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The interfacial waves equations

Fluid +
o Ut =Vx ot
o Ax 4t =0
e 0,0" lbottom = 0
0 00t + 1|Vx 0T 2 =

P
—oF — &2

Fluid -
o U™ = Vx7z¢_
o Ax, 47 =0
° 9,07, =0
0 0P + 1|Vx 0 |2 =
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The two fluids problem The equations

The interfacial waves equations

Fluid + Fluid -

o Ut =Vyx, ot o U =Vx,o"

o Ax 4t =0 e Ax o7 =0

° 9,0, =0 ° 9,07, =0

0 00t + 1|Vx 0T 2 = 0 9,0 +1|Vx 02 =

—p% — gz. —pﬁ, — gz. ]
Interface

° 0 (¢ — W&ﬁbi,
o [P] =0ok(¢)
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A few results

The case p~ = 0: the water waves problem
o Well-Posedness (local, global, ...), asymptotics,. ..
e With surface tension (o > 0) or without (¢ = 0) under the
Rayleigh-Taylor condition: — 0P ... >0.
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A few results

The case p~ = 0: the water waves problem
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e Without surface tension (o = 0): lll-Posed!
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The two fluids problem Known results and natural questions

A few results

The case p~ = 0: the water waves problem
o Well-Posedness (local, global, ...), asymptotics,. ..

e With surface tension (o > 0) or without (¢ = 0) under the

Rayleigh-Taylor condition: — 0P ... >0.

.. . e 412 =) 5
Chandrasekhar condition: instability if [V=]< > 4-==(g'0)

The case p~ >0 \

e Without surface tension (o = 0): lll-Posed!
IGUuCHUTANAKATANIO?7, LEBEAUO2, KAMOTSKILEBEAUO5, WU06

@ Locally well posed with surface tension on time T, — 0 as ¢ — 0.
AMBROSEMASMOUDIO7,SHATAHZENG08,IGUCHI09

1/2.
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Known results and natural questions
Two natural questions

Q Thecase0<p  <land o K 1.
Existence time T, < Twater— Waves: Why?
Example: Coastal flows with Air-Water interface
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Interface equations

Interface (¢ = o P =P )

. 1 .
I interface | interface

° 8t< Y, 1 + ’VCPan(Di |interface = 0

+ +2
+(8t¢++gC+%’V¢+|2 \/1+\VC (On®F)+VE-VYT) ) —_p

2(1+[V¢P)

p- (8tw*+g<+%\vw*y2 (\/W(fllvc%vc vy )? )
o [P] =ak(C).

—P
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Interface equations

Interface () = &F Yo =¢ )

. 1 .
I interface | interface

° 8t< Y, 1 + ’VCP&n(Di |interfacs = 0

/ + +)2
ot +gC+ j vyt p - TG ORORSETV T — —p,

2(1+[V¢P)
_ _ _ VIHVCR(9a9 )+ V-V
p (8t¢ +gC+ VY 2- (V1] CI( )+VCVyT) ) __p

2AT+VCP)
o [P] = ok(¢).

Fluid + Fluid -
AXJ(DJ'_ =0, AX’ZCD_ =0,
az¢+ ‘bottom = 07 8Z¢7 |top = 0’
- |interface = 1/}+ ¢_ |interface = ,(’Z)_
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The two fluids problem Transformation of the equations

Natural unknwowns

@ Surface elevation ¢

. +
o = ptyt —pTy (with p* = ).

