Measure Solutions to the Linear Multi-dimensional Transport Equation with Non-smooth Coefficients

F. Poupaud and M. Rascle.

Laboratoire de Mathématiques, U.R.A. C.N.R.S. 168

Université de Nice, Parc Valrose B.P. 71, F06108 Nice Cédex 2

1 Introduction.

We are interested in the initial value problem ∂ ∂t u + div(a(t, x) u) = 0 in (0, +∞) × IR^n , (1.1)

u(0, x) = u_0(x) in IR^n . (1.2)

This is the familiar (multi-dimensional) linear transport equation, in conservation form. We are going to assume a very weak regularity on the coefficients

a ∈ L^1_{loc}(0, +∞; L^∞(IR^n))^n.

Obviously the characteristics X(t, x), given by dX dt = a(t, X(t, x)) , X(0, x) = x , (1.3) have to be defined in a generalized sense. We choose the construction of Filippov [10], which is classically used in the context of conservation laws, [6, 5]. Our definition requires the uniqueness of these generalized characteristics. To illustrate this point, let us consider the two following examples.

Example 1. Singular compressive case: n = 1, a(t, x) = −sign(x). Clearly the characteristics are given by

X(t, x) = (x + t).H(−x − t), x < 0 , (x − t).H(x − t), x > 0 , 0, x = 0 ,

(1.4)

and therefore are uniquely defined.

Example 2. Singular expansive case: n = 1, a(t, x) = +sign(x). Now the characteristics are given by

X(t, x) = (x − t), x < 0 , (x + t), x > 0 , ±(t − t^∗).H(t − t^∗), x = 0 , (1.5) where H is the Heaviside function and the switch time t^∗ is arbitrary in (0, +∞). Clearly the latter example is much more difficult, and our theory does not handle this case, as we will see in the next Sections.

The main result of this paper is actually obvious. It essentially consists in showing that the natural definition, given in Section 3

u(t, .) := X(t, .)(u_0) (1.6)

perfectly makes sense, as soon as the Filippov characteristics are uniquely defined. In other words, at time t the total mass in any Borel set B in IR^n is

u(t)(B) := u_0((X(t, .))^{−1}(B). (1.7)

This is exactly the physical meaning of the conservation law (1.1). Moreover this definition nicely preserves the total mass and the natural order on the space of measures, and therefore, thanks to an obvious extension of Crandall-Tartar’s lemma, is naturally associated to a semi-group of contractions in the space M_1 of bounded measures on IR^n.

We emphasize that there is no need here to define the product of distributions a u. A priori, this product is not defined in general. In particular, in the multi-dimensional case, the Hausdorff dimension of the set of singular points can be much too small to define this product a u by a BV theory à la Vol’pert, see [19], [11]. On the contrary, here, the measure solution is perfectly well defined, as soon as the Filippov characteristics are uniquely defined.

Let us also remark that the conservative equation (1.1), with discontinuous coefficients, naturally appears in nonlinear scalar equations or systems of conservation laws, for instance when deriving with respect to x the non-conservative equation satisfied by the Riemann invariants.

As we will see in Section 5 for the particular case of Burgers equation, “normal” equations (or systems) never involve wildly compressive cases as Example 1. (see however in Section 5 the case of a shock with u_+ < 0 < u_−). In contrast, non-strictly hyperbolic systems, for instance perfect plasticity, pressure-less gases etc... very often involve singular solutions, typically delta-functions, see several one-dimensional examples in [16], [15], [11], [17], [18]. For other recent works in this direction, see also [8], [7] and the references therein. Let us also remark that the method of ”sticky particles” used in [13, 4] is very similar to the notion introduced here. By the way, several of the above-mentioned papers are related to this system of pressure-less gases equations, which can be formally - but not rigorously ! - solved in two steps, by first solving Burgers equation ∂ ∂t v + ∂ ∂x (v^2/2) = 0,

and then solving the linear transport equation ∂ ∂t ρ + ∂ ∂x (ρ v) = 0, with a given discontinuous coefficient v.

We also note that in one space dimension the above equation implies the existence of a distribution Φ, (the Lagrangian mass coordinate, in this case) such that ρ = ∂ ∂x Φ, ρ v = − ∂ ∂t Φ, which is intensely used in some of the above-mentioned papers. We also have to compare the notion introduced here with other notions of solutions to the linear transport equation. First, so far we have only considered the conservative equation (1.1). However, our approach can be easily extended, on one hand to the more general case of a conservative equation with a zero-order term and a righthand side, see Theorem 3.3 below, and on the other hand to the non-conservative case, see Definition 3.3 below. Moreover, there are several other relations with the non-conservative equation ∂ ∂t u + a · ∇u = 0. (1.8)

First, in one space-dimension, we can pass from (1.8) to (1.1) by derivation with respect to x. In addition, the adjoint problem to the initial-value problem (1.1), (1.2) is precisely the backward problem associated to (1.8).

In the one-dimensional case, Bouchut and James, [2], [3] finally recover the same solution as the measure solution introduced here, but with a different view-point : namely they solve the conservative problem by considering the above adjoint problem, where the characteristics can be wildly expansive as in Example 2, and by defining a notion of (unique) “reversible” Lipschitz solution to this last problem. Let us also note that, contrarily to the renormalized solutions of [9], we have to assume the uniqueness of the (Filippov) characteristics, but these characteristics are defined everywhere, which is of course crucial if the initial datum is a measure. Besides, let us also mention a related functional approach in [14] for Vlasov equation, see also [12].

Finally, as we will see in Section 3, under suitable stability conditions there exists a representing function of the vector field a such that a(t, X(t; x)) = ∂ ∂t X(t; x) ∀x, a.e. t. This will allow us to define a posteriori a u in D^′(IR^{1+n}) by (see Section 3) << a u, φ >>= ∫ IR^n (∫ IR φ(t, X(t; x))a(t, X(t; x)) dt ) u_0(dx),

where << ., . >> denotes the duality with respect to (t, x).

The outline of the paper is the following : after this introduction we first recall the essential results of [10] and a few other basic facts in Section 2. Then we give the definition of measure solutions and the main properties in Section 3. Next we give a few examples and comments in Section 4. Finally we revisit Burgers equation in Section 5.

