
Normal form of holomorphic dynamical systems

Laurent Stolovitch

Abstract This article represents the expanded notes of my lectures at the ASI
“Hamiltonian Dynamical Systems and applications”. We shall present various re-
cent results about normal forms of germs of holomorphic vector fields at a fixed
point in Cn. We shall explain how relevant it is for geometric as well as for dy-
namical purpose. We shall first give some examples and counter-examples about
holomorphic conjugacy. Then, we shall state and prove a main result concerning the
holomorphic conjugacy of a commutative family of germs of holomorphic vector
fields. For this, we shall explain the role of diophantine condition and the notion of
singular complete integrability.

1 Definitions and examples

Let us consider the pendulum with normalized constants :

θ̈ + sinθ = 0 (1)

We would like to understand the behavior of the motion for the small oscillations
of the pendulum, that is to say when θ is small. We are tempted to say that sinθ
is well approximated by θ and then we would like to consider the much simpler
equation (∗) θ̈ +θ = 0 instead of (1). If we set θ1 = θ and θ2 = θ̇ , equation (∗) can
be written as
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{

θ̇1 = θ2

θ̇2 =−θ1
.

The dynamic is completely understood. Its trajectories are circles θ 2
1 +θ 2

2 = constant.
Are these information relevant for the understanding of the dynamic of the original
problem (1) ? Does the closeness of equation (∗) to equation (1) imply that they
have the same dynamical properties ?

In general, both answer are ’No!’. In these lectures, we shall explain these phenom-
ena and how to define a reasonable simplified problem to study : a normal form.

Let us start with a very elementary example of a similar problem. In order to study
the iterates of a square complex matrix A of Cn, that is the orbits {Akx}k∈N for
x ∈ Cn near the “fixed point" 0, it is very convenient to transform, with the help
of a linear change of coordinates P, the matrix A into a Jordan matrix J = S + N,
with S a diagonal matrix, N an upper triangular nilpotent matrix commuting with
S : PAP−1 = S+N. Using the (block diagonal) structure of S+N, it is easy to study
its iterates. Since Ak = P−1JkP, we have Anx = P−1(Jny) where x = P−1y. We thus
obtain all informations needed for the study of the iterates of A.

One of the great ideas of Poincaré was to try to proceed in the same way for vector
fields. Is it possible to transform a given vector field X , vanishing at the origin of
Rn (resp. Cn), into a “simpler" one with the help of a local diffeomorphism Φ near
the origin and which maps the origin to itself ? The group of germs of Ck (resp.
holomorphic, formal) diffeomorphisms at 0 ∈ Cn and tangent to IdCn at the origin,
acts on the space of germs of holomorphic (resp. formal) vector fields at 0 ∈ Cn

by conjugacy : if X is any representative of a germ of vector field X , and φ is any
representative of a germ of diffeomorphism Φ , then Φ∗X is the germ of vector field
defined by

φ∗X(φ(x)) := Dφ(x)X(x)

where Dφ(x) denotes the derivative of φ at the point x. One may first attempt to
linearize formally X , that is to find a formal change of coordinates Φ̂ , such that
Φ̂∗X(y) = DX(0)y. Assume it is so then, one could expect to understand all about
the dynamics of X since the flow of the linear vector field DX(0)y is easy to study.
Nevertheless, this cannot be the case unless we are able to pull-back these informa-
tions by Φ̂ , and this requires some “regularity" conditions on Φ̂ . Is there a Ck (resp.
smooth) linearizing diffeomorphism ? When we are working in the analytic cate-
gory, this regularity condition should be that Φ̂ is holomorphic in a neighborhood
of the origin. What happens in this situation ?

These ideas have been widely developed by V.I. Arnol’d and his school. Our main
reference for this topic is the great book by V.I. Arnol’d [Arn88a]. We refer also to
[AA88] which contain a lot of references on this topic. Singularities of mappings
are also studied in the same spirit [AGZV85, AGZV88].
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1.1 Vector fields and differential equations

Let us consider a germ of vector field X at a point p : in a coordinate chart at p,
it can be written X(z) = ∑n

i=1 Xi(z) ∂
∂ zi

. It is equivalent to consider the system of
autonomous differential equations :





ż1 = X1(z)
...

żn = Xn(z)

.

The Lie derivative of a germ of function f along the vector field X is the germ of
function

LX f (z) :=
n

∑
i=1

Xi(z)
∂ f
∂ zi

(z).

It will also be denoted by X( f ).

We will denote by [X ,Y ] the Lie bracket of the vector fields X = ∑n
i=1 Xi

∂
∂ zi

and

Y = ∑n
i=1 Yi

∂
∂ zi

. It is defined to be

[X ,Y ] =
n

∑
i=1

(
n

∑
j=1

X j
∂Yi

∂ z j
−Yj

∂Xi

∂ z j

)
∂

∂ zi
.

It is skew-symmetric and satisfies the Jacobi identity :

[X , [Y,Z]]+ [Y, [Z,X ]]+ [Z, [X ,Y ]] = 0.

Moreover, if X ,Y are vector fields and f a function

[X , fY ] = f [X ,Y ]+LX ( f )Y. (2)

Two vector fields X ,Y are said to be commuting pairwise whenever [X ,Y ] ≡ 0.
From the dynamical point of view, let us start at a point p, then let us follow the
flow of X during a time t then follow the flow of Y during a time s. Let q be this end
point. Let us start at p again but now follow the flow of Y during a time s first then
follow the flow of X during a time t. Let q′ be this end point. The fact that X and Y
commute pairwise means that q = q′.
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1.1.1 Notations

Let us set some notations which will be used all along this article : let k ≥ 1 be an
integer,

• Pk
n denotes the C-space of homogeneous polynomial vector fields on Cn and

of degree k,

• Pm,k
n denotes the C-space of polynomial vector fields on Cn, of order ≥ m and

of degree ≤ k (m≤ k),

• X̂ k
n denotes the C-space of formal vector fields on Cn and of order ≥ k at 0,

• X k
n denotes the C-space of germs of holomorphic vector fields on (Cn,0) and

of order ≥ k at 0,

• pk
n denotes the C-space of homogeneous polynomial on Cn and of degree k,

• M̂ k
n denotes the C-space of formal power series on Cn and of order ≥ k at 0,

• M k
n denotes the C-space of germs of holomorphic functions on (Cn,0) and of

order ≥ k at 0,

• Ôn denotes the ring of formal power series in Cn,

• On denotes the ring of germs at 0 of holomorphic functions in Cn.

1.1.2 Norms

Let f ∈ C[[x1, . . . ,xn]] be a formal power series : f = ∑Q∈Nn fQxQ. We define f̄ as
the formal power series f̄ = ∑Q∈Nn | fQ|xQ. We will say that a formal power series
g dominates a formal power series f , if ∀Q ∈ Nn, | fQ| ≤ |gQ|. In that case, we will
write f ≺ g. More generally, let q ≥ 1 be an integer and let F = ( f1, . . . , fq) and
G = (g1, . . . ,gq) be elements of (C[[x1, . . . ,xn]])

q; we shall say that G dominates F ,
and we shall write F ≺G, if fi ≺ gi for all 1≤ i≤ q. We shall write F̄ = ( f̄1, . . . , f̄q).
We shall say that F is of order ≥ m (resp. polynomial of degree ≤ m), if each of his
components is of order ≥ m (resp. polynomial of degree ≤ m).

Let r be an positive number and ( f ,F,G) ∈ Ôn× Ôq
n × Ôq

n , we define
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| f |r := ∑
Q∈Nn

| fQ|r|Q| = f̄ (r, . . . ,r)

and |G|r = maxi |gi|r; these may not be finite. We have the following properties

f G ≺ f̄ Ḡ

if F ≺ G then |F |r ≤ |G|r
∂F
∂xk

=
∂ F̄
∂xk

Let us define H q
n (r) = {F ∈ Ôq

n | |F |r < +∞}; |.|r is norm on this space. Together
with the norm |.|r, this space is a Banach space (see [GR71]).

Lemma 1.1.1 Let F = ∑Q∈Nn FQxQ an element of H q
n (r), then we have the follow-

ing inequalities :

‖F‖r ≤ |F |r (3)

|F |R ≤
(

R
r

)m

|F |r if ord(F)≥ m,R≤ r (4)

|DF |r ≤ d
r
|F |r if F is a polynomial of degree≤ d (5)

Here ‖F‖r denotes the supremum of |F(z)| on the polydisc |zi|< r, 1≤ i≤ l.

Proof. The first inequality comes from the fact that for all x in the polydisc of radius
r, we have ∣∣∣∣∣ ∑

Q∈Nn
FQxQ

∣∣∣∣∣≤ ∑
Q∈Nn

|FQ||xQ| ≤ |F |r.

For the second, we have

∑
Q∈Nn, |Q|≥m

|FQ|R|Q| ≤ ∑
Q∈Nn, |Q|≥m

R|Q|

r|Q|
|FQ|r|Q| ≤ Rm

rm ∑
Q∈Nn, |Q|≥m

|FQ|r|Q|.

For the last one, we have F = ∑Q∈Nn, |Q|≤d FQxQ. Hence, we have

| ∂F
∂x j

|r =

∣∣∣∣∣ ∑
Q∈Nn, |Q|≤d

FQq jxQ−E j

∣∣∣∣∣
r

= ∑
Q∈Nn, |Q|≤d

|FQ|q jr|Q|−1

≤ d
r
|F |r.
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We shall often use the estimate |(DG).F |r ≤ n|DG|r|F |r whenever (F,G) ∈H n
n (r).

Lemma 1.1.2 [Sto00][prop. 3.1.1] Let r > 0, a ∈ C∗ and g ∈H 1
n (r). We assume

that |g|r < |a|. Then ∣∣∣∣
1

a+g

∣∣∣∣
r
≤ 1
|a|− |g|r

1.2 Normal forms of vector fields

In the sequel, we will assume that the linear part of X at the origin is not nilpotent
(see [CS86] normal form with nilpotent linear part) and for the sake of simplicity
we even assume that is it semi-simple :

S := DX(0)x =
n

∑
i=1

λixi
∂

∂xi

is a nonzero diagonal vector field. If Q = (q1, . . . ,qn) ∈ Nn, we will write (Q,λ ) :=
∑n

i=1 qiλi, |Q| := q1 + · · ·+qn and xQ := xq1
1 · · ·xqn

n .