Quantities to express in terms of ¢ and ¥

@ Trace of the velocity potentials at the interface i)™

@ Normal derivative of the velocity potentials 8,,¢‘th = 8,,@5‘2 ]
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The Dirichlet-Neumann operator

Definition (Dirichlet-Neumann operator)

Let H° = {f € L2 _(RY),Vf e Hs1}.

loc
H1/2(Rd) _ H_1/2(]Rd)

GT[(]:
e L Gt = VITIVER 00 e
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Definition (Dirichlet-Neumann operator)

Let H° = {f € L2 _(RY),Vf e Hs1}.

loc
H1/2(Rd) _ H_1/2(]Rd)

+1 -
G [C] ' ¢l+ — C';[C]Qb+ = W an¢+ |interface *

V.
S
\A Ax 0+ =0,
+ _
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[0 — alir
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The Dirichlet-Neumann operator

Definition (Dirichlet-Neumann operator)

Let H° = {f € L2 _(RY),Vf e Hs1}.

loc
H1/2(Rd) _ H_1/2(]Rd)
¢l+ = (;[C]Qb+ - 1 + ‘VCP an¢+ |interface'

Ax, T =0, /
0,0t =0,
[0 =F

GTIC] -

| bottom

| interface

Quantities to express in terms of ( and

@ Trace of the velocity potentials at the interface 1*

‘ interface interface
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The two fluids problem Transformation of the equations

A transmission problem

AX,2¢+ =0 in Q+,
AX7Z¢_ =0 in Q,

T
( ) (B+¢+ P o) )| <:¢’
8n¢|<iz> 8n¢7 - 0’ a :lljoundanes = 0
Proposition
The transmission problem (T) is well posed for ¢ € H5t1/2, ¢ € H5+1/2, J

David Lannes (Ecole Normale Supérieure) Gravity and Kelvin-Helmoltz instabilities Fréjus 2009 9 /23



N LR TN LU Transformation of the equations
A transmission problem

AX,2¢+ =0 in Q+,
AX7Z¢_ =0 in Q,
(T) (B+¢+ B o) )|Z — w)
On®_ — 0n®|_ —o, 9, o= =0

|Z ‘ | boundaries

Proposition

The transmission problem (T) is well posed for ¢ € H5t1/2, ¢ € H5+1/2,

v

Proof.
Q If T exists, let wi d>|li then
ptyt —p oy~ = and  GT[ClYT = G [Cly~
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N LR TN LU Transformation of the equations
A transmission problem

AX,z¢'+ =0 in Q+,
szq)_ =0 in Q,
(T) ( +¢+ _p o ) w:
aq>+ — 0P| _o 9, =0

| ‘ | boundaries

Proposition

The transmission problem (T) is well posed for ¢ € H5t1/2, ¢ € H5+1/2,

v

Proof.
O If & exists, let v* = &7

Pt —pT =v¢ and  GT[(JYT = GT[C]Y
@ G [¢(] 1o GT[¢] s HHY/2(RY) — H5FL/2(RY) well defined
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A transmission problem

AX,2¢+ =0 in Q+,
szq)_ =0 in Q,
(T) ( +¢+ _p o ) ¢7
aq>+ — 0P| _o 9, =0

| ‘ | boundaries

Proposition

The transmission problem (T) is well posed for ¢ € H5t1/2, ¢ € H5+1/2,

v

Proof.
Q If T exists, let wi d>|j; then
prYt —p G[(] 1G*[C]W— and  GH[¢]YT = GT[C]y

@ G [¢]to GH[¢]: HH/2(RT) — H5HL/2(RY) well defined
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N LR TN LU Transformation of the equations
A transmission problem

AX,z¢'+ =0 in Q+,
szq)_ =0 in Q,
(T) ( +¢+ _p o ) w:
aq>+ — 0P| _o 9, =0.

| ‘ z | boundaries

Proposition

The transmission problem (T) is well posed for ¢ € H5t1/2, ¢ € H5+1/2,

v

Proof.

Q If dF exists, let Y+ = d>|li then

Pt —pm G 1G+[C]w+ =¢ and  GT[(JYT = GT[(ly~
Q@ G [t GT[(]: H5+1/2(Rd)—> Hs+1/2(R9) well defined
Q@ JCl=(pT1—p GCITTGT[C]): Hs+1/2 — Fs+1/2 pijective and
good estimates.
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The reduced interfacial waves equations

The reduced equations
9:¢ — G[CJy =0,
O +g' + 3 [p™ IVOI¢
LA+ VP I (w2 = — K (C).
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81:4' _ 1+ |VC|28H¢:|: e — 0
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The reduced interfacial waves equations

The reduced equations
9:¢ — Gl = 0,
Oep + g+ 3[p*VUEPIC
LA+ VP I (w2 = — K (C).

