DISPERSIVE ESTIMATE FOR TWO-PERIODIC DISCRETE
ONE-DIMENSIONAL SCHRODINGER OPERATOR

YUE MI AND ZHIYAN ZHAO

ABSTRACT. For the two-periodic discrete one-dimensional Schrédinger operator

(HY)n = —(Ynt1 + Y1) + Vatbn, ne€Z,
with V12 =V, for every n € Z and Vo, V1 € R, we show the dispersive estimate

. 1
e e <181 (14 (Vo= Vi) (1 +1t) " Flla, Vo el(@), VieR

1. INTRODUCTION AND MAIN RESULT

Consider the two-periodic discrete one-dimensional Schrédinger operator

(1) (HY)p = —(Yng1 + ¥n—1) + Vatb, neZ

with V1o =V, for every n € Z, and Vj, V1 € R. It is well know_n that the spectrum
of H is purely absolutely continuous and the time evolution e presents ballistic
transport (see [4]), i.e., the weighted £2—norm

(Z n2 ‘(e—itH¢)n‘2)

nez

grows linearly with ¢ provided that > _, n? |¢n12 < oo. Since ballistic transport
means that, for a given well-localized initial condition 1, e ##1) does not keep
well-localized as 1), we wander the variation of shape for e 4},

For the free Schrédinger operator, —A : 2(ZY) — (2(Z"), v > 1,

(2) (A== 3 tm nez’,

[m—n|=1

we recall that Stefanov-Kevrekidis [9] have shown: there exists a constant C' > 0
such that

(3) eyl < CL+ )5 [¢ller, V3 € £(27).

The above inequality is called “dispersive estimate”, by which we see that the

£°°—norm tends to zero as time goes to infinity, with the “]t!fé” decay rate.
In general, the dispersion for a one-dimensional linear operator is related to the
absolutely continuous spectrum, even though there is not yet rigorous argument
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describing the link between them. For the operator H : (2(Z) — (%(Z),
(4) (Hw)n = _(wn—&-l + %—1) + Vnwna ne Z7

Pelinovsky-Stefanov [7] have shown

i _1
le™ Pactpllewe < C(L+ )72 [Yller, V9 € £4(2),

for “generic”! pointwise decaying potential (V;,) C R satisfying

s 5
Z(l +n2)§|Vn] < oo, 8§> 2

n

where P,. means the projection onto the absolutely continuous part of spectrum.
Another classical dispersive estimate is given by Komech-Kopylova-Kunze [6], who
show that, for s > %,

(5) ||6_itHPac||£§*>£2_ =0 (t_%) , t— oQ,

for the operator (4) for “generic”? (V;,) C R with finite support, where the weighted
¢?—norm is defined by

1
2
lalles = (z<1+n2>21qn|2) Csem

nez

Other related work has been done by Cuccagna-Tarulli [3] (see also [1]). For the
dispersive estimates for continuous Schrodinger operators, we can refer to [8].

Recently, Bambusi-Zhao [2] have considered the quasi-periodic Schrodinger oper-
ator Hy : (?(7) — (%(7Z),

(6) (Hot)n = —(Ynt1 + Y1) + V(0 + nw)yy,, n € Z,

where V € C¥(T4,R) with T := R/27Z, d > 1, and w € DCy(v, ) for v > 0 and
T>d-—1,1ie.,

inf |(k,w) — jm| > V ke z4\ {0}

JEZ |/€ ’T ’
It is well known that when the potential function V is sufficiently small, the oper-
ator Hp has purely absolutely continuous spectrum for every 6 € T? and the time
evolution e 0 presents ballistic transport (see [11]). As for the dispersion, it is
shown that, if |V, is sufficiently small, then for every 6 € T¢:

—i alnln -1
lem ]| < O [V],|* " CHD (L 4 [t 75|l 0, Vo € £1(2),

for some absolute constants C,a > 0, which implies a [t|~¢—dispersive decay for any
0<¢<3.

In this paper, the main conclusion is:

Theorem 1.1. Consider the operator H given in (1). For arbitrary t € R,
i 1 _1
(M) e lle <181 (1+ (Vo = V1)*)* (L4 [t) T3 [ lle, o € £1(2).

