Franks’ Lemma for Mané perturbations of

Riemannian metrics and applications

Ludovic Rifford

Université Nice Sophia Antipolis
& Institut Universitaire de France

Workshop on Hamiltonian dynamical systems
January 4-10, 2015
Fudan University, Shanghai, China

Ludovic Rifford Franks' Lemma for Mafié perturbations..



Mané perturbations of Riemannian metrics

Let (M, g) be a smooth compact Riemannian manifold of
dimension n > 2 be fixed.
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Mané perturbations of Riemannian metrics

Let (M, g) be a smooth compact Riemannian manifold of
dimension n > 2 be fixed.

Definition
We call Mainé perturbation or conformal perturbation of
the metric g any perturbation of the form

g=¢g,

where f : M — R is a smooth function.
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Mané perturbations of Riemannian metrics

Let (M, g) be a smooth compact Riemannian manifold of
dimension n > 2 be fixed.

Definition

We call Mainé perturbation or conformal perturbation of
the metric g any perturbation of the form

g=¢g,

where f : M — R is a smooth function.

Remark

| \

If f is close to 0 in C* topology then the geodesic flow of
g = efg is close the geodesic flow of g in CK=! topology.
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Connecting geodesics
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A constructive method |

First define the connecting trajectory by

() = at) n(t) + (1 = a(t)) ().

and reparametrize it by arc-length w.r.t. the initial metric g to
get a new parametrized curve 7.
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A constructive method |

First define the connecting trajectory by
(1) = a(t) n(t) + (1 — aft)) %(t).

and reparametrize it by arc-length w.r.t. the initial metric g to
get a new parametrized curve . Setting

—f(x)

1 ~
H(X,p)zil\pHi and  H(x,p) = — 1plIZ,

we would like to construct a real function f satisfying
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A constructive method |

First define the connecting trajectory by
(1) = a(t) n(t) + (1 — aft)) %(t).

and reparametrize it by arc-length w.r.t. the initial metric g to
get a new parametrized curve . Setting

—f(x)

2

1 ~
H(X,p)zil\pHi and  H(x,p) = 1plIZ,

we would like to construct a real function f satisfying

= %_I;?e—f(v)%_’;(r%p) .
p = _%_I)—(l _ _e—f(v)%_’:(%p) — H(~, p)d,f.

along 7. This can be done if we force f = 0 along 7.
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A constructive method |

As a matter of fact, if we impose f = 0 along 7 then we need
{ W(t) = (1), p(t))
p(t) = —F(v(2), p(t)) — 3y f.
which can be solved.
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A constructive method |

As a matter of fact, if we impose f = 0 along 7 then we need
{ Wt) = Fa(a(t),p(t))
p(t) = —F(v(2), p(t)) — 3y f.
which can be solved. Moreover, since H(~(t), p(t)) =1/2 we
have

dW(t)f . ’)/(t) =0.
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A constructive method |

As a matter of fact, if we impose f = 0 along 7 then we need
{ Wt) = Fa(a(t),p(t))
p(t) = —F(v(2), p(t)) — 3y f.
which can be solved. Moreover, since H(~(t), p(t)) =1/2 we
have

dW(t)f . ’)/(t) =0.

~» Closing Lemma for geodesic flows in low topology
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The control approach

Define the mapping

E . Co(0,7],R") —s RO x (R7)"
u = (Xu(7)7pu(7_))

where (x,, py) : [0,7] — R" x (R")* is the solution of

{k(t) = 5o (x(t), p(1))
t

b(e) = (1), p(t) — ult).

starting at (x1(0), p1(0)).
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The control approach

Define the mapping

E . Co(0,7],R") —s RO x (R7)"
u = (Xu(7)7pu(7_))

where (x,, py) : [0,7] — R" x (R")* is the solution of

{*(t) = G (x(t), p(t))
p(t) = =57 (x(t). p(t)) — u(t),
starting at (x1(0), p1(0)).

~ If E is open at u = 0 then we can connect 7; to the
geodesics which are sufficiently close to 7.
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The Franks' Lemma

Let o : M — M be a C! diffeomorphism, consider a finite set
of points S = {xy,...,xn} and set

M=l TM, =&l TwM.
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The Franks' Lemma

Let o : M — M be a C! diffeomorphism, consider a finite set
of points S = {xy,...,xn} and set

M=l TM, =&l TwM.

