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Answers for Home Project

(1) The increments of W are independant so

P(AN ) = P(|Wt1 | ≥
3N

T
)P( sup

1≤k≤N
|Wtk+1

−Wtk | ≤ 1) .

If supt∈[0,T ] |Wt(ω)| ≤ 1/2, then for all t, s ∈ [0, T ], |Wt(ω)−Ws(ω)| ≤ |Wt(ω)|+|Ws(ω)| ≤
1. So

{ sup
t∈[0,T ]

|Wt| ≤ 1/2} ⊂ { sup
1≤k≤N−1}

|Wtk+1
−Wtk | ≤ 1} .

So

P(AN ) = P(|Wt1 | ≥
3N

T
)P( sup

t∈[0,T ]

|Wt| ≤ 1/2) .

(2) We have: ∫ +∞

x

(
1 +

1

y2

)
e−y

2/2dy =

[
−e
−y2/2

y

]+∞
x

=
e−x

2/2

x
.

We compute:

xe−x
2/2

1 + x2
=

x2

1 + x2

∫ +∞

x

(
1 +

1

y2

)
e−y

2/2dy

≤ x2

1 + x2

∫ +∞

x

(
1 +

1

x2

)
e−y

2/2dy

=
x2

1 + x2

∫ +∞

x

(
x2 + 1

x2

)
e−y

2/2dy

=

∫ +∞

x

e−y
2/2dy .

(3) We compute (as Wt1 ∼ N (0, T/N)

P(|Wt1 | ≥
3N

T
) = 2

∫ +∞

3N/T

e−
u2

2(T/N)√
2π(T/N)

du

(change of variable y = u/(
√
T/N)) = 2

∫ +∞

3(N/T )3/2

e−y
2/2

√
2π

dy

(Question (2)) ≥ 1√
2π

6(N/T )3/2

1 + 9(N/T )3
e−9(N/T )3/2

=
6(NT )3/4

T 3 + 9N3

e−9(N/T )3/2

√
2π

.

Using Question (1), we get the desired result.
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(4) We suppose w ∈ AN , k ≥ 1 and |XN

tk
(ω)| ≥ 1. We then have (first equality coming from

the Euler scheme)

|XN

tk+1
(ω)| = |XN

tk
(ω) +Wtk+1

(ω)−Wtk(ω) − (X
N

tk
(ω))3

T

N
|

≥ T

N
|XN

tk
(ω)|3 − |XN

tk
(ω) +Wtk+1

(ω)−Wtk(ω)|

≥ T

N
|XN

tk
(ω)|3 − |XN

tk
(ω)| − |Wtk+1

(ω)−Wtk(ω)|

(ω ∈ AN ) ≥ T

N
|XN

tk
(ω)|3 − |XN

tk
(ω)| − 1

(|XN

tk
(ω)| ≥ 1) ≥ T

N
|XN

tk
(ω)|3 − 2|XN

tk
(ω)|2

= |XN

tk
(ω)|2

(
T

N
|XN

tk
(ω)| − 1

)
.

(5) We prove it by recurrence on k. We suppose that ω ∈ AN and N ≥ T/3.
• For k = 1, |XN

t1(ω)| = |Wt1(ω)| ≥ 3N
T =

(
3N
T

)21−1

.
• If the property is true for k (k ≥ 1). Then |XN

tk
(ω)| ≥ 1 and so, by Question (4),

|XN

tk+1
(ω)| ≥ |XN

tk
(ω)|2

(
T

N
|XN

tk
(ω)| − 1

)
(recurrence) ≥

(
3N

T

)2k
(
T

N

(
3N

T

)2k−1

− 1

)

(k ≥ 1) ≥
(
3N

T

)2k (
T

N

(
3N

T

)
− 1

)
=

(
3N

T

)2k+1−1

.

(6) By Question (1), (3), (5), we have (if N ≥ T/3)

E(|XN

T |) ≥ E(|XN

T |1AN
)

≥
(
3N

T

)2N−1

P(AN )

≥
(
3N

T

)2N−1

P( sup
t∈[0,T ]

|Wt| ≤ 1/2)
6(NT )3/4

T 3 + 9N3

e−9(N/T )3/2

√
2π

.

We have P(supt∈[0,T ] |Wt| ≤ 1/2) > 0 (see stochastic calculus course) and(
3N

T

)2N−1

6(NT )3/4

T 3 + 9N3

e−9(N/T )3/2

√
2π

=
1√
2π

6(NT )3/4

T 3 + 9N3
exp

(
−9

2

(
N

T

)3

+ 2N−1 ln

(
3N

T

))

=
1√
2π

6(NT )3/4

T 3 + 9N3
exp

(
2N/2 ln

(
3N

T

))
︸ ︷︷ ︸

−→
N→+∞

+∞

×exp

(
−9

2

(
N

T

)3

+ 2N/2−1 ln

(
3N

T

))
︸ ︷︷ ︸

−→
N→+∞

+∞

(the two convergences coming from comparison theorems).
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(7) We have

E(|XN

T −XT |) ≥ E(|XN

T |)− E(|XT |)

≥ E(|XN

T |)− E(|XT |4)1/4

(Question (6) + Assumptions) −→
N→+∞

+∞ .

And

E( sup
t∈[0,T ]

|XN

t −Xt|) ≥ E(|XN

T −XT |)

−→
N→+∞

+∞ .

(8) We compute (using: ∀x, x+ −K ≤ (x−K)+)
1

2
E(|XN

T |)−K = E((XN

T )+ −K)

≤ E((XN

T −K)+) .

(9) We have E((XN

T −K)+) −→
N→+∞

+∞ by Questions (8), (6). And

E((XT −K)+) ≤ E(|XT |+K)

(Assumptions) < ∞ .

(10) import numpy as np
import s c ipy . s t a t s as sps
N=500; T=10
de f e u l e r (N,T) :

h=T/N
h1=np . sq r t (h)
x=0
z=sps . norm . rvs ( s i z e=(N) )
f o r i in range (N) :

x=x+h1∗z [ i ]−h∗x∗∗3
return (x )

de f mc(M) :
tab1=np . ones (M)∗N
tab1=tab1 . astype ( i n t )
tab2=[np . abs ( eu l e r (n ) ) f o r n in tab1 ]
re turn (np .mean( tab2 ) )