1See Definition 1 of [7].
2See Definition 5.1 of [6].
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Remark 1.1. For the case Vo = Vi, H is equivalent to —A given in (2) with v = 1.
Hence, for proving Theorem 1.1, we always assume that Vo # V1. In view of (7),
we see that the variation of the 2—periodic potential does not essentially affect the
\t\_%—dispersive decay, while the coefficient in front grows with |Vo — V1| and goes
to oo as |Vo — V1| — .

Remark 1.2. The method employed in this manuscript is mainly by Fourier trans-
form. However, it is not suitable for exploiting the weighted (> dispersive estimate
as Komech-Kopylova-Kunze [6]. Firstly, it is non-trivial to verify the conditions
in their theorems (for example “generic” and “finitely supported” etc) for periodic
potentials. Secondly, their techniques such as Laplace transformation and Puiseux
expansion of resolvent still have some differences from our proof. Therefore, we are
not able to achieve an easy corollary similar to (5), even though we believe that it
should be true.

As usual, from this estimate in Theorem 1.1, one can deduce Strichartz esti-
mates via [5] as well as decay for the solution of the non-linear two-periodic discrete
Schrédinger equation

(8) ig, = _(QnJrl + anl) + Vogn £ |Qn|p_1 qn, N EZL,

provided p is large enough. Here we concentrate just on dispersive decay in £°° and

. . 1 1 -
give the result for p > 5 (indeed 73 S is necessary).

Corollary 1.1. Under the assumptions of Theorem 1.1, consider Eq. (8) withp > 5.
There ezist C' > 0 and 6 > 0 s.t., if the initial datum q(0) fulfills ||q(0)]|p(z) < 9,
then the solution of Eq. (8) fulfills

=

(9) la@)llge < CQA+[¢)75.

The remaining part of paper is organised as follows. In Section 2, by Fourier
transform, we get the explicit form of the time evolution e which is represented
by the eigenvectors and eigenvalues of the 2 x 2 matrix

A(9) = Vo —2cos(#) b
o\ -2 cos(6) Vi 7 '

Then, we show the C!—regularity of its eigenvectors and the C3—transversality of
its eigenvalues (w.r.t. #) in Section 3, with a technical lemma shown in Section 4.
By applying Van der Corput lemma (Lemma A.1 in Appendix A), we estimate the
oscillatory integrals in e *# in Section 3.3, hence the dispersive estimate is shown.

2. FOURIER TRANSFORM AND EXPLICIT FORM OF e tH

We focus on the 2—periodic time-dependent Schrodinger equation
(10) ign, = _(QnJrl + anl) +Vogn, ne€Z,
with ¢(0) € £}(Z). By the Fourier transform

(@n)nez = G(0) = Z e, 0T :=R/27Z,
nez
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the above equation is transformed into

i0,G(0,8) = Y _[~(@n41(t) + Gn-1(t) + Vo (1),

ne”Z
Decompose G(0,t) as G(H t) = Gp(0,t) + G1(0,t), with

= Gk (P =01,

kez
We find that
10,Go(0,t) = iz Giogo (1) 720
keZ
= ) [(q2e-1(t) + qars1(t) + Vogau(t)] €2
kez

= —(e+€%G1(0,t) + Vo Go(9,1)
= —2cos(0) G1(0,t) + Vo Go(0,1)
and similarly,
10,G1(0,t) = —2cos(0) Go(0,t) + V1 G1(0,t)

It is exactly the 2—dimensional system
(11)

5 ( Go(0,1) ) _ A0) ( Go(0,1) > A = ( Vo —2cos(0) ) .
Gl(g,t) Gl(e,t) —2COS(0) V1

For the Hermitian matrix A(#), there exists an 2 x 2 orthonormal matrix

~( Uoo(0) Uoi(0)
v = ( Uro(6) Uni(6) >
analytically depending on 6, such that
U*(0)A(0)U(6) = A(0) = ( Aoée) Al(()e) ) ,

with A (
is

and A1(f) two real eigenvalues of A(#). Hence, for Eq. (11), its solution

0)
Go(6,1) e~ Mo (0)t 0 . Go(6,0)
< G1(6,t) ) v ( 0 e~ M0t >U (©) ( G1(6,0) )
(10)

