]. A simple computation shows that the first-order approximation to (1.2), obtained by a formal Chapman-Enskog expansion, is given by:

∂_tu + ∂_xf(u) = ϵ∂_x[(a^2 − f^′(u)^2)∂_xu], (1.3)

and is thus dissipative provided the stability condition:

−a < f^′(u) < a (1.4)

holds. This condition was introduced by Liu [15], and expresses the fact the characteristic speeds for the relaxed system (1.2) are greater than those for the original equation (1.1). It will allow for the extension of entropy-flux pairs (η^∗, q^∗) for (1.1) to entropy-flux pairs for (1.2) which coincide with (η^∗, q^∗) on the equilibrium curve {v = f(u)}. The convergence result may be stated as follows:

Theorem 1.1 Suppose that the initial data is bounded. Let a > 0 be chosen in such a way that the condition (1.4) is satisfied for u_0. Then:

• for any ϵ > 0, the relaxed system (1.2) has a unique solution (u^ϵ, v^ϵ) defined for all time;

• suppose that there is no interval on which the flux function f is affine. Then for any p ∈]0, ∞[ and T ∈ [0, ∞[ we have the strong convergences in L^p(IR × [0, T ]) u^ϵ → u, v^ϵ → f(u), when ϵ → 0^+, where u is the (unique) entropy solution to the original equation (1.1).

A more general result is proved in [3]. Note that we might have considered a relaxed system with initial data for v^ϵ different from f(u_0). Such a choice for the initial data would create an initial layer at t = 0 for v^ϵ, but the convergence result for u^ϵ would still hold true. The remainder of this section is devoted to the existence of (u^ϵ, v^ϵ) for fixed ϵ > 0. Section 2 contains the proof of the convergence result, and in section 3 we present the application of this result to the chromatography model which motivated our study. The system (1.2) has the two characteristic speeds ±a, and the associated Riemann invariants are w_1 = v + au, w_2 = v − au.

Thus, for any choice of the constants c_1, c^′_1, c_2, c^′_2, the region R defined in the u − v plane by

R = {(u, v) : c_1 ≤ w_1 ≤ c^′_1; c_2 ≤ w_2 ≤ c^′_2} (1.5)

is a convex invariant region (see [7]). Since it is bounded, this yields an L^∞ bound on the solution (u^ϵ, v^ϵ). Moreover the system (1.2) is semilinear. Therefore, if the constants c_1, c^′_1, c_2, c^′_2 are chosen in such a way that the initial data u_0, f(u_0) belong to R, then the solution (u^ϵ, v^ϵ) is globally defined, and belongs to R, for all time. One can give a geometric interpretation of the condition (1.4): if the initial data u_0 satisfies u_1 ≤ u_0(x) ≤ u_2 for all x, let us define the constants c_1, c^′_1, c_2, c^′_2 by:

f(u_1) − au_1 = c^′_2, f(u_1) + au_1 = c_1, f(u_2) − au_2 = c_2, f(u_2) + au_2 = c^′_1.

(1.6)

Let R be the region defined by (1.5) with this particular choice of the constants c_1, c^′_1, c_2, c^′_2; the equalities (1.6) mean that the leftmost and rightmost corners of R belong to the graph of f; for any u ∈ [u_1, u_2], we have from (1.4):

f(u_1) − a(u − u_1) ≤ f(u) ≤ f(u_1) + a(u − u_1)

so that c_1 = f(u_1) + au_1 ≤ f(u) + au, f(u) − au ≤ f(u_1) − au_1 = c^′_2,

and similarly with c_2 and c^′_1, so that (u, f(u)) ∈ R. In other words, (1.4) ensures that the portion of the graph of f corresponding to u_1 ≤ u ≤ u_2 is entirely contained in R. Of course this invariant region R does not depend on ϵ, and therefore: ∀ϵ > 0, ∀x ∈ IR, ∀t ≥ 0 : (u^ϵ(x, t), v^ϵ(x, t)) ∈ R (1.7) 2 The convergence of the relaxation process

The proof of the second assertion of theorem (1.1) will be done in four lemmas. It is based as in [4, 3] on the use of compensated compactness, via the construction of particular entropy-flux pairs for the system (1.2). For general background on compensated compactness we refer the reader for instance to [10, 11, 8]. >From here on, we will assume u_0 to be bounded:

u_1 ≤ u_0(x) ≤ u_2 ∀x ∈ IR,

the region R will be defined as in the preceding section (i.e., via (1.6) and (1.5)), and we will assume the subcharacteristic condition to hold true:

