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Abstract

We elucidate the effect of noise on the dynamics of N point charges in a Vlasov-
Poisson model with a singular bounded interaction force. A too simple noise
does not affect the structure inherited from the deterministic system and, in par-
ticular, cannot prevent coalescence of point charges. Inspired by the theory of
random transport of passive scalars, we identify a class of random fields gener-
ating random pulses that are chaotic enough to disorganize the structure of the
deterministic system and prevent any collapse of particles. We obtain the strong
unique solvability of the stochastic model for any initial configuration of distinct
point charges. In the case where there are exactly two particles, we implement
the “vanishing noise method” for determining the continuation of the determin-
istic model after collapse. © 2014 Wiley Periodicals, Inc.

1 Introduction

It is a well-known fact that white noise perturbations improve the well-posedness
properties of ordinary differential equations (ODEs), and in particular the unique-
ness of the solutions; see, for instance, Krylov and Rockner [20]. The influence
of noise on pathologies of partial differential equations (PDEs) is not as well un-
derstood. A review of recent results in the direction of uniqueness can be found
in [13[14]. By contrast, whether noise can prevent the emergence of singularities
in PDE:s is still quite obscure. A further challenging question is whether noise can
select a natural candidate for the continuation of solutions after the singularities.

A well-known system in which the form of the singularities is known explicitly
is the Vlasov-Poisson equation on the line. We refer the reader to [26] for several
examples and for an extensive discussion of related issues, including the connec-
tion with the two-dimensional Euler equations (see also [} (7} 27, 32 [35]]). The
motivation for the present study is to understand the influence of noise on such
singularities.
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1.1 Vlasov-Poisson Equation on the Line
Consider the following system in the unknown f : [0, 00) x RxR > (¢, x,v)

f it x,v)eR:

%(I,x, v) + v%(t,x, v) + E(t,x)%(t,x, v) =0, f(0,x,v) = fo(x,v),
ot ox v

(1.1)
plt.x) = / fltxvydv, E(.x) = / F (x = y) p(t. y)dy.
R

R

where F(x) is a bounded function that is continuous everywhere except at x = 0
and has sided limits in 0% and 0~. If F(x) = sign(x) (with sign(0) = 0), equa-
tion (I.1I) is the one-dimensional Vlasov-Poisson model describing the evolution
of the phase space density f of a system of electrons (in natural units, in which
the elementary charge and the mass of the electron are set equal to 1). Such an
equation is known to develop singularities in the case of measure-valued solutions;
see [26] and the works discussed therein; see also [[18, 24] for references on equa-
tions of this form and related particle approximation. For instance, it is possible to
design examples of so-called electron sheet structures that collapse into one point
in phase space in finite time ( fo is an electron sheet if it is concentrated on lines,
ie., fo(x,v) = fo(x)-8(v — vo(x))). A simplified version of this phenomenon
is the coalescence | of N point charges: as shown below, there are examples of
initial conditions of the form fy(x,v) = ZIN=1 a;é(x — x;)8(v — v;), with dis-
tinct pairs (x1,v1),...,(xny,vn) € R? and with aq,...,ay > 0, for which f
remains of the same form on some interval [0, #p) but at some time ¢y degenerates
into f (tg, x,v) = 8(x — x0)8(v — vg) with (xg, vg) € R?.

The main question motivating our work is the following one: does the presence
of noise modify the coalescence phenomenon described above? In this framework,
the following picture appears as natural to conceive a noisy version of (I.1I)): when
the electric charge is not totally isolated but lives in a medium (a sort of electric
bath), a random external force adds to the force generated by the electric field.
Under the assumption that the electric charge does not affect the external random
field, the simplest structure modeling this situation is a stochastic PDE (SPDE) of
the form

(1.2) E(t,x,v)-l—va(t,x,v)—i-(E(Z,x)-i—eo o )%

(t,x,v) =0,

where W is Brownian motion and the Stratonovich integral is used (this is the
natural choice when passing to the limit along regular noises).

Unfortunately, the noise in equation (I.2)) is too simple to avoid the emergence of
singularities such as those described above. Indeed, the random field f (¢, x,v) =

1 Throughout this paper, the terms coalescence and collapse are used without distinction.
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t .
ft.x + ¢ [y Wsds, v + eW;) formally satisfies

[_f+ _f_|_E f:|(t x,v) =0 with E(l x)—/F(x—y)f(t,y,v)dydv,
ot ox
R2

so that any concentration point zg = (xg, vg) of f at some time g translates into
the random concentration point (x¢ + & féo Wsds,vo + eWy,) of f at the same
time.

To expect a nontrivial effect of the noise, we must use noises having a refined
spatial structure. Specifically, by considering a noisy equation of the form

(1.3) [d,f +v % dt + (E(t,x)dt +e) op(x)o thk)%}(t,x, v) =0,

k=1

where ((Wtk )t>0)k>1 is a family of independent Brownian motions, we prove that,
under very general conditions on the covariance function

Q(x.y) =Y ok(x)or(y).

k=1
the following result holds:

THEOREM 1.1. Given the initial condition fo(x,v) = Zf\’:l a;é(z —zj) with
the generic notation z = (x,v) and with distinct initial points z; € R? and non-
negative coefficients a;, i = 1,..., N, there is a unique global solution to system
[3) of the form f (t.x,v) = Y7L, ai8 (z — 2i (1)), where ((zi (1)) 1=0)1<i<n is
a continuous adapted stochastic process with values in RZN without coalescence
in R?; i.e., with probability 1, z; (t) # z;(t) forallt > 0and 1 <i,j < N,
i#j.

The precise assumptions of Theorem [I.1] and the definitions used therein will
be specified later. See in particular Section [I.4]and Theorem {.1] Here it is worth
remarking that our study does not cover the case of an electron sheet. We nonethe-
less expect our result to be a first step forward in this direction, since here the
number N of particles is arbitraryﬂ for a given covariance function Q(x, y). In-
deed, the assumption that we shall impose on Q(x, y) guarantees that, for any N,
distinct points (z1, ...,z ) in the (x, v)-space are subject to highly uncorrelated
impulses. Such a propagation may be seen as a sort of mild spatial chaos produced
by the noise. We notice that Example (I.2) discussed above does not enjoy a sim-
ilar property since the noise (¢W;);>¢ plugged therein produces the same impulse
at every space point, thus acting as a random Galilean transformation.

2 Note that N is arbitrary but finite and that nothing is said in the paper about the behavior of the
system as N tends to infinity.
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1.2 Non-Markovian Continuation after a Singularity

As mentioned above, the random perturbation introduced in equation (I.3)) may
provide some indications about the natural continuation of the solutions after the
coalescence of two point charges. (More difficult or generic cases are not clear at
this stage of our understanding of the problem.)

Consider the simple example in which F(x) = sign(x) and

fole.v) = 38 —20) + 38 22, 21 = (~1Lvo). 22 = (1. —0)

with vg > 0. As we shall discuss below, the Lagrangian dynamics corresponding
to (L.1I)) is given by the system

dx; dv;
(1.4) L) = v (1), L(t) = F(x;(t) — x:(t)), t>0,

dt dt
fori = 1,2and7 = 2if i = 1 and vice versa. The initial condition for the above
system is (x; (0),v; (0)) = (i, —givo) withg; = 1'ifi = 2 and ¢; = —1 if

i = 1. When vy = \/5, the functions
12
(1.5) v (1) = ci(t —vo), X/ (t) = §i(1 — vot + 5), i=1,2,

solve the system for ¢ € [0, vo), and the limits of x7 (¢) and x5 (¢) coincide as ¢ 1
vo. This means that, with the choice v9 = +/2, the solutions (7 (1), v} (1)) ref0,v0)
i = 1,2, converge to the same point (0,0) as ¢ 1 vy, so that the origin (0, 0) is a
singular point of the Lagrangian dynamics.

By contrast, Theorem|[I.I|states that, for any positive level of noise ¢ in the noisy
formulation , the random solutions ((x{ (), v (t))s>0)i=1,2 never meet, with
probability 1. It is then natural to investigate the behavior of the stochastic solu-
tion as ¢ — 0. In Section [2, we shall prove the following theorem under general
conditions on the covariance function Q (see Conditions and [2.2]together with

Proposition [3.7):

THEOREM 1.2. Let vg = /2. Then, as ¢ — 0, the pair process ((zi (1)) =0)i=1,2
converges in distribution on the space C([0, 00), R? x R?) toward

(16 D@10, 5 O)z0) + 530,257 W)z

where 27 (t) = (x](t),v}(t)) fort > 0andi = 1,2, and (z7*(t), 25" (t)) is equal

to (2¥(t), 25(0)) fort < /2 and (z5(t), 2%(t)) fort > /2.

Theorem [L.2] must be seen as a rule for the continuation of the solutions of the
deterministic system (1.1 after a singularity. When the particles meet, they split
instantaneously, but they can do it in two different ways: (i) with probability %
the trajectories meet at coalescence time and then split without crossing each other
(i.e., each of the two trajectories keeps the same sign before and after coalescence);
(ii) with probability %, the trajectories meet, cross each other, and then split forever
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(i.e., the sign of each of them changes exactly at coalescence time). This represents
a mathematical description of the repulsive effect of the interaction force F': there
is no way for the particles to merge and then form a single particle with a double
charge.

This situation can be interpreted as a physical loss of the Markov property: just
after coalescence, splitting occurs because the system keeps memory of what its
state was before. More precisely, if we model the dynamics of a static single
particle with double charge by a pair (z(l’o(t),zgo(t))tzo in phase space, with
z29%() = 29°(¢) and v9°(r) = v3°(r) = 0 for 7 > 0, we get a non-Markovian
family of solutions to (I.4). When the trajectories z(l) and zg meet, they do not
restart with the same dynamics as z(l’o and zgo. We refer the reader to [10] for
other mathematical examples of non-Markovian continuations.

1.3 Vlasov-Poisson-Type System of N Particles in R¢

The problem described in Section [I.T] will be treated as a particular case of the
following generalization in R? subject to similar constraints as in (T.I)):

|:d,f—|—(v-fo+E(Z,x)-va)dt + Zak(x)-vvfothk}(t,x,v) =0,
k=1

where oy : RY — R? are Lipschitz-continuous fields that are subject to addi-
tional assumptions, which will be specified later (see (A.2-3) in Section[I.4), and
((Wtk )t>0)keN\{o} are independent one-dimensional Brownian motions. In the
following, F' will be assumed to be bounded and locally Lipschitz-continuous on
any compact subset of R4 \ {0}, the Lipschitz constant on any ring of the form
{x € R? : r < |x| < 1} growing at most as 1/r as r tends to 0. In particular,
F may be discontinuous at 0. A relevant case is when F = VU, where U is a
potential with a Lipschitz point at 0; i.e., U is Lipschitz-continuous on R4 and
smooth on R4\ {0}.