Then, for n = 2k, + j with k, € Z and 7 = 0 or 1, the solution of Eq. satisfies
1 ) A
w(t) = - / (0, t)e 2R+ gg
= —_ —1)\l1 G)tU ll (Q)UlﬁlQ(G)Glg (97 0)6_1(2k*+‘7)0 de
T l17lz 0,1
= 27 Z / e~ A O)trr. ll(e)Ul*llz () E @kt (O)ei(Q(k—k*)+l2—j)0 &,
T lilp=01"T =
1,02 5

By the condition q(0) € ¢!(Z), we can commute the order of integration and sum-
mation. Summarizing the above demonstration, we get
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Proposition 2.1. Given 1 € (Y(Z), t € R, for n = 2k, + j with k. € Z and j = 0
or 1, we have

—i 1 * i|l— —kx —J
(e tH¢)n =3 Z Z@D?HZQ/Ujll(‘g)Uzlb(e)@[ Aty (0)t+(2(k—ku ) +Hla—3)0) do.

l1,l2=0,1 k€Z T

3. PROPERTIES OF EIGENVALUES AND EIGENVECTORS
By Proposition 2.1, we see that the dispersive estimate is determined by the

properties of eigenvalues and eigenvectors of matrix A(6) with respect to 6 € T.

3.1. Transversality of eigenvalues for A(f). For the Hermitian matrix A(0)
given in (11), it is easy to calculate that

r() = —Fo+V)+ (W~ Vi) + 16 cos?(6)

2
—(Vo+ Vi) — /(Vo — V1)2 + 16 cos2(0)
A(0) = 5 .
So for 5 = 0, 1, the derivatives of eigenvalues w.r.t. 6 satisfy that
(k)
_ 2
(12) ‘ﬁ“wﬂzz <¢061;U+c%%®> . k>

By the following lemma, we can get a lower bound for |\}| + |A]].

Lemma 3.1. For any a > 0, we have that
2

d 3 1
fa(ﬁ) = W COSQ(Q) +al + ﬁ COS2(0) +a 2 m, V 0 ~ T
Moreover, the subset
HGT‘d—2 cos?(0) + a <$
| de? 8va+1

consists of at most 8 mutually disjoint subintervals.

We postpone the proof of this technical lemma to Section 4. Now, with Lemma
3.1, we get immediately the following estimate.
Corollary 3.1. The eigenvalues of A(0) satisfy
2

(13) |/\;‘,(9)‘ + ‘)‘;’N(g)‘ = \/16 T+ (Vo _ V1)27

j=0,1, VOeT.

Moreover, for j =0,1,

V16 + (Vo — V1)?

consists of at most 8 mutually disjoint subintervals.

(14) 0, = {9 eT:[N/(0) < ! }
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Remark 3.1. The dispersive estimate is usually related to the transversality of
kernel function in the oscillatory integral. We will see in the proof of Proposition
3.1 the necessity of the lower bound of the second or third derivative of \j for getting

the “t=3 7 asymptotic decay estimate by applying Van der Corput lemma. Moreover,
the number of segments on which the second or third derivative is bounded from below
is related to the coefficient in front of the decay.

3.2. C'! property of eigenvectors for A(f). Since U(f) is an orthonormal matrix
for any 6 € T, we have immediately that

Ui (0) + [Upn (0) 2

5 <1, VIimn=0,1.

U (0) U (9)] <

More precisely, for « := Vi — Vp, by a straightforward calculation, we get the eigen-
vector of A(#) corresponding to Ao(f), i.e., the first column of U(#) is

( Uoo(0) > _ 1 ( a+ +/a? + 16 cos?(0) )
Uio(6) \/<a + /a2 +16 cos2(6)>2 + 16 cos?(0) deos(9)

and the eigenvector corresponding to A1(6), i.e., the second column of U() is

( Uo1(9) > B 1 ( a — /a2 + 16 cos?(6) >

Un(®) ) 2 4cos(0 '
u(6) \/<a — a2+ 16 cosz(9)> + 16 cos?(0) cos(t)

By a straightforward calculation, we get

|(Uoo()Ugo(9))'|, [(TUo1(0)U1o(0))'], [(U10(0)Ug1(9))'], [(Un1(0)UT1(0))]
_ 8| - | sin(f) cos(0)|

(a2 +16 0052(0))% 7

|(Uoo(@)U51(0))'], 1(U10(0)Ugo(9))'], [(Uor(0)UT1(0))], 1(Un1(0)UT,(0))'|
_ 202 sin(0)|

(a2 + 16 cos2(6))?