Proposition 1.2.1 (Poincaré-Dulac normal form) Let X = S + R2 be a nonlinear
perturbation of the linear vector field S. Then there exits a formal change of coordi-
nates Φ̂ tangent to the identity such that

Φ̂∗X = S + N̂,

where the nonlinear formal vector field N̂ commutes with S : [S, N̂] = 0.

By formal change of coordinates Φ̂ tangent to the identity, we mean that there exists
formal power series φ̂i(x) = ∑Q∈Nn,|Q|≥2 φi,QxQ ∈ C[[x1, . . .xn]] of order ≥ 2, such
that Φ̂i(x) = xi + φ̂i(x), the ith-component of Φ̂ .

Let us describe a normal form in local coordinates. First of all, we notice that
[

S,xQ ∂
∂xi

]
= ((Q,λ )−λi)xQ ∂

∂xi
.

Therefore, such an elementary vector field commute with S if and only if

(Q,λ ) = λi.

This is called a resonance relation and xQ ∂
∂xi

the associated resonant vector field.



Normal forms 271

Therefore, the formal normal form proposition can be rephrased as : there exists a
formal diffeomorphism Φ̂ (which is not unique in general) such that

Φ̂∗X =
n

∑
i=1

λixi
∂

∂xi
+

n

∑
i=1

(
∑

(Q,λ )=λi

ai,QxQ

)
∂

∂xi

where the sum is over the multiintegers Q∈Nn, |Q| ≥ 2 and the index i which satisfy
to (Q,λ ) = λi and where the ai,Q’s are complex numbers.

Example 1.2.2 Let ζ be a positive irrational number. Let us consider the vector
field X {

ẋ = x+ f (x,y)

ẏ =−ζ y+g(x,y)

where f ,g are smooth functions vanishing at the origin as well as their first
derivatives. It is formally linearizable since the only integer solution (q1,q2) of
q1−ζ q2 = 0 is (0,0). Hence, there are no resonance relation satisfied.

Example 1.2.3 Let us consider the vector field X
{

ẋ = 2x+ y2 + f (x,y)

ẏ = y+g(x,y)
(6)

where the smooth functions f ,g vanish at order 3 at the origin. There is one and
only one resonance relation satisfied : 0λ1 + 2λ2 = λ1. Therefore, X is formally
conjugate to the normal form

{
ẋ = 2x+ y2

ẏ = y
. (7)

Example 1.2.4 Let us consider the analytic vector field X
{

ẋ = x+ f (x,y)

ẏ =−y+g(x,y)
(8)

for some holomorphic functions f ,g vanishing at first order at the origin. It is clear
that the only solutions of the resonance relation q1λ1 + q2λ2 = λ1 (resp. q1λ1 +
q2λ2 = λ2) are of the form q1 = q2 +1 (resp. q2 = q1 +1). Thus, the resonant vector
fields are generated by (xy)lx ∂

∂x and (xy)ly ∂
∂y where l is a positive integer. Applying

Poincaré-Dulac theorem to equation (8) leads to a formal normal form
{

ẋ = xF̂(xy)

ẏ =−yĜ(xy)
(9)
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where F̂ , Ĝ are formal power series which values at 0 is 1.

Example 1.2.5 Let us extend example 1.2.4 by example 1.2.3 in a 4-dimensional
system :

ẇ = w+ e(w,x,y,z)
ẋ = −x+ f (w,x,y,z)
ẏ = 2iy+g(w,x,y,z)
ż = iz+h(w,x,y,z)

Its formal normal form is of the form

ẇ = wF̂(wx)
ẋ = −xĜ(wx)
ẏ = 2iĤ1(wz)y+ Ĥ2(wz)z2

ż = iĤ3(wz)z

Example 1.2.6 Let us consider the 5-dimensional system




ẋ1 = x1 + f1(x)
ẋ2 =−x2 + f2(x)
ẋ3 =−ζ x3 + f3(x)
ẋ4 = ix4 + f4(x)
ẋ5 = ix5 + f5(x)

where ζ is a positive irrational number. Its normal form is of the form




ẋ1 = x1 f̂1(x1x2)
ẋ2 =−x2 f̂2(x1x2)
ẋ3 =−ζ f̂3(x1x2)x3
ẋ4 = ix4 + x4ĝ1,1(x1x2)+ x5ĝ1,2(x1x2)
ẋ5 = ix5 + x4ĝ2,1(x1x2)+ x5ĝ2,2(x1x2)

(10)

where the f̂i’s (resp. ĝi, j’s) are formal power series of one variable (resp. vanishing
at the origin).

1.2.1 Hamiltonian vector fields

We refer the Arnol’d book [Arn97] for this section.
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To a germ of function H : (R2n,0) → (R,0) vanishing at first order at 0, we can
associate a germ of vector field XH of (R2n,0) vanishing at the origin. If (x,y) are
local coordinates, it is defined to be

ẋ j =
∂H
∂y j

, j = 1, . . . ,n

ẏ j = −∂H
∂x j

, j = 1, . . . ,n.

It is called the Hamiltonian vector field associated to H. The function H is called
the Hamiltonian of XH .

Definition 1.2.7 A change of coordinate X j = φ j(x,y), Yj = ψ j(x,y) is called
canonical if it preserve the symplectic form ω = ∑n

j=1 dx j ∧dy j. In other words,

n

∑
j=1

dx j ∧dy j =
n

∑
j=1

dX j ∧dYj.

If we conjugate an Hamiltonian vector field XH by a canonical diffeomorphism Φ ,
we obtain again an Hamiltonian vector field, namely XH◦Φ . We shall say that the
Hamiltonian H is a Birkhoff normal form whenever its associated Hamiltonian
vector field XH is a normal form.

Definition 1.2.8 In symplectic coordinates (x,y), we define the Poisson bracket of
the germ of functions to be

{ f ,g} :=
n

∑
j=1

(
∂ f
∂x j

∂g
∂y j

− ∂g
∂x j

∂ f
∂y j

)
.

It satisfies the following properties :

• {., .} is bilinear and skew-symmetric,

• { f ,{g,h}}+{g,{h, f}}+{h,{ f ,g}}= 0 (Jacobi identity),

• { f ,gh}= { f ,g}h+{ f ,h}g (Leibniz identity).

It is easy to show that
[XH ,XG] = X{H,G}.
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1.3 Examples about linearization

Example 1.3.1 The normal form (7) is topologically conjugate to the linear part
{

ẋ = 2x

ẏ = y
.

By this, we mean there exists an homeomorphism H fixing the origin which maps
the trajectories of the normal form to the trajectories of its linearized : H(φt(x)) =
φ linearized

t (H(x)) where φt denotes the flow at time t starting at x. This is a con-
sequence of Hartman-Grobmann theorem. Nevertheless, it can be shown that the
normal form is not C2-conjugate to its linearized at the origin.

Theorem 1.3.2 [Ste58, Bru95] Assume the linear part S is non-resonant, i.e. there
is no resonance relation satisfied. Then any smooth nonlinear perturbation X =
S +R of S is smoothly conjugate to its linear part S.

What happens in the analytic context ?

Example 1.3.3 We borrow this example to J.-P. Françoise [Fra95]. Let us consider
a special case of example 1.2.2. Let us assume that the irrational number ζ is
Liouvillian. By this, we mean that there exists two sequences of positive integers
(pn),(qn) both tending to infinity with n such that

∣∣∣∣ζ −
pn

qn

∣∣∣∣ <
1

qn(qn!)
.

The number ζ is too well approximated by rational numbers. Given such a pair of
sequence, let us consider the function

f (x,y) =
1

1−∑xpnyqn
.

It is holomorphic in a neighborhood of the origin and f (0) = 1. Let us set S :=
x ∂

∂x − ζ y ∂
∂y and let us consider the germ of holomorphic vector field defined to be

X = f (x,y)S. Its linear part at the origin is S. Let us find the formal change of
coordinate that linearizes it (in this case, it’s unique) : x̃ = xexp(−V (x,y)), ỹ =
yexp(−W (x,y)). Then,

xexp(−V (x,y)) = x̃ = LX (x̃) = xLX (−V (x,y))exp(−V (x,y))
+exp(−V (x,y))LX (x).
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Here, the first equality comes from the definition, the second comes from that fact
that X is linearized in the new coordinates. Therefore, we have that LX (V ) = f −1
which is equivalent to

LS(V ) =
f −1

f
= ∑xpnyqn .

This equation has the unique solution

V = ∑ 1
pn−ζ qn

xpnyqn

which is divergent at the origin since 1
pn−ζ qn

≥ qn!.

This example shows that one need an “arithmetical“ condition on the small divisors
(Q,λ )−λi 6= 0. The major step in the understanding of the phenomenon is due to
C.L Siegel.

Definition 1.3.4 We shall say that λ = (λ1, . . . ,λn) is diophantine of type ν ≥ 0 if
there exists C > 0 such that, for all multiindexes Q ∈ Nn, |Q| ≥ 2,

|(Q,λ )−λi|> C
|Q|µ .

We shall say that there no small divisor if there exists a constant c > such that

|(Q,λ )−λi|> c.

Theorem 1.3.5 [Sie42] If the linear vector field S = ∑n
i=1 λixi

∂
∂xi

is diophantine,
then any holomorphic non-linear perturbation of S is holomorphically linearizable.

This arithmetical condition has been weakened by A.D. Brjuno as we shall see be-
low.

1.4 Examples about nonlinearizable vector fields

Let’s go back to example 1.2.3 where we saw that any holomorphic perturbation of
order≥ 3 of the normal form is formally conjugate to it. What about the holomorphy
of such a conjugacy ?

Theorem 1.4.1 (Poincaré-Picard) If the linear part S has non polynomial first in-
tegral but the constants and if there are no small divisors then any nonlinear per-
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turbation X = S + R is holomorphically conjugate to a polynomial normal form in
a neighborhood of the origin.

Remark 1.4.2 Usually in the literature, the previous theorem is applied for linear
part which spectrum is said to lie in the “Poincaré domain". By this, we mean that
there exists a line (D) in the complex plane which separate the eigenvalues of S from
the origin (i.e. the eigenvalues are on one and the same side of the line while 0 is in
the other side). Thus, if S belongs to the Poincaré domain, then it has only constant
polynomial first integral. In fact, if LX (xQ) = 0 then (Q,λ ) = 0. This means that the
origin is a linear combination of the λi’s with non negative coefficients. Since the
spectrum lies on the same and opposite side from the origin of a line, then Q = 0.
Furthermore, there are no small divisors since the projection of the eigenvalues onto
the orthogonal line to (D) passing through the origin is bounded from below. So do
the small divisors.