~

v 1+|V 2 8n(l>+ +V(-V )2
pr (&w +gC + Ayt - B2 CI2((1+|vc)|2) 2 ) =P

2(1+[V¢P)

2 — . —)2
o (0 + ¢ + Ywy 2 - WHELOR NIV T — _p,
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The reduced interfacial waves equations

Y* = GF[C] o G[c]w

The reduced equations
9:¢ — G[CJy =0,
O +g' + 3 [p™ IVOI¢
LA+ VP I (w2 = — K (C).
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Comments on the equations

Oct + g’ + 3 [p" IV ’IC
—11F VR (wF[5)] = — 2= k().
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Comments on the equations

O + g + 3[p* IV EPIC
—3(1+ [V [P (@ [CF)] = =52 =k (C).

° G[¢(]=G[CJ(p* Gl —p G[C)GTI¢]
o G*[0] = |D|tanh(H%|D|) ~ importance of the depth of both layers
o Linearized equations around rest state well-posed (even with o = 0)

The instabilities in the two-fluid system are purely nonlinear
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Comments on the equations

O + g + 3[p* IV EPIC
—3(1+ [V [P (@ [CF)] = =52 =k (C).

Gl =G [N(p"GT[c] = p~ G T GTC]
G*[0] = |D|tanh(H*|D|) ~ importance of the depth of both layers

Linearized equations around rest state well-posed (even with o = 0)

The instabilities in the two-fluid system are purely nonlinear

p 1/2

Chandresekhar condition: instability if [V*]? > 4= o) (g o)

Stabilizing factors: p~ < 1 and ﬂVi]] <1
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Getting information from the asymptotics Linear analysis

Linear analysis (with 0 = 0)

Linearized equation around the rest state

{ :¢ — G0 = 0
O +g'¢=0

. N _ tanh(H™|D|) tanh(H~|D|)
with g’ = (p* — p~)g and G[0] = |D’p+taanh(H |D\)+: tanh(H+ D)

Shallow water limit
The depths H* are small compared to the “typical wavelength” . Then

HTH~

~ —HA ith H=—"-——-.
G|0] HA,  wi =

Wave equation: 8?( — c?AC =0, c2=g'H.
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Getting information from the asymptotics Nondimensionalization

Nondimensionalization

[. ldentify the characteristic lengths:
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Getting information from the asymptotics Nondimensionalization

Nondimensionalization

[. ldentify the characteristic lengths:
@ Wavelength: A
o Amplitude: a
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Getting information from the asymptotics Nondimensionalization

Nondimensionalization

[. ldentify the characteristic lengths:
@ Wavelength: A
o Amplitude: a

. — _ HTH—
(] Depths. H+ and H™ and ﬂ— W
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Getting information from the asymptotics Nondimensionalization

Nondimensionalization

[. ldentify the characteristic lengths:
@ Wavelength: A
o Amplitude: a

. — _ HYH—
(] Depths. H+ and H~ and ﬂ— W

[1. Dimensionless parameters

H2
e Shallowness parameter u = 55

@ Amplitude parameter € =

[Tlo
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Getting information from the asymptotics

Nondimensionalization
Nondimensionalization

[. Identify the characteristic lengths:
@ Wavelength: A

o Amplitude: a

.o+ - _ HYH—
@ Depths: H™ and H™ and H = A g A
[1. Dimensionless parameters

2
@ Shallowness parameter p = %

e Amplitude parameter € = 7.

[1l. Nondimensionalization (using linear analysis)

Oz:g’w:%
~ X ~
OXZX, :)\_;C
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Getting information from the asymptotics Nondimensionalization

Nondimensionalized internal wave equations

Nondimensionalized equations

0:C — %Gu[fdlb =0,
Oetp + ¢ +e310* [V* P
—epu3(1+ VP (wi leClt)’] = — &, s k(e VC).

