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Lecture 1

Geometric control methods
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Control of an inverted pendulum
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Control systems

A general control system has the form
x = f(x, u)
where

@ x is the state in M
@ u is the control in U

Proposition

Under classical assumptions on the datas, for every x € M and
every measurable control u : [0, T] — U the Cauchy problem

{ x(t) = f(x(t), u(t)) ae tel0,T],
x(0) = x

admits a unique solution

x(-) =x(;x,u) : [0, T] — M.




Controllability issues

Given two points xq, xo in the state space M and T > 0, can
we find a control u such that the solution of

{ x(t) = f(x(t),u(t)) ae tel0,T]
x(0) = x;

satisfies
x(T)=x 7

T2

T
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Controllability of linear control systems

A (nonautonomous) linear control system has the form
{=A{+Bu,

with £ € R”, u € R™, A € M,(R), B € M, n(R).

The following assertions are equivalent:

(i) Forany T >0 and any &;,& € R", there is
u e LY[0, T]; R™) such that

6(7—: 517 U) = 52-
(i) The Kalman rank condition is satisfied:

rk (B, AB, A’B, -, A"'B) = n.
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Proof of the theorem

Duhamel’s formula

-
E(T;&u)=e¢+ eTA/ e Bu(t)dt.
0

Then the controllability property (i) is equivalent to the
surjectivity of the mappings

;
FT o uell(o, TI;R™) »—>/ e " B u(t)dt.
0
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Proof of (ii) = (i)

If FT is not onto (for some T > 0), there is p # 0, such that

<p,/OTetA Bu(t)dt> =0  Vwue LYo, T];R™).

Using the linearity of {-,-) and taking u(t) = B*e~*"p, we
infer that
pre™B=0 Vte[0o,T]

Derivating n times at t = 0 yields
pPPB=p"AB=p"A’B=.-..=p"A"'B=0.

Which means that p is orthogonal to the image of the n x mn
matrix

(B,AB,A’B,--- ,A"'B).

Contradiction !!!
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Proof of (i) = (ii)

rk (B,AB,AzB, e ,A”_IB) <n,
there is a nonzero vector p such that
pPPB=p"AB=p*A’B=.-..=p"A"'B=0.
By the Cayley-Hamilton Theorem, we deduce that
prAKB=0  Vk>1,

and in turn
preB=0 Vt>O0.

We infer that
T
<p,/ e B u(t)dt> =0 Yu e Ll([O, T;R™), VT > 0.
0

Contradiction !!!



Application to local controllability

Let x = f(x, u) be a nonlinear control system with
xE€R"ucR™and f: R" x R™ — R" of class C*.

Theorem
Assume that f(xp,0) = 0 and that the pair

of of

aX(X()?O) B = (X070)>

A=
ou

satisfies the Kalman rank condition. Then for there is 6 > 0
such that for any xi, x, with |x; — xol, |x2 — Xo| < 6, there is
u: [0,1] — R™ smooth satisfying

x(l;xl, u) = X5.
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Proof of the Theorem

Define G : R" x L1([0,1]; R™) — R" x R" by
Q(X, u) = (X,X(l;x, u))

The mapping G is a C! submersion at (0,0). Thus there are n
controls u*,- -+ u" in L1(]0,1]; R™) such that
G:R'xR" — R"xR"
(6, A) G (6 Aeu)
is a C! diffeomorphism at (0, 0). Since the set of smooth

controls is dense in L}(]0, 1];R™), we can take u', ..., u" to
be smooth. We apply the Inverse Function Theorem.
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Local controllability around xq
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Back to the inverted pendulum

The equations of motion are given by

(I\/I+m)>'&__+m£écos€—m€9'2 sinff = u
m(?6 — mgl sinf + mlxcosf = O.
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Back to the inverted pendulum

The linearized control system at x = x = 6 = 6 = 0 is given by

(_M—l—m)jé—i—mEé = u
mi?0 — mgl0+mlx = O.