9

then we calculate their integrals:

2|al

/T WOV (0) 10 = 2= —=E
/T (O 018 = .

To summarise, we have

Lemma 3.2. Forl,m,n=20,1,

sup (Ui U 0)] + [ |V (0)U;(6)) | d6 < 3.
0eT T
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3.3. Proof of Theorem 1.1. With the estimates obtained for the eigenvalues and
eigenvectors of A(f), we have that

Proposition 3.1. For j,l1,lo = 0,1, for any t € R,

=

284 (16 + (Vo — V1)?)
(1+[t)s

]/%m@mumJMwwwkMMjww}:
T

Proof. For [t| <1, since 2%(1 + \t\)_% > 1, we have, by Lemma 3.2,
(15) ' / Uity (0)U; 1, (0) el O+ Clk—k)+2=5)0] d9’ < 6m < 6m - 25 (1 + [t]) 5.
T

Now we assume that |t| > 1, which implies that

1 1
27(141t))77 > |t|77 for 0 =~ and —.
2 3
In view of (13) in Corollary 3.1, we deduce that, for [y = 0, 1, for any 0 € T,
1 1

|\, (6) or [N/ (0)

| > | > :
V16 + (V) — V)2 V16 + (Vo — V)2

According to the definition of ©; given in (14), we apply Van der Corput lemma
(Corollary A.1 in Appendix A) for k = 3 on each segment of O, and get

/ Ujl1 (9)U;;12 (9)61[—>\ll (9)t+(2(k—k*)+lz—j)9] do
(C]

1

1
(16) < 8-18-25 (164 (Vo — V1)2)® (1 +|t]) 5.

recalling that ©;, consists of at most 8 segments (hence T \ ©;, consists of at most
9 segments). Then, by applying Van der Corput lemma for & = 2, on each segment
of T\ ©y,, we get

/ Ui, (0)U} (9)61[—/\51 (O)t+(2(k—ki)+H2=5)6] g9
™6y,

1
(17) < 9-8.23 (164 (Vo — Vi)%) T (1 +t]) 2.
Thus, combining (16) and (17), we have, for |¢| > 1,
‘/TUJ,ZI(Q)U;EZQ(@)Q[/\11(9)t+(2(kk*)+lzj)9] d9’
1
< (8- 18- 2% +9.8-2%) (16 + (Vo — V1)2)* (1 +|t]) "3
1
(18) < 28416+ (Vo — Vi)2) T (1 +t]) 5.
Then Proposition 3.1 is shown by combining (15) and (18). O

Let us go back to the expression of e *H given in Proposition 2.1. Since

S Waksil = 1Y ller,

12=0,1 k€EZ
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we have, for every n € Z,

)l < o= DY okl

/ Uiy (), (8)el [0 O+ 2k +27300) g

ll,lg 0,1 keZ
284 1
< (164 (o = Vi) [l (14 [¢)) 78
568 1 1
< (L4 (Vo= VA)*) * [[llen (1 + J2]) 5.

™

Thus Theorem 1.1 is proved.

4. PROOF OF LEMMA 3.1

Section 4 is devoted to the proof of Lemma 3.1. By a direct calculation, we get

Cﬁ cos2 i COS4(9) — acos2(0) +a sjn2(9)
(19) o2 (0) + (co?(0) + )} ;

& Jeos? P sin(0) cos(0) (4a* + 3asin?(0) + 5a cos?(0) + cos?(0))
(200 253 (6) + cos?(0) + o)} :

) %922 cos?(0) + a‘ < ¢ is equivalent to

(— cos*(0) — 2acos®(0) + a)2 —&? (cos®(0) + a)3 < 0.

