A MORSE-SARD THEOREM FOR THE DISTANCE
FUNCTION ON RIEMANNIAN MANIFOLDS

LUDOVIC RIFFORD

ABSTRACT. We prove that the set of critical values of the distance
function from a submanifold of a complete Riemannian manifold is of
Lebesgue measure zero. In this way, we extend a result of Itoh and
Tanaka.

1. INTRODUCTION

A well-known and widely used property of critical values of differentiable
mappings is given by the Morse-Sard theorem [11, 15]: if a mapping is
C*-smooth with k sufficiently big, then the set of its critical values has
the Lebesgue measure zero. In this article, we prove that the Morse-Sard
theorem holds when the smooth function is replaced by the distance func-
tion from a C°°-smooth submanifold in a complete C'"*°-smooth Riemannian
manifold of any dimension. Therefore we settle an open question asked by
Itoh and Tanaka [8] who proved this result in dimension less than 5. Our
proof is mainly based on the Yomdin’s method which relies on semialgebraic
sets, and on a result by Itoh and Tanaka [7], which established the Lipschitz
continuity of the distance function to the cut locus. Notice that our main
theorem can indeed be viewed as a corollary of a more general result about
the minimum of smooth functions on compact manifolds. In order to state
our results, we present the notion of critical points of the distance function
which is not smooth but only Lipschitz continuous.

Let N be a closed C'°°-smooth submanifold of a complete C'°°-smooth
Riemannian manifold M. The distance function dy(-) from the submanifold
N is defined on M by

Vp € M,dn(p) := min{d(p,q) : ¢ € N}.

A unit speed geodesic segment 7 : [0,a] — M emanating from N is called a
N-segment if t = dn(y(t)) on [0,a]. A point p € M \ N is called a critical
point of the distance function dy if for any unit tangent vector v at p, there
exists an N-segment v : [0,dy(z)] — M through p such that the angle made
by v and —¥(dn(p)) is not greater than 7; we denote by C(dy) the set of
critical points of the distance function dy. Notice that this definition of
critical point is equivalent to say that the point p contains zero in its Clarke
generalized gradient ddy (p); we will return to this caracterization of critical
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points at the end of this section. In this article, we prove that the set of all
critical values of dy has the Lebesgue measure zero.

Theorem 1. Let N be a closed C*°-smooth submanifold of a complete C'°°-
smooth Riemannian manifold M. Then the set of critical values of the
distance function from N is of Lebesque measure zero.

Remark 1.1. Twenty years ago, Fu proved in [6] that the set of all critical
values of the distance function from a compact subset in R> is of Lebesque
measure zero. Following Whitney [17], S. Ferry [5] gave a counterexample
to this result in dimension greater than three.

Actually, we are able to improve Theorem 1 whenever the ambient man-
ifold is the Euclidean space R™.

Theorem 2. Let N be a closed submanifold of dimension d and of class C*
in R™ with k > 2d(n + 1). Then the set of critical values of the distance
function from N is of Lebesgue measure zero.

We do not know if the lower bound on k that we give in Theorem 2 is
optimal. Note that both theorems above imply that for almost all positive
numbers ¢ < sup{dy(z)}, the set of all points whose distances from N are
¢ is a Lipschitz hypersurface of M. Actually, Theorem 1 is a consequence of
a more general result that we proceed to explain.

Let N be a compact smooth manifold and let ¢ : R® x N — R be a
smooth function. Define the function f : R™ — R by

Vo €R", f(r) :=min{é(z,q)}.