This framework includes the example F(x) = x/|x|, x € R?, and, as a particu-
lar case, the one-dimensional model discussed above, i.e., F(x) = sign(x), x € R.
By contrast, the d-dimensional Poisson case, where

(1.7) F(x) = +x|x|7%, xeR?, d>2,

does not satisfy the aforementioned assumptions, and therefore falls outside this
study. The signs “+” and “—” describe repulsive and attractive interactions, respec-
tively; the corresponding models are referred to as electrostatic and gravitational.
For the electrostatic potential, our analysis turns out to be irrelevant in dimension
d > 2 since the deterministic system itself is free of coalescence.

When F(0) = 0, the Lagrangian motion associated with the SPDE is

dX}
dt

o0
=V, avi =Y a;F(X] = X])dt + Y ox(X]) 0 d W,
Jj#i k=1

(1.8)
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fort > 0and 1 <i < N. Indeed, by applying It6’s formula in the Stratonovich
form to the process (31 ;< @i¢(X{, V{))¢>o for a test function ¢ : RY xR4 —
R, it can be shown that the measure-valued process

N
(1.9) fle.xv) =Y aid(x=X})s(v—V}). t=0,

i=1

solves the SPDE in a weak form.

This paper is devoted to the analysis of system (I.§). Note that the problem
would be much easier to handle if each particle were to be forced by an independent
Brownian motion. This choice of the noise, however, would break the relation
between the Lagrangian dynamics and the SPDE introduced above.

The paper is organized as follows: In Section [2] we start with the proof of The-
orem [I.2]in view of its physical interpretation. The vanishing noise method for
selecting solutions of singular differential equations goes back to [3], but the ex-
amples investigated therein are one-dimensional only. (See also [13]], as well as
[2} [16].) In [9, 133]], the vanishing noise method is also used to investigate the
motion of two touching circles moving by mean curvature: this is an example
where the motion after the singularity—the configuration in which the two cir-
cles touch each other—is not unique and the so-called fattening phenomenon may
happen; it is then proven that the zero-noise limit selects a unique continuation
after a singularity. The analysis therein reduces to a one-dimensional problem as
well. Here Theorem applies to a four-dimensional system, which is actually
reduced to a two-dimensional one in the proof. In [3[], the method for investi-
gating the vanishing-noise behavior of the stochastic differential equation under
consideration is mainly of an analytical essence. The proof of Theorem[I.2] below
relies on a stochastic expansion of the solutions similar to the one used in [9} [33]]:
pathwise, the dynamics of (z});=1,> are expanded with respect to the parameter &
until coalescence occurs; the limit distribution is then given by the distribution of
the random coefficients of the expansion. The zero-noise solution in [9} 33] is a
Bernoulli distribution on the path space concentrated on two special solutions with
equal probabilities. In our case, this is true as well, but only at the level of ODE
(T.4). At the level of PDE (I.1)), the two different solutions of (I.4) define the same
measure-valued solution (it is just an exchange of particles), and consequently there
is a unique deterministic continuation for the PDE.

The remainder of the paper is devoted to the proof of Theorem [I.1] We first
discuss the structure of the noise that will prevent coalescence from emerging.
It should be emphasized that the effect of the noise on the 2N -system (I.8) is
highly nontrivial. Indeed, although it is doubly singular, the noise makes the system
fluctuate enough to avoid pathological phenomena such as those observed in the
deterministic case. The first singularity is due to the fact that the same Brownian
motions act on all the particles (contrary to the classical case when each particle is
subject to an independent noise; see, for instance, [19]). If the (0% )xen\(0} Were
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constant, the particles would feel the same impulses and the noise would not have
any real effect; in other words, the noise would just act as a random translation of
the system, as in (I.2). Thus the point is to design a noise allowing displacements
of distinct particles in distinct directions.

To reach the desired effect, the covariance matrix (Q(x?, x/ )1i<i,j<N must
be strictly positive for any vector (x!,...,x¥) e (R4)N with pairwise distinct
entries. We give some examples in Section [3] These examples are inspired by
the Kraichnan noise used in the theory of random transport of passive scalars (see,
for example, [12} 22, 29]). Because of the regularity properties we assume on Q,
they are just related with the Batchelor regime of the Kraichnan model and not
with the so-called “turbulent regime,” the structure of which is too singular for our
analysis (see Section [3.2). Nevertheless, the model considered here does not have
the same interpretation as the Kraichnan model, since in the noise acts on
the velocities. A possible way to relate equation to turbulence theory would
consist in penalizing the drift of the velocity of the i particle by — Vti. This model
would describe the motion of interacting heavy particles in a random velocity;
see [4].

The second singularity of the model is inherited from the kinetic structure of the
deterministic counterpart: the noise only acts as an additional random force; i.e.,
it is only plugged into the equation of the velocity. In other words, the coupled
system for (X!, V/)1<i<n is degenerate. We shall show in Sectionthat the el-
lipticity properties of the noise in RV d actually lift up to hypoellipticity properties
in R2Vd

Once the structure of the noise is defined, we are ready to tackle the problem
of noncoalescence. We first establish that the Lagrangian dynamics is well posed
for Lebesgue a.e. initial configuration of distinct particles. This does not require
any special feature of the noise. By specifying the form of the noise according to
the requirements discussed in Section[3] we then prove the well-posedness and the
absence of collapse for all initial conditions of the particle system with pairwise
distinct entries. To prove these results, we exploit the hypoellipticity of the whole
system; see Section[4.3] The main lines of Section[]are connected with the strategy
already developed in [15] (see [28] for a deterministic counterpart) in order to
prove that noise may prevent N -point vortices driven by two-dimensional Euler
equations from collapsing. However, here both the framework and the results are
quite different. In [15], the noise is finite dimensional, the dimension depending
upon the number of particles; the noise is only given implicitly from a generic
existence result; moreover, the dynamics of the particles is nondegenerate. Here
the structure of the noise is explicit and is independent of the number of particles;
moreover, the dynamics of the particles is degenerate.

1.4 Assumptions

For simplicity, in (I.8)) we choose a; = 1/N for 1 <i < N. We also assume
that
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(A.1) F is bounded everywhere on R4 and locally Lipschitz-continuous on any
compact subset of R? \ {0}. Moreover,

F(x)-F
sup sup [rM] < +00.
0<r=1r<lxl,|yl<1 [x =yl
X#y

Possible examples are: ford = 1, F(x) = sgn(x), x € R\ {0}; ford > 2,
F(x) = x/|x|, x e R9\ {0}.

(A.2) For each k € N\ {0}, 0; : R — R¥ is Lipschitz-continuous, and the
series Y peq oy ()"C')(I,’é3 (») converges uniformly with respect to (X, y) in

any compact subset of R4 x R for each o, =1,...,d. The covariance
function of the random field R? 5 ¥ Y re i 0k (X) Wlk is defined as
follows:
o0
(1.10) QX5 =) ox(®) oy (5) e R
k=1

It is of positive type, that is, szzl(Q()?j,fi)f)'i, 3/ )ga > 0 for any
n>1,5,.. 5%, ... 7" eRY

(A.3) Q(X,y) is bounded on the diagonal, that is, supzcrae |Q (X, X)| < +o00.
Furthermore, it satisfies the Lipschitz-type regularity property:

0G5 + 0G.7) - 0F.5H) - 0G| _

(1.11) sup = =02
%,5eR4 |x — ¥l
X#y
(Ad) Q(X, ) is strictly positive on Ty y = {(x1,...,xN) € RNE . xi £
x’ whenever i # j}; that is, for all (xl,...,xN) € I'y,y and v =
!, ..., vN) e RN9\{0},
N . . . .
Z (Q(x7, x")v", v/ )ga > 0.
ij=1

The regularity assumptions on o} and Q in (A.2) and (A.3) are strongly related
to each other. Specifically, the Lipschitz condition (I.1T)) implies a strong Lipschitz
property of the fields (0% )ken\{0}:

o0

(1.12) ];(01?(55) —o(7) (ol @) —of (7)) =

Qaﬂ(fvg)_ Qaﬂ(fvj")_ Qaﬂ(yv}g)"" Qaﬁ(yay) =< C|55_)7|2~

Conversely, equation (I.TT) holds if the Lipschitz constants of the (0% )xeN\ o} are
square-summable.
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In practice, the covariance function Q is given first, i.e., given a function Q :
R24 5 (%,5) — Q(X,y) with values in the set of symmetric matrices of size
d x d satisfying (A.3) and of positive type, QO may be expressed as a covariance
function of the form (I.10) for some fields (o )xen\ o} satisfying (A.2). We refer
the reader to theorem 4.2.5 in [21] for more details. In this framework, a sufficient
condition to guarantee (T.TT) is: Q is of class C? with bounded mixed derivatives,
that is, sup(x 5)eRrd xR IB%’yQ(f, ¥)| < 4o0. Indeed, Lipschitz property (I.11))
then follows from a straightforward Taylor expansion.

As a consequence of (A.2), the Stratonovich integrals in SDE are (for-
mally) equal to Itd integrals, and hence (I.8)) will be interpreted in the usual Itd
form
iy Ky oavi - lZF(X" — X/)dr + i (xyawk

: dr t TN L t t Ok\A¢ ¢t

J#i k=1
t >0,i €{l,...,N}. Indeed, the local martingale part of (o (Xti)),zo is zero,
since (0% (X!))¢>0 is of bounded variation, so that

[or (X)) WK], =0, t>0, ie{l.....N}, ke N\{0}.

We shall not treat this equivalence more rigorously, and from now on we shall
adopt the Itd formulation.