For the above 8—degree polynomial of cos(f), there are at most 8 zeroes and hence
at most 4 subintervals of cos(f) such that the above inequality holds. Since the
cosine function is strictly monotonic on (0,7) and (m,27), we see that there are at

most 8 subintervals of § € T such that ’da? \/m‘ <e.
We notice that
| cos*(0) + acos?(0) — a sin?(0)|
(cos?(0) + a)%
N |sin(f) cos(0)| - |4a® 4 3asin?(0) + 5a cos?(#) + cos*(0)|
(cos?(6) + a)g .

fa(e) =

is a m—periodic even function. So it is sufficient to focus on the interval [0, 5], on
which we have

d3
2 — 2
cos?(0) +a g8 v cos @) +a
sin(0) cos(9) (4a® + 3asin®(#) + 5a cos?(0) + cos*(6))
(cos2(0) + a)% .

do3

As for the second derivative, there exists 0, € [, 5] with

(21) cost(6,) + acos®(6,) — asin®(h.) = 0



such that

d92\/0082 +a, 60€]0,0,]

2
L cos?(f) +a| =

do?
2 cos?(0) +a, 6¢€lb,,F]
r 4 200) _ 1 ain?
cos*(6) + acos”(0) 3asm (9) 00,0,
_ (cos2(6) + a3
B —cos*(0) — acos?(0) + asin2(0)7 b€ 6., 7]

(cos2(0) + a)%

Indeed, Equation (21) can be written as cos*(6.) + 2a cos?(0.) — a = 0, which gives
a unique solution ¢, € [0, 5] such that

2 a 1
cos“(0y) =vVat+a—a= ——m— < —.
(6.) va*l+a+a 2
This means 0, € (7, 5] and
A ) >0, 0¢€]l0,6,)
cos”(0) + 2acos”(0) — a
<0, 0¢€ (b 3]
Lemma 4.1. For every a > 0, we have
(22) 0> — voe o]
T Jeos2(0) + a’ 417

Proof. On z € [0, 7] C [0,6y), we have

cos*(0) + a cos?(6) — asin?(#)
(cos?(0) + a)%
N sin(6) cos(6) (4a* + 3asin?(0) + 5a cos?(#) + cos?(6))
(cos?(6) + a)%

fa(e) =

Hence (cos?(6) + a)%fa(G) = L1(0) + L2(0) + L3(6) with

Li(0) = —a®sin?(0) + a®cos?(#) + 4a? sin(6) cos(h)
(23) = a*(2sin(26) + cos(26)),
Ly(0) := 2acos*(8) + 5asin(8) cos® () — asin®(f) cos?(0) + 3asin®(#) cos(6)
. 1. 3 5)
(24) = a (2 sin(20) + cos(20) + 1 sin(40) + 3 cos(40) + 8> ,
L3(0) = cos®(f) + sin(f) cos®(h)

(25) = V2sin (0 + %) cos®(h).
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Note that for 6 € [0, 7], we have cos(f) > sin(¢). Then
Li(f) = a*+2a*sin(6)(2cos(f) — sin(6))
> d
Ly(0) > 2acos?(8) + (3asin(f) cos®(A) — asin®() cos?(0) + 3asin® () cos(8))
> 2acos?(h),
L3(#) > cos*(8).
Therefore,
(cos®(0) + a)%fa(G) > a? + 2acos?(A) + cos?(0) = (cos*() + a)?
which implies (22). O

Lemma 4.2. For 0 <a < 1 3, we have

1 T T
W(0) > —, Voel|—, —|.
Ja () 4v1+a (4 2}
Proof. For 0 € (%, 6.,
2 2 _ a
cos“(0) > vVa*+a—a= ————,
(6) 2 va*+a+a

and we still have that (cos?(8) + )ﬁfa( 0) = L1(0)+ L2(0) + L3(0) with L1(0), L2(0),
L3(0) defined as in (23)-(25). Note that on [, 5], L1, L3 are decreasing and Lz > 0.