Though the function f is not smooth, we are able to define some notion of
critical points for f. Since the manifold NV is compact, it is straightforward to
show that f is indeed Lipschitz continuous. Thus by Rademacher Theorem
(see [12]), it is differentiable almost everywhere in R". Denote by Dy the
set of points where f is differentiable and define the generalized gradient of
f at x € R™ as follows:

Ve e R", 0Of(x) = co{llim Vf(x:): i —isoo T, T € Df},

where co{ A} denotes the convex hull of A C R™. This tool was introduced by
Clarke [2] in 1973. Since that time, a complete calculus has been developed,
one that extends all the theorems of the usual smooth calculus. A point
x € R™ will be called a critical point of f if 0 € df(x), the critical values
of f are the images of its critical points, and we denote by C(f) the set
of critical points of the function f. Since the function f is defined as the
minimum of smooth function, we can compute its generalized gradients (we
refer the reader to [3, Exercise 9.13 p. 99] for such a result):

Ve e R", 0f(z) = co{Vzo(z,q) : ¢ € argminf(z)}, (1)

where V¢ (z,q) denotes the derivative of ¢ in the first variable and where
argminf(x) := {g € N : f(z) = ¢(x,q)}. In the context of distance func-
tions, as we will see in the proof of Theorem 1, this formula will imply that
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both definitions of critical points coincide. In consequence, Theorem 1 will
be a corollary of the following.

Theorem 3. Let U be an open subsets of R™ and let N be a compact man-
ifold of class C* and of dimension d. Let ¢ : U x N — R be a smooth
function of class C*. Then the function f : U — R defined by

f(@) = min{6(z,0)},

satisfies the following: If k > 2n + 2d(n + 1), then f(C(f)) has Lebesgue
measure zZero.

As we said, our proofs are strongly based on the Yomdin’s proof of Sard
theorem; they demonstrate the power of the Yomdin’s method. Our paper is
organized as follows: in Section 2 we develop preliminaries on semialgebraic
sets, and we give the proofs of our results in Section 3.

Throughout this paper, R denotes the set of real numbers, || - || the Eu-
clidean norm of R™, B™ the open ball {x € R" : ||z|| < 1}, B" the closure of
B and B"(z,r) = x + rB™ (resp. B"(x,7) = x + rB™) the ball (resp. the
closed ball) centered at x with radius r. Finally if A is a subset of R™ then
coA denotes its convex hull.

2. PRELIMINARIES ON SEMIALGEBRAIC SETS

2.1. Definitions and properties. We refer the reader to [4, 10] for surveys
on semialgebraic sets and for the proofs of the propositions below. Moreover
we refer the interested reader to the excellent book [1] for a very detailed
study of semialgebraic sets.

A set A C R"™ is called semialgebraic if it can be obtained by a finite num-
ber of the union and the intersection operations from the sets of the form
{f = 0}, {g > 0}, where f,g are polynomials on R™. For given such a
representation of A we call its set-theoretic formula together with the di-
mension n of the ambient space and with the degrees of polynomials in it,
the diagram of this representation of A. Hence any constant which depends
only on the diagram of A can indeed be replaced by another constant which
depends only on the number and the degrees of polynomials defining A. We
give below three classical propositions on semialgebraic sets; we usually say
that these results are consequences of the Tarski-Seidenberg principle.

Proposition 2.1. The number of connected connected components of a
semialgebraic set is bounded by a constant which depends only on the number
and the degrees of polynomials which define that set.

Proposition 2.2. Let A C R™ be a semialgebraic set. Then the sets A,0A,
each connected component of A, w(A), where w denotes the projection of
R™ on RF C R™, are semialgebraic, and the diagram of each of these sets
depends only on the diagram of A.

Proposition 2.3. Let A C R" be a semialgebraic set. If Py,--- , P, are q
polynomials on R™ of degree less or equal than d, then the set

{(Pi(a), -+, Py(a)) s a € A}
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is a semialgebraic set in RY; its diagram depends only on the diagram of A,
d and q.

Our results will be strongly based on the following theorem; we refer the
reader to Yomdin’s papers [18] and [19] for the proof of it.

Theorem 4. For any semialgebraic set A C R"™ inside the ball of a given
radius r, there is a constant K depending only on the number and degrees of
polynomials defining A, such that any xz,y belonging to the same connected
component of A, can be joined by a connected semialgebraic curve s of length
not greater than Kr.