2 Basic facts.

In this section we recall the definition and the basic properties of the generalized solutions of ordinary differential equations as introduced by Filippov in [10]. Let a = a(t, x) ∈ IR^n be a given vector-field on IR^n. We assume: a ∈ [ L^1_{loc}(IR; L^∞(IR^n) ]n . (2.1)

For any scalar measurable function ϕ defined on IR^n, we define its essential minimum and maximum values at a point x by:

{m (ϕ)}(x) := sup_{r>0} ess inf_{y∈B(x;r)} ϕ(y), (2.2) {M (ϕ)}(x) := inf_{r>0} ess sup_{y∈B(x;r)} ϕ(y), (2.3)

where B(x; r) denotes the ball of radius r centered at x ∈ IR^n. More generally, let us define for almost all time t {Conv ess (a(t, .))}(x) := ∩_{r>0} ∩_{N, Meas(N )=0} Conv (a(t, B(x; r) \ N)) (2.4) where Conv(E) denotes the smallest closed convex set containing the set E. We first recall the essential definitions and results of [10].

Definition 2.1 [10] A generalized solution in the sense of Filippov or in short a Filippov characteristic X(t; s, x) issued from x ∈ IR^n at time s ∈ IR is a continuous function X(.; s, x) ∈ C^0(IR; IR^n) which satisfies X(s; s, x) = x ∂ ∂t X(t; s, x) ∈ {Conv ess (a)(t, .)}(X(t; s, x)) a.e. t ∈ IR. Remark 2.1 (i) The definition (2.4) is the definition of the ”essential convex hull” of a(t, x) given in [10]. In particular it is easy to see that the definition of characteristics is equivalent to asking that for any vector v ∈ IR^n we have ∂ ∂t X(t; s, x).v ≤ {M (a(t, .).v)}(X(t; s, x)) a.e. t ∈ IR. (2.5)

(ii) Throughout the paper, we will use the notation X(t; x) := X(t; 0, x). (iii) In view of condition (2.1) the characteristics are uniformly bounded in W^{1,1}_{loc} (IR) and therefore are equicontinuous.

The property (iii) is the key-point to prove the following theorem.

Theorem 2.1 [10] For every s ∈ IR and x ∈ IR^n, there is at least one Filippov characteristic X(t; s, x). Moreover if these characteristics are unique for t ≥ s then the flow, i.e. the map: (t, x) → X(t; s, x) is continuous on [s, +∞[×IR^n.

To prove the existence part of a solution, we mollify a by a non negative function and pass to the limit. The continuity is implied by the equicontinuity of the characteristics since every uniform limit of characteristics is also a characteristic. Filippov has given the following uniqueness criterion : let L(t, u) be a function of L^1(IR; L^∞(IR)) such that the only solution to ∂ ∂t u(t) = L(t, u(t)) a.e. t > s, u(s) = 0 (2.6)

is identically equal to 0. Theorem 2.2 [10] If a satisfies (a(t, x) − a(t, y)).(x − y) ≤ |x − y|L(t, |x − y|)a.e. t > s, x, y ∈ IR^n, (2.7) where L satisfies the above uniqueness property, then the characteristics are unique for t ≥ s.

We point out that (2.7) allows discontinuities of compressive type. Moreover the criterion holds true for n = 1 if a u = f(u) where u is the (unique) admissible solution to a scalar conservation law.

For sake of completeness we recall the main ingredient of the proof of [10]. Let X(t; s, x), Y (t; s, y) be two Filippov characteristics. Then we have ∂ ∂t (X(t; s, x) − Y (t; s, y))^2 = 2 ∂ ∂t X(t; s, x). (X(t; s, x) − Y (t; s, y)) − 2 ∂ ∂t Y (t; s, x). (X(t; s, x) − Y (t; s, y)) a.e. t ∈ IR. In view of (2.5) this leads to ∂ ∂t (X(t; s, x) − Y (t; s, y))^2 ≤ {M (a(t, .). (X(t; s, x) − Y (t; s, y)))} (X(t; s, x)) −2{m (a(t, .). (X(t; s, x) − Y (t; s, y)))} (Y (t; s, y)). But for almost all time t, for arbitrary ε > 0 there exists x_∗, y_∗ such that |X(t; s, x) − x_∗| ≤ ε, |Y (t; s, y) − y_∗| ≤ ε, (a(t, x_∗) − a(t, y_∗)).(x_∗ − y_∗) ≤ L(t, |x_∗ − y_∗|)|x_∗ − y_∗|, {M(a(t, .). (X(t; s, x) − Y (t; s, y)))} (X(t; s, x)) ≤ a(t, x_∗). (X(t; s, x) − Y (t; s, y))) + ε {m(a(t, .). (X(t; s, x) − Y (t; s, y)))} (Y (t; s, y)) ≥ a(t, y_∗). (X(t; s, x) − Y (t; s, y))) − ε.

We obtain: ∂ ∂t (X(t; s, x) − Y (t; s, y))^2 ≤ 2L(t, |x_∗ − y_∗|)|x_∗ − y_∗| + 4ε(1 + ‖a(t, .)‖_{L∞(}IRn_)). So in the case where L(t, .) is continuous, we take the limit ε → 0 and obtain ∂ ∂t (X(t; s, x) − Y (t; s, y))^2 ≤ 2L(t, |X(t; s, x) − Y (t; s, y)|)|X(t; s, x) − Y (t; s, y)| (2.8) In the general case, see [10], this expression has to be replaced by ∂ ∂t (X(t; s, x) − Y (t; s, y))^2 ≤ 2{M(L(t, .))} (|X(t; s, x) − Y (t; s, y)|) |X(t; s, x) − Y (t; s, y)|. Then the uniqueness result is obtained when x = y by comparing with (2.6).

We conclude this section with a result which shows that Filippov characteristics can be obtained as limit of smooth characteristics. Theorem 2.3 [10] Let a, a_k, k = 0, 1, ... be vector fields which satisfy (2.1) and assume that (i) a_k = b_k + r_k, with (ii) r_k → 0 in L^1(]0, T [; L^∞(IR^n))^n, and (iii) For a sequence ε_k → 0, and for any vector v ∈ IR^n, we have b_k(t, x).v ≤ ess sup_{y∈B(x;εk )}a(t, y).v a.e. t ∈]0, T [, a.e. x ∈ IR^n . Then if X_k(t; 0, x) is a Filippov characteristic associated to a_k, up to a subsequence it converges in C^0([0, T ]) towards a Filippov characteristic associated to a.

3 Measure Solutions.

Throughout this section we assume the uniqueness of the characteristics X(t; 0, x) for t ≥ 0. For instance this is the case if condition (2.7) is satisfied. It follows that the map X(t; x) := X(t; 0, x) belongs to C^0([0, ∞[×IR^n), so that for all t the map X(t) := x → X(t; x) is continuous on IR^n.