David Lannes (Ecole Normale Supérieure) Gravity and Kelvin-Helmoltz instabilities Fréjus 2009 14 /23



Getting information from the asymptotics Nondimensionalization

Nondimensionalized internal wave equations

Nondimensionalized equations

0:C — %Gu[fdlb =0,
Oetp + ¢ +e310* [V* P
—epu3(1+ VP (wi leClt)’] = — &, s k(e VC).

+\
The Bond number Bo = £ Lg A2

10°.(10.10910% _ 15
gz = 10"
0 3 4

10 (101502 )10Y _ 14

@ Coastal flows (Water-Air interface) Bo ~

@ Internal waves (~ Water-Brine interface) Bo ~

v
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Getting information from the asymptotics Nondimensionalization

Nondimensionalized internal wave equations

Nondimensionalized equations

0:C — %Gu[ﬁ?dﬂ} =0,
O + ¢ + e3[p*IVYE?]
—epd(1+ VPN (i [el*] = — & 2hak(ey/iC).

+\
The Bond number Bo = £ Lg A2

10°.(10.10910% _ 15
gz = 10"
0 3 4

10 (101502 )10Y _ 14

@ Coastal flows (Water-Air interface) Bo ~

@ Internal waves (~ Water-Brine interface) Bo ~

No role of surface tension for propagation of (internal) waves

BENJAMING7,...., BONALANNESSAUTO8, DUCHENEQ9
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Getting information from the asymptotics Goal

Condition for the existence of “stable” solutions

0eC = GuleCl =0
O + ¢ + L[| VYE]
—ep3 (1 + 2 V) [ (wi [eC1v™)?] = — &5 =7 k(e /1iC).

o Find:

David Lannes (Ecole Normale Supérieure) Gravity and Kelvin-Helmoltz instabilities Fréjus 2009 15 / 23



Getting information from the asymptotics Goal

Condition for the existence of “stable” solutions

0eC = GuleCl =0
Oty + ¢ + e3[p*[Vo* ]
—epz(L+ EulVEP) o (wir [eC™)’] = 45 27 k(e /ii€)-

o Find:
© A generalization to the two fluids system of the
Rayleigh-Taylor condition: - 0P, .. > 0.
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Getting information from the asymptotics Goal

Condition for the existence of “stable” solutions

0 — 1 GuleCly = 0
Oep + ¢+ e3[p™ V=]

—enz(L+2ulVEP) o™ (wir [l ™)?] = — 45 = 7 k(e /1iC).-

o Find:
© A generalization to the two fluids system of the
Rayleigh-Taylor condition: - 0P, .. > 0.

@ A nonlinear version when both fluids are at rest at infinity of the

{p 1/2.

Chandrasekhar stability condition: [V*+]? < 4 ) (g o)
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Getting information from the asymptotics Goal

Condition for the existence of “stable” solutions

0eC = GuleCl =0
Oty + ¢ + e3[p*[Vo* ]
—epz(L+ EulVEP) o (wir [eC™)’] = 45 27 k(e /ii€)-

e Find:
© A generalization to the two fluids system of the
Rayleigh-Taylor condition: - 0P, .. > 0.
@ A nonlinear version when both fluids are at rest at infinity of the

{p 1/2.