∀u ∈ [u_1, u_2] : −a < f^′(u) < a. (2.1)

The first lemma shows how to extend arbitrarily given entropy-flux pairs (η^∗, q^∗) for the original equation to entropy-flux pairs for the relaxed system which coincide with (η^∗, q^∗) on the equilibrium curve. The explicit construction of a particular pair is given in [6]

Lemma 2.1 Let (η^∗, q^∗) be an entropy-flux pair for the equation (1.1); then if the subcharacteristic condition (2.1) is satisfied, there exists a unique entropy-flux pair (η, q) for the relaxed system (1.2) satisfying:

∀u ∈ [u_1, u_2] : η(u, f(u)) = η^∗(u), q(u, f(u)) = q^∗(u), (2.2) and this pair also satisfies:

∀u ∈ [u_1, u_2] : η_v(u, f(u)) = 0, (2.3) min_R η_{vv} ≥ K min_{[u1,u2]} d^2η^∗ d^2u

(2.4)

for some positive constant K. In particular η is uniformly convex if the same property holds for the original entropy η^∗.

Proof.

An entropy-flux pair (η, q) for the relaxed system (1.2) must satisfy a^2η_v = q_u, η_u = q_v, so that η must satisfy the wave equation η_{uu} = a^2η_{vv}. Let us remark that the equilibrium curve {(u, v) : v = f(u)} is not characteristic for the Cauchy problem associated to this wave equation, if and only if we have f^′(u)^2 ≠ a^2 for all u. In other words, the condition (2.1) garantees that the equilibrium curve is space-like for this wave equation, so that prescribing data on this curve leads to a well-posed Cauchy problem. In this case η must take the form: η(u, v) = η_1(v + au) + η_2(v − au), and in view of the extension conditions (2.2) we must have: η_1(f(u) + au) + η_2(f(u) − au) = η^∗(u), aη_1(f(u) + au) − aη_2(f(u) − au) = q^∗(u), (2.5)

or equivalently:

2aη_1(f(u) + au) = aη^∗(u) + q^∗(u), −2aη_2(f(u) − au) = −aη^∗(u) + q^∗(u). (2.6)

>From the condition (2.1) we see that the functions u → f(u) ± au are strictly increasing on the interval [u_1, u_2], in such a way that the preceding system uniquely defines the functions η_1 and η_2. Differentiating (2.5) with respect to u we obtain:

(f^′(u) + a)η^′_1(f(u) + au) + (f^′(u) − a)η^′_2(f(u) − au) = η^{∗′}(u), (2.7) a[(f^′(u) + a)η^′_1(f(u) + au) − (f^′(u) − a)η^′_2(f(u) − au)] = q^{∗′}(u), (2.8) i.e.:

(f^′(u)^2 − a^2)[η^′_1(f(u) + au) + η^′_2(f(u) − au)] = 0, which gives (2.3). Combining this last relation to (2.7) we obtain: 2aη^′_1(f(u) + au) = η^{∗′}(u), and differentiating this last relation yields: 2a(f^′(u) + a)η^{′′}_1 (f(u) + au) = η^{∗′′}(u).

The inequality (2.4) now follows, in view of the condition (2.1), and the surjectivity of the function u → f(u) + au. This concludes the proof of Lemma 2.1. Let us mention that the explicit construction of a particular pair may be found in [6]. The next lemma gives an energy estimate for the deviation from local equilibrium in the relaxed system:

Lemma 2.2 Let (u^ϵ, v^ϵ) be the (unique) solution to the relaxed system (1.2) obtained in section 1, and for fixed T > 0 let Q_T denote IR × [0, T ]; then we have:

||f(u^ϵ) − v^ϵ||_L2_{(QT )} = O( √ ϵ). Proof.