3.1 Definition and first properties In the sequel M_1(Ω) denotes the space of bounded measures on the open set Ω, Lip(Ω) denotes the space of Lipschitz functions and C^0_0 (IR^n) (resp. C^0_c (IR^n)) the space of continuous functions which tend to zero at infinity (resp. which have a compact support). We start with a classical result on the problem ∂ ∂t u + div(au) = 0, (3.1) u(t = 0, .) = u_0. (3.2) Theorem 3.1 Assume that a is smooth: a ∈ L^1_{loc}(]0, ∞[; C^1(IR^n))^n. (3.3) Then for every u_0 ∈ M_1(IR^n) there exists a unique distribution solution of (3.1), (3.2) in C^0([0, ∞[; M_1(IR^n) − weak∗), given by u(t) = X(t)(u_0). (3.4) The above equation (3.4) simply means that u(t) is the image of u_0 by the continuous map X(t) :

for any Borel set B, u(t)(B) = u_0(X(t)^{−1}(B)) or equivalently :

for any function φ ∈ C^0_0 (IR^n), < u(t, .), φ(.) >=< u_0(.), φ(X(t; .)) > . Let us denote by << ., . >> the duality product between distributions and testfunctions (or between measures and continuous functions) on ((0, +∞)×IR^n). Then for any φ ∈ C^0_c (IR^{1+n}) we can define: << u, φ >>=< u_0(.), ∫ ∞ 0 φ(X(t; .)) dt > . Proof of Theorem 3.1 If u is a solution then for every test function φ ∈ D(IR^{1+n}):

∫_+∞ 0 < u(t, x), ( ∂ ∂t φ + a.∇_xφ)(t, x) > dt+ < u_0(x), φ(0, x) >= 0. (3.5) A density argument shows that (3.5) remains true for any φ in

V = {φ ∈ C^0_c (IR^{1+n}), ∂ ∂t φ + a.∇_xφ ∈ C^0_c (IR^{1+n})}.

Indeed D(IR^{1+n}) is dense in V for the topology of L^1(IR; C^0_0 (IR^n)) if a satisfies (3.3), see [1]. So let ψ be any function of C^1_c (IR^{1+n}). We set: φ(t, x) = ∫_+∞ t ψ(s, X(s; t, x)) ds.

Since X(s; t, X(t; x)) = X(s; x) we have d dt [φ(t, X(t; x))] = ψ(t, X(t; x)) = ( ∂ ∂t φ + a.∇_xφ)(t, X(t; x)) ψ(t, x) = ( ∂ ∂t φ + a.∇_xφ)(t, x), for any t ∈ IR, x ∈ IR^n. Therefore φ ∈ V and (3.5) yields

∫_+∞ 0 < u(t, x), ψ(t, x) > dt =< u_0,

∫_+∞ 0 ψ(t, X(t; x)) >= ∫_+∞ 0 < u_0, ψ(t, X(t; x)) > dt which ends the proof.

The previous theorem shows that there is a natural extension to the concept of solution of (3.1) (3.2).

Definition 3.2 Let a be a vector field which satisfies (2.1) and such that the Filippov characteristics X(t; x) are unique for t ≥ 0. Then for every u_0 ∈ M_1(IR^n) the measure solution to (3.1), (3.2) is by definition

u(t) := X(t)(u_0).

Now we study the properties of measure solutions. We start with

Remark 3.2 Under the same assumption as in Definition 3.2, the characteristics X(t; s, x) are unique for t ≥ s ≥ 0 and the map x → X(t; s, x) is continuous and onto from IR^n to IR^n.

Using Theorem 2.1 we obtain the continuity of X(t; s, .). The existence of Filippov backward characteristics trivially implies that X(t; s, .) is onto. The semi-group properties of measure solutions are listed below. They are immediately obtained from Definition 3.2 and Remark 3.2.

Theorem 3.2 Under the same assumptions as in Definition 3.2 the unique measure solution u satisfies the following properties. (i) u(t) = X(t)(u_0) ∈ C^0([0, +∞[; M_1(IR^n) − weak∗), (ii) Monotonicity: u_0 ≥ v_0 implies X(t)(u_0) ≥ X(t)(v_0). (iii) Mass conservation: X(t)(u_0)(IR^n) = u_0(IR^n). (iv) Contraction property: |X(t)(u_0)|(IR^n) ≤ |u_0|(IR^n).

(v) Semi-group property: X(t; s)(X(s)(u_0)) = X(t)(u_0) for any t ≥ s ≥ 0 and any u_0.

Proof The only property which is not obvious is the weak-star continuity of u(t). We first prove that the measure u(t) tends uniformly to 0 at infinity (compactness at infinity):

Lemma 3.1 Under the same assumption as in Definition 3.2, let

K(T ) = ∫ T 0 ‖a(t, .)‖_{L∞(}IRn_) dt then for any ε > 0 there exists R which depends only on u_0, ε and K(T ) such that for any t ∈ [0, T ] |X(t)(u_0)|(IR^n \ B_R) ≤ ε where B_R := B(0; R). Proof of Lemma 3.1 There exists R_0 such that |u_0|(IR^n \ B_{R0} ) ≤ ε. We remark that |X(t; x) − x| ≤ ∫ t 0 ‖a(s, .)‖_{L∞(}IRn_) ds ≤ K(T ) for t ∈ [0, T ]. Consequently, |X(t; x)| ≥ R_0 + K(T ) = R implies |x| ≥ R_0. Therefore, using the obvious property (iii) in Proposition 3.2 below, we clearly have |X(t)(u_0)|(IR^n \ B_R) ≤ |u_0|(IR^n \ B_{R0} ) ≤ ε.

We can now prove the weak-star continuity of u(t).

Let η ∈ D(IR^{1+n}), 0 ≤ η ≤ 1, with η = 1 on B_1. We set u_R(t)(.) = η(./R)u(t)(.). In view of the previous lemma u_R(t) → u(t) in M_1(IR^n) uniformly on [0, T ]. So it is sufficient to prove the continuity of u_R. But X(t; x) → X(t_0; x) uniformly with respect to x when t → 0. So for any φ ∈ C^0_0 (IR^n), φ(X(t; x))η(X(t; x)/R) → φ(X(t_0; x))η(X(t_0; x)/R) uniformly with respect to x when t → 0. It follows that < u_R(t), φ >→< u_R(t_0), φ >, which concludes the proof of theorem 3.2.