It can be written as a control system

£=A¢+Bu,
with &€ = (x, x,6,0),
01 0 0 0
0 0 (s g i
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Back to the inverted pendulum

The Kalman matrix (B, AB, A%, A*B) equals

1 mg
0w 9 M3
i 01 M3 (M0+ )

m)g
01 e (Mqr g e
m)g
“me 0 —Twe 0
Its determinant equals

2
8

I <0

In conclusion, the inverted pendulum is locally controllable
around (0,0,0,0)*.
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Movie
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Lie brackets

Definition

Let M be a smooth manifold. Given two smooth vector fields
X,Y on M, the Lie bracket [X, Y] is the smooth vector field
on M defined by

—tY —tX tY tX o
X, Y](x) — lim (2 T o€ 0 ) () = x
t10 t2

9

for every x € M.

Given a family F of smooth vector fields on M, we denote by
Lie{F} the Lie algebra generated by F. It is the smallest
vector subspace S of smooth vector fields containing F that
also satisfies

[X,Y]eS V¥XeFVYes.



Lie brackets : Examples

In R” :
@ Let X, Y be two smooth vector fields, then

[X, Y](x) = DY (x)X(x) — DX(x)Y(x).

o If X(x) = Ax, Y(x) = Bx with A, B € M,(R), then
[X, Y](x) =[A B]x = (BA— AB) x.

o If X(x) = Ax, Y(x) = b with Ae M,(R), b € R", then
(X, Y(x) = —Ab, [X,[X, Y]|(x) = A%,

— Lie{X, Y} = Span { Ax, b, Ab, A’b, A°b, ...} .
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The Chow-Rashevsky Theorem

Theorem (Chow 1939, Rashevsky 1938)

Let M be a smooth connected manifold and X*,--- , X™ be m
smooth vector fields on M. Assume that

Lie{X',.... X"} (x)=TuM  Vx€ M.

Then the control system

X = i u; X'(x)
i=1

is globally controllable on M.
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Example: The baby stroller

QZUQ

X = uj cos
y = upsinf

span{ X(), Y(©). X, YI€)} =R ¥& = (x,y,0).



Example: The baby stroller
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Example: The baby stroller
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The End-Point mapping

Given a control system of the form

X:Zu;Xi(x) (x e M,,ueR™),
i=1
we define the End-Point mapping from x in time T > 0 as
ExT . Y0, T;R™) — M
u +— X(T;x, u)

Under appropriate assumptions, it is a C! mapping.

Assume that

Lie{X',....X"} (x)=TM  Vxe€ M.

Then for any x € M, T >0, EXT is an open mapping.




Proof of the Chow-Rashevsky Theorem

Let x € M be fixed. Denote by A(x) the accessible set from
X, that is

A(x) == {x(T;x,u) | T>0,ue L'}.

@ By openness of the EXT's, A(x) is open.

@ Let y be in the closure of A(x). The set A(y) contains a
small ball centered at y and there are points of A(x) in
that ball. Then A(x) is closed.

We conclude easily by connectedness of M.
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Regular controls vs. Singular controls

Definition

A control u € L*([0, T]; R™) is called regular with respect to
EXT if EXT is a submersion at u. If not, u is called singular.

The concatenations uy * u, and u, x uy of a regular control u,
with another control u, are regular.

‘&—q (1) 2
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Openness: Sketch of proof

Assume that

Lie{X',.... X"} (x)=TM  Vxe€ M.

Then for every x € M and every T > 0, the set of regular
controls (w.r.t. EXT) is generic.

Then we apply the so-called Return Method: Given x € M
and T > 0, we pick (for any a > 0 small) a regular control u®
in L([0, a]; R™). Then for every u € L}([0, T];R™), the
control &I defined by

U:=u"*u*%u

is regular and steers x to EX7(u) in time T + 2a.
Then, we can apply the Inverse Function Theorem...

Ludovic Rifford Weak KAM Theory in Italy



Thank you for your attention !!
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Lecture 2

Applications to Hamiltonian dynamics
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Let n > 2 be fixed. Let H: R” x R" — R be a Hamiltonian of
class Ck, with k > 2, satisfying the following properties:

(H1) Superlinear growth:
For every K > 0, there is C*(K) € R such that

H(x.p) > Klp| + C*(K)  ¥x,p.

(H2) Uniform convexity:
For every x, p, %27';’(x, p) is positive definite.
(H3) Uniform boundedness in the Dbers:

For every R > 0,

A*(R) := sup {H(x, p) | |p| < R} < +oc.