1.5 Useful Notation

Throughout this paper, the number N of particles is fixed, and thus the depen-
dence of the constants upon N is not investigated. For any n € N \ {0}, z € R”,
and r > 0, B, (z, r) is the closed ball of dimension 7, center z, and radius r; Leb,,
is the Lebesgue measure on R”. The volume of B, (z, r) is denoted by V,(r). The
configurations of the N -particle system in the phase space are generally denoted
by z or Z. Positions are denoted by x or X and velocities by v or V. Similarly,
the typical notation for a single particle in the phase space is Z = (X, V), X stand-
ing for its position and v for its velocity. The set of pairs of different indices in
the particle system is denoted by Ay = {(i,j) € {1,...,N¥? :i # j}. More-
over, we introduce I'y = {(zl,...,zN) € R2Nd . V(i,j) € Ay.zi # z;} and
Iy = (Y., xN) e RN . V(i,j) € An.,xi # Xj}. We also define the
following projection mappings:

My R2V 5 2 = (2) <<y = (7 v7))1<j<n > TTx(2)
= (/)1<j=v € RV,
xR 57 =(F D) > XeRY,
:RZNd 57 = (Z])lfij = ((XJ,UJ))ISJSN = Ni,x(z)
=xl e R,

i, x
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Iy, 7y, and 7; , are defined analogously. We then denote 7; = (7 x, 7 v)-
In the following, equation (I.13) will also be written in the compact form

o0
(1.14) dZ, =F(Z)dt + Y A(ZdWE. >0,
k=1
where Z; = (X, V), with X, = (X},....,XN)and V, = (V},...,V/N), and
F : RV x pNd > =K. xV) )
1 . .
> (v, (NZF(X’ —xf)) N ) e RV4 x RN,
(1.15) I 1<i<N

Ag RV RV 5 (x,v) > (0, Ag(x)) € RV x RV9
A RN 5 (LN s (or (6D, Lo () € RN,
For any t > 0, the 2d-coordinates of Z, will be denoted by Z! = m;(Z;) =

(Xi, Vti), i €{l,...,N}. Similarly, we shall denote by (IFi = 7;(F))1<i<n and
(A}, = 7i(Ar))1<i<n the 2d-components of F and A+ for k € N \ {0}.

2 Continuation: Proof of Theorem [1.2]

In this section, we identify general conditions on the structure of the noise in
(T.3) under which Theorem [I.2] holds. Typical examples are given in Proposition
Throughout this section, we thus consider the four-dimensional system:

Q1) dX}F=VPde, dv)PF =sign(X)F - X)) 4 ¢ Z or (X5 dwk,

fort > 0,i = 1,2,and7 = 2if i = 1 and vice versa. We assume below that
Xy, Vy®) = (si,—civ/2), withg; = 1ifi =2andg; = —1ifi = 1. As afirst
general condition (once more, we refer the reader to Proposition [3.7]for examples),
we set:

Condition 2.1. For any ¢ > 0, Theorem EF_T] applies and thus (2.1)) has a unique
strong solution that satisfies P{V¢ > 0, (X, V1 &y £ (X2 o V2 N =1.

We shall define Zﬁ’s = (Xti’g, Vti’s), e>0,i =1,2. When ¢ = 0, the curves

2
i t
X;’Ozgi(l—ﬁ), Vt _5‘1( \/_+t) t >0,

solve the system (2.I)) but merge at time 7o = V2. We shall once more define
= (X0 V)%, i =1,2. Note that Z>°® = —z,"* forall t > 0.
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We are to prove that (Z tl - Z,Z’S),Zg converges in distribution on the space
C([0, +00), R4) toward (1/2)5(211,+ z2%),20 + (1/2)8(211’_,2?’_)1>0’ where

1, 2, 1,0 2,0
(Zt +’Zt +) = (Zt ’Zt )’ t >0,

(212,229, 1 €[0.1),

Z}7. 277 =
SRR (P

The whole point is to investigate the differences:

2, 1, 2, 1,
(22) XS — Xt S_Xt ° Vé‘ — Vt E_Vt ‘
* t 2 ? t 2 ?

We shall use the second condition (see Proposition [3.7|as an example):

t>0, ¢>0.

Condition 2.2. Assume (Z}*°, Z?*%) ;s satisfies (Z.1) but with an arbitrary random
initial condition (Zé’s, Zg *¥) € T, that is independent of the noise ((Wtk )>0)k>1-
Denote by (F;);>0 the augmented filtration that is generated by the initial condi-
tion (Zé’g, Zg’g) and by the noise (W})¢>0)x>1. Then there exists an (F;)¢>o-
Brownian motion (B});>0 such that, for all # > 0,

(2.3) dX§ =Vidt, dV; =sign(X$)dt + eo(X$)dB;,

where o is a C? function from R to R, depending on the (o%) k>1 only (in particu-
lar, o is independent of the initial condition (Z 3’8, Z g ’8) and of &), with bounded
derivatives of order 1 and 2, and such that 6(0) = 0 and (1) > 0.

Defining Z§ = (X§, Vf) for any ¢ > 0, we first investigate the solutions of (2.3))
when ¢ = 0. We have the obvious lemma:

LEMMA 2.3. For ¢ = 0, all the solutions of 2.3) with ¢ = 0 and (X9, V(?) =
(1, —+/2) have the form

to—1)?
Q4 Zp=(X.V)) = (%t —to) for0 <t =to=+2.

We emphasize that uniqueness fails after coalescence time 79. Indeed, any
(Z) 120 with (Z9)o<r<o as in @A), Z) = (0,0) fortop < t < 11, and Z) =
+((t— t1)2/2, t —t1) fort > t1, where t; > fo may be real or infinite, is a solution
of (2.3) when ¢ = 0 therein. We claim the following:

PROPOSITION 2.4. Given t® = inf{t > 0: X% < 0}, forany § > 0 and M > ty,

1 1

(2.5) lim P{t® € (to — 6,0 +8)} = =, lim P{zt®°> M} = —.
e—0 2 £—0 2

Moreover, defining t5 = inf{t > t® : X7 > 0}, we have, for any M > 0,

(2.6) lir% P{c5 > M} =1.
E—>
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Proposition [2.4] suggests that, in the limiting regime ¢ — 0, the trajectories
of the two particles cross with probability equal to % and, if so, they just cross
once, at coalescence time. This is one step forward in the proof of Theorem [I.2]
Specifically, we prove below that Proposition 2.4]implies Theorem[1.2]

PROPOSITION 2.4 = THEOREM[L.2l. As a consequence of (A.3), the family
((Z}F. Z}")10)0<e<1 is tight. We denote by u a weak limit of the family of
measures (P(z1.¢ z2.¢))o<e<1 as &€ — 0 on the space of continuous functions
C([0, +-00), R#), the canonical process on C([0, +00), R%) being denoted by (£! =
(xLv1), €2 = (x2,v2)). We shall also denote y; = (x? — x})/2 and v, =
(w2 —vly/2,t>0.

Under the measure u, £ = (y!,v}),i = 1,2, satisfies Xlt =i, |1')§| <1,t>0,
i = 1,2. We now make use of Proposition@ Given M > 0, we have, on the set
{t® > M},

V;’s — Vol,s +cit + SZ/ Gk(X;’S)dWSk, 0<t<M,
0
k>1

where ¢; isequal to 1 if i = 2 and —1 if i = 1, so that, for any n > 0,

liminfP{ sup |V}°—Vy®—git| <n i=12}> lim P{z® > M}.
E—>

e—0 OflfM

By using the portmanteau theorem, we deduce that

if M < ty,

. ) 1
2.7 Vi=vh+ct,0<t<M,i=12
2.7 uivy = vg +git, 0 <1 < }{z% M > 1.

Therefore, under i, (£!)o<s<s, coincides with (Z;**)o<r<z, and (§2)o<s<s, cO-
incides with (th’o)oststo- In particular, under pu, E}O = 5;20 = (0,0). Sim-
ilarly, we also infer from that, with probability greater than % under W,
(L e2) = (zp, z2T) forany 1 > 0.

By the same argument, for § > 0 small and M > f¢ + §, we deduce from
Proposition [2.4] that

pfvl =vi o=t —(to+8)). to+8 <t <M. i=12}>

1
lim P{z® <19+ 6,75 > M} = —.
£—0 2
By letting § tend to 0 and M to 400, we obtain that, with probability greater than
% under p, (§/,67) = (Ztl’_, th’_) for any ¢ > 0. O

2.1 Key Lemmas by Integration by Parts

The proof of Proposition [2.4] relies on two key lemmas, each proven by using
integration by parts.
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LEMMA 2.5. Let Nt = [0,4+00)? \ {(0,0)} and N~ = (—0o0,0]% \ {(0,0)}.
Consider also the following sets of initial conditions for 2.1): I+ = {(z! =
(x', 1), 22 = (x2,v?)) : (x2 —x!,v2—v') € NE\. Then there exists a constant
¢ > 0 such that, for any M > 0 and any compact subset K C R*,

. . & 2 1,e 2,8\ _ 1 .2 _
SIE)I})(ZI’Z%IelfKnFiIP’{VI €[0.M] £X§>ct? | (Z2y°.25°) = (.22} = 1.

PROOF. In the whole proof, the initial condition (zl , zz) e KNTTis given,
ie, (Z3°,25°) = (z',2%) € KN T+t Writing 2/ = (x',v'), i = 1,2, we
define x = (x2 —x!)/2 and v = (v — v')/2. Without loss of generality, we
assume that x > 0. Indeed, when x = 0, v must be positive, so that, in very short
time, both X? and V?¢ are positive. By the Markov property (which holds for the

four-dimensional system because of strong uniqueness), we are then led back to
the case when x and v are positive. By Condition [2.2] we can write

dV; =sign(X$)dt + eo(X§)dB;, t>0,

where (B});>0 is a one-dimensional Brownian motion. Using the smoothness of o,
we perform the following integration by parts:

d(V; —eo(XF)B}) = (sign(X?) — eo’ (X7) V/ B})d1.

Recalling that t® = inf{r > 0 : X¢ < 0}, we have
Vi —eo(X)BE > 1 — 8/: o'(X5VEBSds, 0<t<<°
In the event A = {supg<,<ps [0/ (X7) V7 B| < zig}, we have
dX$ > (% + so(Xf)Bts)d[ > (% — C5X§|Bf|)dt, 0<t<7°AM,

where here C is the Lipschitz constant of 0. We conclude that

_ 1 B t
dX§ > iexp(CE/ |Bs8|ds)dt with X§ = X§ exp(Cs/ |B§|ds)
0 0

for 0 <t < t® A M. Therefore, on A{, ® must be greater than M so that the
above expression holds up to time M (at least). We deduce that dX7 > (1/2)dt
for0 <7 < M, and hence X¢ > 12 /4for0 <t < M.

Intersect now A{ with A5 = {supg<,<ps | Bf| < ﬁ} Then, on A§ N A3,

t2
X$ > Zexp(—C), 0<t<M.

To complete the proof, it remains to note (from a standard tightness argument) that
P (A% N A5) — 1as e — 0, uniformly in (z!,z?) € K. (The proof when (21, z2)
isin '™ is similar.) Il
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We now come back to the case when the initial condition of the four-dimensional
system is ((1, —+/2), (—1, +/2)). The second key lemma consists in expanding the
difference process (X®, V¢) with respect to €, up to 78 = inf{z > 0 : X < 0}.