2.2. The semialgebraic case: quasi critical values. Let S be a positive
integer. Let Ai,---,Ag be S compact semialgebraic sets in R™ and let
Pi(+-), - ,Ps(,-) be S polynomials on R™ x R™. We define fp : R" — R
by
Ve e R",  fp(z) :=min{Ps(z,a):a € As,s € {1,--- ,S}}.

Since the sets Ay,--- , Ag are compact, the function fp is locally Lipschitz
on R™. Let &, u be two positive constants, let us define the notion of (4, u)-
critical points of fp. For every x € R", we denote by argmin‘;(x) the set of
couples (a, s) in R™ x R such that

se{l,---,S},a € As, and Ps(z,a) < fp(x) + 0.

We will say that z € R™ is a (0, u)-critical point of fp if the following
property is satisfied:

uB N co {VxPs(x,a) :(a,s) € argmin‘s(a:)} # 0.

We denote by Cs,(fp) the set of (6, u)-critical points of the function fp and
we prove the following result.

Theorem 5. Let Ay,---,Ag be S compact semialgebraic sets in R™ and
Pi(+-),-+ ,Ps(-,:) be S polynomials in R™ x R™. Denote by Kp > 0
some uniform Lipschitz constant of the polynomials Py,--- Ps on the set
B" x (A U---U Ag) and denote by Mp > 0 some upper bound of the
|D2Py||,--- ,||D2Ps| on the same set'. Then for any constants 6, u,r such
that 0 < 8, < r <1, the set fp(Cs,(fp) N BP) is included in the union of
N intervals of length

2
Krp+\2MpKré + Kpy /M—\/S,
P

where the constants N and K depend only on the diagrams of the semialge-
braic sets Ay,--- ,Ag, on the integer S and of the degrees of the polynomials

Pl('a')v"' 7Ps('7')‘
Proof.

Lemma 1. The set Cs,(fp) is semialgebraic; its diagram depends only
on the diagrams of Ay,---,As, on S and on the degrees of polynomials

Pl(.7 .)7 e 7PS(‘, )

Here if P(-,-) is a polynomial on R™ x R™, then D2 P denotes the second order deriv-
ative of the polynomial P in the first variable.
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Proof. By the Carathéodory theorem (cf. Theorem 17.1 in [13]), the set
Cs,.(fp) can be described as the set of points z € R™ which satisfy the two
following conditions:

(i) there exist sy, ,8p41in {1,---, S}, there exist ay, -+ ,ap4+1 in R™
such that,

Vie{l,--- ,n+1}, a; € A,
and Vs € {1,--- ,S},Va € As, Ps,(z,a;) < Ps(x,a) + 0;
(i) there exists also (A1,--- , Apr1) in [0,1] with S>7F1 A, = 1 such that

n+1 2
> AVePy(x,0:)|| < 4
i=1
Denote by & the set of tuples (z, 81, , Snt1,01, " ", Ant1s ALy s Apg1) In