Under these assumptions, H generates a flow ¢! which is of
class Ck~1 and complete.
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A connecting problem

Let be given two solutions
(X,-,p,-) :[0,7] — R” x R" i=1,2,
of the Hamiltonian system

{x(t) = V,H(x(t),p(t))
p(t) = —V.H(x(1), plt)

)-

Question

Can | add a potential V' to the Hamiltonian H in such a way
that the solution of the new Hamiltonian system

{X(t) = V,pH(x(t), p(t))
p(t) = —ViH(x(t),p(t)) = VV(x(t)).

starting at (x(0), p1(0)) satisfies

(X(T) ( )) = <X2(T),p2(7))?




()
—
>
4
-
(o

Weak KAM Theory in Italy

Ludovic Rifford



()
—
=
4
D
o

z1(-)

Zal-

Supp (V)

Weak KAM Theory in Italy

Ludovic Rifford



Control approach

Study the mapping
E : [}0,7];R") — R"xR"
u — (xu(7), pu(7))
where
(Xu, Pu) 1 [0,7] — R" x R"
is the solution of

{500 = Thtat o0
p(t) = _VXH(X(t)vp(t)) — u(t),

starting at (x1(0), p1(0)).
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Exercise

Exercise

Given x,u : [0,7] — R" as above, does there exists a function

V : R” — R whose the support is included in the dashed blue
square above and such that

VV(x(t)) = u(t)  Vte[0,7]?
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Exercise (solution)

There is a necessary condition

/OT(X(t), u(t))dt = 0.

As a matter of fact,

/OT<>'<(t)¢u(t)>dt = /0T<>'<(t),v\/(x(t))>dt

Proposition

If the above necessary condition is satisfied, then there is
V . R" — R satisfying the desired properties such that

K
Vlier < = lluloo-
r
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Exercise (solution)

T7

—_————

then we set

V(t,y) = o(lyl/r) [/Otul(s) ds + Z_:/Oyi ui1(t +s) ds

for every (t, y), with ¢ : [0,00) — [0, 1] satisfying
#(s)=1 Vsel0,1/3] and ¢(s)=0 Vs>2/3.

Y
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Control approach

Study the mapping

E: LY([0,7;R") — R"xR"xR
u (XU(T)7PU(T)7§U(T))

where (xu, pu,{’u) [0, 7] — R” x R” x R is the solution of

x(t) = V,H(x(2).p(2))
plt) = L H 8 o) — u(t)
1) = (VoH(x(2).p(2)). u(1)).

starting at (x(0), p1(0),0).

Objective: Showing that E is a submersion at u = 0.
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Control approach

Assume that E : L}([0,7];R") — R" x R" x R is a
submersion at u = 0.

@ There are / = 2n+ 1 controls u!,--- , u® in L}([0, 7]; R")
such that

E:R — R"XR"xR
A E (S )

is a C! diffeomorphism at 0.
@ The set of controls u € L}([0, 7]; R") such that

u is smooth and Supp(u) C (0, 7)

is dense.

We are done.
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No !

o If ue L}[0,7];R") with [ (x(t), u(t))dt =0, then

H(xy(7), pu(7)) = H(x,(0), pu(0)) = 0.

The final state (x,(7), pu(7)) must belong to the same
level set of H as the initiale state (x,(0), p,(0)). We
need to suppress one degree of freedom in the p variable.

e It is not sufficient to get the local controllability.
We also need to allow free time.
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A local controllability result

Given N, m > 1, let us a consider a nonlinear control system in
RN of the form

m

€= Fo(€) + ) ui Fi(€),

i=1

G : RY — R¥ be a function of class C*, and £ : [0, T] — RV
be a solution associated with u = 0.

Our aim is to give sufficient conditions on Fy, F1, ..., F,,, and
G to have the following property:

For any neighborhood V of 2 =0 in Ll([O, T];R’”), the set

{6(¢0,.T) [u eV}

is a neighborhood of G (&) a(T))-



A local controllability result

Denote by ES(O:T the End-Point mapping
ue LY[0, TER™) — &go)u(T),

where &z, is the trajectory of the control system associated
with u and starting at £(0).

Proposition

If G is a submersion at £(T), and

span{ F(E(T)), [Fo, A (E(T)) |i=1,...,m}
+ Ker (dG(&(T))) =R",

then G o ESO)T s 3 submersion at i = 0.