LEMMA 2.6. There exist a family of Brownian motions ((B}):>0)e>0 and a family
of random continuous processes (g% : Ry — R)g>¢ such that

(2.8) VT >0 lim sup P{ sup [g7|> R} =0,

R—>+000<e<1  0<t<T

and the processes
dv® =dar. ax© =v©@ar, (x© v®) =1.-v2).
th(l,s) _ U(XEO))dBf, ngl,a) — V,(l’a)dt, (Xf,l’a),Vél’S)) = (0,0),
satisfy

2.9) X6 = (X +ex) | 4| VE— (VO +ev )| < 28], 0=t <<

PROOF. From Condition [2.2] we can write
dV; =dt +e0(X{)dB;, 0=t <1°,
for some one-dimensional Brownian motion (B7);>0, whence
d[5X2] = §VEde, d[§VE] = e[o(XE) —a(X)]dB:, 0<t <<,

with 86X = X¢ — (X9 + eX9) and 6VE = Ve — (VO + £V 19). We perform
the same integration by parts as above, with

§VE = §VE —e(0(X5) — o (X)) B2,
Then we can find a family of random continuous functions ((v?’s),20)6>0 satisfy-
ing such that
d[8V5] = —e(o’ (X5)Vf — o’ (X{”) V) Bf d
= —o(0"(x5)V7 =o' (x + ex () (VO 4 vH)) B2 dr
+ 2 di
= —e0o’(X§)B{8V; dt
(0 (%) o' (X + eX{MN) (VIO 4 eV 1) B i + 200 dr.
Since o’ is Lipschitz-continuous, we can find two families of random functions
((0%)r=0)s>0 and ((V%)¢z0)e>0 satisfying (28) such that
(2.10) d[8VE] = ev,*8XE dt + v} *SVE dt + ev)* dt.
In a similar way, we can find two families of random functions ((x?’g)tzo) £>0
and ((x,l’a),zo)£>0 satisfying such that
(2.11) d[6XE] = ex,°8XE dt + 6VE dr + &2x)° d1.
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The result can be easily obtained by bounding the resolvent of the linear system
2.10) in terms of the bounds for x !¢, v1-¢, and v2+¢. O
2.2 Proof of Proposition 2.4]

We emphasize that Vt(o) = —+/2 +tand XEO) = (1 —t/~/2)2. Moreover,

t t 2
(1e) _ 0)\pe — _ 5 £
v, /Oo(xs )dB; /00[(1 ﬁ) ]st,
t K 2
2.12 (Le) _ [( _L) } .
@12) X /0/00 1= =) |as;
t r 2
=/0 (z_r)a[(l_ﬁ) ]dB,.

By choosing t9 = /2 and recalling that o(1) # 0, we deduce the following:

LEMMA 2.7. The rv.’s (Xﬁ};s))po have the same Gaussian law with zero mean
and nonzero variance. In particular, IP’{X%’S) >0} = IP’{X%’S) >0} = %
We claim the following:
LEMMA 2.8. Forany real M > ty = /2 and any § > 0,
N1 e (L,e) _
(i) gmp({f <M}n{X; " >8}) =0,
b 3 8 (158) p— —
(i) girz)]?({f > MyN{X; " < =8}) =0,
(ili) limemo P ({78 < M} N {7® & (1o — 8,10 + §)}) = 0.
PROOF. Given M > +/2, we introduce Ejp = {t®* < M}. We know from

Lemma that there exists a tight family of random variables ({3,)0<e<1 such
that

(2.13) X8 — (X 4 ex9) | <228, 0<i<tAM.

Therefore, on Ej,, we can choose 1 = 7° in the equation above. Since X%, = 0,
we deduce that

e\ 2
(2.14) ‘(1 - %) +ex (Lo

Up to a modification of {3,, we deduce (which is (iii))
(2.15) |28 — V2|? < &8,

We now prove (i). From (2.14), we deduce that XS;E) < &y, on Ejy,. Since

X9 js Lipschitz-continuous on the interval [0, M], it follows from (Z.13) that
there exists a tight family of random variables (C 54)0<851 such that

< ezgfw.

(1,8) _ (1,8 (1,¢) (1,¢)
Xto - Xta + Xt() - er

< 68, + CE|t® —to] < ey + CLre? (£5) 7
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that is, for every § > 0, limg—o P(E§, N x9S s5ny — 0.

o

We finally prove (ii). From (2.13)), we know that sxgl’s) > X5, — e2¢ 7o+ There-

0]
fore, on (E},)°, SX%’S) > —82§f0. This proves that, for every § > 0,

lim P((Ej,)° N {X{y” < —=8}) = 0.
E—>

O
LEMMA 2.9. It holds that
() VM > V2, limgo P{z® > M} = ],
(i) V6 > 0, limge—o P{z% € (19 — 8,20 + §)} = %
In particular, T8 converges in law to %&0 + %8.,.00.
PROOF. From Lemmas and for any M > /2 and any § > 0,
limsup P{z® > M} < limsup P{X{ > —g} = P{x{"D > _s}.
e—0 e—0
By letting § tend to 0, we obtain limsup,_,o P{t® > M} < % Similarly,
1
limsup P{z® < M} < P{XD <0} = .
e—0 2
From this limit, we deduce (i). Then (ii) follows from (iii) in Lemma[2.§] O

We finally claim the following:
LEMMA 2.10. Let 0® = inf{t > 0: V/ > 0}. Then, for all M > 0,

(2.16) lim P{z®* < M,0° <%} =0,
e—>0

2.17) lim P{z > M} = 1.
e—0

PROOF. From Lemma , we can assume M > +/2. We then begin with the
proof of (2.16). By the Markov property, we note that

]P{‘L’s < M,O'8 < ‘L's} < /ﬂ{ﬁx(zz—z1)>O,ﬁv(z2—z1)=0}
1)
% ]P){,L,a < M | (23,8’23,8) — (ZI,ZZ)}dT]S(ZI,Zz)7

where 7n° is the conditional law of (Z;gs, Zf)f) given that p* < M, with p® =

inf(0®, v°), under the initial condition ((1, —v/2), (—1, +/2)). By using (i) in Lem-
ma it is easy to see that the distributions (7°)o<¢<1 are tight. According to
Lemmal[2.5] this property implies (2.16). Similarly, we have

P{z5 < M,7°* <0®} < /]l{ﬁx(z2_zl):0,ﬁv(z2_zl)<()}
I
% P{t8 <M | (Zé,s, Zg,a) — (ZI,ZZ)}dng(Zl,Zz),



1716 F. DELARUE, F. FLANDOLI, AND D. VINCENZI

which tends to 0 by the same argument as above. Since
lim P{z§ < M,0° < 1%} < lim P{z®* < M,0® < %} =0,
e—0 e—0

we deduce (2:17). (Recall that P{z® = ¢*} = 0 from Condition[2.1]) O

3 Structure of the Noise

In this section, we investigate the meaning of Assumption (A.4). First, we trans-
late it into an ellipticity property of the noise. Second, we discuss some general ex-
amples inspired by turbulence theory. Finally, we prove that ellipticity of the noise
lifts up to hypoellipticity of any mollified version of equation (I.13). Throughout
this section, we shall use the notation introduced in (1.14)).

3.1 Ellipticity of the Noise

When F = 0 and x € F;,N, Span{Ag (x)}ken\(0} & RN and therefore the
velocity component in (T.13)) only moves along a restricted number of directions.
By contrast, when x € I'y y, the noise generated at x is nondegenerate because of
the strict positivity of Q (X, y) on I'y_y in (A.4):

LEMMA 3.1. Q satisfies (A.4) if and only if
GB.1)  Span{Ar(¥)lkenvioy = RV vx = (x!,.. xN) e Ty .

PROOF. Forany v = (v!,...,v") € R¥?\{0}, we have
o o N ' ' 5
> Ak (), 0)Eva = D (P tok (). v')ga )
k=1 k=1 i=1
N . . . .
= Z (O(x7, x")v" v/ )ga > 0. O
i,j=1

Below we exhibit interesting examples of strictly positive covariance functions
Q(x, y) that are space-homogeneous. We shall assume that there is a symmetric
d x d matrix-valued function Q(X) such that Q(X,y) = Q(X —y) = Q(y — X),
with the following spectral representation:

(3.2) 0 (%) = / e**o(k)dk, % eRY,

R4
where the spectral density Q takes values in the space of nonnegative real sym-
metric d X d matrices with coordinates in L'(R?) and satisfies Q(—k) = Q(k),

k € R%. (Above, k - X is a shortened notation for (k, ) R« -) In this framework, we
have the general criterion:
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LEMMA 3.2. Assume that Q has the property that for any R -valued trigonomet-

ric polynomial v(k) of the form v(k) = Zj‘v=1 v/ et® X for some (x!,...,xN),
..., oY) e RN and for i2 = —1, the a.e. equality

(Q(k)yv(k), v(k))ca =0 fora.e k € R?
implies v(k) = 0 for any k € R¥, where (-, )ca denotes the Hermitian product
in C%. Then Q (X, y) is strictly positive on Lx.N- (Recall that, for any u,u’ € cH,
(u,u'yca = 27:1 i/ (u')!, i denoting the conjugate of u. We shall also write
(u,u'yca = (U, u'yga with an abuse of notation.)
PROOF. The proof follows from the identity
N . .
(3.3) Y06 Xt v ga = / (QUkyv(k), v(k))ca dk,

]7Z=1 ]Rd

where v(k) = Z;\;l vl eikx’ Indeed, v(k) = 0 for any k € R? implies

(', ..., vY) = 0since v(k) is a (vector-valued) trigonometric polynomial driven
by pairwise different vectors x!,..., xV (see Remarkbelow). U

Remark 3.3. Let f : R4 — C be of the form
N . o
ey =>"(@ + (k.v/)ca)e™ *, keR?,
j=1

where ¢/ € C, v/ € C9, and (xl,...,xN) € Iy n. If there is a Borel set
A C R? of positive Lebesgue measure such that f = 0 on A, then ¢/ = 0 and
v/ = O0forany j = 1,...,N. Indeed, by a standard extension of the principle
of analytic continuation, f(k) = 0 for any k € R?. Given a smooth function
@ : R4 — C with compact support, we denote by ¢ its Fourier transform. We have
fra f(k)@(k)dk = 0 and thus Z;\;l[aj(p(xj) —i{v/,Vo(x/))ga] = 0. Since
the points x’ are all distinct, we may construct a function ¢ such that ¢(x/) = @’
and Vo(x/) = iv/.