e For L3 on (“, *] we have
(cosz( )+ a)3 ( 4) (cos2(0) + a)2
1
(1+ﬁ(9*))
1

(14 a+Va? +a)2

2

3V3-vV1+a

v

Nl

since 0 < a < %
e For L on (7,0,], we have

Ly(9) > Ll(e*)

= ((a +a)iva+2a—Va +a—a>

W
= m+a((a +a)4 f—ka—\/aQ—i-a)
> 0, ifa> L ) L
, ifa> = - =
- 2+v5)i-1 8V5 2
Hence, fo %—%gagg,
1 2
0(0) = ———= (L1(0) + L2(0) + L3(0)) > ———F——.
fa(0) (cos2(9)+a)3( 1(6) + La(6) + La(9) 2 oo
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As for the case 0 < a < \f 2,We have
L‘”’G(g*) +Li(0,) > COS;()H*) +\/£+a( (a® + a)7 f+2a—\/cm_a)
B a3 a’Va? +a
- (\/m—i-a Va2 ta+a
a2 —60@2\/a2+a(\/a2—|—a+a)g
B 60(vaZ +a+a)?
> 0

since a is small enough. Then

59 Ls(6.) 59 1
fa(e)z@(cog(g )+a)s = 90v3v1+a 4\/1+a'

For 6 € (0, 5], we have

—cos(0) — acos?(0) + asin?(0)
(cos?(0) + a)g
N sin(0) cos(0) (4a® + 3asin?(#) + 5a cos?(0) + cos?(0))
(cos2(0) + a)?

fa(g) =

By a straightforward calculation, we get

(cos C )—i—a)% - f1(0)
(26) = —a%sin?(0) (4a + 3sin2(9))
(27) + 2a cos? () (2&2 + 5asin®() + 6 sin4(0))
(28) + a?sin(8) cos(6) (4a+3 sin2(9)) + 6a cos®(#) + 6a sin(f) cos®(0)
(29) +acos*(0) (9a + 14sin?(0)) + 3asin(6) cos®(0) (3a + sin?(9))
(30) + cos®(6) + sin(6) cos’ (6).

A simple observation shows that

e the term 12acos®(0)sin(f) in (27) is decreasing on (arctan(v/2), 3),
e the term 3a?sin®(f) cos(¢) in (28) is decreasing on (5, %),
e all the other terms in (26)—(30) are decreasing on (7, %)

Recalling that a < %, we have cos?(6,) = 7> which implies that (6., 5) C

a+\/a2
(Z,7). Hence (cos?(0) + a)% - fr(0) is decreasmg on (0*, 5). Since

302
™ z T 11
(6082 (5) + a) *. I (§> =—a2 (4a+3) <0,
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there is at most one local maximum in (6., 5) for f,(¢). After simple calculations
as following;:
sin(6s) cos(s) (4a® + 3asin®(6.) + 5a cos®(6,) + cos?(6.))
(cos?(0.) + a)g
sin(6,) cos(6.) (4a* + 3a + 2a cos®(6,) + cos*(6,))
(cos2(6,) + a)3
- (a25+a)ia% (4a2+3a+2a(m—a)+(m—a)2)
(a2 +a)i (Va2 +a+a)
a2
a+Va®+a

we can get that for every 0 € (6., 3],

fa(0) > min{fa(Q*%fa (g)} = min{ da? 1 } ; 0

fa(a*) =

—_—, —— >
a++Va+a Va Vi+a

Lemma 4.3. For a > 1, we have

8
1 T
10> g7 Y0e (33l
Proof. On (Z, %], we always have sin(6) > cos(6).
For 6 € (%,04], a direct computation yields that
£.00) = cos?(f) n 4 sin(6) cos(0)
Veos2(0) +a  +/cos2(0) +a
n 3sin®(#) cos(#) — 3sin(6) cos?(6) B asin?(9)
(cos2(6) + a)3 (cos2(6) + a)?
3 sin®(6) cos®(0)
(cos2(6) + a)g
We can see
sin(#) cos(0) asin?(6) _ sin(6) cos(6)(cos?(0) + a) — asin®(6)
cos?(6) +a - (cos?(6) + a)? - (cos2(6) + a)?