Thanks to the uniform convexity of H in the p variable, the
above result applies to our control problem.



An alternative method

Let
(x,-,p,-) :[0,7] — R" x R" i=1,2,

be two solutions of the Hamiltonian system

{wn=:vw@mmM)
p(t) = ~V.H(x(2).p(2).

Question

Given an arc x : [0, 7] — R" such that
x(t) = x1(t)Vt € [0, 6] and x(t) = x(t)Vt € [T — 0, 7],

does there exist p,u : [0,7] — R" such that

x(t) = VpH(x(t),p(t))
{mn::—VH@m p(0) —u(ry  EElH 7

Ludovic Rifford Weak KAM Theory in Italy




An alternative method (flatness)

Yes Il

For every x, p — —(x p) is a diffeomorphism.

Then we can set

{ p(t) = (%(X(t),'))_l (X(t)>k(t)) vVt € [0, 7],
u(t) = ~2(x().p(1)) - Bt

By construction there holds

x(t) = V,H(x )
{Mﬂ==—VH(U p(t) —u(r)  TEEl0d

and u(t)=0  Vte[0,0]U[r—0,7]
To get f0t<>'<(s), u(s)ds = OVt, we reparametrize in time.
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A connecting problem fitting the action

Let be given two solutions
(x,-,p,-) :[0,7] — R" x R" i=12
of the Hamiltonian system

{)’((t) = V,H(x(t),p(t))
p(t) = —ViH(x(t),p(t)

)-

Question

Can | add a potential V' to the Hamiltonian H in such a way
that the solution (x, p) . [0,7] — R"” x R" of the new
Hamiltonian system associated with Hy := H + V starting at

(x(0), p1(0)) satisfies (x(7), p()) = (xa(7), p2(7))

) /TL(x(t),i((t))—V(x(t))dt:data ?
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A connecting problem fitting the action

This can be done !l

Study the mapping
E:LY[0,7;R") — R"XR"XRxR
U (x(7), Pu(7), Eu(7). Lu(7))

where (xu, Pu, Eu,s éu) . [0, 7] — R” X R" x R is the solution of

x(t) = VpH(x(t), p(t))

p(t) = —V. H( p(t)) — u(t)
&(t) = (V, H( p(t)), u(t))
((t) (p(t), V ( (1), p(t))),

starting at (x1(0), p1(0),0,0).
Again, we need to relax time.
(It works provided some algebraic condition is satisfied.)
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Controlling the differential of an Hamiltonian flow

Let be given a solution
(x,p) : [0,7] — R" x R”
of the Hamiltonian system

{X(t) = V,H(x(t), p(t))
p(t) = —ViH(x(t),p(t

N—r
o
—~
N—r
~—

Can | add a potential V' to H in such a way that:

@ (x, p) is still solution of the new Hamiltonian system
associated with Hy, .= H + V.

o The differential of ¢! at (x(0), p(0)) equals a data.
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Controlling the differential of an Hamiltonian flow

This can be done !!
Take a potential V satisfying
V(x(t)) =0and VV(x(t)) =0 vVt e [0, 7].

Then (x, p) is still solution of the new Hamiltonian system
associated with Hy .

The Control is:
u(t) = Hess, () V

(indeed Hess, )V restricted to a space transverse to x(t)).
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Controlling the differential of an Hamiltonian flow

Study the mapping

E : L* ([0, 7];R"(=D/2)  — Sp(n)
u — Dy(7)

where D, : [0,7] — Sp(n) is the resolvent of the linearized
system

{ h(t) = VuHh(t)+ VpH v(t) vVt € [0, 7],

v(t) = —VuHh(t) = V,Hv(t) — u(t)

starting at b,.

Indeed we need to work in Sp(n — 1).
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Controlling the differential of an Hamiltonian flow

Our control system has the form

where the state X belongs to M,(R) and
A By, ....,Bk:[0,7] — M,(R) are smooth.

Indeed we are interested in trajectories starting at b, and
valued in the symplectic group

Sp(m) = {X| X*IX = J}.

Assumption: A(t), Bi(t) € Ty, Sp(m) for any t € [0, 7].
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Controlling the differential of an Hamiltonian flow

Define the k sequences of smooth mappings
{Bl},...,{B{} : [0,7] = T,,Sp(m)
by

BY(t) = B(t)
B = B )+ B0 (A0~ AEI o).

for every t € [0, 7] and every i € {1,..., k}.