From Lemma [3.2)and Remark [3.3] we get as a first example:

PROPOSITION 3.4. If Q(k) is strictly positive definite on a Borel subset of R? of
positive Lebesgue measure, then Q (X, y) is strictly positive on I'y y.
3.2 Isotropic Random Fields

Proposition does not cover important examples, such as the following one,
which appears in the literature on turbulent dispersion of passive scalars:
Example 3.5. We say that Q is isotropic if Q(UX) = UQ(X)U T for any ¥ € R?
and U € O(R?), where O(R?) is the set of orthogonal matrices of dimension d
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(U denotes the transpose of U). This is the case when Q(k) in (3.2) has the form

Q) =mif (k). thatis, 0@ = [ T f(kDk.
R4
where mp = 1ifd = land m = (1 —p)Ig + |k|7%(pd — 1)k ® k for some
pe(0,1]ifd >2,and f : [0, +00) — R isin L!([0, +00)) and satisfies
(3.4) f(@r)=0 forae.r>0.

The matrix Q(k) is symmetric, it satisfies Q(—k) = Q(k), and it is almost
everywhere nonnegative because (we restrict the proof to d > 2)

k|* (mew, w)ca = (1= p)|klw]? + (pd — D|(k, w)ca |
(3.5) > (1—p)|(k, w)ca > + (pd — D|(k, w)cal?
= p(d — D|{k, w)ca|* = 0.

(Here the inequality is given in C¢ but only the R? part is useful to prove the
nonnegativity of Q(k). The full inequality in C? will be used later.)

We refer to [22) 23] 25| [29] [34]] for references where this form (for particular
choices of f) is used or investigated. This class of covariances is related to the
Batchelor regime of the Kraichnan model, where f(r) = (rg + r2)~@+®)/2 with
w = 2 (see [6,12]). In the limit ro — 0, the covariance of the increments of the
noise is scale invariant with scaling exponent equal to 2. The “turbulent regime”
of the Kraichnan model (0 < w < 2) is in contrast not included in our main final
result because of the regularity properties we require on Q.

PROPOSITION 3.6. If there exists a Borel set A C [0, 00) such that Lebi(A) > 0
and f(r) > 0 forr € A, then Q(X,y) is strictly positive on I'y .

PROOF. From Lemma [3.2]it is sufficient to prove that the condition
f (kD (v k), v(k))ca =0 forae. k € R
N

implies v(k) = 0 for any k € R¢ when v(k) has the form v(k) = > =1 v/e
for some (v!,...,v") € RV and (x!,...,xN) € I'x,n. Since f # Oon A4, it
holds (g v(k), v(k))ca = O for k in a Borel subset A* C R of positive measure.
We now prove that this implies v(k) = 0.

We focus on the condition (7xw, w)ca = 0 for some w € C4. Whend = 1,
this condition implies w = 0. For p € (0,1], d > 1, inequality (3.5) implies
p(d — D|{k,w)cal?> = 0, and thus (k,w)ces = 0. Finally, in the case p = 0,
d > 1, forall w € C? we have

Ik ? (mpw, w)ca = kP |w]? = |k, w)cal?,

and thus (7w, w)ces = 0 implies that w = Ak for some A € R if k # 0.
Coming back to the main line of the proof, we have (7xv(k),v(k))ca = 0
for all k € A*. Depending on the values of p and d, this implies at least one of

ik-x/
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the three following conditions: v(k) = 0 for all k € A*, or (k,v(k))ca = 0
for all k € A*, or v(k) || k for all k € A* (except maybe at k = 0). From
Remark , v/ = 0 for j =1,..., N in the two first cases. In the thi_rd case, we
note that v(k) || k may be written as Zj\;l(vé ey — vé,eg,k)(cdeixj k= 0 for
1 <{,¢' <d, where (eg)1<¢<g is the canonical basis of C d Again from Remark
this also implies v/ = 0 for j =1,...,N (see also [17, theorem 4.7] and
(1. O

We are now able to give examples for which Theorem[I.2] applies:
PROPOSITION 3.7. In the case when d = 1, consider Q as in Example
with f € LY(R4,Ry) satisfying the assumption of Proposition 3.6| together with

0+°° k* f(k)dk < +oc. Then Conditions and in Section [2| are satisfied
with

a(X) = sign(¥)v/(Q(0) - 0(X))/2 forX € R.

PROOF. Consider the framework introduced in Section 2] and recall (2.1)) and
(2.2). Existence and uniqueness in Condition [2.1] follow from Theorem [4.1] be-
low. In order to prove (2.3), we consider an arbitrary random initial condition
(Zé’a, Zg’a) € I',, independent of the noise ((Wtk)tzo)kzl- For any ¢ > 0,

— or(X,5)
2

2,6
dX§ = sign(Xf)dt + & Z k(X 7)
k>1

£
= sign(XY) (dt + &4/ % dBf),

with pf = Q(0) — Q(X?) > 0 and

dwk

dB; = (Iixes0y — Lixs<0y)

2.¢ 1,e
o (X)) —ok (X)) -k
X (E ﬂ{p?>0} ! L th —I-ﬂ{p?:o}thl .

=1 V20§

It is easily checked that d (B®); = dt. By Lévy’s theorem, (B7);>¢ is a Brownian
motion with respect to the augmented filtration generated by the initial condition
(Zy*, Z3’) and by the noise (W/);>0)x=1-
We now investigate the properties of o. Clearly, o(0) = 0. We prove below that
o is C? with bounded derivatives and that o (1) > 0. We have
00)- 0 = [ =5 sk = 7 [ K200 £k,
R

R

with (1) = u=2(1—cos(u)), ¢(0) = % Clearly, ¢ is infinitely differentiable with
bounded derivatives. Therefore, the function ® : R 3 ¥ — [ k2p(kX) f(|k|)dk
is twice continuously differentiable with bounded derivatives. At X = 0, ®(0) >
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0, and hence +/® is twice continuously differentiable in the neighborhood of 0.
Then the function o, which can be written o(X) = X/ ®(X) for X € R, is twice
continuously differentiable in the neighborhood of 0. Away from 0, the function
R > X — Q(0) — O(X) has positive values, and therefore its square root and o
are also both twice continuously differentiable. The derivatives of order 1 and 2
of o are bounded since the derivatives of order 1 and 2 of Q are bounded and
00)—0(xX) —» Q(0) > 0as |X| = +o0o. Moreover, a(1) is clearly positive. [

3.3 Hypoellipticity of the /N -Point Motion

The ellipticity of the noise turns into hypoellipticity of the system in the follow-
ing sense (the proof is standard and is thus left to the reader):

PROPOSITION 3.8. Assume that F and oy, for any k € N\ {0}, are of class C' on
R? and that, for every x = (x!,...,xN) € Lx,n, Span{A (x)}ren\{0} = RN4.
Then, for every z € RN of the form z = (x,v) with x = (x',...,xN) € I'y.N,
v € RV we have Span{A(z). [Ax, F](z)}keNn\(oy = R2N4 \ith Ay and T as
in (1.13). (Here, |-, -] stands for the Lie bracket of vector fields.)

The precise formulation of hypoellipticity in our framework is given below:

PROPOSITION 3.9. In addition to (A.1)—(A.4), assume that F is Lipschitz-continu-
ous on the whole R?. Then, for every initial condition Z° = z € R2Nd, equation
(T13) admits a unique strong solution. Moreover, the mappings ¢, : R?N? 3
z &> Z; subjectto Zo = z, t = 0, form a stochastic flow of homeomorphisms on
R2N4 - Finally, for any t > 0, the marginal law of the 2Nd -dimensional vector
Z; is absolutely continuous with respect to the Lebesgue measure when z = (x, v)
satisfies x € I'y n.

PROOF. The unique strong solvability and the homeomorphism property of the
flow can be found in [30] and [21} chap. 4, sec. 5]. When both IF and the coefficients
(0k)keN\{o} are smooth, with derivatives of any order in (2(N \ {0}), absolute
continuity then follows from Proposition[3.8]and a suitable version of Hérmander’s
theorem for systems driven by an infinite-dimensional noise. See, for example, [30,
theorem 4.3].

Here the coefficients are not smooth. However, absolute continuity directly fol-
lows from the Bouleau and Hirsch criterion. By proposition 2.2 in [30], (Z;)s>0
is differentiable in the sense of Malliavin with le:o‘i E fé |D;c Z:?>ds < +o0 for
any t > 0. We also know that

(3.6) D¥Zi = YY) Ar(Zy), 0<r=<t,

the equality holding true in R2V9 where (Y¢)>o is an R2Ndx2Nd _yalyed process
and solves a linear SDE of the form

400 t t
(3.7) Y: = Ioyg + Z/ a(s)Ys dWk +/ ao(s)Ysds, t>0.
k=1 0 0
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In the above SDE, the processes (o (s))s>0, kK € N, are bounded and progres-
sively measurable, and the infinite-dimensional process ((|ax (s)[)s>0)keN\{o} 1S
bounded in ¢2(N \ {0}). When the coefficients F and Az, k € N \ {0}, in
the compact formulation (1.14) are smooth, it holds that ao(s) = VF(Zs) and
arp(s) = VAR(Zs), k € N\ {0}. We then use the following notation: given
a square matrix M of size 2Nd x 2Nd, we denote by [M]x x, [M]x,v, [M]v,x,
and [M ]y, the blocks of size Nd x Nd corresponding to the decomposition of
a vector z € R2M into coordinates x = I, (z) and v = IT,(z) in RV?. With
this notation, [ox (5)]x,» and [otg (5)]y,» are O since Ay is independent of v. Simi-
larly, [org ($)]x.x is O since TTx(Ag) = 0, and [o(s)]x,x = [@0(s)]v,y = O since
Iy (F) = v and I1,(F) is independent of v. Moreover, [ao(s)]xy = Ing- By
using a mollification argument, it can be shown that these relations remain true
in the Lipschitz setting. Finally, as in the finite-dimensional framework, we can
check that Y; is invertible a.s. for any # > 0, the inverse having finite polynomial
moments of any order.

Forsmall r, Y, = I, x4 +0,(1), where 0, (1) stands for the Landau notation and
converges to 0 with r a.s. Therefore, from the equalities [cg(s5)]x,x = [0tx ($)]x,x =
[0 ()0 = [0()uw = [k ()]uv = 0 and [ao(s)],0 = Iyg» We deduce that
Yrlx,x = Ing + ror(1) and [Y;]yw = Ing + or(1) and that [Y;]x, can be
expanded as follows:

[Yr]x’v = rINd + rOr(l).

Defining Z, = (Yr) YA (Z,) € R2N4 and writing Z, under the form Z, =
(XL, Vi) 1<i<n, we have Y. Z, = Ax(Z,), whence

[Yr]x,xXr + [Yr]x,vvr =0, [Yr]v,xXr + [Yr]v,vvr = Ak(Xr),

that is, Xy + rV, = ro,(1) and 0, ()X, + Vr = A (X;) + or(1). We deduce
V, = A (X)) + 0,(1) and =&, = —rAr(X;) + ror(1), so that, from (3.6),

(3.8) (Y))"'DFZ, = (—rAk(x) + ro, (1), Ax(x) + o, (1)).