R™ x {1--., S} x (R™)"+1 x [0, 1]"*! such that
Vie{l,--- ,n+1}, a; € A,,.
Since the sets Ay, --- , Ag are semialgebraic, the set £ can be represented as
a finite union (over all possible (n+1)-tuples (s1,- - , Sp+1)) of semialgebraic
sets (of the form R™ x {s1},--- {spy1} X Ag, X -++ X Agnyq x [0,1]"F1)] s0 it
is a semialgebraic set. Moreover its diagram depends only on the diagrams
of the Ay, -+, Ag.
Let F be the set of tuples (2,81, ,Snt1,01, " 5 Angls Ay * 5 Antl, S, Q)
in R® x {1--- S} x (R™)"FL x [0, 1]" ! x {1,--- , S} x R™ such that
Vie{l,--- ,n+1}, a; € A,
a € A,
and 30 € {1,--- ;n+ 1} sit. Ps,(z,a;) > Ps(x,a) + 0.
By the same argument as above, since Py (-,-),--- , Ps(-,-) are all polynomi-
als, the set F' is semialgebraic and its diagram depends only on data of the
problem.
Denote by m; the projection from R” x {1--- | S} x (R™)"+1 x [0, 1]"+! x
{1,--- 8} x R™ into R™ x {1---, S} x (R™)"+1 x [0,1]"*! which sup-
press the two last “coordinates” of the tuple, that is, which maps the tuple
(33‘, S1,° 7 Sn+1,41, " 5 An+ 1, )‘17 e 7)\n+17 S, (1) to the tuple (33‘, 8157 5 Sn+1,
A1y 5 An41, Al) e 7)‘n+1)‘
It is straightforward to show that the set £\ 7 (F') corresponds to the set of
tuples (2,81, ,Sn41,01,  »Ang1, Ay - > Ang1) in R? x {1--- S}H x
(R™)"+1 [0, 1]"! which satisfy

Vie{l,---,n+1}, a; € A,, (2)
and Vi € {1,--- ,n+1},Vs e {l,--- ,S},Va € Ag, Ps,(z,a;) < Ps(z,a) + 4,
which can also be written as,
Vie{l,---,n+1}, Ps(z,a;) < fp(x)+o0. (3)
Therefore, if we denote by 7o the projection
Ty R x {1---, S}l 5 (R™)" L x [0, 1" — R"

(.’I’,Sl,"' y Sn+1,0a1, 7an+17)\17"' 7)\n+l) X
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then (by (2), (3)) the set Cs,(fp) corresponds to m2(€ N E’) where the set

&' denotes the set of tuples (z, 81, , Spt1,01, A1, M1, * s Apt1) Such
that
n+1
dai=1,
i=1
n+1 2
and Z ANV P, (z,a;)| < w2,
i=1

Since the projection of a semialgebraic set is semialgebraic by Proposition
2.2, and since all inequalities that appear in (i)-(ii) are polynomial in the
coordinates of their variables, we deduce that Cs ,(fp) is semialgebraic and
that its diagram depends only upon that of the sets A, ---,Ag, on the
integer S and of the degrees of the polynomials P;(-,-), -, Ps(-,"). O

Returning to the proof of Theorem 5. Denote by D, each connected
component of Cs,(fp) N BP and let E; := fp(D;). Let z,y be two points
belonging to the same connected component of D;. By Theorem 4 there
exist some constant K > 0 independent on ¢ and a curve S (parametrized
by arc-length) of length [ < Kr, joining x and y in D;. Set p := u++/2Mp).
Let 0 <t; < t;41 <l such that t;11 —t; = %; we are going to prove that

fp(a(tiva)) — fr(a(ti)) < ptivr — t). (4)

We argue by contradiction; so let us assume that
fp(@(tiv1)) — fr(a(ti) > p(tipr —to).
Since z(t;) € Cs,,,(fp), there exists (@, 5) € argmin® (z(t;)) such that
(@(tiv1) — x(ti), VaPs(a(ti), a)) < plle(tio) — ()|
By Taylor formula at second order, we deduce
Ps(z(tiy1),a) < Ps(x(ti),a) + (Vo Ps((ti), @), (tiv1) — 2(t:))
o 2 (i) — ()P,
which, since Ps(z(t;),a) < fp(x(t;)) + 0 and fp(z(tiv1)) < Ps(z(tiy1),a)
implies,
fp(@(tiv1)) < fp(a(t) + 0 4 pllo(tivr) — =)l + %H!E(tm) — ()]
Remark that since the curve S is parametrized by arc-length, we have

lx(tiv1) — z(t:)|| < (tit1 — ti). Hence we deduce

M
fP(@(tin) = @) <8+ pltiv — ) + =5~ (tigr — 10)°.
Since we are assuming fp(z(t;+1)) — fp(z(t;)) > p(tis1 — t;), this implies