3.2 General transport equations.

Naturally, we can also consider the more general problem ∂ ∂t u + div(a(t, x) u) + b u = f in (0, +∞) × IR^n , (3.6) u(0, x) = u_0(x) in IR^n , (3.7) with the same assumptions on a as in Definition 3.2 and for instance b ∈ L^1(0, +∞; C^0_b (IR^n)), (3.8) where C^0_b denotes the space of bounded continuous functions, and f ∈ L^1(0, +∞; M_1(IR^n)). (3.9) An obvious fixed point argument allows to show the following Theorem 3.3 Under the same assumptions as in Definition 3.2 and the above assumptions (3.8), (3.9), for every u_0 ∈ M_1(IR^n), Problem (3.6), (3.7) has a unique measure solution u ∈ C^0([0, +∞[; M_1(IR^n) − weak∗), implicitly given by Duhamel’s formula

u(t, .) = X(t)(u_0) + ∫ t 0 X(t − s)(f(s, .) − b(s, .)u(s, .)) ds. (3.10) This measure solution satisfies the same stability properties as in Theorem 3.6 and Proposition 3.1 below.

It is remarkable that the concept of measure solutions for the conservative transport equation also allows to obtain a natural way to define the solution to the problem ∂ ∂t u + a(t, x). ∇_xu = 0, (3.11) u(0, x) = u_0(x). (3.12) Indeed, let ρ(t) be the image by the flow X(t) of the Lebesgue measure. In other words, ρ is the measure solution to ∂ ∂t ρ + div (a(t, x)ρ) = 0,

ρ(0, x) = ρ_0(x).

Then, at least formally, we have: ∂ ∂t ρu + div (a(t, x)ρu) = 0, ρu(0, x) = u_0(x). Therefore ρu(t) is given by X(t)(u_0). It is easy to check that if u_0 ∈ L^1_{loc}(IR^n), then X(t)(u_0) is absolutely continuous with respect to ρ(t). This motivates the following Definition 3.3 Under the same assumption as in Definition 3.2, for any u_0 ∈ L^1_{loc}(IR^n) the “measure solution” u(t, .) to the non conservative problem (3.11), (3.12) is by definition the Radon-Nikodym derivative of X(t)(u_0) with respect to ρ(t). This measure is defined dρ(t) a.e. and is locally integrable with respect to ρ.

3.3 Definition of the product a ffl u We now turn back to the conservative problem (1.1), (1.2). If a is continuous we have for any time t ≥ 0 and any φ ∈ D(IR^n) < a u(t, .), φ(.) >=< u_0(.), a(t, X(t; .))φ(X(t; .)) > < a u, φ >=< u_0(x), ∂ ∂t X(t; x)φ(X(t; x)) > . (3.13)

Therefore, for any φ ∈ D((0, +∞) × IR^n) we have < div (a u)(t, .), φ(t, .) >= − < u_0(.), ∂ ∂t X(t; .)∇_xφ(t, X(t; .)) >

< div (a u)(t, .), φ(t, .) > = − < u_0(.),^d_{dt} φ(t, X(t; .)) > + < u_0(.),^∂_{∂t} φ(t, X(t; .)) > . Integrating the last equation with respect to time, we obtain << div (a u), φ >> =<< u_0(x) ⊗ 1(t),^∂_{∂t} φ(t, X(t; x)) >>=<< u(t, x),^∂_{∂t} φ(t, x) >> .

Therefore u is also a distribution solution. Starting from (3.13) we remark that in the general case we can always define the product a u in D^′((0, +∞) × IR^n) by << a • u, φ >>=< u_0(x), ∫_+∞ 0 ∂ ∂t X(t; x) φ(t, X(t; x)) dt > . (3.14) It is easy to check that the above duality product makes sense, since ∫_+∞ 0 ∂ ∂t X(t; x)φ(t, X(t; x)) dt is continuous with respect to x. Indeed the functions^∂_{∂t} X(.; x) are uniformly bounded with respect to x in L^1([0, T ]). Now, since X(.; x) → X(.; x_0) in C^0([0, T ]) when x → x_0, we have ∂ ∂t X(.; x) → ∂ ∂t X(.; x_0) in M_1([0, T ])weak∗ and φ(t, X(t; x)) → φ(t, X(t; x_0) in C^0([0, T ]).

Therefore the integral of the product with respect to t is continuous. We summarize these results in Theorem 3.4 With the same assumptions as in Definition 3.2 let us define the product a • X(t)(u_0) by (3.14). Then u = X(t)(u_0) satisfies (3.2) and ∂ ∂t u + div (a • u) = 0 in the distribution sense. Moreover if a is continuous with respect to x for almost all time t then this definition coincides with the usual definition of the product a u and X(t)(u_0) is a distribution solution of (3.1).

In the case where there the assumption (3.15) below is satisfied, we can be more precise.

Theorem 3.5 Let a be a vector field in [L^∞((0, T ) × (IR^n))]^n such that there exists a function α in L^1(0, T ) for which: (a(t, x) − a(t, y)).(x − y) ≤ α(t) |x − y|^2 a.e. t > s, x, y ∈ IR^n. (3.15) then there exists a representing function of a such that a(t, X(t; x)) = ∂ ∂t X(t; x) ∀x ∈ IR^n a.e. t ∈ (0, T ).

For this choice of the representing function the product a•u given in (3.14) coincides with the usual product << a • u, φ >>=< u_0(x), ∫_+∞ 0 a(t, X(t; x))φ(t, X(t; x)) > The proof of this result is postponed to the end of the next subsection.

3.4 Stability results.

We start with an easy consequence of Theorem 2.2.

Proposition 3.1 Let a_k and a be as in Theorem 2.2. We assume that the Filippov characteristics X_k and X associated to a_k and a are unique. Then for any u_0 ∈ M_1(IR^n) and any T > 0, the measures solutions u_k(t) = X_k(t)(u_0) converges in C^0([0, T ]; M_1(IR^n)weak − ∗) to the measure solution u(t) = X(t)(u_0).

Proof Let φ ∈ C^0_0 (IR^n), then φ(X_k(t, .)) → φ(X(t, .)) pointwise. So by Lebesgue theorem u_k(t) → u(t) in M_1(IR^n)weak − ∗. By Ascoli theorem it remains to prove that the sequence < u_k(t), φ > is equicontinuous on [0, T ]. Now the conditions (i), (ii) and (iii) of Theorem 2.2 imply that the sequence a_k is uniformly bounded in L^1((0, T ); L^∞(IR^n))^n. Therefore by Lemma 3.1 the sequence u_k(t) is uniformly compact at infinity, so that it is sufficient to consider the case where φ has a compact support. The result follows from the uniform continuity of φ and from the equicontinuity of X_k(t, .) with respect to time.