(The above equality holds a.s., o,(1) being random itself.) For a given ® € Q
for which (3.8) holds true, consider { = (", Ui))lgigN € R2N4 gych that
(Dth,é)Rd = 0forany 0 < r <t and k € N \ {0}. By changing ¢ into
((Y;)~1)T¢, we deduce from (3.8)) that

N N
—r Y ok (x). f)ga + Y _(ok(x). v )ga = ro (D] + or(D)|v].
i=1 i=1
By letting r — 0, we get v L Ay (x) for any k € N \ {0}. From (A.4),v = 0.
By dividing the above equality by r and letting » — 0, it is possible to show that

x = 0. We complete the proof by using the Bouleau and Hirsch criterion; see [31,
theorem 2.1.2]. O
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4 Noncoalescence of the Stochastic Dynamics
We now prove the main result of the paper:

THEOREM 4.1. Under (A.1)~(A.4), for any z € 'y there exists a unique solu-
tion (Z:(2))s>0 of (L.I3) with initial condition z. The solution satisfies P{¥t >
0, Z;(z) € Tn} = Land P{Leby{r > 0: T (Z,(z)) € T¢ } = 0} = 1.

The proof is split into three parts: we first establish a priori estimates for a
regularized version of (I.13)); by using a compactness argument, we deduce that
strong unique solvability holds for Lebesgue almost every starting point; by taking
advantage of the absolute continuity of the marginal laws of the regularized system,
we establish strong unique solvability for any z € 'y .

4.1 Smoothed System of Equations

For every ¢ > 0, let F; : R — R? be equal to F outside B;(0,¢), but
be smooth inside B; (0, €), with sup,cre |Fe(x)| < sup,cra |F(x)| + 1. Given
such an Fg, we consider equation (I.13), but with F; instead of F therein (or,
equivalently, the compact writing (I.14) when driven by [, with an appropriate
definition of F, in (I.13))). From Proposition the smoothed system is uniquely
solvable for every initial condition in R2Y ‘.1 , the solution being generically denoted
by (Zf = (X7, V))i=o0, with Xf = (X;)1<i<ny and V¢ = (V") 1<i<n, and
the associated flow by ¢ : R2Nd 5 7 > Z; with Z§ = z,t > 0.

From the a.e. equality div(y ) Fe = 0 and VyA; = 0 for all k € N (the
divergence being computed in the phase space), we directly obtain the following:

LEMMA 4.2. For anyt > 0, @i (-) preserves the Lebesgue measure, that is, for all
measurable and nonnegative g,

E | glef@)dz= [ g()dz.
RZld ]Rzid

PROPOSITION 4.3. Letlog™ : (0, +00) 3 r > log™ (r) be the function equal to 0
forr > 1andto —logr forr € (0,1). Forevery R > 1, let

hR(Z) = ]1{|Z\SR} Z 10g+ |Zi —Zj|, Z € RZNd.

@i, J)EAN
Then, for any Ro, R, T > 0 there exists a constant C such that, for any ¢ > 0,
4.1) / E[ sup hr(ef(z))]dz <C.
t€l0,T]
B>na(0,Rp)

PROOF.

Step 1. For a smooth function ¢ : R — [0, 1], with support included in (0, 1)
and with fol |¢’(r)|dr < 2 (which is the case if, for some ro € (0, 1), ¢ is non-
decreasing on [0, o] and nonincreasing on [rg, 1]), let log;’; : Ry — R be the
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smooth function:

d
1og$ (r) = w ds forr >0 whence |— 10g; (r)
dr

1
< - forr > 0.
- r

As ¢ increases towards the indicator function of the interval (0, 1), log (r) in-

creases towards log ™t (r). Given the function R2¢ 5 Z > log? & (1Z]), we have

- 1
42) Vlog} (ZD]l < € {'T'T”,

(4.3) V2 [logg (1ZD]] < W(l +1¢'11ZD) - Lz1<13

for a constant C that is independent of the details of ¢.

Given R > 0, let fg : R2¥4 5 [0,1] be a smooth function equal to 1 on
Bona (0, R), equal to O outside Bopn,(0, R + 2), with values in [0, 1] and with
sup, eganva |VOR(z)| < 1 and sup,egana |[V20g(2)| < 1. Define

9 . .
h¢R(z) = 0r(2) Z log;; (1zf = Z7)), z e R?N4,
@i,j)eAN

We prove below that, given Rg, R > 0, there exists a constant C, independent of &
and of the details of ¢ and g in By 4(0, R 4+ 2)\ Bon4(0, R), such that

(4.4) E / sup h“’R(go,(z))dz<c
t€[0,T]
B(0,Rp)

Then, inequality (4.1]) can be obtained by letting ¢ increase towards 1,1y and by
using the monotone convergence theorem.

Step 2. We now prove (4.4)). In the whole argument, we use the compact for-
mulation (I.14). With the notation g(Z) = log;ﬁjr (IZ|) and for a generic solution
(Z7)s>0 of the smoothed system, we have

d(OR(ZD)g(Z}" = Z]%) = dI} +dI? +dI}.
(4.5) di} =dI} +di1}?
dI} =dIP' +dI?2,
where

011" = O(EDTEL 2 (2 = 2l

& 2 . . . . . .
ar? = 2 z a2y~ 2al(2 — ), 21 - 2

Za8Zﬁ ﬂ]t’

d1t21 = g(Z;S — Z't’ 8)(V9R(Zf),dzf)R2Nd,
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22 _ g(Z:',a _ th,s) 90k 7€ i’e i’ €
= 2 i/jz’=1a/321 9(z1")ad(z7")p (Z)alZ 0 (27 0p].
413 = STe(Z1 ~ 20, (4~ A2 s TOR(20). Ak (2 gematt

k=1

We first tackle the mutual variations. From the identity [A}'C — Ai] (Z;) =
0% (X;®) — 03 (X]**) and from @2)), (T.12), and (A.3),
(4.6) |dI17| < C|VOr(Z])|dt.
In order to deal with the term / t12’ we need to analyze the mutual variation [(Z?¢ —
Z7%)q, (ZH*—Z7°%)g];. Obviously, we have [(X"*—X /%), (Z"¢~Z7%)g]; = 0

forallp=1,....,d and B = 1,...,2d, since X** — X /¢ is of bounded variation.
Moreover, from (I.12)) we have

|d[(Vti’8 _ th,E)p’ (Vtz‘,e _ th,a)q]t} < C‘X;’g . th,s’2 dt
for p,q = 1,...,d. From inequality (4.3), we obtain (renaming the constant C)

|d[12| CGR(ZE)(1+|¢ |(|ZIS_ZJE|))
(4.7) - |zt -z
< COR(ZH(1+19'1(|Z1° - Zz]*|))dr.

| X2 — x)F di

Finally, let us deal with /2. As above, only the terms d [(Vti/’s)p, (th /’e)q] P
are nonzero in the variation d[(Z 8y (Z7 /’8),3],. From the boundedness of

|Q(X,X)|, we deduce that |d[(Vti/’8)p, (th/’e)q],| < C dt and thus
(4.8) |d122| < Cg(Z)F — Z]*°)|V20r(ZE)|d1.
Step 3. Split now d1}!! and d12! into dIMY + d1}'? and A1 + d 1212,
where
1"t = 0r(Z5)(Ve (2, — Z1*).FUZE) ~FL(Z]))gaa d1.

(e @]

A1 = 08(25) S (Va(Z1° — Z1). Ay (25) - AL(Z0)gas AW,
k=1
AIZY = (20— Z))(VOR(ZE). ol Z0) o d.
APV = (24" - 2%) Y (V0R(2E). Ak (20 gavs AW
From (.2)) and the boundednesks:(:f Fe on Bon4(0, R), we have

Or(Z:
(4.9) dIlll SC-LJCZZ, d1211 <C ( ls_st }V@ 8)‘61[.
t |Zl,8_Z],8| t
t t
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Step 4. We now deal with the martingale terms /!!2 and 72!2. From {#2),
(T.12)), the boundedness of |Q (X, X)|, and Doob’s inequality,

T
E[ sup \1}12|2]5CE[/ 9§(Z§)d5:|,
0

t€l0,T]
T
Bl swp [132P] = e[ [ (2% - 2%) von(z) as],
t€[0,T] 0

From the above bounds, together with @.3), @.6), (.7), (4.8), and (.9), and by

making use of the estimates

max(0r(z), [VROQZ)], IV20(2)]) < gz j<rt2y, 2z € RZVY,

max(g3). g2 () < |£ 7 e R,

we deduce (with Z& = z)

B[ sup (6r(Z5)log] (70" - 78
t€l0,T]

)]
< Or(2)logg (12" —27))
T . .
+C(1 +IEJ/O ]l{|Zs|<R+2}( |¢’|(‘Z§’€—Z§’8|))ds).

Step 5. We now integrate on a ball B,y4(0, Ro) of R2V 4 with respect to the
initial conditions. Applying Lemmaf.2] we get

/ E[ sup (0r(¢f(2))log (|¢1*(2) — ¢/ (2)]))]dz
t€l0,T]
Bsna(0,Ro)
< / Or(z)log} (|2 — 27 |)dz
B>na(0,Ro)

+C[R2Nd+JE/ / ( — +|¢I(Iz zjl))dzdS]-

{lz|=R+

12i¢ - z3|

A spherical change of variable shows that the integral of |¢’|(|z* —z/|) is bounded
by C fol |¢'(r)|dr, which is less than 2C. This completes the proof. O

LEMMA 4.4. Given Ro, T > 0, define m as the normalized product measure
m = Vyu;(Ro) - Lebyyg @ P
on D = Byng(0, Ry) X Q. Then,

lim supmy inf inf ie z.w) — j.e s o) < _o.
5—>Os>g {tE[O,T](i,j)eAN}(pt( ) =@ ( )} g}
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(For a measurable function ¢ : O — R with respect to the product o -field on O
and a Borel set A C R, m{¢p(z, w) € A} stands for m{(z,w) € O : ¢(z,w) € A}.)