= % cos®(0) + a(cos(f) — sin(0
) s op O+ oleos(0) —sin(@).

where cos®(0) + a(cos() — sin(f)) is decreasing and hence

cos®(0) + a(cos(f) —sin(6)) > sinze*) [sin(6.) cos®(6,) + asin(6,)(cos(6,) — sin(6s))]
= SiHEG*) [sin(ﬂ*) cos(fy)Va?+a— asinQ(G*)}
> sinze*) [COSQ(Q*)\/ a?+a— asinz(e*)}
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Moreover,
3sin(6) cos(6 n 3sin?(6) cos(#) — 3sin(f) cos?(H) 3 sin3(6) cos?(#)
cos?(0) +a (cos2(0) + a)? (cos2(6) + a)?
3sin(0) cos(6

Since a > %

fa(6) >

[(cos®(0) + a)? + (sin*(#) — cos®(6))(cos*(#) + a) — sin?(0) cos*(0)]

means that cos?(f,) =

\/ﬁﬂb > %, we have

2(0, 1 1
cos(6.) > > , V@e(zﬁJ.
cos2(6,) +a  2V1+4a 4V/1+a 4

For 0 € (04, 5],

fa(g) =

Hence,

(31)
(32)
(33)

—cos*() — acos?(6) + asin?(0)
(cos2(0) + a)%
N sin(0) cos(8) (4a* + 3asin®(A) + 5a cos?(0) + cos?(6))
(cos2(0) + a)g

(0082(9) a)% fa(0)

= a*sin?(f) — a? cos®(0) + 4a? sin(0) cos(6)

)

+ 5asin(#) cos®(0) — 2a cos* () + 2a sin®(6) cos(6)

+ asin®() cos(#) 4 asin?(0) cos?(6) + sin(#) cos® () — cos® ()
1)

where the term in (3

= a*sin?(#) — a® cos®(0) + 4a” sin(f) cos(6)
= a® +2a®cos(f)(2sin(f) — cos(h))
,  cos*(f)

> T
a” + 39

the term in (32)

= 5asin(f) cos(0) — 2a cos(A) + 2asin®(6) cos(h)
> 3asin(f) cos®(#) + 2a sin®() cos(h)

> COSQW) + 2a (cos*(6) + sin?(0) cos?(9))
~ cos*(9)
= 3 + 2a cos?(6),

and the term in (33)

= asin®(0) cos(#) + asin®(#) cos?(0) + sin(#) cos® () — cos®()
> % sin®(#) cos(8) + % sin®(6) cos? ()

cos?()

T
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So we have
2 2 2 2 13 4 13 2 2
(cos*(0) 4+ a)2 fo(0) > a* + 2a cos”(8) + 35 €08 0) > 3—2(cos (0) + a)*,
which implies that
13 us
o(0) > , Voelb,=|. O
Jal®) 324/cos2(0) + a ( 2}

APPENDIX A. VAN DER CORPUT LEMMA

For readers’ convenience, we recall Van der Corput lemma and its corollary which
is used in this paper. The proof can be found in Chapter VIII of [10].

Lemma A.1l. Suppose that v is real-valued and C* in (a,b) for some k > 2, and
(34) p® (@) >1, Ve (a,b).

For any A\ € R, we have

b .
/ M)

If the hypothesis (34) in the above lemma is replaced by
(35) “Gp®(2)] > ¢, Yz € (a,b)

for some ¢ > 0 independent of x, then it is easy to derive from Lemma A.1 that

b .
/ 61)\1/1(:1:) dr

Moreover, since (35) also holds for —i, Lemma A.1 implies that

b .
/ el)ﬂb(x) dx

Corollary A.1. Suppose that 1 is real-valued and C* in (a,b) for some k > 2, and
that | *) (x)| > ¢ for all x € (a,b). Let h be C' in (a,b). Then

b
/ M@ p(z)da

a

Sl

< (5.2 —2)A7 %,

< (5-2F1—2)c kAR, VAER,.

< (5-2F1—2)c x|[A"F, VAeR\ {0}

1 b 1
< (5-281_2)c % [|h(b)]+/ \h’(a;)|da;] IA7F, ¥ AeR\{0}.
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