Example 1.4.3 Let us show that example 1.2.3 falls into the application scope of the
theorem. In fact, a monomial (p,q are non-negative) xpyq is a first integral of S if and
only if S(xpyq) = (2p + q)xpyq = 0. This implies that p = q = 0. Thus, polynomial
first integrals of S are just constants. Moreover, there are no small divisors. In fact,
both |2p+q−2| and |2p+q−1| are integers so they don’t accumulate the origin.
Therefore, any holomorphic system (6) is holomorphically conjugate to its normal
form (7).

2 Holomorphic normalization

The main progress are due to Brjuno who gave sufficient conditions that ensure that
there is a convergent normalizing transformation to a normal form. These conditions
are of two different type. The first one is a condition about the rate of accumulation
to zero of the small divisors of the linear part. It is weaker that Siegel condition
and is called condition (ω). The second one is linked to the nonlinearity of the
perturbation we are considering. It is a condition about a formal normal form of the
perturbation.
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2.1 Theorem of A.D. Brjuno

Let X = S+R be an holomorphic vector field in a neighborhood of its singular point
0 ∈ Cn with S = ∑n

i=1 λixi
∂

∂xi
and R a nonlinear vector field. We assume that the

following diophantine condition like is satisfied :

(ω) − ∑
k≥0

lnωk

2k < +∞

where ωk = inf{|(Q,λ )−λi| 6= 0, 1≤ i≤ n, Q ∈ Nn,2≤ |Q| ≤ 2k}.

Theorem 2.1.1 [Bru72] Let X = S+R be an holomorphic vector field as above. We
assume that S satisfies the Bruno condition (ω). If X has formal normal form of the
type â.S for some formal power series â (with â(0) = 1), then X is holomorphically
normalizable.

In the case of Hamiltonian vector field and under Siegel diophantine condition, this
result is due to H. Rüssmann :

Theorem 2.1.2 [Rüs67] Let H = ∑n
i=1 λixiyi + · · · be an analytic third order per-

turbation of the quadratic hamiltonian h = ∑n
i=1 λixiyi. Assume that h satisfies the

Siegel condition : ∣∣∣∣∣
n

∑
j=1

q jλ j

∣∣∣∣∣ >
c(

∑n
j=1 |q j|

)µ

for integer vectors (q1, . . . ,qn) ∈ Zn such that ∑n
j=1 |q j| > 0. Assume that H has a

formal Birkhoff normal form of the form F̂(h) = F̂(∑n
i=1 λixiyi) then H is analyti-

cally conjugate to a Birkhoff normal form F(h) for some analytic function F.

We refer to J. Martinet’s Bourbaki seminar for a survey on this topic [Mar80].

Example 2.1.3 Let us apply the previous result to example (8). If it has a formal
normal form (9) with Ĝ = F̂ then it is holomorphically normalizable.

Example 2.1.4 Let us consider the 2-dimensional system
{

ẋ = x2

ẏ = x+ y
(1)

There is a unique formal diffeomorphism x = X, y = Y + ψ̂(X) that transforms the
previous systems into its normal form
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{

ẋ = x2

ẏ = y
(2)

In fact, the conjugacy equation leads to

ẏ = x+ y = X +Y + ψ̂(X)
= Ẏ + ψ̂ ′(X)Ẋ = Y + ψ̂ ′(X)X2.

So ψ̂ has to solve the Euler equation

X2ψ̂ ′(X)− ψ̂(X) = X

which formal solution is

ψ̂(X) =−∑
k≥1

(k−1)!Xk.

This does not converge in a neighborhood of the origin ! The normal form (2) does
not satisfies Brjuno condition: it is not proportional to the linear part ẋ = 0, ẏ = y.
Nevertheless, we can show that there exists sectorial normalizations. This means
that there exists germs of holomorphic diffeomorphisms defined only in the prod-
uct of sector with an edge at the origin (in the x plane) and a disc around
0 (in y) which conjugate equation (1) into its normal form. This the starting
point of a long story that have been developed by J. Martinet and J.-P. Ramis
[MR82, MR83] for 2-dimensional vector fields and by J. Ecalle, S. Voronin and
B. Malgrange for germs of local diffeomorphisms near a fixed point in the complex
plane [Eca, Vor81, Mal82, Il′93]. In higher dimension, the theory has been devel-
oped by J. Ecalle and L. Stolovitch [Eca92, Sto96]. Recently, the interplay beetwen
these “Stokes phenomena” and small divisors phenomena have been investigated
by B. Braaksma and L. Stolovitch [BS07]. We refer to [Bal00, Ram93, RS93] for
summability theory and Stokes phenomenon.

2.2 Theorems of J. Vey

On the other hand, Vey proved two theorems about the normalization of family of
commuting vector fields satisfying some geometric properties.

Theorem 2.2.1 [Vey79] Let X1, . . . ,Xn−1 be n− 1 holomorphic vector fields in a
neighborhood of 0 ∈ Cn, vanishing at this point. We assume that :

• each Xi is a volume preserving vector field (LXi ω = 0 with ω an holomorphic
n-differential form),
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• the 1-jet J1(X1), . . . ,J1(Xn−1) are diagonal and independent over C (this means
that if there are complex constants ci such that ∑n−1

i=1 ciJ1(Xi) = 0, then ci = 0
for all i.),

• [Xi,X j] = 0 for all indices i, j.

Then, X1, . . . ,Xn−1 are holomorphically and simultaneously normalizable.

Theorem 2.2.2 [Vey78] Let X1, . . . ,Xn be n holomorphic vector fields in a neigh-
borhood of 0 ∈ C2n, vanishing at this point. We assume that :

• each Xi is an Hamiltonian vector field,

• the 1-jet J1(X1), . . . ,J1(Xn) are diagonal and independent,

• [Xi,X j] = 0 for all indices i, j.

Then, X1, . . . ,Xn are holomorphically and simultaneously normalizable.

2.3 Singular complete integrability-Main result

We shall present a general result about normalization of commutative family of
holomorphic vector fields vanishing at the same point that unifies both Vey’s and
Brjuno’s theorems. At first glance, such unification could seem a little bit weird. In
fact, in Vey’s theorems, there no assumption about small divisors while in Brjuno’s
theorem there is one. In Vey’s theorem, vector fields satisfy a geometric assump-
tions (volume preserving or symplectic) whereas in Brjuno’s theorem there is an
assumption about the formal normal form.

Let us consider the family S = {S1, . . . ,Sl}, l ≤ n, of linearly independent linear
diagonal vector fields

Si =
n

∑
j=1

λi, jx j
∂

∂x j
.

This means that if ∑l
i=1 ciSi = 0 for some complex numbers ci, then all the ci’s are

zero. Let us define the sequence of positive numbers

ωk(S) = inf
{

max
1≤i≤l

|(Q,λ i)−λi, j| 6= 0, 1≤ j ≤ n, Q ∈ Nn,2≤ |Q| ≤ 2k,

}
,
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where λ i = (λi,1, . . . ,λi,n).

Definition 2.3.1 We shall say that S is diophantine if

(ω(S)) − ∑
k≥0

lnωk(S)
2k < +∞

Remark 2.3.2 The family S can be diophantine while none of the Si’s satisfies
Brjuno condition (ω). For instance, consider in (C3,0) with complex coordinates
(x,y,z) the vector fields S1 = E1 − ζ E2 and S2 = −ζ E1 + E2 where ζ is positive
irrational number, E1 = x ∂

∂x −y ∂
∂y and E2 = y ∂

∂y − z ∂
∂ z . Since 1−ζ 2 6= 0, S1 and S2

are linearly independent. The small divisors relative to S1 or S2 look like q1− ζ q2
for some relative integers q1,q2. Thus, if ζ is a Liouvillian number then neither S1
nor S2 will satisfy Brjuno condition. On the other hand, let λi (resp. µi) be the vector
of eigenvalues of Si (resp. Ei). We have

A :=
(

(Q,λ1)−λ1, j

(Q,λ2)−λ2, j

)
=

(
1 −ζ
−ζ 1

)(
(Q,µ1)−µ1, j

(Q,µ2)−µ2, j

)
=: B.

Hence, if we denote the matrix by C, we have then ‖B‖ ≤ ‖C−1‖‖A‖. Therefore, the
sequence of the ‖A‖’s when Q and j vary do not accumulate the origin since the
sequence of the ‖B‖’s does not. So, the family S is diophantine.

Let
(
X̂ 1

n

)S
(resp.

(
Ôn

)S
) be the formal centralizer of S (resp. the ring of formal

first integrals), that is the set of formal vector fields X (resp. formal power series f )
such that [Si,X ] = 0 (resp. LSi( f ) = 0) for all 1≤ i≤ l.

Let X = {X1, . . . ,Xl} be a family of germs of commuting vector fields at the origin
such that the linear part of Xi is Si; that is [Xi,X j] = 0 for all i, j. We shall call X a
nonlinear deformation of S.

Definition 2.3.3 We shall say that a nonlinear deformation X of S is a normal form
(with respect to S) if

[Si,X j] = 0, 1≤ i, j ≤ l.

Definition 2.3.4 We shall say that X, a nonlinear deformation of S, is formally
completely integrable if there exists a formal diffeomorphism Φ̂ fixing the origin
and tangent to the identity at that point which conjugate the family X to normal form
of the type

Φ̂∗Xi =
l

∑
j=1

âi, jS j, i = 1, . . . , l (3)
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where the âi, j’s belongs to ÔS
n .

Proposition 2.3.5 If X has a formally completely integrable normal form then all
its normal form are also formally completely integrable.

Theorem 2.3.6 Under the assumptions above, if S is diophantine, then any formally
completely integrable nonlinear deformation X = S+ε of S is holomorphically nor-
malizable.

This means that there exists a genuine germ of biholomorphism Φ : (Cn,0) →
(Cn,0) tangent to the identity at 0 which conjugate the family X to normal form
of the type

Φ∗Xi =
l

∑
j=1

ai, jS j, i = 1, . . . , l (4)

where the ai, j’s are germ of holomorphic invariant functions, i.e. they belong to OS
n .

Remark 2.3.7 The theorem doesn’t says that neither Φ̂ nor the âi, j converge but
rather that there is another normalizing diffeomorphism that converges.

Remark 2.3.8 One way to use this theorem is to have “a magic word in hand”
(like Hamiltonian, volume preserving, reversible ....) that will implies that the formal
normal form is of the good type. This comes from the data of the problem that one
wants to solve.