PROOF. From the boundedness of F, and Q(X,X) and from the Markov in-
equality, it is easily seen that, for any Ro > 0, there exists a constant C depending
only on Ro and T and such that, for any R > 0, m{sup,¢o,77 l¢7 (2, )| > R} <
C/R. Moreover, by Proposition

. . C’
m{ sup [ﬂ{wf(z,wnsR} Z log™ }(ﬂi’s(z,w)—%j’s(z,w)}] > K} =%
t€l0,7T] -
@i,/)eAN

where C’ only depends upon Ry, R, and T. The proof is easily completed. U

LEMMA 4.5. Given Ry, T > 0, use the same definition for m as above. Then,

lim sup sup m{(z,w) €eO:
(5,4)—>(0,400) g0 0<§p<1

. . §
Lebl(t €[0.7]: inf |7x[e;*(z.0) — ¢! (z.w)]| < 0—§) > ASO} =0.
G.j)edN A

PROOF. The proof follows from Lemma 4.4 and Proposition {.6|below. Indeed,
as a consequence of the boundedness of F, and Q (X, X), the probability that the
v-coordinate of (¢7(z))o<s<T 1S %—Hélder—continuous with A" as Holder constant
converges to 1 as A’ tends to oo uniformly ine > Oandinz € Byn4(0, Rg). O

PROPOSITION 4.6. Given A, Ry, T > 0, let ({; = ()¢, Vt))o<t<T be a continuous
path with values in RN x (RN such that Ly = z € Byng (0, Ro), (V;)tzo
isa %-H(‘jlder-continuous R -valued path with Holder constant A for 1 <i < N
and [dy,/dt] = v} fort € [0,T]andi € {1,..., N}. Then there exists a constant
C depending only on d, A, N, Ry, and T and such that, for any ¢,80 € (0,1),
infrefo,77infG,jeay 15 — &7 | = ¢ implies
. i j §5
Lebl(t €0,7]: (i,jl)IgAN|Xt — )(,‘ <o ?) < Cdy.

PROOF. Assume that there exist § € (0,¢), o € [0,T), and (i, j) € Ap such
that |Xio — )({0| < §. Since inf;¢[o,77inf(; j)eay |§§ — Ctjl > ¢, we deduce that
|v§0 — v,’;)| > /¢2 — 2. From the Holder property of (v;)o<s<T, there exists a
constant C, independent of ¢, fg, and 8, such that

vl 2 o2 —ch—wh s

Therefore, there exists one coordinate £ € {1, ..., d} such that

) . 2 _ 2 _ 1/4
(v =),z Y= T
JVd

to<t<T.
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For C(t — t)'/* < /c2 — 82, the right-hand side is always positive and hence
(ui — v/)¢ cannot vanish. By continuity, it is of constant sign. Therefore,

t . . . .
[RCRE RGN
0
V2 =82 —C(t —tp)'/* 5
Vd
for C(t — t0)1/4 < Jc2 =82 For§ < ¢/2and C(r — t9)/* < ¢/4, we deduce

that |y} — x7| > ¢(t —10)/(4+/d) —§. Finally, for 84/d8/c <t —1ty < c*/(4C)*,
lxt — x| > 8. By modifying C if necessary, we deduce that

(4.10) X —xl| =6

=l = (=), =

> (t —1o)

for C§/c <t —1ty < ¢*/C and § < ¢/2. Assume now, without loss of generality,
that C > 2 and choose § of the form §oc>/C? with §o < 1. Define the set

Zx(Bo.5) = {t € [0.T]: |1 — 11| < 805>/ C?}.

From @.10), 10 € Zx(80.5) = [to + S0c*/C.to + ¢*/C] N Ix (80, 5) = @.
Therefore,

Leby (Zx(80.5)) < 805*/C[TC/s*] < 8o(T +1). 0

4.2 Noncoalescence for a.e. Initial Configuration

As a consequence of the previous estimates, we prove the following (the result
below might be compared with [[1, 8], which study the a.e. solvability of ODEs, but
therein uniqueness is investigated through the uniqueness of a regular Lagrangian
flow):

THEOREM 4.7. Under Assumptions (A.1)-(A.3), for Lebesgue almost every z,
equation (1.13)) has one and only one global strong solution.

PROOF.

Step 1. Here we consider 8 = C([0, +00), R2V¥?) @ C([0, +00), R)®N\0}
endowed with the product o-field X" of the Borel o-fields. For Ry > Oand ¢ > 0
and with the same notation as in Lemma [4.4] we endow the pair (2, X) with the
probability Q¢ defined on the cylinders as

QF(Ap x A1 X -+ x Ag x C([0, 4+00),R) x --+) =
m{(¢£(2)),50 € Ao, (W, . W) € A x-x A},

where Ag is a Borel subset of C([0, +00), R2V9) and A4, ..., Ay are Borel sub-
sets of C([0, +00), R). The o-field X coincides with the Borel o-field generated
by the standard product metric on the product space Z. In particular, the notion
of tightness is relevant for probability measures on the pair (E, X): it is easily
checked that the family (Qf)¢~ is tight.
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Denoting by Q the limit of some convergent sequence (Q%"), <y for a decreas-
ing sequence of positive reals (e5,),eN converging to 0, we investigate the prop-
erties of the canonical process under QQ, denoted by & = (Ef)keN, (£%)¢>0 be-
ing R2V4 _yalued and each (E,{C)zzo, k > 1, being R-valued. Clearly, the family
((E{c )t>0)keN\{o} is a family of independent Brownian motions under Q. More-
over, the marginal law of & > £ — ég is the uniform distribution on the ball
Byna (0, Ro).

For any ¢ > 0, the set {§ € E : inf,e[o,77inf( j)en, |7 (D) — 7 (ED)| < ¢}
is open in E. By using the portmanteau theorem to pass to the limit in Lemma [4.4]
and letting ¢ tend to 0, we deduce that, for any 7' > 0,

4.11) QlteE: o jof,  dnf |7i (€7) — =j (£7)| = 0} = 0.

Similarly, the set {§ € E : Leby(t € [0, T] : inf; jyea, I7ix(EY) — mjx(ED)] <

doc/A) > Adp} is open in E. By using the portmanteau theorem to pass to the
limit in Lemma [4.3] and letting 8¢ tend to O first and then (¢, A) to (0, +00), we
obtain

@12) QUECEiLeb(ie 0.5 int |ria(e) ma )] = 0) = 0} =0

Let now S? = (X?, v?), with X(t) = HX(S?) and v? = Hv(S?),t > 0. Also let

t
(4.13) 7Y =y —/ Iy (F(x2))ds, ¢>0.
0

We claim that (7?);>0 is a square-integrable continuous martingale under Q with
respect to the filtration (G0 = a(f;‘;‘, s <t,k € N));>0 with the mutual variations

(4.14) [(30)’,(30)1],:[0 (X2, (x%)as, i.jefl,....d},

. t 7
(4.15) [(GO)’,Sk],=/O o ((x2))ds, ie{l,....d}, ke N\{0}.

The proof is quite standard and consists in passing to the limit in the martingale
properties characterizing the dynamics of (Z?);>o. The only difficulty is to pass
to the limit along the mollified drifts. For 7" > 0, we thus prove that

t N t 0
4.16 Fe (£0)d .Q* F(£0)d -Q,
( ) (/0 (S) S)OstsT Q sfo (/0 (S) S)OstST 9

where the left- and right-hand sides denote the distributions of the specified pro-
cesses under the specified measures on C([0, T'], R2V9) and = stands for the con-
vergence in distribution. We emphasize that as a consequence of the boundedness
of F; there exists a constant C > 0, independent of ¢ such that, for any a > 0 and
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any & > ¢,
Q* ( sup

t o - ¢ . ) _
0<t<T /0 Fe(és)ds /()F(és)ds >al <

Qs(C Lebl(t € [0, T] inf {751 X Et) 77]#(5?)' = 8/) = a)'

(,j)eA
The event in the right-hand side is closed in E, so that
~a) <
inf !m x(é,) ﬂj,x(éfﬂ <é) > a).

/tFS(ég)ds — /tIF(;?)ds
0 0
G,j)eA

By letting & tend to 0 in , we deduce from (@.12) that the left-hand side is 0.
Therefore, to prove (@.16), it is sufﬁment to prove

(/t F(g;’)ds) -Qf = (/t F(g;’)ds) -Q.
0 0<t<T =0 \Jo 0<t<T

By the dominated convergence theorem, the map

([0, TLR*M) 5 (&) oy — (/OIIF(SS)ds)O ) € C([0, T], R?N9)
<t<

(4.17) limsup Q® ( sup

e—>0 0<t<T

Q(C Leby ( € [0. 7] :

is continuous at any path £° for which
Lebi (€ 0.7): inf  |mic(67) = 7 (67)] = 0) = 0.
(,))eAN
Again from ({.12), this is true a.s. under Q: by the continuous mapping theorem,
we complete the proof of @.16). Thus, (v°);>¢ in @.I3) satisfies the announced
martingale property.

Step 2. Denote by (G;)>0 the right-continuous version of (G;);>o augmented
with Q-null sets. Clearly, (V?);>0 is a square-integrable continuous martingale un-
der Q with respect to (G;) ;>0 and both (4.14)) and (@.13) remain true. In particular,
we can compute

[~0 3 /Ak)(s dés} 0, ¢>0,

keN\{0}
so that, Q-a.s.,

t
(4.18) é?=58+/ F(E)ds + ) /Ak(x?)dsf, t>0.
0

keN\{0}
We denote by (Q(-,2))zeB, v, (0,Ro) @ family of regular conditional probabilities
of Q given the random variable E > £ +— 58. It is easy to see that, for a.e.
zZ € Byng(0, Rp), ((Sl‘),zo)keN\{o} are independent Brownian motions under
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(-, 2), (12);>0 is a square-integrable continuous martingale under (-, z) with
respect to (G;)s>0, and both (4.14) and (4.15) remain true under Q(-,z). We
deduce that, for a.e. z € Byy4(0, Ro), FI8) holds true Q(-, z)-a.s. with £J = z
therein. (Note that, a.e. on B, 4(0, Rg), the version of the stochastic integral may
be chosen independently of z. Of course, its distribution under Q( -, z) depends
on z.) From (.11)) and @.12)), we deduce that, for a.e. z € Boy4(0, Ro), there is
no coalescence in the phase space with probability 1 under (-, z) and that the set
of instants where coalescence occurs in the space of positions is of zero Lebesgue
measure with probability 1 under Q(-, z).

Step 3. We now prove that pathwise uniqueness holds for solutions that re-
main in Iy a.s. We are thus given two solutions ({;);>o and ({});>o of (I.I3)
with {o = ¢y = z € T'nv, ({s)s>0 being a.s. free of coalescence in the phase
space. (Processes ({;)s>0 and ({})s>o are R2N4 _yalued and play the same role as
(Z¢)t>0.) Denoting by t = inf{r > 0 : {; # ;}, we thus have to prove that
P{t = 400} = 1.