Chandrasekhar stability condition: [V*+]? < 4 ) (g o)

@ Do this uniformly with respect to the relevant asymptotics (&, x...)
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The uniformity constraint and the operator G,[e(]

Construction
G, leC] is constructed in such a way that

GuleCly = G e H Y™ = G{T[éC Hflpt (W =pTy" —p7¢7)
= G*[EC, H Tl JuleC]

with Ju[eC] = (p™ — p~ G [e¢] 7 0 GF[e(])
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The uniformity constraint and the operator G,[e(]

—1,D+ aq)-i- =0

|z ¢ |z——H+/H

Construction
G, leC] is constructed in such a way that

GuleCly = G e H Y™ = G{T[ﬁC Hflpt (W =pTy" —p7¢7)
= G*[EC, H Tl JuleC]

{ et + pAdt =0,  —Ht/H<z<e(,

with Ju[eC] = (p™ — p~ G [e¢] 7 0 GF[e(])
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Quasilinearization of the equations Motivating the functional setting

The uniformity constraint and the operator G,[e(]

_¢+ aq)-i- =0

|z——H+/H

Construction
G, leC] is constructed in such a way that

GuleCly = G e, HTY™ = fﬂﬁC H¥lpt (¢ =ptyt
= G+[EC, H*)J,[eC]™

{ et + pAdt =0,  —Ht/H<z<e(,

|z eC

with Ju[eC] = (p™ — p~ G [e¢] 7 0 GF[e(])

—pY7)

Proposition

Let |ﬂ,-_ls+1/2 = Dl

o7l
The operator J,[e(] : HETY2 5542 s uniformly bijective.
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Linear analysis (with o > 0)

Linearized equation around the rest state
{ 0:¢ — 1, G0y = 0
O +(— EA=0

. tanh(H* /1| D|) tanh(H~ /72| D))
with G, [0] = \/ﬁ|D|B+H+ta?1T1(H*\/\/ﬁﬁ|D|)+ZEH* ta\ﬁ?(H*\//ﬂDD'
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Quasilinearization of the equations Motivating the functional setting

Linear analysis (with o > 0)

Linearized equation around the rest state
{ 0:¢ — 1, G0y = 0
O +(— EA=0

. tanh(H* /1| D|) tanh(H~ /72| D))
with G, [0] = \/ﬁ|D|B+H+ta?1T1(H*\/\/ﬁﬁ|D|)+ZEH* ta\ﬁ?(H*\//ﬂDD'

Symmetrizer

sio = ( Cg o )
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Quasilinearization of the equations Motivating the functional setting

Linear analysis (with o > 0)

Linearized equation around the rest state
{ 0:¢ — 1, G0y = 0
O +(— EA=0

. tanh(H* /1| D|) tanh(H~ /72| D))
with G, [0] = \/ﬁ|D|B+H+ta?1T1(H*\/\/ﬁﬁ|D|)+ZEH* ta\ﬁ?(HJr\/MDD'

Symmetrizer Energy

1—%A 0 Elin(U) = (U75[0]U)
so= (75 oo )

~ |<|%-/c1r + |¢|i,1/2-
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Quasilinearization of the equations Motivating the functional setting

Linear analysis (with o > 0)

Linearized equation around the rest state
{ 0:¢ — 1, G0y = 0
O +(— EA=0

. tanh(H* /1| D|) tanh(H~ /72| D))
with G, [0] = \/ﬁ|D|B+H+ta?1T1(H*\/\/ﬁﬁ|D|)+ZEH* ta\ﬁ?(H*\//ﬂDD'

Symmetrizer Energy

1-2A 0 Ein(U) = (U,S[0]V)
5M=< 0 @m> ~ LR+ 1R,

m@a%+%w%//
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The first equation and the “good unknowns”
The first equation and the “good unknowns”

9%(0e¢ = £ GuleC]p) = 0 ~» 777 J
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The first equation and the “good unknowns”
The first equation and the “good unknowns”

9%(0e¢ = £ GuleC]p) = 0 ~» 777 J

Q 9°Gpulecly = Gu[C]0% + dG[eC](0%C)p + - -
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The first equation and the “good unknowns”
The first equation and the “good unknowns”

The “..."” must be controled in H} norm by the energy

9%(9«C — iGu[é‘C]@b) =0~ 777 J

Q 9°GyuleCly = Gu[C]0% + dG[eC](0%C)p + - -
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The first equation and the “good unknowns”
The first equation and the “good unknowns”