Lemma (Franks, 1971)

There is € > 0 such that for every € € (0,€), there is
d = 6(€) > 0 such that for any isomorphism

L=(Ly,...,Ln): M= st ||Li — Dyl <6 Vi,

there exists a C diffeomorphism 1) : M — M satisfying
(1) ¥(xi) = e(x) Vi,

(2) Dy = L; Vi,

(3) llg —fller <€
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Franks' Lemma for geodesic flows |

Given 0y = (x,v) € UM and T > 0, we consider the unit
speed geodesic g, : [0, T] — M starting at x with initial
velocity v and we set 61 := (V4,(T),39,(T)). Then denoting
by No, N; the hyperplanes in Ty, UM, Ty, UM which are
orthogonal to the flow at 6y, 01, we consider the (local)
Poincaré mapping from ¥, (tangent to Ny at 6p) to X
(tangent to Ny at 6,).
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Franks' Lemma for geodesic flows |

Given 0y = (x,v) € UM and T > 0, we consider the unit
speed geodesic g, : [0, T] — M starting at x with initial
velocity v and we set 61 := (V4,(T),39,(T)). Then denoting
by No, N; the hyperplanes in Ty, UM, Ty, UM which are
orthogonal to the flow at 6y, 01, we consider the (local)
Poincaré mapping from ¥, (tangent to Ny at 6p) to X
(tangent to Ny at 6,).
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Franks' Lemma for geodesic flows Il

Let Sp(m) be the symplectic group in Ms,,(R) (m = n—1),
that is the smooth submanifold of matrices X € Ms,(R)
satisfying

. B I B
X*IX =J where]:= |:_Im 0}.

Choosing a convenient set of coordinates, the differential of
the Poincaré mapping P := Pg(Xo, X1,79,) at & is the
symplectic matrix X(T) where X : [0, T] — Sp(m) is solution
to the Cauchy problem

X(t) = A(t)X(t) Vtelo, T,

X(0) = hpm,
where A(t) has the form

A(t):<_£(t) ’g) vt e [0, T].
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Franks’ Lemma for geodesic flows IlI

Problem:

Given € > 0,
does the set of differentials of Poincaré maps Pz(Xo, X1, 7s,)
at 0y associated with smooth conformal factors f : M — R

such that
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Franks’ Lemma for geodesic flows IlI

Problem:

Given € > 0,
does the set of differentials of Poincaré maps Pz(Xo, X1, 7s,)
at 0y associated with smooth conformal factors f : M — R

such that
o |fllc2 <,

Ludovic Rifford Franks' Lemma for Mafié perturbations..



Franks’ Lemma for geodesic flows IlI

Problem:

Given € > 0,
does the set of differentials of Poincaré maps Pz(Xo, X1, 7s,)
at 0y associated with smooth conformal factors f : M — R

such that
o |fllc2 <,
@ the curve 7y, : [0, T] — M is a unit-speed geodesic w.r.t.
'gl-y
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Franks’ Lemma for geodesic flows IlI

Problem:

Given € > 0,
does the set of differentials of Poincaré maps Pz(Xo, X1, 7s,)
at 0y associated with smooth conformal factors f : M — R

such that
o |fllc2 <,
@ the curve 7y, : [0, T] — M is a unit-speed geodesic w.r.t.

&
fill a ball around dzP (in Sp(m))?
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Franks’ Lemma for geodesic flows IlI

Problem:

Given € > 0,

does the set of differentials of Poincaré maps Pz(Xo, X1, 7s,)
at 0y associated with smooth conformal factors f : M — R
such that

o |fllc2 <,

@ the curve 7y, : [0, T] — M is a unit-speed geodesic w.r.t.

&
fill a ball around dzP (in Sp(m))?

What's the radius of that ball in term of ¢ 7
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Perturbation of the differential of P

Set v 1= 7y,. We are looking for a smooth function
fM—R
satisfying the following properties
f(y(t)) =0 and d,yf =0 vVt € [0, T],

with
d?V(y(t)) free.
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Perturbation of the differential of P

Set v 1= 7y,. We are looking for a smooth function
fM—R
satisfying the following properties
f(y(t)) =0 and d,yf =0 vVt € [0, T],
with

d?V(y(t)) free.

= d*V(y(t)) is the control.
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A controllability problem on Sp(m)

The differential of the Poincaré map Pz(%q, X 7,7g,) at 0o
associated with the metric g = efg is given by X,(T) where
X, [0, T] — Sp(m) is solution to the control problem

{ Xu(t) = A(D)Xu(t) + 7%y u(E()Xu(t), Ve [0, T],
X(O) = /2ma

where the 2m x 2m matrices £(ij) are defined by

(i) = (E?,J.) 8) ,

with (E(”))kl = 0oy Vi =1,. o,
(E(U))k,l = Oplj + 0udp Vi <j=1,...,m.
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Local controllability on Sp(m)

We are considering a bilinear control system on M,,,(R) of the
form

X(t)=AMX(t) + > u(t)BX(t)  Vtelo, T].
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Local controllability on Sp(m)

We are considering a bilinear control system on M,,,(R) of the
form

X(t)=AMX(t) + > u(t)BX(t)  Vtelo, T].

i=1
Moreover, if we assume that A(t), By, ..., By satisfy
JA(t),JBy,...,JBx € S(2m)  Vte [0, T],

then any solution X : [0, T] — M,,(R) starting at X € Sp(m)
satisfies
X(t) € Sp(m)  Vte][0,T].
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Local controllability on Sp(m)

Define the k sequences of smooth mappings

{B{}, e {B{(} [0, T] — Ty, Sp(m)
Blo(t) = B,‘
E { BI(t) := B 7' (t) + Bl (1) A(t) — A(t)BI (1),

for every t € [0, T] and every i € {1,..., k}. Assume that
there exists some t € [0, T] such that

span{B{(f) lie{l,... k},je N} — T, Sp(m).