Assume that there is some t € [0, T] such that

span{B{(t) lie{l,... k}je N} = T, Sp(m).

Then the End-Point mapping E"™ : [*([0, 7]; R¥) — Sp(m)
is a submersion at u = 0.
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Thank you for your attention !!
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Lecture 3

Weak KAM theory
(an introduction)
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Let M be a smooth compact manifold of dimension n > 2 be
fixed. Let H: T*M — R be a Hamiltonian of class C¥, with
k > 2, satisfying the following properties:

(H1) Superlinear growth:
For every K > 0, there is C*(K) € R such that

H(x,p) = Klp| + C*(K)  V(x,p) € T"M.

(H2) Uniform convexity:
For every (x,p) € T*M, £ H(x p) is positive definite.

For sake of simplicity, we may assume that M = T", that is
that H: R" x R” — R satisfies (H1)-(H2) and is periodic with
respect to the x variable.
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Critical value of H

Definition
We call critical value of H the constant ¢ = c[H] defined as

c[H]:= inf {max{H(x, du(x))}}.

ueCY(M;R) LxeM

In other terms, c[H] is the infimum of numbers ¢ € R such
that there is a C! function u: M — R satisfying

H(x,du(x)) <c  Vxe M.
Note that

Xrr;i&{H(x,O)} < c[H] < Xmea}\;{H(x,O)}.
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Critical subsolutions of H

Definition

We call critical subsolution any Lipschitz function
u: M — R such that

H(x, du(x)) < c[H] for a.e. x € M.

Proposition
The set of critical subsolutions is nonempty.

@ Any C! function u: M — R such that H(-,du(-)) < c is
L(c)-Lipschitz with L(c) depending only on c.

@ Arzela-Ascoli Theorem.
o If ux — u then Graph(du) C liminf,_ . Graph(du).
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Characterization of critical subsolutions

Let L: TM — R be the Tonelli Lagrangian associated with H
by Legendre-Fenchel duality, that is

L(x,v) := max {p- v — H(x,p)} V(x,v) € TM.

pETIM

Proposition

A Lipschitz function u: M — R is a critical subsolution if and
only if

u0(8)) ~ u(2(2) < [ LO.3(0) ds + e (b~ ),

for every Lipschitz curve v : [a, b] — M.

It is a consequence of the inequality

p-v <L(x,v)+ H(x,p) Vx, v, p.



Characterization of critical subsolutions

If uis C!, then
o) ~ @) = [ o) S0
[ 16w, 50) o
+ [ G, o)

IA

< /L(w(t),#(t))ds—kc(b—a).

If uis not C! then regularize it by (classical) convolution. The
function u * p. is subsolution of H < ¢ + ae. Apply the above
argument to u * p. and pass to the limit. O
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Lax-Oleinik semigroups {7;} and {’ZV}}

Given u: M — R and t > 0, the Lipschitz functions 7;u, T.u
are defined by

Tu() = min{u(y) + Ay, )
Teu(x) = max {u(y) — A(x,y)}

with  Ay(z,Z') :=inf {/Ot L(7(s),%(s)) ds + ¢ t} :

where the infimum is taken over the Lipschitz curves
v : [0, t] — M such that (0) = z and ~(t) = 2.

The set of critical subsolutions is invariant with respect to
both {7;} and {7;}.



The weak KAM Theorem

Theorem (Fathi, 1997)
There is a critical subsolution u: M — R such that

Tiu=u Vvt > 0.

It is called a critical or a weak KAM solution of H.

Given a critical solution v : M — R, for every x € M, there is

a curve
v (—00,0] = M with ~(0)=x

such that, for any a < b <0,

u(2(8) = (@) = [ L(2(6).3(5)) ds + (6 - 2)

Therefore, any restriction of 4 minimizes the action between
its end-points. Then, it satisfies the Euler-Lagrange equations.
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The classical Dirichlet problem

Let €2 be an open set in R” with compact boundary and
H:R" — R of class C? satisfying (H1),(H2) and
(H3) For every x € Q, H(x,0) < 0.