9%(0e¢ = £ GuleC]p) = 0 ~» 777 J

Q 0°GyuleCly = Gu[C]o"Y + dG[eC](e0% Q) + -
@ There is an explicit formula for the shape derivative

David Lannes (Ecole Normale Supérieure) Gravity and Kelvin-Helmoltz instabilities Fréjus 2009 18 / 23



The first equation and the “good unknowns”
The first equation and the “good unknowns”

dGuleC)(h)y = —eGulec](hlp™w;])
=V (W) +p GuleCl o (67)H(V - (h[VF]))

/

:=Th

9%(0e¢ = £ GuleC]p) = 0 ~» 777 \ ]

@ 9*GuleCl¥ = Gu[C]0°% + dG[=C](=0°C) + \
@ There is an explicit formula for the shape derivative
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The first equation and the “good unknowns”
The first equation and the “good unknowns”

9%(0e¢ = £ GuleC]p) = 0 ~» 777 J

Q 0°GyleClY = GuleCln) — TOYC+ ..., with W) = 0% — wd(C
@ There is an explicit formula for the shape derivative
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The first equation and the “good unknowns”
The first equation and the “good unknowns”

9%(0e¢ = £ GuleC]p) = 0 ~» 777 J

Q 0°GyleClY = GuleCln) — TOYC+ ..., with W) = 0% — wd(C
@ There is an explicit formula for the shape derivative

© The energy

EN(U) = V9l + Y 10°CIEy + o) e

loe|<N
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The second equation and the instabilities
The second equation and the instabilities

0%(0ph + ¢ + e [pF|VEP] +...) =777 )
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The second equation and the instabilities
The second equation and the instabilities

0%(0ph + ¢ + e [pF|VEP] +...) =777 )

@ Rewrite in terms of ¢ and ¥(,):

2 1
Oetha) + adC + [V - Vo] ~ ozl KV,
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The second equation and the instabilities
The second equation and the instabilities

0%(0ph + ¢ + e [pF|VEP] +...) =777 )

@ Rewrite in terms of ¢ and ¥(,):

2

1
Oeth(a) + a0 C+ [PV - V] ~ —gﬁa

“k(ev/H€)-

@ L20°k(e /i) = =V - KVO"C + Ky1(Q).
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The second equation and the instabilities
The second equation and the instabilities

0%(0ph + ¢ + e [pF|VEP] +...) =777 )

@ Rewrite in terms of ¢ and ¥(,):

Oeth(a) + a0 C+ [PV - V] ~ —192(36\1/E8ak(5\/ﬁ§).
@ L20°k(e /i) = =V - KVO"C + Ky1(Q).

o [[Bi vE. Vq[}(a)]] as a function of ¢ and 1/)(a)?

["VE- VUl = (VA VIsE ]+ V- Ve,
+ 222

= <V >'77/)(a) Py
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The second equation and the instabilities
The Rayleigh-Taylor instability operator

The second equation

Oty + T (o) + RTOC + £ Knya(¢) ~ 0,

with  RTf =af +p*p~u[VE] - EL[C(F[VE]) - v KVf.
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[OUESIILCETFN I IR RS TEVIM  The second equation and the instabilities

The Rayleigh-Taylor instability operator

Controled by the energy, uniformly in Hl/2

The second equation A\

Oty + T (o) + RTOC + £ Knya(¢) ~ 0,

with  RTf =af +p*p~u[VE] - EL[C(F[VE]) - v KVf.
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The second equation and the instabilities
The Rayleigh-Taylor instability operator

The second equation

Oty + T (o) + RTOC + £ Knya(¢) ~ 0,

with  RTf =af +p*p~u[VE] - EL[C(F[VE]) - v KVf.

The operator E,[(]
Eulc] = Vo (G7)16(GH) 1oV,
e Symbolic analysis yields E,[¢] ~ —|D| (d =1).
o E,[(] costs ,/ji at high frequencies, j at low frequencies.
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Oty + T (o) + RTOC + £ Knya(¢) ~ 0,

with  RTf =af +p*p~u[VE] - EL[C(F[VE]) - v KVf.