Remark 3.3 The above proposition shows that the measure solutions of Definition 3.2 can be obtained as limit of classical solutions in the distribution sense, for instance by using a sequence of mollifiers a_k(t, .) = a(t, .) ∗ ρ(k.)k^n.

Our main result is the following

Theorem 3.6 Let a_k be a sequence of uniformly bounded vector fields in the space

[L^1_{loc}(]0, ∞[; L^∞(IR^n))]^n

such that there exists a function α in L^1(0, T ) for which: (a_k(t, x) − a_k(t, y)).(x − y) ≤ α(t) |x − y|^2, a.e. t > s, x, y ∈ IR^n. (3.16) |a_k(t, x)| ≤ α(t), a.e. t > s, x, y ∈ IR^n. (3.17) Then for any u_0 ∈ M_1(IR^n) and any T > 0, there exists a subsequence of measure solutions u_k(t) = X_k(t)(u_0) which converges in C^0([0, T ]; M_1(IR^n)weak − ∗) to the measure solution u(t) = X(t)(u_0), where X is the unique Filippov flow associated to some a which satisfies (3.16) and (3.17).

Proof Using (3.16) and the same argument as in the proof of Theorem 2.2 we see that the characteristics are uniquely defined and satisfy: 1 2 ∂ ∂t |X_k(t; x) − X_k(t; y)|^2 ≤ α(t) |X_k(t; x) − X_k(t; y)|^2, a.e. t ∈ (0, T ), ∀ x, y ∈ IR^n, |X_k(t; x) − X_k(t; y)| ≤ C_T |X_k(s; x) − X_k(s; y)|, ∀ t ≥ s ∈ (0, T ), ∀ x, y ∈ IR^n.

Then (choosing s = 0) X_k is Lipschitz with respect to x with a Lipschitz constant at most equal to C_T . Using (3.17) we also obtain | | ∂ ∂t X_k(t; x) | | ≤ α(t), a.e. t ∈ (0, T ) ∀ x ∈ IRn, |X_k(t; x) − X_k(s; x)| ≤ ∫ t s α(τ) dτ, ∀ t ≥ s ∈ (0, T ), ∀ x ∈ IR^n. Therefore the family (X_k) is equicontinuous with respect to t and x, and bounded, since all the images X_k(t, .)(B_R) are contained in B_{R+L}, with L = ∫ T 0 α(τ) dτ. Therefore there exists a subsequence, still denoted by X_k, which converges (uniformly on every compact subset of [0, T ] × IR^n) to some continuous function X. This function X satisfies:

X(0; x) = x, ∀t ∈ [0, T ], X(t; .) is onto from IR^n to IR^n, (3.18) 1 2 ∂ ∂t |X(t; x) − X(t; y)|^2 ≤ α(t) |X(t; x) − X(t; y)|^2, a.e. t ∈ (0, T ) ∀ x, y ∈ IR^n, (3.19)

|X(t; x) − X(t; y)| ≤ C_T |X(s; x) − X(s; y)|, ∀ t ≥ s ∈ (0, T ), ∀ x, y ∈ IR^n,(3.20) | | ∂ ∂t X(t; x) | | ≤ α(t), a.e. t ∈ (0, T ) ∀ x ∈ IRn, (3.21)

|X(t; x) − X(s; x)| ≤ ∫ t s α(τ) dτ, ∀ t ≥ s ∈ (0, T ), ∀ x ∈ IR^n. (3.22) Here, in order to see that X(t, .) is onto, we have simply observed that for any t ∈ [0, T ] and any y ∈ IR^n there is x_k ∈ B(y; L) such that X_k(t, x_k) = y. Therefore, at least for a subsequence, x_k → x and X(t, x) = y. The estimate (3.19) is obtained by passing to the limit in the term^∂_{∂t} |X_k(t; x) − X_k(t; y)|^2 in D^′(IR^{1+n}), which is easy, in view of the strong convergence of X_k.

Now with the same arguments as in Proposition 3.1 and Lemma 2.3, it is easy to see that u_k(t) = X_k(t)(u_0) converges in C^0([0, T ]; M_1(IR^n)weak − ∗) to u(t) = X(t)(u_0) . It is more difficult to show that X is the Filippov flow corresponding to some vector field a.

In order to do that, we first remark that in view of (3.20) the forward characteristics t → X(t; x) are uniquely defined. Therefore, for any y ∈ IR^n and any s ∈ [0, T ] we can define X(t; s, y) = X(t; x) for t ≥ s, where x is a point such that X(s; x) = y. Obviously, in case of non-uniqueness, this definition does not depend on the choice of point x. Now for any h > 0 let us introduce : a_h(s, y) := X(s + h; s, y) − y h , ∀s ∈ [0, T − h], ∀y ∈ IR^n.

We observe that: a_h(t, X(t; x)) = X(t + h; x) − X(t; x) h = ∫_1 0 ∂ ∂t X(t + hτ, x) dτ. (3.23) In view of (3.21), for all x, a_h(., X(., x)) converges in L^1(0, T^′), T^′ < T to^∂_{∂t} X(., x). Moreover, for every T^′ < T , ∫ T ′ 0 |a_h(t, X(t; x)) − ∂ ∂t X(t; x)|dt ≤ 2 ∫ T 0 α(t)dt. Therefore, by Lebesgue Theorem, a_h(., X(., x)) converges in L^1_{loc}((0, T^′)×IR^n), T^′ < T . and satisfies (at least for a subsequence a_j := a_{hj} ) a_j (t, X(t; x)) → ∂ ∂t X(t; x) ∀(t, x) ∈ ([0, T^′] × IR^n) \ N

where N is a null-set of ([0, T^′] × IR^n). We now use the following lemma, whose proof will be given below.

Lemma 3.2 Let X : [0, T ] × IR^n → IR^n be a continuous map such that X(t, .) is Lipschitz for all t ∈ (0, T ). Then (t, x) → (t, X(t, x)) maps null-sets of [0, T ] × IR^n into null-sets.