Let (η, q) be an entropy-flux pair for the relaxed system, satisfying the following inequalities:

η ≥ 0 in R (2.9) C := min_R η_{vv} > 0, η_v(u, f(u)) = 0 ∀u ∈ [u_1, u_2]; (2.10)

such a pair may be obtained by applying Lemma 2.11 to a strictly convex entropy η^∗, and adding if necessary an appropriate constant to the resulting η. Multiplying the first equality in (1.2) by η_u(u^ϵ, v^ϵ), the second by η_v(u^ϵ, v^ϵ) and adding, we obtain:

∂_tη(u^ϵ, v^ϵ) + ∂_xq(u^ϵ, v^ϵ) = 1 ϵ η_v(u^ϵ, v^ϵ)(f(u^ϵ) − v^ϵ).

Integrating over Q_T we obtain: ∫ IR η(u^ϵ(x, T ), v^ϵ(x, T )) dx − ∫ IR η(u^0(x), v^0(x)) dx = 1 ϵ ∫ QT η_v(u^ϵ, v^ϵ)(f(u^ϵ) − v^ϵ) dt dx, and therefore: 1 ϵ ∫ QT η_v(u^ϵ, v^ϵ)(v^ϵ − f(u^ϵ)) dt dx ≤ ∫ IR η(u^0(x), v^0(x)) dx. (2.11)

For (u^ϵ, v^ϵ) ∈ R we have:

η_v(u^ϵ, v^ϵ) = (v^ϵ − f(u^ϵ))η_{vv}(α_ϵ, β_ϵ) for some (α_ϵ, β_ϵ) ∈ R (since R is convex), and thus: η_v(u^ϵ, v^ϵ)(v^ϵ − f(u^ϵ)) ≥ C|v^ϵ − f(u^ϵ)|^2. This last inequality combined to (2.11) shows that the quantity^{1√}_ϵ (v^ϵ − f(u^ϵ)) is bounded in L^2(Q_T ) independently of ϵ.

Lemma 2.3 Let us define g by g(u) := ∫ u 0 (f^′)^2(s) ds. Let (u^ϵ, v^ϵ) be the solution to the relaxed system. Then for the pair (f, g) or more generally for any entropy-flux pair (η^∗, q^∗) of (1.1) the sequences α^ϵ := ∂_tu^ϵ + ∂_xf(u^ϵ), (2.12) and β^ϵ := ∂_tη^∗(u^ϵ) + ∂_xq^∗(u^ϵ) (2.13) lie in a strongly compact subset of the negative Sobolev space H^{−1}_{loc} (Q_T ). Moreover the limit of (a subsequence) (β^ϵ) is nonnegative if η^∗ is convex.

Proof.

First we have α^ϵ := ∂_tu^ϵ + ∂_xf(u^ϵ) = ∂_tu^ϵ + ∂_xv^ϵ + ∂_x(f(u^ϵ) − v^ϵ), (2.14) which implies the compactness of (α^ϵ) by Lemma 2.2. By Lemma 2.1 we extend the pair (η^∗, q^∗) to the entropy-flux pair (η, q) := (f, g) for the relaxed system, to get

β^ϵ := ∂_tη(u^ϵ, f(u^ϵ)) + ∂_xq(u^ϵ, f(u^ϵ)) = ∂_tη(u^ϵ, v^ϵ) + ∂_xq(u^ϵ, v^ϵ) +∂_t(η(u^ϵ, f(u^ϵ)) − η(u^ϵ, v^ϵ)) + ∂_xq(u^ϵ, f(u^ϵ)) − ∂_xq(u^ϵ, v^ϵ)).

(2.15)

By Lemma 2.2 the last two quantities are strongly compact in H^{−1} since their norms in this space are of order ϵ^{1/2}. On the other hand the first term in the right-hand side of (2.14) satisfies ∂_tη(u^ϵ, v^ϵ) + ∂_xq(u^ϵ, v^ϵ) = 1 ϵ η_v(u^ϵ, v^ϵ)(f(u^ϵ) − v^ϵ) (2.16) which is bounded in L^1 by Lemma 2.2. The result follows from Murat’s Lemma [9]. Moreover we see from (2.3) and (2.4) that the right-hand side of (2.16) is nonnegative if η^∗ is convex. Lemma 2.4 Assume there is no interval on which f is affine. Then for any finite p we have, at least at least for a subsequence, (u^ϵ, v^ϵ) → (u, f(u)) inL^p(Q_T ) × L^2(Q_T ) (2.17) where u is the unique admissible weak solution to (1.1). Proof.