On the set {t < 400} (if not empty), we have {; = ¢, € Ty since ({)s>o0 is
free of coalescence in the phase space. In other words, we have, P-a.s., {ian =

' an € 'y forall n € N. Pathwise uniqueness follows from the following:

LEMMA 4.8. Let Zo be a random variable with values in Uy, and let ({;)i>0
and (})¢>0 stand for two solutions of (I.13) with initial condition Zo, ({t)t>0
being free of coalescence in the phase space. Then there exists a stopping time p,
P{p > 0} = 1, such that ({;)t>0 and ({})>0 are equal a.s. on [0, p).

By applying Lemma [4.8| with Zg = ;A5 as initial conditions, we deduce that
P{t > n} = 1forany n € N, that is, P{t = 400} = 1, as announced above.

We turn to the proof of Lemma We write Zg = (Xo, Vo) with Xo =
[x(Zo) and Vo = I1y(Zo), and §; = (x¢,ve) with y; = Tx({;) and v, =
IT,(¢) for ¢ > 0. In a similar fashion, we write {; = (y},v;) fort > 0. Letting

pli = inf(pél,’i’j,pél./’i’j) with

e =int{r = 0: [xh —xl| < |X§ - X7|/2)

2,i,]

2,0,] — inf(p§ , péz./’i’j) with

(with a similar definition for p;/’i’j ), and p
29.3 j 1 . j i ] j
pgl] =inf{t > 0: |y} — x7| = t|V§ =V |/2}

(with the convention that p?’i’j = 0if V(f — Voj = 0 and with a similar definition
for p?,’i’j), we define p'»/ = max(pl¥/, p?i-7).

We first prove that p'/ is a.s. positive. If p1/ (w) is O for a given w € , it
holds that p;’i’j (w) =0or p;}i’j (w) = 0, so that |Xé(a)) — X({ (w)| = 0. Since
Z has values in 'y, we have |V0i (w) — Voj (w)| > 0. Since the paths of ({;)s>0
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and ({}) >0 are (a.s.) %—Hélder—continuous, we also have

(4.19) vi (@) — v (@) = (Vi(@) = V{ ()| < Co)7, 1e[o1],

for a finite constant C(w) depending on w. We deduce that, for any ¢ € (0, 1],

|14(@) = 11 (@) — 1 (Vi (@) = V{ (@))| < C)ii.

Therefore,
. . t . .
(4.20) [X1(@) = 21 (@)] = 5[V5 (@) =V (@)

for C(@)t'/* < (3)|V§(w) = V§ (@)|. Therefore, o7/ (@) > 0. Similarly,
pei! (@) > 0.
On [0, p], the drift F (¢! — ¢/ in (T.I3) satisfies
@20 |F(xi=x1) = F(0) = ))<= Cr7l e = 2l < € sup s — vy,
o<s<t

where the constant C depends upon the randomness only through Z 0. Indeed, if
olhl > 0, |X, 6 — X({ | must be (strictly) positive so that F' is locally Lipschitz-
continuous; if pz’i’j > 0, the bound follows from (4.20) and (A.1). Therefore, on
[0, p], the drift F(Z; — &) coincides with some functional G((v§ — 1§ )o<s<t) of

the whole path (vé —v])o<s<s» G being bounded and locally Lipschitz-continuous
with respect to the L°°-norm. We then write

. 1 . .
dvp = N Z G((vs = v{)p<s<, )t
Jj#i
+o00 )
+ ) or(h)dwr, iefl.....d}
k=1

fort € [0, p] with p = inf; . ; o’/ . (Obviously, @.22) is also satisfied by ¢’.) Equa-
tion (4.22) can be regarded as a functional equation driven by bounded and locally
Lipschitz-continuous coefficients. The Lipschitz constants of the coefficients on
any balls are finite random variables depending upon @ only through the initial
condition Zj. Lemmafollows from P{supy <5<, [vs —vs| = 0| Zo} = 1.
Step 4. We have proven weak existence and strong uniqueness for a.e. initial
condition z € I'y. Following the proof by Yamada and Watanabe in the finite-
dimensional case, we deduce that both strong existence and strong uniqueness hold
for a.e. initial condition z € I'y. Il

(4.22)

4.3 Noncoalescence for Any Initial Condition in I/

We now complete the proof of Theorem 4.1} To this aim, we first prove the
following:
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LEMMA 4.9. For any z € D'y, there exists a unique solution (¢¢(2))o<t<z. to
(L.13)), with z as initial condition, on the interval [0, t;], where T, = inf{t > 0 :
¢:(z) € T'Y,}. Moreover, the mapping

Ty 32 = (praz. (2))es0 € C([0, +00), R2N9)
is measurable.

PROOF. The whole difficulty is to handle the possible coalescence of the parti-
cles in the space of positions. By induction, we build a nondecreasing sequence of
stopping times (7] ),eN such that 7] — ; a.s. as n tends to 400 and (T.13) has a
unique solution (¢¢(2))o<s<72 on each [0, 7] with z as initial solution for any n €
N. The stopping time 7o is set equal to 0. Given (¢;(z) = ()¢(2), v¢(2)))o<s <2
for some n € N, we can follow the proof of Lemma [4.8| and build a (unique) so-

lution (¢;(2)) ., . n+1 to (LI3) on [¢2, T2 1], where 21! = 7, A "+ with
===z

‘L’é’n—H — inf,'#j pi,j,n—i-l and pi,j,n+1 — max(pl,i,j,n—i-l’p2,i,j,n+1),
pl M = inf{r > < x1(2) — 4 )] = |2 (@) — xLa (2)]/2}
PP =inf{r > o |x(2) = xd @) = (0= ) v (2) = v (2)]/2}

Clearly, the sequence (7}'),enN is nondecreasing.

On each step, existence and uniqueness hold since equation (I.13) can be written
as a functional SDE on the interval [t/ 77 *!] with bounded and locally Lipschitz-
continuous coefficients. (As already emphasized in the proof of Lemma [4.8] the
Lipschitz constants of the coefficients on bounded sets depend on the initial posi-
tion ¢,z (z). This fact, however, has no consequences.)

Almost surely, the sequence (7/'),en cannot have an accumulation point be-
fore ¢(z) hits T'$,, as otherwise the modulus of continuity of ¢(z) would blow up.
Once more, the precise argument goes back to the proof of Lemma.8} the length
‘L';H_l — 17 depends: (i) on the modulus of continuity of the path (¢, (Z))rg <<t
(the length of the interval is controlled from below when the modulus is con-
trolled from above), (i) on the distance dist(¢.z(z),T'}) (the length of the in-
terval is controlled from below when the distance is bounded away from 0), and
(iii) on the norm |@.2(2)| (the length of the interval is controlled from below
when the norm is bounded away from oco). The modulus of continuity is con-
trolled in terms of the bounds of the coefficients by Kolmogorov’s criterion, the
norm of ¢(z) is controlled in terms of the bounds of the coefficients as well,
and the distance from ¢(z) to I', is bounded from below on any [0, 7z ], with
Tz = inf{t > 0 : dist(¢;(2), I'Y) < ¢} for ¢ > 0. This proves that, as.,
SUp,>1 T7 > 7z forany ¢ > 0, that is sup,>1 77 = limg—o 7 = 1. O

PROOF OF THEOREM .1l We now complete the proof. We add a point A to
R2N4 and set ¢;(z) = A fort > 1, z € Ty, when 7, < oco. The resulting family
of processes (¢:(2))s>0, 2 € 'y, has I'y U A as state space. It is a homogeneous
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Markov process. By Theorem P{r; = 400} = 1 forae. z € R2Nd | In
particular, for any 0 < ¢ < T we can write

Piop71(2) € Ty} = / Piopo. () € T Y, (o (d2).
Ty U{A}

where

{01e,11(2) € TN} ={w € 2 :¢i(z)(w) € Ty forany ¢ € [¢, T}

and [Ly, (z) is the law of ¢¢(z). By Theorem 4.7, we can find a Borel subset N C

R2N4 of zero Lebesgue measure such that P{opo,7-¢(z) € Tny = 1 for all
z € N°. Then

P{gp,71(2) € Tn} > / P{g10,7-6(z") € TN} o, (2)(dZ)
N¢©
=1- l’ang(z)(N)'

Now, assume that z = (x,v) is such that x € I'y y (so that z € I'y). Then
there exists * > 0 such that inf; . ; [x' —x/| > &*. Defining 77 = inf{t > 0 :
infj 2 j |7 x (91 (2)) — 7j,x (@1 (2))] < €*}, we have
Ioez)N) S Pl (2) e N, 1) > e} + P{z] < ¢}

< Plpi(x) e N} + P{z] <&},

(4.23)

(4.24)

where (¢;(2))s>0 stands for the solution of (I.I3)) when the system is driven by
a Lipschitz drift that coincides with the original one on {(x!,...,x") € R2N4 .
infj; |x* — x/| > &*}. As N is Lebesgue-negligible and the law of ¢’ (z) on
R2N4 g absolutely continuous with respect to the Lebesgue measure when x €
I'x.~n, we deduce that P{p} (z) € N'} = 0 (see Proposition . By letting ¢ tend
to 0, we deduce that P{g[o,7] € I'n} = 1. Indeed,

({0e.11(2) € T} = {po,r(2) € Tn} = {9j0.11(2) € Tn}

e>0

since o(z) € '}, implies ¢;(z) = A forany ¢ > 0.

Assume now that z € I'y but x & I'y x. From the proof of Lemma we
know that, P a.s., there exists a nonempty interval (0, p(w)) such that ¢;(z) €
I'x, v, where p is a stopping time. (When xt=x/, |77 x (@2 (2)) — 7j x (@ (2))| >
(t/2)|v' —v/| fort > 0 small and is thus nonzero for # > 0 small.) In particular,
7z(w) > p(w). For any § € (0, ), we have

Roez) N) < Ploe(z) € N8 < p} + P{p < &}

(4.25) < P{pe(z) € N, Tx(ps(2)) € Tx,n} + Pip < 8},
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By the Markov property, we then obtain

(4.26) Plps(z) € N Tlx(ps(z)) € Tx,n} =

/ P{pe—5(2") € N}, (z)ery n ) Hos () ([dZ)).

R2Nd

Returning to (#.23)), we write ¢ as ¢ = &1 + &3 with g1, 2 > 0. Choosing § = ¢ in
#@.25), we have ¢ — § = &5 in (#.26). From (@.24)) and from Lebesgue’s dominated
convergence theorem, we know that the right-hand side of tends to O as
g2 = & — § tends to 0. By passing to the limit in and using (@.23), we obtain
that P{g[, 71(z) € 'n} > 1 —P{p < &1} for any 1 > 0. Finally, by letting &;
tend to 0, we conclude that P{g[o,71(z) € I'n} = 1. O
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