Now let N^′ be the image of N by the map (t, x) → (t, X(t, x)). Then N^′ is also a null-set. Moreover, since the previous map is onto we remark that a_j (t, y) converges on ([0, T^′]×IR^n)\N^′. Let us denote by a this limit (a is defined almost everywhere). We have: a_j(t, y) → a(t, y) ∀(t, y) ∈ ([0, T^′] × IR^n) \ N^′, a(t, X(t, x)) = ∂ ∂t X(t; x) ∀(t, x) ∈ ([0, T^′] × IR^n) \ N. Clearly, a satisfies (3.16) and (3.17), in view of (3.19) and (3.21). More precisely we get: (a(t, y) − a(t, z)) .(y − z) ≤ α(t)|y − z|^2 ∀(t, y, z) ∈ (0, T^′) × IR^{2n} such that (t, y) /∈ N^′, (t, z) /∈ N^′, and t /∈ M |a(t, y)| ≤ α(t) ∀(t, y) ∈ (0, T^′) × IR^n such that (t, y) /∈ N^′, and t /∈ M

where M is a null-set of (0, T^′). So let Y be the unique Filippov flow associated to a. It remains to prove that Y = X. We have 1 2 ∂ ∂t |X(t; x) − Y (t; x)|^2 = a(t; X(t; x)).(X(t; x) − Y (t; x)) −^∂_{∂t}Y (t; x).(X(t; x) − Y (t; x)) , ∀(t, x) ∈ ([0, T^′] × IR^n) \ N

But ∂ ∂t Y (t; x).(X(t; x) − Y (t; x)) ≥ {m (a(t; .).(X(t; x) − Y (t; x))}(Y (t; x)) a.e. t ∈ (0, T^′). We remark that N^′_t = {y; (t, y) ∈ N^′} is a null-set of IR^n, for almost all time t. Therefore, almost everywhere in time, i.e. ∀t ∈ (O, T^′) \ M^′ (where M^′ is a null-set) and for any ε > 0 there exists y_∗ such that (t, y_∗) /∈ N^′ and |Y (t; s, y) − y_∗| ≤ ε, m{(a(t, .).(X(t; s, x) − Y (t; s, y)))}(Y (t; s, y)) ≥ a(t, y_∗). (X(t; s, x) − Y (t; s, y))) − ε. We thus obtain, ∀(t, x) ∈ [0, T^′] × IR^n \ N, with t /∈ M^′ : 1 2 ∂ ∂t |X(t; x) − Y (t; x)|^2 ≤ (a(t; X(t; x)) − a(t, y_∗)) .(X(t; x) − y_∗) +(a(t; X(t; x)) − a(t, y_∗)).(y_∗ − Y (t; x)) + ε, For t /∈ M, t /∈ M^′ and (t, x) /∈ N the above inequality implies 1 2 ∂ ∂t |X(t; x) − Y (t; x)|^2 ≤ α(t)|X(t; x) − Y (t; x)|^2 + (1 + 2α(t))ε. We conclude that 1 2 ∂ ∂t |X(t; x) − Y (t; x)|^2 ≤ α(t)|X(t; x) − Y (t; x)|^2, a.e. (t, x) ∈ [0, T^′] × IR^n, which shows that X(t; .) = Y (t; .) in L^2_{loc} for almost all t. Now since X and Y are continuous with respect to t and x we conclude that X = Y . Proof of Lemma 3.2 For each time t the map x → X(t; x) is Lipschitz and therefore maps null-sets of IR^n into null-sets. Now if N is a null-set of (0, T ) × IR^n then N_t = {x; (t, x) ∈ N} is also a null-set of IR^n for almost all t ∈ (0, T ). Therefore N^′_t = {X(t; x); (t, x) ∈ N} is a null-set of IR^n for almost all t ∈ (0, T ). Consequently N^′ = {(t, X(t; x)); (t, x) ∈ N} is a null-set of (0, T ) × IR^n. Proof of Theorem 3.5 Since a is bounded the characteristics are Lipschitz with respect to time. Therefore a_h(t, X(t; x)) defined by (3.23) converges for all x almost everywhere in time. The limit of a_h gives the correct representing function of a.

4 Examples and Comments.

We first come back to the examples of Section 1. We will essentially describe the solution in the case where the initial datum u_0 is a L^1_{loc} function. Apart from

Example 2, which is precisely the case where our theory does not apply, the extension to the general case is obvious. Example 1: n = 1, a(t, x) = −sign(x).

Here, the Filippov characteristics are defined by (1.4). Therefore, the solution u is uniquely defined by (1.6) or (1.7). In particular, for any t > 0 and a < b

u(t)([a, b[) = ∫ b−t a−t u_0(x) dx if a < b < 0, ∫ b_+t a+t u_0(x) dx if 0 < a < b, ∫ b_+t a−t u_0(x) dx if a < 0 < b. (4.1)

Therefore if u_0 ∈ L^1_{loc}(IR) then

u(t, x) = u_0(x − t). H(−x) + u_0(x + t). H(x) + ( ∫ x_+t x−t u_0(y)dy ). δ(x). (4.2)

This formula has an obvious extension to the case where u_0 is an arbitrary measure. In particular if u_0 = δ(x) then u(t, x) = δ(x) for all t > 0. Example 2: n = 1, a(t, x) = +sign(x).

Now the Filippov characteristics, given by (1.5) are no longer uniquely defined. Therefore our definition does not handle this case. For any t > 0 any Borel set B ⊂ [−t, +t] emanates from the same”father” {0}. For this reason, u(t) defined by (1.7) is no longer additive. For instance at time t > 0 the disjoint intervals I = [−2t, t/3] and J = [2t/3, 2t] satisfy

u(t)(I) + u(t)(J) = u_0([−t, 0]) + u_0([0, t]). (4.3)

whereas u(t)(I ∪ J) = u_0([−t, +t]). (4.4)

In other words, in (4.3) we count twice the initial mass at the origin in (4.3) and only once in (4.4). Clearly this difficulty vanishes if u_0 ∈ L^1_{loc}(IR) or more generally if u_0({0}) = 0, (4.5)

Let us also remark that, in this particular case, the unique“reversible” solution to the non-conservative equation ∂ ∂t v + a ∂ ∂x v = 0, introduced in [2], [3] would be constant in the fan (tx); |x|/t ≤ 1. Therefore, its derivative u with respect to x would vanish in this fan, which exactly corresponds to the above case, and therefore to the unique solution to (1.1) which preserves the total mass. Example 3: n = 1, a(t, x) = sign(x). sign(t − t^∗), t^∗ > 0. There is no hope to construct a unique solution, since by (4.2) u(t^∗, .) has a singular part at the origin and therefore cannot satisfy the analog of (4.5). We now turn to a few multi-dimensional examples.

Example 4: n = 2, a(t, x) = (1, −sign(x_2)). Here the characteristics are uniquely defined by

X_1(t, x_0) = x_{0,1} + t,

X_2(t, x_0) =

(x_{0,2} + t).H(−x_{0,2} − t) , x_{0.2} < 0, (x_{0,2} − t).H(+x_{0,2} − t) , x_{0.2} > 0, 0 , x_{0.2} = 0.