The continuous function u : Q — R given by

u(x) = inf {/Ot L(+(s),3(s)) ds} ,

where the infimum is taken among Lipschitz curves
v : [0, t] — Q with v(0) € 09, ~(t) = x is the unique viscosity
solution to the Dirichlet problem

u(x) = 0 Vxe o

{H(X,du(x)) = 0 VxeQ,




The classical Dirichlet problem (picture)
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Semiconcavity of critical solutions
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Semiconcavity of critical solutions

Any critical solution v : M — R is semiconcave, that is it
can be written locally (in charts) as

u=g-+h,

the sum of a smooth function g and a concave function h.
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Regularity along minimizing curves




Regularity along minimizing curves
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Distribution of calibrated curves

Let u be a critical solution. For every x € M, we define the
limiting di erential of v at x by

d*u(x) = {lim du(xx) | xx — x, u diff at x} .
It is a nonempty compact subset satisfying

H(x,du*(x)) =c  Vxe M.
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Let v : M — R be a critical solution, x € M be fixed and
v : (—00,0] — R be a calibrated curve with v(0) = x. Fix

xooeﬂ oot]

£<0
We can check that

It|T+|QOf {A (XOO XOO)} =0.
Proposition

The critical value of H satisfies

it = -inf {7 [ ' TIORIOLAS

where the infimum is taken over the Lipschitz curves
v : [0, T] — M such that v(0) = ~v(T).

<
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Projected Aubry set and Aubry set

Definition and Proposition

@ The projected Aubry set of H defined as

A(H) = {x € M| Ai(x,x) = 0} .

is compact and nonempty.

@ Any critical subsolution u is C! at any point of A(H) and
satisfies H(x, du(x)) = c[H], Vx € A(H).

@ For every x € A(H), the differential of a critical
subsolution at x does not depend on u.

@ The Aubry set of H defined by

A(H) := {(x, du(x)) | x € A(H), u crit. subsol.} C T*M

is compact, invariant by ¢!, and is a Lipschitz graph over
A(H).




Examples (in T")

Let H: T(T")* — R be the Hamiltonian defined by

1
Hxp) = SlpP+V(x)  ¥(x.p) € T" x R”

o L(x,v) =3|v]* = V(x).
e H(x,0) < maxy V = c[H] < maxy V.
@ Let Xpax € T” be such that V/(xmax) = maxy V, then

1 T
?/o L(xmax, 0) dt = — m,\?x V.

Thus c[H] > maxy V.
@ In conclusion ¢[H] = maxy, V and

A(H) = {(X,O) [ V(x) = max v} .
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Examples (in T! = St)

Let H: T(S')* — R be the Hamiltonian defined by

Hxp) = 3(p— F() W(x.p) €8 xR

o u:S' = R defined by (set o := (fol f(r)dr))
:/ f(rydr —ax  VxeSh,
0

is a smooth solution of H(x, du(x)) = a?/2 for any x.
Then c[H] = a?/2.
@ Along characteristics, there holds (p(t) := du(x(t)))
{ x(t) = g, (x(8), p(t))) = p(t) — F(x(t))
p(t) = —F(x(t),p(t)) = (F(x()) — p(t)) F'(x(1)).
Then x € A(H) = x = (f(x) —a) — f(x) =«

@ Either equilibria everywhere or one orbit.

Ludovic Rifford Weak KAM Theory in Italy



Examples (in S! = R/[0, 7])

Let H: T(S')* — R be the Hamiltonian defined by

1
H(x, p) = 5(p — )’
with V(x) =sin’*(x) and w = — [7 24/ V(r)dr = —
e H(x,0) <0= c[H|] <0.
o L(x,v)=v?/2+wv+ V(x)= L(0,0)=0= c[H] > 0.
@ Let u be a critical subsolution. Then there holds a.e.

—V(x)  V(x,p) €S xR,

(u’—w)2§2V:>u’—w§2\/V:> vV <w+2VV.

In conclusion, u(x) = [;°2+/V(r)dr + wx for any x.
@ The Aubry set consists in one eqwllbrla and one orbit.
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Examples (Mafié's Lagrangians)

Let X be a smooth vector fieldon Mand L: TM — R
defined by

1
Lx(x,v) = E\v —X(X)]?  V(x,v)e TM.

o Hx(x,p) = 3lp* + p- X(x).
e H(x,0) =0 for any x € M. Then c[H] = 0.
@ Characteristics of u = 0 satisfy

x(t) = X(x(t)), p(t) =0.