Corollary 2.3.9 If S is diophantine and if the holomorphic nonlinear deformation
X is formally linearizable then it is holomorphically linearizable, i.e. there exists a
holomorphic change of coordinates in which all the Xi’s are linear.

Of course, if one of the Si’s satisfies Brjuno condition (ω) and if the family X is
formally linearizable, then it is also holomorphically linearizable. The point of the
previous corollary is that none of the Si’s is required to satisfies (ω) in order that S to
be diophantine. A result similar to our corollary was obtained by T. Gramchev and
M. Yoshino for germs of commuting diffeomorphisms near a fixed point [GY99] un-
der a slightly coarser diophantine condition. The article of J. Moser [Mos90] was the
starting point since he was dealing with germ of one-dimensional diffeomorphisms.



282 L. Stolovitch

2.3.1 Fundamental structures

Proposition 2.3.10 [Sto00][prop. 5.3.2] With the notation above, ÔS
n is a formal

C-algebra of finite type; X̂ S
n is a ÔS

n -module of finite type.

This means the following : if the ring of invariants is nor reduced to the con-
stants, then there exists a finite number of monomials xR1 , . . . ,xRp such that ÔS

n =
C[[xR1 , . . . ,xRp ]]. Moreover, there exists a finite number of polynomial vector fields
Y1, . . . ,Ym such that if X belongs to X̂ S

n (i.e. [Si,X ] = 0, for all i) then there ex-
ists â1, . . . âm ∈ ÔS

n such that X = â1Y1 + · · ·+ âmYm. The proof is based on Hilbert
theorem : in a Noetherian ring, ideals are generated by a finite number of elements.

Let 2≤ k be an integer and let Pk
n be the space of homogeneous vector fields of Cn

of degree k. Let us consider the map ρ : Cl → HomC(Pk
n ,Pk

n) defined by

ρ(g)(X) =

[
l

∑
i=1

giSi,X

]

where g = (g1, . . . ,gl) and X ∈Pk
n ([., .] denotes the Lie bracket of vector fields of

Cn). It is a representation of the commutative Lie algebra Cl in Pk
n . To such a

representation ρ of the abelian Lie algebra Cl into a finite dimensional vector space
M, one can associate the Chevalley-Koszul complex

0→M
d0→ HomC

(
Cl ,M

)
d1→ HomC

(
∧2Cl ,M

)
d2→ ·· · dl−1→ HomC

(
∧lCl ,M

)
→ 0,

(5)
where the differentials di are defined in the following way : if ω ∈HomC

(∧pCl ,M
)

and (g1, . . . ,gp+1) ∈ (Cl)p+1, then

dp(ω)(g1, . . . ,gp+1) =
p+1

∑
i=1

(−1)i+1ρ(gi)(ω(g1, . . . , ĝi, . . . ,gp+1)) (6)

Here (g1, . . . , ĝi, . . . ,gp+1) ∈ (Cl)p stands for (g1, . . . ,gi−1,gi+1, . . . ,gp+1). The dif-
ferentials d0 and d1 will be particuliary useful :

d0U(g) = ρ(g)U, d1F(g1,g2) = ρ(g1)F(g2)−ρ(g2)F(g1).

The cohomology spaces H i(Cl ,M) are defined to be

H i(Cl ,M) = Ker di/Im di−1, i = 0, . . . l−1.

Let α = (α1, . . . ,αl) ∈ Cl . It defines the complex linear form on Cl , α(z) =
∑l

i=1 αizi. To such a linear form, we associate the “generalized eigenspace"
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Pk
n,α =

{
X ∈Pk

n |∀g ∈ Cl , [S(g),X ] = α(g)X
}

.

In other words, X ∈Pk
n,α if and only if [Si,X ] = αiX for all 1≤ i≤ l. If Pk

n,α 6= 0
then α is called a weight of S and Pk

n,α is called the associated weightspace. There
is a decomposition of the space into “generalized eigenspaces", namely the Fitting
decomposition :

Pk
n = Pk

n,∗⊕Pk
n,0

where Pk
n,∗ is the (finite) direct sum of the weightspaces associated to nonzero

weights of S.

2.3.2 Geometric interpretation

In order to illustrate our result, let us first recall the Liouville theorem [Arn97]. Let
H1, . . . ,Hn be smooth functions on a smooth symplectic manifold M2n; let π : M2n→
Rn denotes the map π(x) = (H1(x), . . . ,Hn(x)). We assume that, for all 1≤ i, j ≤ n,
the Poisson bracket {Hi,H j} = 0 vanishes. Let c ∈ Rn be a regular value of π; we
assume that π−1(c) is compact and connected. Then there exists a neighborhood U
of π−1(c) and a symplectomorphism Φ from U to π(U)×Tn such that, in this new
coordinate system, each symplectic vector field XHi associated to Hi is tangent to
the fiber {d}×Tn. It is constant on it and the constant depends only on the fiber.

Let us turn back to our problem and let S be a diophantine family of linearly inde-
pendent diagonal vector fields of Cn. Let ÔS

n be its ring of formal first integrals. It
is a C-algebra of finite type and there are homogeneous polynomials u1, . . . ,up such
that ÔS

n =C[[u1, . . . ,up]]. Let π :Cn →Cp defined by π(x) = (u1(x), . . . ,up(x)). Let
s be the degree of transcendence of the field of fractions of C[u1, . . . ,up]; it is the
maximal number of algebraically independent polynomials among u1, . . . ,up. The
algebraic relations among u1, . . . ,up define an s-dimensional algebraic variety CS in
Cp. Hence, π defines a singular fibration over CS. The linear vector fields S1, . . . ,Sl
are tangent and independent on each fiber π−1(b) of π; the latter are called toric va-
riety because they admit an action of the algebraic torusC∗. Note that we must have
l ≤ n− s. Now, we come to the nonlinear deformation. Let X = S+ε be a nonlinear
deformation of S. Let us assume that it is formally completely integrable. Then, ac-
cording to our result, there exists a neighborhood U of 0 in Cn and an holomorphic
diffeomorphism Φ on U such that, in the new coordinate system, the vector fields
Φ∗X1, . . . ,Φ∗Xl are commuting linear diagonal vector fields on each fiber restricted
to U and their eigenvalues depend only on the fiber. Indeed, in this new coordinates,
we have Φ∗Xi = ∑l

j=1 ai, jS j where ai, j ∈ OS
n . By definition, these vector fields are

all tangent to the fibers of π (therefore, we must have l ≤ n− s). As consequence
Φ∗Xi’s are all tangent to the fibers of π . On each fiber, the functions ai, j are constant
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so that each Φ∗Xi reads as a linear diagonal vector field, that is a linear motion of
a toric variety.

π−1(0)

0

π

Cπ ⊂ Cp

NF1

π−1(c)

π−1(c′)

NF2

Fig. 1 Singular complete integrability: in the new holomorphic coordinate system, all the fibers
(intersected with a fixed polydisc) are left invariant by the vector fields and their motion on it is a
linear one
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2.3.3 Proper Poincaré extension

The next question that can be asked is the following : under what assumptions can a
formally completely integrable nonlinear deformation X = S+ε of S be extended in
an higher dimensional space into another formally completely integrable nonlinear
deformation Ŝ + ε̂ of Ŝ, with the same number of commuting vector fields ?

First of all, we shall define a good extension of S in Cn+m to be Ŝi := Si ⊕ S′′i ,
i = 1, . . . , l, where S′′i is a diagonal linear vector field of P1

m. Of course, we want the
properties of Ŝ to be derived from those of S; that is, we want Ŝ to be diophantine as
soon as S is and we want that O Ŝ

n+m = OS
n . One way to achieve this is to assume that

S′′ is Poincaré family relatively to S : we require that the weights of S all belong
to a real linear hyperplane of R2l whereas the weights of S′′ all, but a finite number
of them, belong to one and the same side of the hyperplane. Such an extension will
be called proper if the only weight of S′′ which belong to the hyperplane is the zero
weight. If (x1, . . .xn+m) denotes coordinates of Cn+m and if X is a vector field of
(Cn+m,0), then X ′′ denotes its projection onto ∂

∂xn+1
, . . . , ∂

∂xn+m
.

Definition 2.3.11 We shall say that a proper Poincaré extension of S in Cn+m is
completely integrable if there exists a formal diffeomorphism Φ̂ fixing the origin
and tangent to the identity at that point which conjugate the family X to normal
form of the type

NFi := Φ̂∗Xi =
l

∑
j=1

âi, jS j +
l

∑
j=1

âi, jS′′j +D′′
i +Nil′′i +Res′′i , i = 1, . . . , l (7)

where the âi, j ∈ ÔS
n . Here, D′′

i (resp. Nil′′i , Res′′i ) denotes a linear diagonal (resp.
nilpotent, nonlinear) vector field of Cm with coefficient in ÔS

n such that the family
D′′ has the same centralizer as S′′ (resp. commuting with the S′′i ’s).

In other words, the projection NF ′′ of the normal form is a polynomial Poincaré
normal form of Cm with coefficients in OS

n .

Then we have the

Theorem 2.3.12 [Sto00] Let S be a diophantine family of diagonal linear vector
field of Cn. We assume that Ŝ = S⊕S′′ is a proper Poincaré extension of S in Cn+m

by S′′. Then, any nonlinear deformation of Ŝ which is formally completely integrable
is holomorphically normalizable.

For one vector field, theses results are due to Brjuno. Let us illustrate this result on
example 1.2.6. Let us define S = x1

∂
∂x1

− x2
∂

∂x2
− ζ x3

∂
∂x3

. Assume that S satisfies
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Brjuno condition (ω). Let us define S′′ = ix4
∂

∂x4
+ ix5

∂
∂x5

. It is proper Poincaré vec-
tor field with respect to S. In fact, all the weights of S are real while those of S′′
are purely imaginary. Then nonlinear centralizer of S′′ is reduced to zero. First of
all assume that in the normal form (10), we have f̂1 = f̂2 = f̂3. So that the projec-
tion on ∂

∂x1
, . . . , ∂

∂xn
is a formally completely integrable system which nonlinearities

are parametrized by Cm. Assume that the formal power series ĝ1,1 and ĝ2,2 can be
decomposed as ĝi,i = f̂i,i + ĥi,i such that

1.

q1(i+ f̂1,1(x1x2))+q2(i+ f̂2,2(x1x2)) 6≡ i+ f̂1,1(x1x2)
q1(i+ f̂1,1(x1x2))+q2(i+ f̂2,2(x1x2)) 6≡ i+ f̂2,2(x1x2)

for all (q1,q2) ∈N2 such that q1 +q2 ≥ 2. This precisely means that the formal
vector field (i+ f̂1,1(x1x2)x4

∂
∂x4

+(i+ f̂2,2(x1x2)x5
∂

∂x5
, thought as a vector field

of C2, has the same nonlinear centralizer as S′′, that is 0.