(4.6)

Therefore the measure solution associated to any u_0 ∈ L^1_{loc}(IR) is given by

u(t, x_1, x_2)) = u_0(x_1 − t, x_2 − t).H(−x_2) + u_0(x_1 − t, x_2 + t).H(−x_2) + ( ∫ x_1 x_1−t ∫ x_1−y_1 y_1−x_1 u0(y1, y2) dy1dy2) H(x1). δ(x2). (4.7)

Example 5: n is arbitrary, a(t, x) = −|x|^{α−1}x, |; α < 1. The characteristics are uniquely defined by

X(t, x_0) = (|x_0|^{1−α} − (1 − α)t)^{1/(1−α)}. x_0/|x_0|. (4.8)

They reach the origin at time t if and only if

|x_0| = r(t) := ((1 − α)t)^{1/(1−α)}

Therefore the unique measure valued solution associated to any locally integrable function u_0 can be easily computed. We leave that to the reader. Remark 4.1.

(i) We could of course consider more complicate examples, for instance Example 6: n = 2, a(t, x) = −|x|^{α−1}x + x^⊥, α < 1, x^⊥ := (−x_2, x_1). Example 7: n = 3, a(t, x) = (−|x^′|x^′, 1), α < 1, x^′ := (x_1, x_2).

(ii) In the above examples, the solution typically contains a singular measure, concentrated on a set of points where the vector-field a is at least discontinuous. Therefore in general the product of distributions a u is not a priori defined. However, except in Examples 2 and 3, this product is in fact perfectly well defined by the results of Section 3. In particular, we can easily see in Example 1 or 5 that the product a u_s (where u_s is the singular part of u) is perfectly well defined, and in fact is 0, since in either case the part of the solution which has already concentrated at time t will keep traveling with a zero speed. This is exactly the physical meaning of Theorem 3.4.

(iii) In particular, if a is discontinuous and compressive across a co-dimension 1 manifold, as in the above examples 1 and 4, we see that the”shock speed” is only governed by the vector-field a, and is independent of the solution. Moreover as in examples 5, 6 and 7, the co-dimension of the set of singular points can be strictly bigger than 1. Therefore the notion of Rankine-Hugoniot condition is totally irrelevant here.

(iv) In [9], DiPerna and Lions studied the more general non-conservative transport equation ∂ ∂t u + a(t, x).∇u + b(t, x)u = 0. (4.9)

Under suitable hypotheses of regularity, essentially assuming that

a ∈ L^1(0, T ; (W^{1,1}_{loc} (IR^n))^n) (4.10) and div a ∈ L^1(0, T ; L^∞(IR^n)), (4.11)

they proved that (4.9) as well as the associated ordinary differential equation (1.3) has a unique renormalized solution. The corresponding trajectories are defined for all t, but only almost everywhere with respect to x. Therefore on one hand the characteristics cannot intersect as in the above examples. On the other hand, since the characteristics are not defined everywhere, it would be impossible to construct a solution associated to a singular initial datum u_0. We now take a look at the inviscid Burgers equation.

5 Burgers Equation revisited.

We consider the one-dimensional case and rewrite this equation under the form ∂ ∂t u + ∂ ∂x ((u/2) u) = 0 , x ∈ IR. (5.1)

It is interesting to remark that the natural speed of propagation in (5.1) is u/2 and not u as usually.

We consider the Riemann problem

u(0, x) = u_± for ± x > 0. (5.2)

Let us define a(t, x) = u(t, x)/2 = u_±/2 for ± (x − st) > 0. (5.3) We are going to show that even in the case of a rarefaction wave, the Filippov characteristics, and therefore the measure solution ũ is well defined.

Theorem 5.1 (i) The Filippov characteristics associated to (5.3) are unique. Therefore there exists a unique measure solution ũ to (5.1), (5.2). (ii) This measure solution ũ has no singular part and

ũ = u. (5.4)

In other words the two natural notions of solutions coincide.

Proof.

We study separately the two cases.

5.1 The case of a shock.

We first assume u_+ < u_−.

The usual solution u to (5.1), (5.2) consists of a single shock wave, with speed

s = (u_+ + u_−)/2.

(i) We first describe the Filippov characteristics. They are given by (1.3), (5.3). There are three cases.

Case 1: u_+ < 0 < u_−.

That implies u_+/2 < s < u_−/2. In this case the Filippov characteristics are compressive, and therefore unique.

Case 2: 0 < u_+ < u_− (or u_+ < u_− < 0).

In this case the u_+/2 characteristics enter the shock and the u_−/2 characteristics leave it. Therefore they are not compressive. However, by (2.7) they are uniquely defined, since (a(t, x) − a(t, y)).(x − y) ≤ (u_+ − u_−).|x − y|/2 ≤ 0. Case 3: u_+ = 0 < u_− (or u_+ < u_− = 0).

Obviously the u/2 characteristics are still uniquely defined.

(ii) It is interesting to remark that a shock wave for the Burgers equation is not compressive in the sense defined here, except in the first case! Now let us describe the measure solution ũ in each case.

Case 1: As in (4.2) the solution is given here by ũ(t, x) = u_−.H(−x + st) + u_+.H(x − st) + ( ∫ x_+tu_+/_2 x−tu_−/2 u_0(y)dy).δ(x − st). (5.5) But we note that for x = st the above integral is

−(s − u_−/2)tu_− + (s − u_+/2)tu_+ = 0.

Therefore (fortunately!) the singular term in (5.5) vanishes, which implies (5.4) in this first case. Remark 5.1 As we just said, the above singular term vanishes, provided that we are able to compute exactly the characteristic speed u/2. Of course, if that were not the case, any error in this computation would immediately produce a small (but non zero) delta-function in the solution, in other words would produce a numerical spike.

Case 2: The characteristics are given by

X(t, x_0) = x_0 + tu_−/2 for x_0 ≤ 0 , x_0 + tu_+/2 for 0 < t < 2x_0/u_− , (x_0(u_+ + u_−)/u_−) + (t − x_0/2u_−)u_−/2 for t > 2x_0/u_− > 0 .