M
Tp(ti—l—l — ti) <. (5)

By definition of p and t;11 —t;, the left-hand side of (5) equals § hence we get
a contradiction. We conclude that for every interval I = [t;,t;41] C [0,1] of
length 472, we have fp(z(tit1))— fr(z(t:)) < p(tit1—t;). In particular, this

(tis1—t:) |p—p—
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implies that on each subinterval of [0,] of the form I = [0,¢] with ¢ = k42
and where k is a positive integer, we have

fe(x(t)) — fp(z(0)) < pt < pl < pKr.

The interval [0,] on which the curve S is defined, can be partitionned into
an interval of length of the form k:% and another subinterval of length

less than %. Since the polynomial P is Lipschitz with constant Kp on

B" x (Aj U---U Ag), the function fp has the same Lipschitz constant on
B™, hence we deduce that

fe(y) — fr(x) P]\;PM

2
= Kru+\/2MpKrd + Kpy /M—\/ZS.
P

Since x and y are arbitrary points in D; and since the number of connected
components of Cs ,(fp) N B depends only on the diagrams of A and P(-,-),
we conclude. U

IN

KTp-l-Kp

3. PROOF OF OUR RESULTS

3.1. Proof of Theorem 3. Fix some compact cube 7 in I/ and let us prove
that meas(f(C(f)N7)) = 0. Without loss of generality, we can assume that
the n-cube 7 has sides of length 1.

By Whitney embedding’s theorem (see [16, Theorem 4.4 p. 63], without loss
of generality, we can assume that the manifold N is a compact submanifold
of R™ of dimension d and of class C*. Therefore the function ¢ can be
smoothly extended to some neighbourhood V of NV in R™ in such a way that
the function

o:UxYVY — R
(x,q) — ¢(z,q)

is a C*-smooth function. Let V' C V be a compact neighbourhood of N for
the rest of the proof we denote by Ky the Lipschitz constant of the function
¢ on T x V' and we denote by Ri (resp. R'(j)) the maximum of the norms
|d(V20)]| (resp. |d*é(z, ) for = € T and g € V.

Furthermore, there exists a covering of N by a finite family of open sets
(O;)ier in V' such that for each i € I, O; is included in some cube of side 1
and such that there exists a diffeomorphism ¥; : C™ — O; of class C* which
satisfies

T;(C™ N (R x {0y,—q})) = Oi NN,

where C™ is some cube of dimension m in R" with sides of length less or
equal than one (in fact for sake of simplicity, we can assume that C™ is
the open unit cube of R™). From now we denote by Ky the maximum of
Lipschitz constants of the mappings ¥; (i € I) and by RY the maximum of
the ||d*W;| (i € I) over C™ (without loss of generality, we can assume that
the W,’s are defined on some uniform compact set containing the cube C™).
Let [ be a positive integer, set 7 := % The cube C% := C™ N (R? x {0,,—q4})
can be divided into (¢ cubes D; (j = 1,--- ,1%) of side r. For each i € I and
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each j, let P; ; be the (k — 1)-Taylor polynomial?® of U; at the center of the
cube D;. We have that for any x € D;,

1Wi(x) — Pij(@)l| < Ryr™. (6)

By Proposition 2.3, for each i,j, the set P; ;(D;) is semialgebraic in R™.
Moreover by definition of Ky, there exists ¢; ; € P; ;(D;) such that

Pij(Dj) € B" (¢ij, Kyr). (7)

For sake of simplicity, let us set for each couple (4,7), & ; := P; ;(D;). The
cube 7 in U can be divided in smaller cubes as well. Thus there exists I™
cubes 7; (t = 1,---,1™) of side r which cover 7; denote by x; the center
of each cube T;. For each (4,4,t), let P{;(x,q) be the (k — 1)-th Taylor
polynomial of ¢(-,-) at the point (x¢,¢; ;). By (7) and by the definition of
Rfj), we have for every = € 7; and for every q € & ;,