@ The projected Aubry set always contains the set of
recurrent points.
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Two theorems by Bernard

Theorem (Bernard, 2006)

There exists a critical subsolution of class C11.

Idea of the proof: Use a Lasry-Lions type convolution.
If u'is a given critical solution, then (7, 0 7¢) (u) is C**
provided s, t > 0 are small enough.

Theorem (Bernard, 2007)

Assume that the Aubry set is exactly one hyperbolic periodic
orbit, then any critical solution is "smooth"” in a neighborhood
of A(H). As a consequence, there is a "smooth” critical
subsolution.

Idea of the proof: The Aubry set is the boundary at infinity,
that is any calibrated curve 7 : (—00,0] — M tends to A(H)
as t tends to —oo. Indeed, for every p € d*u(x) there is such
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Thank you for your attention !!
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Lecture 4

Closing Aubry sets
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Let M be a smooth compact manifold of dimension n > 2 be
fixed. Let H : T*M — R be a Hamiltonian of class C¥, with
k > 2, satisfying the following properties:

(H1) Superlinear growth:
For every K > 0, there is C*(K) € R such that

H(x,p) = Klp| + C*(K)  V(x,p) € T"M.

(H2) Uniform convexity:
For every (x,p) € T*M, £ H(x p) is positive definite.

For sake of simplicity, we may assume that M = T", that is
that H: R" x R” — R satisfies (H1)-(H2) and is periodic with
respect with the x variable.
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The Mané Conjecture

Conjecture (Mafié, 96)

For every Tonelli Hamiltonian H : T*M — R of class C* (with
k > 2), there is a residual subset (i.e., a countable intersection
of open and dense subsets) G of CX(M) such that, for every
V € G, the Aubry set of the Hamiltonian Hy, := H+ V is
either an equilibrium point or a periodic orbit.

Strategy of proof:
@ Density result.

@ Stability result.
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Mafié's density Conjecture

Conjecture (Mafié's density conjecture)

For every Tonelli Hamiltonian H : T*M — R of class C* (with
k > 2) there exists a dense set D in CK(M) such that, for
every V € D, the Aubry set of the Hamiltonian Hy is either
an equilibrium point or a periodic orbit.

Proposition (Contreras-lturriaga, 1999)

Let H: T*M — R be a Hamiltonian of class C* (with k > 3)
whose Aubry set is an equilibrium point (resp. a periodic
orbit). Then, there is a smooth potential V : M — R, with
|V||cx as small as desired, such that the Aubry set of Hy is a
hyperbolic equilibrium (resp. a hyperbolic periodic orbit).
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Stability
Proposition (Contreras-lturriaga, 1999)

Let H: T*M — R be a Hamiltonian of class C* (with k > 3).
If V is a potential of class C? such that A(Hy) is a hyperbolic
equilibrium or a hyperbolic periodic orbit, then there exists

€ > 0 such that the same property holds for every W : M — R
with ||W — V||c2 <.

o If Vi — V, then A(Hy,) — A(Hy) for the Hausdorff
topology in T*M.

@ The existence of a hyperbolic periodic orbit is persistent
under small perturbations.

O
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Mafié's density Conjecture

We are reduced to prove the

Conjecture (Mafié's density conjecture)

For every Tonelli Hamiltonian H : T*M — R of class C* (with
k > 2) there exists a dense set D in CK(M) such that, for
every V. € D, the Aubry set of the Hamiltonian Hy is either
an equilibrium point or a periodic orbit.

If we show that generically the Aubry set contains an
equilibrium or a periodic orbit we are done.

From now on, we assume that a given szmiltonian H of class
Ck (k > 2) satisfies c[H] = 0 and that A(H) contains no
equilibrium.