Therefore, for any t > 0

(X(t, .))^{−1}(x) = x − tu_−/2 for x ≤ tu_−/2 < st , x − tu_+/2 for x ≥ st , (x − tu_−/2)(u_−/u_+) for tu_−/2 < x < st. In particular, the measure solution satisfies for any t > 0

ũ(t)([a, b[) = u_0( [ (X(t, .))^{−1}(a), (X(t, .))^{−1}(b) [ ) = (b − a)u_− for a < b < tu_−/2 , (b − a)u_+ for st ≤ a < b , u_+(b − a)u_−/u_+ for tu_−/2 ≤ a < b ≤ st, and the obvious combinations for an arbitrary interval. We deduce that ũ(t, x) = u_−.H(st − x) + u_+.H(x − st) = u(t, x). Case 3: This case is obvious. We leave it to the reader.

The second case is more surprising.

5.2 The case of a rarefaction.

We consider again the Riemann problem, but this time we assume

u_− < u_+.

Of course the classical solution u to (5.1), (5.2) is now a centered rarefaction wave. Clearly, the usual characteristics, given by dX dt = u(t, x) are not uniquely defined. However, the surprising thing is that the Filippov characteristics associated to (5.3) are well defined. Indeed, there are three cases.

Case 1. u_− < 0 < u_+.

The Filippov characteristics are given by

X(t, x_0) = x_0 + tu_−/2 for X ≤ tu_− , x_0 + tu_+/2 for tu_+ ≤ X , √ 2x_0 u_− .t for tu_− < X < 0 , √ 2x_0 u_+ .t for 0 < X < tu_+ .

(5.6)

We deduce from the above relations that for t > 0

(X(t, .))^{−1}(x) = x − tu_−/2 for x ≤ tu_− , x − tu_+/2 for tu_+ ≤ x ,

x^2 2tu− for tu− < x < 0 , x^2 2tu+ for 0 < x < tu+ . (5.7)

In particular, we deduce that for any t > 0 and tu_− < a < 0 < b < tu_+ ũ(t)([a, b[) = ∫ b2/_2tu_+ a^2/2tu_− u_0dy = −u_−. a^2/2tu_− + u_+. b^2/2tu_+ = −a^2/2t + b^2/2t = ∫ b a (x/t)dx. Therefore in this case we obtain (5.4).

Case 2. 0 < u_− < u_+ (or u_− < u_+ < 0).

For x_0 > 0 the Filippov characteristics are now given by

X(t, x_0) = x_0 + tu_−/2 for X ≤ tu_−/2 , x_0 + tu_+/2 for tu_+ ≤ X , √ 2x_0 u_+ .t for tu_− < X < tu_+ , (t − t_2)u_−/2 + u_−.2x_0u_+/(u^2_−) for tu_−/2 < X < tu_− .

Conversely,

(X(t, .))^{−1}(x) = x − tu_−/2 for x ≤ tu_−/2 , x − tu_+/2 for tu_+ ≤ x ,

x^2 2tu+ for 0 < x < tu+ , (x − tu_−/2)u_−/u_+ for tu_−/2 < X < tu_− . (5.8)

We easily check that the measure solution ũ still satisfies (5.4). In particular if tu_−/2 ≤ a < b ≤ tu_− then ũ(t)([a, b[) = ∫_(b−tu_−/_{2)}u_−/u_+ (a−tu−/2)u−/u+ u_0dy = (b − a)u_−. Case 3. u_− = 0 < u_+ or u_− < u_+ = 0.

We leave it to the reader.

Therefore the proof of Theorem 5.1 is complete. In some sense the above description says that the Burgers equation is really a conservation law!

References

[1] C. Bardos. Problémes aux limites pour les équations aux dérivées partielles du premier ordre. Ann. Sci. Ecole norm. sup., 4:185–233, 1969.

[2] F. Bouchut and F. James. Equations de transport unidimensionnelles à coefficients discontinus. C.R.A.S. Série 1, 320:1097–1102, 1995.

[3] F. Bouchut and F. James. One-dimensional transport equation with discontinuous coefficients. Preprint, 1996.

[4] Y. Brenier and E. Grenier. On the model of pressureless gases with sticky particles. CAM report, UCLA, 1994.

[5] C. M. Dafermos. Generalized characteristics in hyperbolic systems of conservation laws. Arch. Rat. Mech. Anal., 107:127–155, 1989.

[6] C.M. Dafermos. Characteristics in hyperbolic systems of conservation laws. In R.J. Knops, editor, Non-linear Analysis and Mechanics, volume 1, pages 1–58. Pitman, 1977.

[7] Xiaxi Din and Caizhong Li. Some results on generalized solutions defined by Lebesgue- Stieltjes integral for hyperbolic conservation laws. In Sixth International Conference on Hyperbolic Problems, Hong-Kong, To appear 1996.

[8] Xiaxi Ding. Theory of conservation laws in China. In J. Glimm, W. Graham anfd J.W. Grove, and B.J. Plohr, editors, Hyperbolic Problems : Theory, Numerics, Applications, pages 110–119. Stony Brook, World Scientific, 1994.

[9] R.J. DiPerna and P.L. Lions. Ordinary differential equations, transport theory and Sobolev spaces. Invent. Math, 98 :511–547, 1989.

[10] A. F. Filippov. Differential equation with discontinous right-hand side. Amer.

Math. Soc. Transl., 42:199–231, 1962.

[11] Ph. Le Floch. An existence and uniqueness result for two non strictly hyperbolic systems. Technical report, Centre de Mathématiques appliquées, Ecole Polytechnique, 1990.

[12] V. Galkin. Functional solutions to conservation laws. Sov. Phys. Dokl., 35(2):133–135, 1990.

[13] E. Grenier. Existence globale pour le système des gas sans pression. C.R.A.S.

Série 1, 321:171–174, 1995.

[14] J. Soler J.A. Carrillo. On functional kinetic equations of Vlasov type with bounded measures as initial data. Nonlinear Anal., to appear.

[15] B. Keyfitz and H. Kranzer. A viscosity approximation to a system of conservation laws with no classical Riemann solution. In Nonlinear hyperbolic problems, volume 1042 of Lecture Notes in Math., New York, 1989.

[16] D.J. Korchinski. Solution of a Riemann problem for a 2 × 2 system of conservation laws possessing no classical solution. PhD thesis, Adelphi university, 1977.

[17] J. Rauch and M.C Read. Nonlinear superposition and absorption of delta-waves in one space dimension. J. Funct. Anal., 73:158–178, 1987.

[18] D. Tan, T. Zhang, and Y. Zheng. Delta-shock waves as limits of vanishing viscosity method for hyperbolic systems of conservation laws. J. Diff. Eqns, 112:1–32, 1994.

[19] A.I. Volpert. The space BV and quasi-linear equations,. Math USSR Sbornik, 2:225–267, 1967.