[¢(z,q) — Pit,j(fpv q)| < R(]ZK\IIC,rk (8)
vaqb(:n,q) — VfBPit,j(fEaQ)H < R(IZK\If,_lTk_l (9)
|d(V2¢) (2, q) — d(VoPL) (x,q)| < REKE+2 10)

In this way, we produced one family of polynomials {Pit,j} (with i € I,
j=1,---,1%and t = 1,--- ,I") of degree k — 1 and one family {&; ;} (with

i€ Iandj = 1,---,1% of semialgebraic sets which are all defined by
polynomials of degree k — 1. Let us call a configuration, one (2n + 3)-
tuple of the form (1,42, ,ipn+1,J1,72, * »Jn+1,t) where t € {1,--- 1"},
where each is (s = 1,--- ,n + 1) belongs to I, and where each j; (s =

1,---,n+1) belongs to the set {1,---,19}. We denote by S a configuration
which corresponds to some (2n + 3)-tuple of the form above. Notice that
there are exactly |I|* 114"+ such (2n+3)-tuples. We claim the following.

Lemma 2. There exist two positive constants My, My such that if the point
x belongs to C(f)NT, then there exists some configuration S such that = is
a (MyrF, Mork=1)-critical point of the mapping

fS:lZf — R
z — min{P} ; (r,q5):qs € & j,s €{1,--- ,n+1}}.

Moreover we have,

f(@) = fs(@)| < Mar". (11)
Proof. First, since z is in 7, then there exists t € {1,--- ,1"} such that = €
T;. Moreover, since it is a critical value of f, by (1) there exist ¢, , Gnt1
in the manifold N and A, --- , Adpy1 € [0,1]"F! with Egill As = 1 such that
n+1
> AVad(x,ds) =0, (12)
s=1
with f(z) = ¢(x,qs), Vs=1,---,n+1 (13)

2The function U, is defined from C™ C R™ into R™/ hence its Taylor polynomial
denotes the m-tuple with coordinates each Taylor polynomials of the coordinates of W;.
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Thus each ¢s; belongs to some set O; with ¢ € I. This means that there

exist n + 1 couples (i1, 1), , (in+t1,Jn+1) and n+ 1 points z, in D;, (s =
1,---,n+1) such that for every s =1,--- ;n+1,
\I/is(xs) = (Qs-

Set for each s = 1,--- ,n+1, let g, := P;_j,(zs). Each ¢, belongs to & ;.
and moreover by (6),

By (9)-(10) and (12) we obtain,
n+1
ZA VP, (x,d,)
n+1
ZA V.Pl (2,4

ZA (VoPL  (2,d) — Vo Pl (2,4s))

n+1 H

< R¢K§j 1rk Yt (R} + REKG > r" ) R ™. (15)

Furthermore, by (8), (13) and (14), we have
fs(@) = flx) = fs(@)—o(x,q)
fs(x) = d(x,q) + KR
Pl gy (@, 1) = ol @) + Ky Ryr*
REKGrY + Ky Rk (16)
On the other hand, if ¢ = P; ;(p) belongs to &; ; then since ¥;(p) € O; N N
we get by (8),
P j(x,q) = ¢z, Ti(p))| < |Pj(x,q) — d(x,q)| + Ky Rir"
< REKGr* + Ky Ryr*. (17)

Hence we deduce that for some g = P; ;(p) € & ; such that fs(z) = P—Z.tj(a:, q),
we have

IN A

IN

f(x) = fs(x)

IN

flx) — P—-(fc q)
R(]ZKff,rk + Ky RE vk, (18)

Consequently, by (13), (17) and (18), we obtain that for every s = 1,--- ,n+
L

A

IN

Pzts Js (:Ea q_sl) S [Pits,js (l‘, q_S) - ¢($, (]_8)] + ¢($, q_s)
< REKGr" + KyRyr* + f(x)
< fs(z) +2REKG + KRy )r". (19)

Set
My = 2(REKG + K4RY),
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and

My := REK ™ + (R} + Ry, Ky, r ) Ryr
By (15) and (19), we conclude that x is a (M;r¥, Mayr*~1)-critical point of
fs. Moreover by (16) and (18), we conclude that

|f(z) — fs(z)| < Mark.