2. the vector field

(
ĥ1,1(x1x2)x4 + ĝ1,2(x1x2)x5

) ∂
∂x4

+
(
ĝ2,1(x1x2)x4 + ĥ2,2(x1x2)x5

) ∂
∂x5

is nilpotent and commutes with S′′.

Let us a give a geometric interpretation of this last result. Let us consider again the
map π̃ : Cn+m → Cp with π(x) = (xR1 , . . . ,xRp). Since, the invariants of Ŝ are the
same as those of S, we have π̃−1(b) = π−1(b)×Cm. Let us apply our result. In a
new holomorphic coordinate system at the origin, the projection X ′i on Cn of the
vector field Xi is a completely integrable in the previous sense : it is tangent to any
the toric variety π−1(b) and its restriction to it is a linear diagonal motion. On the
other hand, the projection X ′′i on Cm is a polynomial normal form (of Cm) which
coefficients depend only holomorphically on b.

2.4 How to recover Brjuno’s and Vey’s theorems from theorem
2.3.6

Brjuno’s theorem correspond precisely to our result for l = 1.

Let us prove the volume preserving case of Vey’s theorem. Let E be the family of
the n−1 linear semi-simple vector fields of Cn defined to be Ei = xi

∂
∂xi
−xi+1

∂
∂xi+1

,
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1≤ i≤ n−1. The weights associated to Q = (q1, . . . ,qn)∈Nn, |Q| ≥ 2, 1≤ j≤ n are
αi,Q, j = qi−qi+1 +δi, jδi+1, j(−1)δi, j (the last expression in the sum is 0 if j 6= i, i+1,
1 if j = i + 1 and −1 if j = i). First of all, the values of the nonzero weights of
E are integers; thus, they cannot accumulate the origin, so that E is diophantine.

Moreover, if we set u = x1 · · ·xn, then ÔE
n =C[[u]] and

(
X̂ 1

n

)E
is the C[[u]]-module

generated by xi
∂

∂xi
, 1≤ i≤ n. An easy computation shows that X ∈

(
X̂ 1

n

)E
satisfies

to LX (u) = 0 if and only if X belongs to the C[[u]]-module generated by the Ei’s.

Let us write J1(Xi) = ∑n
j=1 µi, jxi

∂
∂x j

. Let us set µ i := (µi,1, . . . ,µi,n). Since Xi is

volume preserving then, µi,1 + · · ·+µi,n = 0; it follows that J1(Xi) = ∑n−1
j=1 ai, jE j. By

the independence of the 1-jets, the (n−1)× (n−1) matrix A0 = (ai, j) is invertible.
Let us compute the weights of the family of the J1(Xi)’s with respect of those of E.
We have 


(Q,µ1)−µ1, j

...
(Q,µ l)−µl, j


 = A0




α1,Q, j
...

αl,Q, j


 .

Therefore, we have

‖A−1
0 ‖

∣∣∣∣∣∣∣

(Q,µ1)−µ1, j
...

(Q,µ l)−µl, j

∣∣∣∣∣∣∣
≥

∣∣∣∣∣∣∣

α1,Q, j
...

αl,Q, j

∣∣∣∣∣∣∣
.

This means that the family of the J1(Xi)’s is also diophantine.

Since the family can be transformed into a normal form, there exists a formal dif-
feomorphism Φ̂ such that Φ̂∗Xi = ∑n

j=1 F̂i, j(u)xi
∂

∂xi
for some F̂i, j ∈ C[[u]]. We can

assume that Φ̂ is volume preserving; thus the normal forms are also volume pre-
serving. Hence div (Φ̂∗Xi) = 0, that is

n

∑
j=1

∂x jF̂i, j(u)
∂x j

= 0 =

(
n

∑
j=1

F̂i, j(u)

)
+u

d
(

∑n
j=1 F̂i, j

)

du
(u).

An easy computation shows that ∑n
j=1 F̂i, j = 0. Thus,

Φ̂∗Xi =
n−1

∑
j=1

f̂i, j(u)E j =
n−1

∑
j=1

ĝi, j(u)J1(X j),

that is X is formally completely integrable. According to our main result, there is an
holomorphic diffeomorphism Ψ normalizing X in a neighborhood of the origin. By
a classical argument of Vey [Vey79], we can modify holomorphically Ψ so that it
becomes volume preserving and still normalizing X .
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2.5 Sketch of the proof

Let us give a sketch of the proof of our results. In order to normalize the nonlinear
deformation X = S + ε of S, we shall proceed through a classical Newton method,
that is a Nash-Moser induction type.

Let us assume that the nonlinear deformation X = S + ε is normalized up to order
m; we will build a diffeomorphism Φm which normalize the deformation up to order
2m; it is tangent to Id up to order k. Let us show how this works. First of all, we can
write the deformation Xi = NFm

i +Bi +Ri, 1≤ i≤ l where NFm
i is a normal form of

degree m, Bi is polynomial of degree ≤ 2m and of order ≥ m+1 and Ri is of order
≥ 2m+1. Let us denote by Bi,∗ (resp. Bi,0) the projection of Bi onto the sum of the
weightspaces associated to a nonzero weight (resp. zero weight) of S in Pm+1,2m

n .
The compatibility condition (i.e [Xi,X j] = 0 for all 1 ≤ i, j ≤ l) shows that, for all
1≤ i, j ≤ l

J2m (
[NFm

i ,B j,∗)]− [NFm
j ,Bi,∗]

)
= 0. (8)

On the other hand, if we conjugate Xi by a diffeomorphism of the form exp(U) for
some polynomial vector field U ∈Pm+1,2m

n and writing exp(U)∗Xi = NFm
i +B′i +R′i

as above, we find out that

J2m (
B′i−Bi +[NFm

i ,U ]
)

= 0

The algebraic properties of the weightspaces of S show that, in fact, we have

J2m (
B′i,∗−Bi,∗+[NFm

i ,U∗]
)

= 0.

If we assume that the diffeomorphism exp(U) normalizes simultaneously the Xi’s
up to order 2m then we must have B′i,∗ = 0 for all i. Hence, we have

J2m (−Bi,∗+[NFm
i ,U∗]) = 0 i = 1, . . . , l. (9)

Let us denote by Pm+1,2m
n,∗ the direct sum of weightspaces associated to a nonzero

weight of ρ in Pm+1,2m
n . Let us define the linear map

ρm : Cl → HomC
(
Pm+1,2m

n,∗ ,Pm+1,2m
n,∗

)

by ρm(g)(X) = J2m
([

∑l
i=1 g jNFm

j ,X
])

if g = (g1, . . .gl). It is well defined and it

is a representation of the abelian Lie algebra Cl into Pm+1,2m
n,∗ . To this representa-

tion is associated a complex of finite dimensional complex vector spaces; it is the
Chevalley-Kozsul complex of this representation. Let us write di

m its ith-differential.
Therefore, equation (8) reads d1

m(B∗) = 0, that is B∗ is a 1-cocycle for this complex.
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Moreover, equation (9) reads d0
m(U) = B∗, that is B∗ is the 0-coboundary of U : it is

a cohomological equation.

Hence, the Chevalley-Koszul complex of the representation ρm plays an important
role in our problem. We shall call it the Newton complex of order m. According to
the discussion above, the first important problem to study is its cohomology. We can
show that its 0th-cohomology as well as the 1st-cohomology spaces are zero :

Proposition 2.5.1 [Sto00][prop. 7.1.1] We have

H i
m

(
Cl ,Pm+1,2m

n,∗
)

= 0, i = 0,1

where H i
m denotes the ith-cohomology space of the Chevalley-Koszul complex asso-

ciated to ρm.

It is not very difficult but rather technical. It leads to the important consequence
that, B∗ being given as above, there exists a unique U ∈Pm+1,2m

n,∗ such that, for all
1≤ i≤ l, J2m([NFm

i ,U ]) = Bi,∗; hence, conjugating Xi by exp(U) normalizes Xi up
to order 2m.

We find out that the formal diffeomorphism defined by Φ̂ := limk→+∞ Φ2k ◦ · · · ◦Φ2
normalizes simultaneously the Xi’s where the Φ2k ’s are built as above. In order to
prove that Φ̂ is holomorphic in a neighborhood of 0 ∈ Cn, one has to estimate Φ2k .
Here comes the analysis and the major difficulty. To get an estimate of Φm = exp(U)
with m = 2k, we have to estimate U . Hence, we are led naturally to give bounds for
the cohomology of the Newton complex : Let r > 1/2, the spaces of the Newton
complex are provided with norms (depending on a real positive number r) which
turn it into a topological complex of vector spaces. By the above algebraic proper-
ties, the 0-differential, d0

m, has a right inverse s on the space of 1-cocycle : if Z is
a 1-cocycle of the Newton complex, then s(Z) is the unique element of Pm+1,2m

n,∗
such that d0

m(s(Z)) = Z. Here comes the main assumptions : if the family X is com-
pletely integrable then there exists constants d,η1,c(η1), such that if m = 2k and if
the r-norms of NFm−S and D(NFm−S) are sufficiently small, say < η1 (for some
1/2≤ r < 1) then

|s(Z)|r ≤ c(η1)
ωd

k+1(S)
|Z|r; (10)

the constant d doesn’t depend on η1 (we recall that ωk(S) is the smallest norms of

the nonzero weights of S in P2,2k
n ).

Let us describe the way we obtain this estimate. In order to solve the cohomological
equation associated the 1-cocycle Z, it is necessary and sufficient to solve the system
of l equations J2m([NFm

i ,U ]) = Zi, i = 1, . . . , l. We can decompose this equation
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along the weightspaces of S. In fact, let α be a weight of S and let V belongs to the
associated weightspace. Then, by Jacobi identity, we have

[S j, [NFm
i ,V ]] = [−NFm

i , [V,S j]]− [V, [S j,NFm
i ]].

By assumptions, NFm
i = ∑l

j=1 am−1
i, j S j where the am−1

i, j ’s are polynomials invariants
for S of degree≤m−1. Therefore, according to formula (2), [S j,NFm

i ] = 0. Hence,
we have [S j, [NFm

i ,V ]] = [−NFm
i , [V,S j]] = α j[NFm

i ,V ]. It is sufficient to consider
for any nonzero weight α of S, the equation with both Zi’s and U in the associated
weightspace.