Let ν_{x,t} denote the Young measure associated to the sequence (u^ϵ). Using the div-curl Lemma we obtain almost everywhere and for any k in IR < ν_{x,t}, (s − k)(g(s) − g(k)) − (f(s) − f(k))^2 > = < ν_{x,t}, s − k >< ν_{x,t}, g(s) − g(k) > − (< ν_{x,t}, f(s) − f(k) >)^2. (2.18) Choosing now k =< ν_{x,t}, s >= u(x, t), we see that the right-hand side of (2.18) is nonpositive. On the other hand, ν_{x,t} is nonnegative and we recall that g^′ = (f^′)^2. Therefore the left-hand side of (2.15) is nonnegative, since by Cauchy-Schwarz inequality (f(s) − f(k))^2 = ( ∫ s k f^′(y)dy)2 ≤ (s − k)(g(s) − g(k)). (2.19) We also remark that the equality in (2.19) is only possible either if s = k or if f is affine on the interval [k, s]. We have thus proved that the left-hand side of (2.18) vanishes. Consequently the support of the Young measure ν_{x,t} satisfies almost everywhere supp(ν_{x,t}) ∈ {s ∈ IR/h(x, t, s) := (g(s) − g(k))^2 − (s − k)(f(s) − f(k)) = 0} In any case that implies < ν_{x,t}, f(s) − f(k) >= 0. In other words, even if the convergence were weak we would have f(u^ϵ) → f(u) inL^∞weak − star, and therefore v^ϵ → f(u) inL^∞weak − star, since v^ϵ − f(u^ϵ) → 0inL^2

(strongly). Here, since there is no interval on which f is affine, then by (2.19) ν_{x,t} is a family of delta-functions. Therefore u^ϵ → u inL^p for any finite p, and similarly v_ϵ → f(u). Finally, this strong convergence implies by Lemma 2.3 that u satisfies the Lax entropy condition and therefore is the unique admissible weak solution to (1.1).

3 Application to gaseous chromatography

3.1 Introduction and the simplest relaxation

In this section we present a physical model which motivated our study, and to which the general framework of section 1 may be applied. The physical situation we are interested in is gaseous chromatography. Let us consider a one-dimensionnal pipe filled with solid porous material; assume that a gas is injected in this column, and is not in chemical equilibrium with the solid. For simplicity we will assume that the chemical reactions between the gas and the solid amount to the exchange of one chemical species; we will denote by m_f , m_s respectively, the concentrations of this species within the gas and the solid. The other physical parameters are p, the porosity of the column (0 < p < 1), and c, the velocity of the gas. These two parameters will be taken constant for simplicity. The mass conservation equation for the chemical species then reads:

p∂_tm_f + (1 − p)∂_tm_s + pc∂_xm_f = 0. (3.1)

Another equation is needed to compute the time evolution of the quantities m_f , m_s. The traditional assumption of“local equilibrium" asserts that the chemical kinetics are significantly faster than the hydrodynamical effects, so that the two phases can be assumed to be in local chemical equilibrium at any point. The chemical potentials of the species in the two phases will therefore be equal:

μ_f (m_f ) = μ_s(m_s),

which yields an explicit relation (the so-called“isotherm"):

m_f = f(m_s). (3.2)

Combining (3.1) and (3.2) we obtain a nonlinear transport equation which can be used to compute the functions m_f (x, t) and m_s(x, t). For more details on this model we refer the reader to [2, 1]. It is clear from physical considerations that the function f should be strictly increasing, and so (3.1)-(3.2) may be recast in the form of a standard hyperbolic equation:

∂_tm_s + ∂_xϕ(m_s) = 0,

where the function ϕ satisfies:

ϕ^′(m_s) = pcf^′(m_s) 1 − p + pf^′(m_s)

Our convergence result may then be applied to the relaxed system:

∂_tm^ϵ_s + ∂_xm^ϵ_t = 0 ∂_tm^ϵ_t + a^2∂_xm^ϵ_s = 1 ϵ (ϕ(m^ϵ_s) − m^ϵ_t). (3.3)

However the physical meaning of the function ϕ is not clear (only ϕ^′ can be interpreted as a propagation velocity), in such a way that this relaxation may seem somewhat artificial; in the next subsection we present a more physical relaxation, and briefly indicate how the method of proof of the first section may be used to cover this case.