The operator E,[(]
EJ(=Vo(6)16(GH) 1oV,
e Symbolic analysis yields B/JV/Y/HD] (d =1).

o E,[(] costs ,/ji at high frequencies, j at low frequencies.

David Lannes (Ecole Normale Supérieure) Gravity and Kelvin-Helmoltz instabilities Fréjus 2009 20 /23



The second equation and the instabilities
The Rayleigh-Taylor instability operator

The second equation

Oty + T (o) + RTOC + £ Knya(¢) ~ 0,

with  RTf =af +p*p~u[VE] - EL[C(F[VE]) - v KVf.

The operator E,[(]
EJ(=Vo(6)16(GH) 1oV,
e Symbolic analysis yields B/JV/Y/HD] (d =1).

o E,[(] costs ,/ji at high frequencies, j at low frequencies.

The coefficient a
One can check that “a = [0,P]".
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The quasilinear system

The system in 9% and (o) = %Y — ewd(

{ 0:0°C + €TOC — 1 GuleCltha) — GulClw ~ 0,
Oe(a) + T (o) + RTOC + & Kny1(¢) ~ 0
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The quasilinear system

The system in 9% and (o) = %Y — ewd(

{ 0:0°C + €TOC — 1 GuleCltha) — GulClw ~ 0,
Oe(a) + T (o) + RTOC + & Kny1(¢) ~ 0

Symmetrization

@ RT is a second order operator ~» problem with subprincipal terms in
the commutator with G,[e(].
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The quasilinear system

The system in 9% and (o) = %Y — ewd(

{ 0:0°C +eT0C — %G;L[ECW(Q) — Gn[C]y ~ 0,
Oeta) + T P(a) + RTOC + 2 Knpa(C) ~ 0

Symmetrization

@ RT is a second order operator ~» problem with subprincipal terms in
the commutator with G,[e(].
@ Clever commutator estimate (symbolic analysis): MEIZHANG08
@ Use the DN and curvature operators to differentiate: SHATAHZENGOS
© Use paradifferential calculus: ALAZARDBURQZUILY(09
© Put the time derivatives in the energy: ROUSSETTZVETKOV(09
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The quasilinear system

The system in 9% and (o) = %Y — ewd(

{ 0:0°C + €TOC — 1 GuleCltha) — GulClw ~ 0,
Oe(a) + T (o) + RTOC + & Kny1(¢) ~ 0

Symmetrization
@ RT is a second order operator ~» problem with subprincipal terms in
the commutator with G,[e(].

@ Symmetrizer
RT 0
S[U] =
Y] ( 0 icu[s¢]>
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A key result

Proposition
© One has (%GM[SCW%@ZJ) ~ |¢|i&/2
@ If the following condition is satisfied

1 1 8 [0, P] )1/2

Stab) 2u|[VE]A < —
(5tab)  ullVIlls < B AT s (Bo Lt 2 v

then (R7¢, () ~ |C|%_/g
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A key result

Proposition
© One has (%GN[SCW%@ZJ) ~ |¢|i&/2
@ If the following condition is satisfied

1 1 8 [0, P] )1/2

Stab) 2u|[VE]A < —
(5tab)  ullVIlls < B AT s (Bo Lt 2 v

then (R7T(,C) ~ |C|i@

Proof.
Use gravity to control low frequencies and surface tension to control high
frequencies... O

v
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Main result

Main result

1 1 8 [0.P] 1/2
Stab) £2u|[VE]A < —
(St0) - SullV A < o el B L+ VG
Theorem

Under (Stab), the interfacial waves equations are well posed in
(¢, ) € HN x HNtY/2 (N > d 4 5) on a time that depend on o through
(Stab) only (and uniformly with respect to e, 1)

Applications
o Coastal flows: €2,/ < 1072
o Internal wave: &2,/1 < 1072 or 1073,
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