This set of equations can be written in the following matrix form

A(x)




α1U
...

αlU


+




D1(U)
...

Dl(U)


 =




Z1 +Z1
...

Zl +Zl




where A = (am−1
i, j ) is a square l× l matrix with coefficients in the C-algebra OS

n of
holomorphic first integrals of the linear part S; A(0) = Id; the operators D1, . . . ,Dl
are OS

n -linear; Z1, . . . ,Zl have order ≥ 2m + 1. After inverting the matrix A, we
obtain l equations (αiId + D̃i)(U) = Z̃i + Z̃i, i = 1, . . . , l. The D̃i’s (resp. Z̃i,Z̃i) are
still OS

n -linear operators and they are linear combination of the Di’s (resp. Zi, Zi)
with coefficients in OS

n . Let us set ‖α‖= max1≤ j≤l |α j| and let i be such that |αi|=
‖α‖ 6= 0; it is the “worst small divisor" of the family.

Let us look through the ith equation; we find out that, at least formally, its solution
U is given by

U =
1
αi

∑
k≥0

(−1
αi

)k

D̃k
i (Z̃i + Z̃i).

This expression doesn’t fancy us since it involves a priori infinitely large powers of
αi which can be very small. Thus, instead of using this expression, we shall split
the ith equation in an appropriate way. First of all, we shall split the linear diagonal
family S in two parts S′ and S′′ corresponding to the splitting of Cn as Cn′ ×Cn−n′ ;
that is, for all 1≤ i≤ l,

Si =
n′

∑
k=1

λi,kxk
∂

∂xk︸ ︷︷ ︸
S′i

+
n

∑
k=n′+1

λi,kxk
∂

∂xk︸ ︷︷ ︸
S′′i

.

The integer n′ is such that the linear forms {∑l
i=1 λi,kzi}1≤k≤n′ all belong to a real

hyperplane H of HomC(Cl ,C) whereas all the linear forms {∑l
i=1 λi,kzi}n′+1≤k≤n

all belong (strictly) to one and the same side of H. The integer n′ is taken to be
the lowest as possible; it may be equal to 0 as well as equal to n. We shall call
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this splitting, the analytic splitting of S. It has been chosen in such a way that the
small divisors as well as the first integrals are only due to S′. We show that there
is a separating constant Sep(S) > 0 such that if α is a weight of S which norm
is < Sep(S) then it must belong to H (if n′ = n we shall set Sep(S) = +∞ in order
to have one proof for the theorems). Let X be a vector field of Cn, we shall denote
by X ′(resp. X ′′) its projection onto ∂

∂x1
, . . . , ∂

∂xn′
(resp. ∂

∂xn′+1
, . . . , ∂

∂xn
). This being

said, let us go back to the study of our equation (αiId + D̃i)(U) = Z̃i + Z̃i. Using the
analytic splitting of S as well as the structure of the operator D̃i, we show that this
equation can be written under the following form :

U ′− 1
αi

(Pi(U ′))′ =
1
αi

(Z̃′i + Z̃′i +(Qi(U ′))′) (11)

U ′′− 1
αi

(Qi(U ′′))′′ =
1
αi

(Z̃′′i + Z̃′′i +(Pi(U ′))′′+(Qi(U ′))′′); (12)

both Pi and Qi are OS
n -linear operators. Let us assume that the weight α is of small

norm, that is < Sep(S). Then, we show that (Qi(U ′))′ = 0 and that, according to the
complete integrability assumption, P′i ◦P′i = 0. Therefore the solution of equation
(11) is given by

U ′ =
(

Id +
P′i
αi

)(
Z̃′i + Z̃′i

αi

)
.

Since U ′ is a polynomial of order ≤ 2m, then in fact, we have

|U ′|r ≤
∣∣∣∣
(

Id +
P′i
αi

)(
Z̃′i
αi

)∣∣∣∣
r
.

An estimate of the operator P′i will provide the desired estimate of U ′. Now, let us
study equation (12). Let us denote by 1

αi
wi the left handside of this equation. Then,

at least formally, we have

U ′′ = ∑
k≥0

(
1
αi

)k

Qk
i

(
wi

αi

)
.

By assumption, NFm is the m-jet of completely integrable normal form. There-
fore, its projection (NFm)′′ is the m-jet of a good deformation of S′′. The point
is that there exists an integer k0 which do not depend on m and such that
J2m(Qk

i (
wi
αi

)) = 0 for all k ≥ k0. The important consequence for the estimates is
that the sum above which give U ′′ is finite. Using the estimate of U ′ which were
found above, we can give estimate for wi; then using estimate of Qi, we conclude
with estimate of U ′′. The last case deals with weight α such that ‖α‖ ≥ Sep(S); it
it the easiest case.

Now let us give an idea of the induction argument. Let 1/2≤ r < 1 and let assume
the family of the Xi = NFm

i +Ri,m+1’s is normalized up to order m = 2k. Let us as-
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sume that the norms |NFm−S|r and |D(NFm−S)|r are small enough, say < η1, and
that |Ri|r < 1. The solution of the cohomological equation allows us to normalize
the family up to order 2m : (Φm)∗Xi = NF2m

i + Ri,2m+1. Using the estimate of this
solution, we show that |NF2m−S|R and |D(NF2m−S)|R are still less than η1 where

R =
(

c(η1)
ωd

k+1

)−1/m

m−2/mr < r and that |Ri,2m+1|R < 1. After a preliminary renor-

malization, we show that, at each stage, our new objects still satisfy the required
assumptions in order to have again the estimate for the solution of the new coho-
mological equation. Thus, we may proceed again...Now, because of the diophantine
condition, these R are bounded from below by some positive constant Rad. There-
fore, at the limit, we have found an holomorphic diffeomorphism in the polydisc of
radius Rad centered at 0 ∈ Cn which normalizes our nonlinear deformation X .

3 Proof of main theorem 2.3.6

3.1 Bounds for the cohomological equations

Let α be a nonzero weight of S in Pm+1,2m
n and let Pm+1,2m

n,α be the associated
weight space. As we have seen in proposition 2.5.1, for all Z ∈ Z1

N,m(Cl ,Pm+1,2m
n,α ),

there exists a unique U ∈Pm+1,2m
n,α such that, for all integer 1≤ i≤ l, J2m([NFm

i ,U ])=
Zi .

The remaining of this subsection is devoted to the determination of a bound of the
norm of this solution under some assumptions. Moreover, we assume that NFm is
the m-jet of the normal form of a completely integrable deformation of S. More
precisely, we shall prove the

Theorem 3.1.1 Under the assumptions above, there exists constants η1 > 0 and
c1(η1) > 0 such that, if 1/2 < r≤ 1, m = 2k and max(|NFm−S|r, |D(NFm−S)|r) <

η1, then for any nonzero weight α of S in Pm+1,2m
n , for any Z ∈ Z1

m(Cl ,Pm+1,2m
n,α ),

the unique U ∈Pm+1,2m
n,α such that d0

N,mU = Z satisfies the following inequality :

|U |r ≤ c1(η1)
ωk+1(S)2 |Z|r; (1)

and d depends only on S.

Proof. The cohomological equation can be written :
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[NFm
i ,U ] = Zi +Zi, i = 1, . . . , l.

where we have set, for all integers 1 ≤ i ≤ l, Zi := [NFm
i ,U ]− J2m([NFm

i ,U ]). By
assumptions, we have for all 1 ≤ i ≤ l, NFm

i = ∑l
j=1 am−1

i, j S j where ai, j ∈ OS
n are

polynomials of degree ≤ m−1 and am−1
i, j (0) = δi, j. Therefore, we have

[NFm
i ,U ] =

l

∑
j=1

(
am−1

i, j [S j,U ]−U(am−1
i, j )S j

)
= Zi +Zi, i = 1, . . . l (2)

where U(am−1
i, j ) denotes the Lie derivative of am−1

i, j along U . Let us choose an index
1≤ i≤ l such that |α(gi)|= ‖α‖ 6= 0. We recall that U belongs to the α-weightspace
of S in Pm+1,2m

n ; that is, for all 1 ≤ i ≤ l, [Si,U ] = αiU . Therefore, equations (2)
can be written into the following matricial form

A(x)




[S1,U ]
...

[Sl ,U ]


+




D1(U)
...

Dl(U)


 =




Z1 +Z1
...

Zl +Zl




where A = (am−1
p,q )1≤p,q≤l and Di is the Ôn-linear map defined by Di : U ∈ X̂ 2

n 7→
−∑l

j=1 U(am−1
i, j )S j ∈ X̂ 2

n . Since A(0) = Id, A(x) is formally invertible : if Ãt :=
(ci, j)1≤i, j≤l denotes the transpose of the cofactors matrix of A, then Â−1 := 1

det A Ãt :=
(bi, j)1≤i, j≤l is a matrix which coefficient belong to ÔS

n and satisfy to Â−1A =
AÂ−1 = Id. It follows that




α1U
...

αl ,U


+




D̃1(U)
...

D̃l(U)


 = Â−1




Z1 +Z1
...

Zl +Zl


 where D̃ j(U) =

l

∑
k=1

b j,kDk(U).

Here is a key point : equation (2) is overdetermined. To estimate its solution,
we select the equation that give the smallest norm a priori. It is the one that
correspond to the “biggest" small divisor among the family, that is αi.

Thus, the i-th equation of the cohomological equation can be written

U−Pi(U) = Z̃i + Z̃i (3)

Here, we have written

αiZ̃i =
l

∑
k=1

bi,kZk, αiZ̃i =
l

∑
k=1

bi,kZk,

Pi(U) =
1
αi

l

∑
k=1

bi,k

l

∑
j=1

U(am−1
k, j )S j.
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We claim that the operator Pi satisfies to Pi ◦ Pi = 0. This is due to the fact that
Sq(am−1

k,p ) = 0 since the am−1
k,p ’s are invariants of S. Hence, we have (Id−Pi)◦ (Id +

Pi) = Id.