The proof of the lemma is complete. O

Returning to the proof of Theorem 3. Since the semialgebraic sets &; ;
are all defined by a fix number of polynomials of degree k — 1, since the
polynomials PZ ; have degree k — 1 and since their Lipschitz constants and
their C? norms are uniform on 7 x V' by (8)-(10) (let us call them Kp and
Mp); by Theorem 5, we deduce that there exists two positive constants N
and K such that for each configuration S, f(C(fs) N7;) is included in N
intervals of length

2
Krp+ /2MpKrd + Kpy /M—\/g,
P

where § := Mi7* and p := Mor*~1. By (11) we conclude that for r small
enough, we have

meas(F(C()NT)) < [I[r+idn+Dpmog, [2M L
V7 =
< \[\"HQK / ln+dn+1 5

As [ tends to infinity, since k > 2n + 2(n+ 1)d , we deduce that
meas(f(C(f)NT)) =

which conclude the proof of Theorem 3.

3.2. Proof of Theorem 1. For each critical point p of the distance func-
tion dy(-) we will show that there exists an open neighbourhood U of p such
that the Lebesgue measure of dy(UNC(dy)) is zero. Then C(dy) is covered
by a union of countably many subsets U; (i € N) such that the Lebesgue
measure of each subset dy(U; N C(dy)) is zero. Thus the claim of Theorem
1 is clear. Fix p € C(dn).

Since N is a C"°-smooth submanifold of M, there exists ¢ > 0 small
enough such that the set N := {z € M : dy(z) = €} is a C*°-smooth
hypersurface of M, and such that the distance function dy(-) is of class C*
on the set {x € M : dy(z) € (0,2¢)}. For such an € > 0, if v : [0,a] - M
is a N-segment joining N to p = 7(a) with a > ¢, then the unit speed
geodesic segment 7 : [¢,a] — M is a Nsegment joining N€ to p = v(a). In
particular, this means that the distance functions dy(-) and dy< have the
same critical points and that

Vpe{x e M :dy(x) > €}, dy(z)=dne(x)+e. (20)

By construction, N€ is a hypersurface with one normal vector at ¢ € N¢
given by Vdy(q) of norm 1. Hence, by completeness of M, for every ¢ € N¢
there exists a unique unit speed geodesic v,4(-) : [0,00) — M starting at ¢



A MORSE-SARD THEOREM FOR THE DISTANCE FUNCTION 11

with 7,(0) = Vdn(q). The distance from N€ to the cut point on ~, is given
by

p(q) := sup{t : Yq|0,¢ is @ N — segment}.
The function p : N© — (0,00] is called the distance function from N€ to
the cut locus. In [7], Itoh and Tanaka proved the following (we refer the
reader to [7] for the definition of the distance function to the cut locus p(-)
whenever N is an arbitrary submanifold of M).

Theorem 6. Let N be a C*°-smooth submanifold of a complete C'*°-smooth
Riemannian manifold M and w : Uv — N the unit normal bundle of N.
Then for each v € Uv with p(v) < 0o, p is locally Lipschitz around v.

By the discussion above p € C'(dy). Define the set Q(p) C N by

Q(p) :={q € N°:d(p,q) = dn(p)}-

The set Q(p) is clearly compact and nonempty. Hence by Theorem 6, there
exist some neighbourhood V of Q(p) in M such that p : V — (0,00) is
Lipschitz continuous on V.