Ludovic Rifford Weak KAM Theory in Italy



Preliminaries

We need to find:
@ a potential V : M — R small,
@ a periodic orbit v : [0, T] — M (~(0) =~(T)),
@ a Lipschitz function v: M — R,

in such a way that the following properties are satisfied:

o Hy(x,dv(x)) <0forae xe M, (= c[H/] <0)
o [V Ly(v(t),5(t)) dt =0. (= c[Hy] > 0)
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The strategy (picture)
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The strategy (picture)
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The strategy (picture)
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The strategy (picture)
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The strategy (picture)
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Given y;,y» € R™, set

Cyl(y1; y2) U B’"( (1 —5)y1 + sys,
s€[0,1]

yi— }’2|/3>

Let r > 0 and Y be a finite set in R™ such that B,;1oNY
contains at least two points. Then, there are y; # y> € Y
such that the cylinder Cyl(y1; y») is included in B, and does
not intersect Y \ {y1,y}.

11,

S o
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Closing Aubry sets in C' topology

Theorem (Figalli-R, 2010)

Let H: T*M — R be a Tonelli Hamiltonian of class C* with
k > 4, and fix e > 0. Then there exists a potential

V : M — R of class Ck=2, with ||V ¢ < €, such that

c[Hv] = c[H] and the Aubry set of Hy is either an
(hyperbolic) equilibrium point or a (hyperbolic) periodic orbit.

The above result is not satisfactory. The property "having an
Aubry set which is an hyperbolic closed orbit” is not stable
under C! perturbations.
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Closing lemmas

Let X be a smooth vector field on a compact manifold M and
x € M be a recurrent point w.r.t to the flow of X.

For every € > 0, there is a smooth vector field Y having x as a
periodic point such that ||Y — X||co < €.

4

Theorem (Pugh, 1967)

For every € > 0, there is a smooth vector field Y having x as a
periodic point such that ||Y — X||c: < e.

4

Ref: M.-C. Arnaud. Le "closing lemma” en topologie C!.

No Lipschitz closing lemma !ll!
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Partial density results |

Theorem (Figalli-R, 2010)

Let H: T*M — R be a Tonelli Hamiltonian of class C* with
k > 2, and fix e > 0. Assume that there are a recurrent point
x € A(H), a critical viscosity subsolution u: M — R, and an
open neighborhood V of O™ (x) such that the following
properties are satisfied:

(i) u is of class CYt in V;

(i) H(x,du(x)) = c[H] for every x € V;
(iii) Hess®u(X) is a singleton.

Then there exists a potential V : M — R of class C*, with
|Vllc2 < €, such that c[Hy] = c[H] and the Aubry set of Hy
is either an equilibrium point or a periodic orbit.
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Application to Mané's Lagrangians

Recall that given X a Ck-vector field on M with k > 2, the
Mafiié Lagrangian Lx : TM — R associated to X is defined by

2

X

Lx(x,v) = %Hv — X(x)|| V(x,v) e TM,

while the Mané Hamiltonian Hx : TM — R is given by

Hx(x, p) —HpH + (p, X(x)) V(x,p) € T"M.

Corollary (Figalli-R, 2010)

Let X be a vector field on M of class C* with k > 2. Then for
every € > 0 there is a potential V : M — R of class C¥, with
|VIlc2 < €, such that the Aubry set of Hx + V is either an
equilibrium point or a periodic orbit.
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Partial density results |l

Theorem (Figalli-R, 2010)

Assume that dm M > 3. Let H: T*M — R be a Tonelli
Hamiltonian of class CK with k > 4, and fix e > 0. Assume
that there are a recurrent point x € A(H), a critical viscosity

subsolution u: M — R, and an open neighborhood V of
or ()'() such that

u is at least CK™* on V.

Then there exists a potential V : M — R of class C*~1, with
|Vllc2 <€, such that c[Hy] = c[H] and the Aubry set of Hy
is either an (hyperbolic) equilibrium point or a (hyperbolic)
periodic orbit.
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Discussion

Thanks to the Bernard Theorem about the regularity of weak
KAM solutions in a neighborhood of the projected Aubry set
whenever the Aubry set is an hyperbolic periodic orbit, we
infer that the Maiié density conjecture is equivalent to the:

Conjecture (Regularity Conjecture for critical subsolutions)

For every Tonelli Hamiltonian H : T*M — R of class C*
there is a set D C C*°(M) which is dense in C*(M) (with
respect to the C? topology) such that the following holds: For
every V € D, there are a recurrent point x € A(H), a critical
viscosity subsolution u: M — R, and an open neighborhood V
of OT () such that u is of class C* on V.
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Thank you for your attention !!
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