As a consequence, we have

U = (Id +Pi)(Z̃i + Z̃i). (4)

Let us give bounds for the operators Pi. To do so, we shall write A(x) = Id + R(x)
where R(0) = 0; we shall write R(x) = (ri, j(x))1≤i, j≤l . Recalling the expression of
the determinant, we have det(A(x)) = 1+P(R(x)) where P(Z) ∈ C[Z1, . . . ,Zl2 ] is a
polynomial functions of l2 variables without constant term and of degree l. Since,
it vanishes at the origin, there exists η > 0 such that |P(Z)|η < 1/2. It follows
that, if |R(x)|r = |A(x)−A(0)|r < η , then |P(R(x))|r < 1/2. By lemma (1.1.2), if
|A(x)−A(0)|r < η , then we have

∣∣∣∣
1

detA(x)

∣∣∣∣
r
≤ 1

1−|P(ri, j(x))|r ≤ 2

|detA(x)|r ≤ 1+ |P(R(x))|r ≤ 3
2
.

We recall that (ci, j)1≤i, j≤l = Ãt is the transpose of the cofactors matrix of A. Thus,
there are universal polynomials of degree ≤ l− 1, Qi, j(Z) = ∑

S∈Nl2

1≤|S|≤l−1

qi, j,SZS ∈

C[Z1, . . . ,Zl2 ] such that ci, j(x) = Qi, j(A(x)). It follows that, for all 1 ≤ i, j ≤ l,
|ci, j(x)|r ≤ Q(|A|r) where Q is the universal polynomial of one variable defined
by

Q(t) = ∑
S∈Nl2

1≤|S|≤l−1

max
i, j
|qi, j,S|t |S|.

As a consequence, if |A(x)−A(0)|r < η , we have

|bi, j|r =
∣∣∣ ci, j

detA

∣∣∣
r
≤

∣∣∣∣
1

detA

∣∣∣∣
r
|ci, j|r ≤ 2Q(|A|r). (5)

In our result, the assumption are about |NFm
i − Si|r and |D(NFm

i − Si)|r and not
on the matrix A. So we have to link both estimates. By definition, we have, for all
integers 1≤ i, j ≤ l

S j = =
n

∑
k=1

λ j,kxk
∂

∂xk

NFm
i =

l

∑
j=1

ak−1
i, j S j :=

n

∑
k=1

xkgi,k
∂

∂xk
with gi,k =

(
l

∑
j=1

λ j,kak−1
i, j

)
,
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that is 


gi,1
...
...

gi,n




=




λ1,1 . . . λl,1
...

...
...

...
λ1,n . . . λl,n







ak−1
i,1
...

ak−1
i,l


 .

By assumptions, the Si’s (1 ≤ i ≤ l) are linearly independents over C, the matrix
(λ j,i)1≤i≤n

1≤ j≤l
has rank l. Without lost of generality, we may assume that the matrix

L := (λ j,i)1≤i, j≤l is invertible with inverse L−1 := (λ̃i, j)1≤i, j≤r.

Let us set A = (am−1
i, j )1≤i, j≤l and |A|r = maxi, j |am−1

i, j |r, |D(A)|r = maxi, j,k |
∂am−1

i, j
∂xk

|r.
Let We have the following

Lemma 3.1.2

|A−A(0)|r ≤ 2l|L−1||NFm−S|r (6)
|D(A)|r ≤ 2l|L−1||D(NFm−S)|r (7)

We refer to [Sto00][p. 185-186] for a proof.

Let us set η1 = η/(2l|L−1|). If |NFm − S|r < η1, then by (6), we have |A(x)−
A(0)|r < η so that |bi, j|r ≤ 2Q(|A|r) by (5). Moreover, we have |A|r ≤ |A(0)|+ |A−
A(0)|r ≤ 1+η . It follows that Q(|A|r) < Q(1+2l|L−1|η1).

On the other hand, if |D(NFm−S)|r < η1 then |U(ak−1
k, j )|r ≤ n|U |r|D(A)|r ≤ nη |U |r.

We recall (see the section of notations) that, given two elements Y = (Y1, . . . ,Yq) and
W = (W1, . . . ,Wq) of Ôq

n , we say that Y is dominated by W , and we write Y ≺W , if
Yi ≺Wi for all 1 ≤ i ≤ q. Moreover, we shall write Ȳ := (Ȳ1, . . . ,Ȳq). Now, we are
able to give estimates for Pi. Since we have

Pi(U) =
1
αi

l

∑
k=1

bi,k

l

∑
j=1

U(ak−1
k, j )S j,

we obtain

Pi(U)≺ 1
‖α‖

l

∑
k=1

b̄i,k

l

∑
j=1

Ū(ãk−1
k, j )S̄ j.

Here, S̄ j stands for ∑n
k=1 |λ j,k|xk

∂
∂xk

. It follows that if 1/2 < r ≤ 1, max(|NFm −
S|r, |D(NFm−S)|r) < η1, then
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|Pi(U)|r ≤ c2(η1)
‖α‖ |U |r (8)

with
c2(η1) = 4l3Q(|A(0)|+2l|L−1|η1)nλ |L−1|η1.

Here we have set λ = max1≤i≤l,1≤ j≤n |λi, j|, so that, since r ≤ 1, |S j|r ≤ λ for all
1≤ j ≤ l.

Let us give the estimate of the solution of the cohomological equation (4). Since U
is a polynomial vector field of degree ≤ 2m then U ≺ (Id + P̄i)(Z̃i). Hence,

|U |r ≤
∣∣∣(Id + P̄i)(Z̃i)

∣∣∣
r

≤
(

1+
c2(η1)
‖α‖

)
|Z̃i|r

≤
(

1+
c2(η1)
‖α‖

)
2lQ(1+2l|L−1|η1)

‖α‖ |Z|r.

we are done.

ut

3.2 Iteration scheme

Let 1/2 < r ≤ 1 be a real number and η1 > 0 be the positive number defined in
theorem 3.1.1. For any integer m≥ [8n/η1]+1, let us set

N F m(r) =
{

X ∈ (P1,m
n )l | max(|Xi−Si|r, |D(Xi−Si)|r) < η1− 8n

m

}

Bm+1(r) =
{

X ∈ (X m+1
n )l | |Xi|r < 1

}
.

If m = 2k, for some integer k ≥ 1, let us define

ρ = m−1/mr and R = γkm−2/mr where γk =

(
c1

ω2
k+1(S)

)−1/m

.

The core of this section is the following proposition :
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Proposition 3.2.1 With the notations above, let us assume that
(NFm,Rm+1)∈N F m(r)×Bm+1(r). If m is sufficiently large (say m > m0 indepen-
dent of r), then there exists a unique U ∈Pm+1,2m

n,∗ , the sum of nonzero weightspaces
of S, such that

1. Φ := (Id +U)−1 ∈ Diff1(Cn,0) is a diffeomorphism such that DR ⊂Φ(Dρ),

2. Φ∗(φ + ε) = NF2m +R2m+1 is normalized up to order 2m,

3. (NF2m,R2m+1) ∈N F 2m(R)×B2m+1(R).

We have seen that Φ normalizes simultaneously each Xi = NFm
i (y) + Bm+1,2m

i +
Ci(y) up to order 2m. Let us write Φ∗Xi(y) = NF2m

i (y) + C′i(y) where both Ci

and C′i is of order ≥ 2m + 1 whereas Bm+1,2m
i is of degree ≤ 2m and of order

≥m+1. Using the conjugacy equation and the fact that NFm(Φ−1(y))−NFm(y) =∫ 1
0 D(NFm)(y+ tU(y))U(y)dt, we have

C′i(y) =
∫ 1

0
D(NFm

i )(y+ tU(y))U(y)dt +(Bm+1,2m
i +Ci)(Φ−1(y)) (9)

−(NF2m
i (y)−NFm

i (y))−D(U)(y)(NF2m
i +C′i)(y).

This is expression that we will use in order to prove the third point of the proposition.

3.2.1 Estimate for the diffeomorphism

By assumptions, NFm ∈N F m(r); thus, we can apply proposition (3.1.1) so that

|U |r ≤ c1

ω2
k+1(S)

|Bm+1,2m
∗ |r.

Since Bm+1,2m
i,∗ ≺ B̄m+1,2m

i,∗ + B̄m+1,2m
i,0 ≺ R̄i,m+1, we have |Bm+1,2m

∗ |r < 1. It follows
that |U |r ≤ γ−m

k .

Lemma 3.2.2 Under the above hypothesis and if m is large enough (say m > m0),
then for all 0 < θ ≤ 1 and all integer 1 ≤ i ≤ n, we have |yi + θUi(y)|R < ρ . As a
consequence, Φ(Dρ)⊃ DR.

Proof. We borrow the proof of Bruno [Bru72][p. 203]. It is sufficient to show that
R+ |U |R < ρ . Since U is of order at least m+1 then, by (4) and the inequality above
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|U |R ≤
(

R
r

)m+1

|U |r ≤
(

γkm−2/m
)m+1

γ−m
k

≤ γkm−2−2/m ≤ m−2−2/m. (10)

Since R = γkm−2/mr ≤ m−2/mr, it is sufficient to show that m−2/m(r +m−2) < ρ =
m−1/mr, that is m−2

m1/m−1
< r. But,

m−2

m1/m−1
=

m−2

exp1/m lnm−1
≤ m−2

1/m lnm
≤ 1

m lnm

since 1+x≤ expx for all x∈R+. But, for 0 < x sufficiently large, we have 2 < x lnx.
Thus, since 1/2 < r, we obtain the result : m−2

m1/m−1
< 1

2 < r.

3.3 Proof of the theorem

In this section, we shall prove our main result. Let 1/2 < r≤ 1 be a positive number
and let us consider the sequence {Rk}k≥0 of positive numbers defined by induction
as follow :

R0 = r

Rk+1 = γkm−2/mRk where m = 2k

Lemma 3.3.1 The sequence {Rk}k≥0 converges and there exists an integer m1 such
that for all integer k > m1, Rk >

Rm1
2 .

Proof. We recall that γk =
(

c1
ω2

k+1(S)

)−1/2k

. We have Rk+1 = r ∏k
i=1 γi(2i)−21−i

, thus

lnRk+1 =−2
k

∑
i=1

lnωi+1(S)
2i − lnc1

k

∑
i=1

1
2i −2ln2

k

∑
i=1

i
2i

the last two sums are convergent and the first is also convergent by assumption. It
follows that there exists an integer m1, such that

+∞

∏
i=m1+1

γi(2i)−21−i
> 1/2.