On the other hand, there exists a uniform normal neighbourhood W of p
and « > 0 such that W is contained in a geodesic ball of radius a around
each of its points (see for instance [9, Lemma 5.12 p. 78] for such a result).
In particular, this means that the function

i, ): WxW — R
(p1,p2) +— d(p1,p2)

is of class C* on {(p1,p2) € W X W : p1 # pa}.

Set d := dn<(p). For each element ¢ of Q(p), p(¢) = d. Moreover by
construction of N€ for each element ¢ of Q(p), the unique unit speed geodesic
starting at ¢ and orthogonal to N€ is minimizing on [0, d]. Hence there exists
some neighbourhood V' C V of Q(p) such that V' N N¢ is a compact C>-
smooth hypersurface with boundary, such that the closure of the (d — «/2)-
front F(d—«/2) of NNV’ (that is, the closure of the set of v,(d — «/2) for
any ¢ € V') is included in W, and such that

YaeV, plg)>d— % (21)

Consequently, by (21), the front F(d — «/2) is a compact C'*°-smooth hy-
persurface with boundary of M, which is included in W. Moreover there
exists some neighbourhood U of p which does not intersect F'(d — a/2) such
that for every p’ € U,
a
dN(p/) =€+ d— 5 + dm(p/).
We deduce that dy(-) and dm(') have locally the same critical points
and that dm(-) is defined on U by
drgam W) =min{d(p',q) : ¢ € F(d — a/2)}.

Since the function d(-,-) is of class C*° outside the diagonal of W, we are
in the situation® of Theorem 3. Moreover by [14, Proposition 4.8 p.108], we

3Here the front is a smooth compact submanifold with boundary of M. Theorem 3
holds in that case; basically no changes are required in the proof.
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conclude that both definitions of critical points of dp(g_q/2) coincide. Hence
we conclude.

3.3. Proof of Theorem 2. In the Euclidean case, by (1) we have,
E?dN(x):co{ | :qEN}.
|z — qll

Hence we deduce that x ¢ N is a critical point of dy(-) if and only if it is a
critical point of dy(-)?, that is if

0Oc€co{r—q:q€ N}.
We conclude that

dn(C(dn) = (V5 : p € R C(d)}.
Since the function p — /p is locally Lipschitz on (0, 00), it suffices to show
that the set of all critical values of dy(-)? has Lebesgue measure zero.

As in the proof of Lemma 3, if we consider N as a submanifold of R™ (by
Whitney embedding’s theorem), we can approximate N by a finite union

of some algebraic sets & ; with i € I and j € {1,---,19}. So if we call
configuration, some (2n + 2)-tuple (i1, ,in4+1,71, " 5 Jn+1) With each ig
(s=1,---,n+1) belonging to I, and with each js; (s =1,--- ,n+1) belong-
ing to the set {1,--- ,n+1}, we enumerate |I|*T119"+1) such configurations.

We have the following lemma.

Lemma 3. There exists two positive constants My, My such that if x belongs
to C(dn(-)?) NT, then there exists some configuration S such that x is a
(erk, Mgrk_l)—cm'tical point of the mapping

%:7T — R
z v+ min{|lz —gl*: qs €&, .5 € {1, ,n+1}}
Moreover we have,
|dy (2)? — d(z)] < MyrF. (22)

Proof. In this case the function ¢(-,-) is already a polynomial, hence we do
not have to approximate it by its Taylor polynomial. The calculations are
easier than in Lemma 2 above. The proof is let to the reader. O

Returning to the proof of Theorem 2. By the same arguments as in the
proof of Lemma 3, we deduce that there exists two constants N and K such
that for r small enough,

2M; 1
2 2 < n+17d(n+1) 1
meas(dy (C(dy))NT) < |[I|"™ 2Kpy/ My Vi

< |I|n+12KP 2_]\41ld(n+1)—§‘
V. Mp

As [ tends to infinity, since k > 2(n + 1)d , we deduce that
measf(C(f)N7T) =0,

which conclude the proof of Theorem 2.
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