3.2 The relaxation based on particle derivatives

Let us set u = pm_f + (1 − p)m_s (the total concentration), and v = m_f . The problem may then be rewritten: ∂_tu + pc∂_xv = 0 v = f( u 1 − p − p 1 − p v). (3.4)

The local equilibrium curve given in the (m_s − m_f ) plane by (3.2) is now represented in the u − v plane by the second equation of (3.4); a natural way to relax this local equilibrium assumption is to replace this equality by a chemical kinetic equation specifying the material derivative of v (see [5]). This leads to the new relaxed system: ∂_tu + pc∂_xv = 0 ∂_tv + c∂_xv = 1 ϵ [f( u 1 − p − p 1 − p v) − v]. (3.5)

This system is not of the same type as the system (1.2); however we can briefly sketch how our method of proof may be applied here: let us assume that the equilibrium curve may be locally parametrized by a function v = V^∗(u); writing a Chapman-Enskog expansion for v in the form:

v = V^∗(u) + ϵv_1(u) + · · ·,

a little algebra shows that the first order approximation to (3.5) is: ∂_tu + pc∂_x[V^∗(u) − ϵc(1 − p)^2 f^′(w) (1 − p + pf^′(w))^3

∂_xu] = 0,

where for convenience we have set w = u − pv 1 − p . This equation is dissipative since f is strictly increasing. One can easily check that any given entropy pair for the equation (3.4) may be extended to yield an entropy pair for the system (3.5), the two pairs coinciding on the equilibrium curve. The key point here, which replaces the subcharacteristic condition of section 1, is the strict monotonicity of f. Again it can be checked that for this extension, the v−derivative of the entropy vanishes on the equilibrium curve, and this allows one to estimate the entropy production, thus getting the required compactness.

References

[1] B.Guy, M.Cournil, F.Conrad, and F.Kalaydjian. Chemical instabilities and shocks in a nonlinear convection problem issued from geology. In G.Nicolis and F.Baras, editors, Chemical Instabilities. D.Reidel, 1984.

[2] D.S.Korzhinskii. Theory of metasomatic zoning. Clarendon Press, Oxford, 1970. [3] G.Q.Chen, C.D.Levermore, and T.P.Liu. Hyperbolic conservation laws with stiff relaxation terms and entropy. Comm. Pure Appl. Maths, 46, 1994. to appear.

[4] G.Q.Chen and T.P.Liu. Zero relaxation and dissipation limits for hyperbolic conservation laws. Comm. Pure Appl. Math., 45:755–781, 1993.

[5] S.De Groot and D.Mazur. Nonequilibrium thermodynamics. North Holland, 1962. [6] S. Jin. A convex entropy for a hyperbolic system with relaxation. preprint. [7] K.N.Chueh, C.C.Conley, and J.Smoller. Positively invariant regions for systems of nonlinear diffusion equations. Indiana Univ. Math. Jour., 26:372–411, 1977.

[8] L.Tartar. Compensated compactness and applications to partial differential equations. In R.J.Knops, editor, Herriot-Watt Symposium, volume 4 of Research Notes in Mathematics, Nonlinear Analysis and Mechanics, pages 136–212, New-York, 1979. Pitman Press.

[9] F. Murat. L’injection du cône positif de h^{−1} dans w^{−1,q} est compacte pour tout q < 2. J.

Math. pures appl., 60:309–322, 1981.

[10] R. Di Perna. Convergence of approximate solutions to conservation laws. Arch. Rat. Mech.

Anal., 82:27–70, 1983.

[11] D. Serre. La compacité par compensation pour les systemes hyperboliques non linéaires de deux équations à une dimension d’espace. J. Math. Pures et Appl., 65:423–468, 1986.

[12] S.Jin. Runge-kutta methods for hyperbolic conservation laws with stiff relaxation terms. J.

Comp. Phys., 1995. to appear.

[13] S.Jin and C.D.Levermore. Numerical schemes for hyperbolic systems with stiff relaxation terms. J. Comp. Phys.

[14] S.Jin and Z.Xin. The relaxation schemes for systems of conservation laws in arbitrary space dimensions. Comm. Pure Appl. Maths, 1995. to appear.

[15] T.P.Liu. Hyperbolic conservation laws with relaxation. Comm. Math. Phys., 108:153–175, 1987.