Thus, if k > m1 then Rk = Rm1 ∏k
i=m1+1 γi(2i)−21−i

>
Rm1

2 .
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Let X = {Xi = Si + · · ·}i=1,...,l be a family of commuting holomorphic vector fields
in a neighborhood of the origin in Cn. We may assume that it is holomorphic in a
neighborhood of the closed polydisc D1. Let m2 = 2k0 ≥max(m0,2m1) where m0 is
the integer defined in proposition (3.2.1). By a polynomial change of coordinates,
we can normalize X up to order m2 : in these coordinates, Xi can be written NFm2

i +
Ri,m2+1. If necessary, we may apply a diffeomorphism aId with a ∈ C∗ sufficiently
small so that (NFm2 ,Rm2+1)∈N F m2(1)×Bm2+1(1). We may define as above the
sequence {Rk}k≥k0 , with Rk0 = 1. Thus, for all integer k > k0, we have 1/2 < Rk ≤ 1.

Let us prove by induction on k≥ k0, that there exists a diffeomorphism Ψk of (Cn,0)
such that Ψ ∗

k (NFm2
i +Ri,m2+1) := NF2k+1

i +Ri,2k+1+1 is normalized up to order 2k+1,

(NF2k+1
,R2k+1+1) ∈N F 2k+1(Rk+1)×B2k+1+1(Rk+1) and

|Id−Ψ−1
k |Rk+1 ≤

k

∑
p=k0

1
22p .

• For k = k0: According to proposition 3.2.1, there exists a diffeomorphism Φk0

such that Φ∗
k0

(NF2k0 + R2k0 +1) = NF2k0+1
+ R2k0+1+1 is normalized up to or-

der 2k0+1, (NF2k0+1
,R2k0+1+1) ∈N F 2k0+1(Rk0+1)×B2k0+1+1(Rk0+1). The es-

timate |Id−Φ−1
k0
|Rk0+1 = |U |Rk0+1 < 1/22k0 comes from estimate (10)

• Let us assume that the result holds for all integers i ≤ k− 1 : by assump-
tions, Ψ ∗

k−1(NFm2 + Rm2+1) = NF2k
+ R2k+1 is normalized up to order 2k

and (NF2k
,R2k+1) ∈ N F 2k(Rk)×B2k+1(Rk). Since 1/2 < Rk ≤ 1, we may

apply proposition 3.2.1 : there exists a diffeomorphism Φk such that (Φk ◦
Ψk−1)∗(NF2k0 + R2k0 +1) = NF2k+1

+ R2k+1+1 is normalized up to order 2k+1

and (NF2k+1
,R2k+1+1) ∈ N F 2k+1(Rk+1)×B2k+1+1(Rk+1). Let us set Ψk =

Φk ◦Ψk−1. According to estimate (10), we have |Id−Φ−1
k |Rk+1 < 1/22k. It fol-

lows that

|Id−Ψ−1
k |Rk+1 ≤

∣∣(Id−Ψ−1
k−1)◦Φ−1

k +(Id−Φ−1
k )

∣∣
Rk+1

,

≤
∣∣(Id−Ψ−1

k−1)◦Φ−1
k

∣∣
Rk+1

+
∣∣(Id−Φ−1

k )
∣∣
Rk+1

.

According to proposition (3.2.1), we have Φ−1
k (DRk+1)⊂ DRk . It follows that

|Id−Ψ−1
k |Rk+1 ≤

∣∣(Id−Ψ−1
k−1)

∣∣
Rk

+
∣∣(Id−Φ−1

k )
∣∣
Rk+1

≤
k−1

∑
p=k0

1
22p +

1
22k ;

this ends the proof of the induction.
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Since D(1/2)⊂DRk for all integers k≥ k0, then the sequence {|Ψ−1
k |1/2}k≥k0 is uni-

formally bounded. Moreover, the sequence {Ψ−1
k }k≥k0 converges coefficientwise to

a formal diffeomorphism Ψ̂−1 (the inverse of the formal normalizing diffeomor-
phism). Therefore, this sequence converges in H n

n (r) (for all r < 1/2) to Ψ̂−1 (see
[GR71]). This means that the normalizing transformation is holomorphic in a neigh-
borhood of 0 ∈ Cn.

4 Miscellaneous results

4.1 Normal forms again

The following theorem is due to Nguyen Tien Zung. It describes a situation of
“fully” completely integrable systems : there is “no room” left for small divisors
and there are the maximum number of holomorphic first integrals.

Theorem 4.1.1 [Zun02] Let X1 = S+R be an holomorphic nonlinear perturbation
of a semi-simple linear part S in a neighborhood of the origin in Cn. Assume it
belongs to a commutative family a holomorphic vector fields {X1, . . . ,Xm} which
are assumed to be linearly independent almost everywhere : X1∧·· ·∧Xl 6= 0 almost
everywhere. Assume that this family has n−m holomorphic common first integrals
{ f1, . . . , fn−m} which are almost everywhere independent : d f1 ∧ ·· · ∧ d fn−m 6= 0
almost everywhere. Then, there exists an holomorphic change of coordinates which
normalize X1.

For the Hamiltonian version of this result see [Zun05]. This result is very related
to the following one. As above, let us consider the family S of linear vector fields
Si = ∑n

j=1 λi, jx j
∂

∂x j
, 1≤ i≤ l. Let us set λi := (λi,1, . . . ,λi,n). Let r > 0. We shall say

that S satisfies condition (Ar) if inf{|(Q,λ i)| 6= 0, 1≤ i≤ l} ≥ r−|Q|.

Proposition 4.1.2 [Sto97] Let Xi = ∑l
j=1 ai, j(x)S j, 1 ≤ i ≤ l be germs of holomor-

phic vector fields in a neighbourhood of 0 ∈ Cn, commuting pairwise. We assume
that the matrix A = (ai j) of elements ai, j ∈ On is invertible in a neighbourhood of
0 ∈ Cn. If condition (Ar) is satisfied for some r > 0, then the vector fields Xi’s are
simultaneously and holomorphically normalizable.

It is very likely that Zung’s theorem (at least in some cases) could be obtained
in the following way: First of all, apply Artin’s theorem in order to transform, by
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an holomorphic change of coordinates, the first integrals into different monomials
generating the first integrals of the Si’s. Then, we are in situation of applying the
proposition unless the matrix A is not invertible. In this last case, technics of next
result could be applied.

Definition 4.1.3 We shall say that s ∈ span(S1, . . . ,Sl) is regular relatively to S
whenever (

X̂ 1
n

)S
=

(
X̂ 1

n

)s
.

Theorem 4.1.4 [Sto05b] Let S be a diophantine family of linearly independent lin-
ear diagonal vector fields. Let X1 be a germ of holomorphic vector field with a reg-
ular linear part s at the origin. Let X2, . . .Xl be germs of holomorphic vector fields
in a neighborhood of 0 and commuting with X1. Assume that the family {X1, . . . ,Xl}
has a normal form (relatively to s) of the type

Φ̂∗Xi =
l

∑
i=1

âi, jS j

where the âi, j’s belong to ÔS
n . Moreover, we assume that the family of the parts of

lowest degree of this normal form is free over ÔS
n . Then, the family is holomorphi-

cally normalizable, i.e. there exists an holomorphic diffeomorphism in a neighbor-
hood of 0 ∈ Cn transforming the family into a normal form.

One of H. Ito results about normal forms of family of n Hamiltonian vector fields
[Ito89] is a particular case the previous results.

Remark 4.1.5 Contrary to theorem 2.3.6, only X1 is required to have a nonvan-
ishing linear part s at the origin. The linear part of the Xi’s, i ≥ 2, could be zero.
Moreover, s is not supposed to satisfy any diophantine condition.

4.2 KAM theory

Let us go back to theorem 2.3.6 and figure 2.3.2 which refer to completely inte-
grable systems. A natural question one may ask is the following: starting from a
holomorphic singular completely integrable system in a neighborhood of the origin
of Cn (a common fixed point), we consider a holomorphic perturbation (in some
sense) of one its vector fields. Does this perturbation still have invariant varieties
in some neighborhood of the origin ? Are these varieties biholomorphic to resonant
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(toric) varieties ? To which vector field on a resonant variety does the biholomor-
phism conjugate the restriction of the perturbation to an invariant variety ? Is there
a “big set" of surviving invariant varieties ?

The aim of article [Sto05a] is to answer these questions which are classical in the
Hamiltonian nonsingular setting [Arn63, Arn88b, Bos86, Kol57, Ste69].

4.3 Poisson structures

A Poisson structure is defined by a bracket {., .} which is applied to a couple of
germs of functions to a germ of function and which satisfies the following proper-
ties :

• {., .} est bilinear and skew-symmetric,

• { f ,{g,h}}+{g,{h, f}}+{h,{ f ,g}}= 0 (Jacobi identity),

• { f ,gh}= { f ,g}h+{ f ,h}g (Leibniz identity).

It is equivalent to define a germ of 2-vectors field which can be written, in a local
chart,

P =
1
2 ∑

1≤i, j≤N
Pi, j(x)

∂
∂xi

∧ ∂
∂x j

= ∑
1≤i< j≤N

Pi, j(x)
∂

∂xi
∧ ∂

∂x j

with Pi, j =−Pj,i and which satisfies Jacobi’s identity

∑
1≤l≤N

(
Pi,l

∂Pj,k

∂xl
+Pj,l

∂Pk,i

∂xl
+Pk,l

∂Pi, j

∂xl

)
= 0

for 1≤ i, j,k ≤ N. We want to study the singularities of analytic Poisson structures,
that is points where all the Pi, j’s vanish. First of all, we are interested in singular
point where the linear part of the Poisson structure is not reduced to zero. This linear
part defines on the cotangent bundle to M at 0 a structure of Lie algebra. When it
is semi-simple, then J. Conn has proved that the Poisson structure is analytically
conjugate to its linear part in a neighborhood of the origin [Con84]. Most of the
work concerns the linearization problem (and mostly in the smooth case). We refer
the book [DZ05] for these aspects and [Arn97][Appendix 14] for dimension 2.

In article [Sto04] we study some analytic Poisson structures which are not even
formally linearizable. Our main result is about the holomorphic normalization of
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some Poisson structures which associated Lie algebra is a skew-product CpnCn.
The proof uses theorem 2.3.6 in an essential and nontrivial manner.

Recently, P. Lohrmann studied analytic Poisson structures with a vanishing linear
part but a nonvanishing quadratic part. J.-P. Dufour and A. Wade have defined a for-
mal normal form for such an object [DW98]. P. Lohrmann proved the counterpart
of Brjuno theorem 2.1.1 for these Poisson structure : if the quadratic part sat-
isfies to some diophantine condition and if the formal normal form is ”completely
integrable" then the Poisson structure is analytically conjugate to a normal form
[Loh06, Loh05].
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