Then for every X € Sp(m), the control system is controllable
at first order around u = 0.
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Local controllability on Sp(m)

Sketch of proof.

Let X € Sp(m) be fixed, we define the mapping
E : L([0, T],RX) — Ms,,(R) by

E(u) = X,(T) Vue %[0, T],R¥),

where X, is the solution to the control system starting at X.
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Local controllability on Sp(m)

Let X € Sp(m) be fixed, we define the mapping
E : L([0, T],RX) — Ms,,(R) by

E(u) = X,(T) Vue %[0, T],R¥),

where X, is the solution to the control system starting at X. If
E is not a submersion at u = 0, then there is a nonzero matrix
Y such that Xo(T)JY € S(2m) and

Tr(Y*DoE(v)) =0 Vv e L*([0, T],R¥).

Ludovic Rifford Franks' Lemma for Mafié perturbations..



Local controllability on Sp(m)

Sketch of proof.

Let X € Sp(m) be fixed, we define the mapping
E : L([0, T],RX) — Ms,,(R) by

E(u) = X,(T) Vue %[0, T],R¥),

where X, is the solution to the control system starting at X. If
E is not a submersion at u = 0, then there is a nonzero matrix
Y such that Xo(T)JY € S(2m) and

Tr(Y*DoE(v)) =0 Vv e L*([0, T],R¥).

The latter can be written as (with S = AS, S(0) = h)

Zk:/T vi(t)Tr (Y*S( T)S(t)*lB,-Xo(t)) dt=0 Vv.
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Back to Franks' lemmas

In our case, we have

{ Xu(t) = A(6)Xu(8) + 27y ug(t)E()Xu(t), vt e [0, T],
X(O) = /2m7

with
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Back to Franks' lemmas

In our case, we have

{ Xu(t) = A(6)Xu(8) + 27y ug(t)E()Xu(t), vt e [0, T],
X(O) = /2m7

with

Corollary (Contreras-Paternain, Contreras, Visscher, Lazrag)

Assume that there is t € [0, T| such that the m x m
symmetric matrix K has simple eigenvalues, then the Franks’
Lemma for Mané perturbations holds at first order.
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Back to Franks' lemmas

In our case, we have

{ Xu(t) = A(6)Xu(8) + 27y ug(t)E()Xu(t), vt e [0, T],
X(O) = /2m7

with

Corollary (Contreras-Paternain, Contreras, Visscher, Lazrag)

Assume that there is t € [0, T| such that the m x m
symmetric matrix K has simple eigenvalues, then the Franks’
Lemma for Mané perturbations holds at first order.

What happens if the algebraic condition on K is not satisfied 7
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Local controllability on Sp(m)

Proposition

Assume that B;B; = 0 for all i, j and define the k sequences of
smooth mappings {Bi},...,{B.} : [0, T] — T4,,Sp(m) as
before. If the following properties are satisfied with t = 0:

[B{.’(f), B,} c span{B:(f) Ir=1,. ks> 0} Vi, Vj=1,2,
and
span{s,i(f), [BX(%), BX®)]|i,/ =1,...kand j = 0,1, 2}
= Ty, Sp(m).

Then, for every X e Sp(m), the control system is controllable
at second order around u = 0.
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Local controllability on Sp(m)

If Q:U — R is a quadratic form, its negative index is defined
by

ind_(Q) := max{dim(L) | Quygoy < O}.

Theorem

Let F: U — RN be a mapping of class C? on an open set
U C X and o € U be a critical point of F of corank r. If

ind_ (N (D2F) Kerpyry) =1 YA€ (Im(DyF)) "\ {0},

then the mapping F is locally open at second order at u.
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Applications of Franks' Lemma

Theorem

Let (M, g) be a smooth compact Riemannian manifold of
dimension > 2 such that the periodic orbits of the geodesic
flow are C?-persistently hyperbolic from Mafé's viewpoint.
Then the closure of the set of periodic orbits of the geodesic
flow is a hyperbolic set.
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Applications of Franks' Lemma

Theorem

Let (M, g) be a smooth compact Riemannian manifold of
dimension > 2 such that the periodic orbits of the geodesic
flow are C?-persistently hyperbolic from Mafé's viewpoint.
Then the closure of the set of periodic orbits of the geodesic
flow is a hyperbolic set.

Corollary

Let (M, g) be a smooth compact Riemannian manifold,
suppose that either M is a surface or dim M > 3 and (M, g)
has no conjugate points. Assume that the geodesic flow is C?
persistently expansive from Mané's viewpoint, then the
geodesic flow is Anosov.
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The End

Thank you for your attention !!
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