DISPERSIVE ESTIMATES FOR PERIODIC DISCRETE
ONE-DIMENSIONAL SCHRODINGER OPERATORS

YUE MI AND ZHIYAN ZHAO

ABSTRACT. In this paper, we consider the periodic discrete one-dimensional
Schrédinger operator

(va)n = _(wn+1 + 1/177,71) + Vn'l/Jn, nec Z,

with Voyn =V, Vn € Z, for some N € N* and V = {Vj}j\;_o1 € R. We show the
dispersive estimate
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1. INTRODUCTION AND MAIN RESULT

Consider the periodic discrete one-dimensional Schrodinger operator

(1) (HyY)n = —(Uns1 + Yn—1) + Vptbp, nez

with Vo n = Vi, V1 € Z, for some N € N* and V = {V;});" C R. It is well known
that Hy has purely absolutely continuous spectrum (see, e.g., [12]) and its time
evolution e v presents ballistic transport (see [5]), i.e., the weighted £2—norm
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grows linearly with ¢ provided that -, ., n? |thn|?
interested in the ¢'-¢>° dispersive estimate of e V. In general, the dispersion and
ballistic transport for a one-dimensional linear operator are related to the absolutely
continuous spectrum, even though there is not yet rigorous argument describing the
link between them.

We recall that for the free Schrédinger operator, —A : (2(ZV) — (2(ZV), v > 1,
(_Aw)n = - Z 1/1m7 ne ZV:

[m—n|=1

< 00. In this paper, we are

the ¢1-¢> dispersive estimate

(2) le* Ayl S (L4 )5 [elle, V3 € £(27),

is well known (see [15, 18]). The estimate (2) implies that, for a given well-localized
initial condition 1, the £>*°—norm of €21 tends to zero as time goes to infinity,
with the “|t|7%” decay rate. In other words, as time goes, et does not keep
well-localized as .
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For the discrete one-dimensional Schrodinger operator H : (2(Z) — (%(Z),

(Hq>n = _(Qn—‘rl + Qn—1> +Vogn , n€eZ,
Pelinovsky-Stefanov [16] have shown that

(3) e Pactlle S L+ ) 7316l , Vo€ €1(2)

for “generic’! potentials (Vj,)n,cz decaying sufficiently fast at infinity. Here Py,
denotes the projection on the absolutely continuous part of the spectrum. For the
2—periodic potential case, we have shown the same estimate [14]. For other related
works, one can refer to [1, 4, 6, 11, 13]. For the dispersive estimates for continuous
Schrodinger operators, we can refer to [17].

Recently, Bambusi and the second author [3] have considered the quasi-periodic
Schrédinger operator Hy : £2(Z) — (*(Z),

(4) (Hop)n = —(Ynt1 + n—1) + v(0 + nw)pn, n € Z,
where v € C¥(T% R) with T := R/277Z, d > 1, and w € DCy(v,7) for v > 0 and
T>d-—1,1ie.,

. . Y d
f - L Z .
Jl.gz\<k,w> jm| > Tid V ke Z\ {0}

It is well known that the spectrum of Hy is usually a Cantor set for every € T
When the potential function v is sufficiently small, it has purely absolutely continu-
ous spectrum . Moreover, the time evolution e~ presents ballistic transport (see
[22]). As for the dispersion, it is shown that, if v is sufficiently small, then for every
6 € T
e Hoxp oo S [ fol, [* = RCHD 1 e 73 [0, Vv € (),
for some absolute constant a > 0, which implies a |t|~¢—dispersive decay for any
0< (<.
In this paper, the main conclusion is:

Theorem 1.1. For the operator Hy given in (1), there exists a constant Cy > 0,
depending on V', such that, for any t € R,

; —min{ 1,
e e < Cy gl L+ 1) wh vy e ).

As usual, from this estimate in Theorem 1.1, one can deduce Strichartz estimates
via [10] as well as decay for the solution of the nonlinear periodic discrete Schrodinger
equation
(5) ign = _(QnJrl + anl) + Vagn £ |Qn|p71 Gn, N €L,

with V' = {Vj}j\f:_()1 C R as in (1), provided p is large enough. If we just focus
on dispersive decay in £*°; we can give the following result for p > max{5, N + 3}
(indeed ])%2 < min{}, ﬁ} is necessary).

Corollary 1.1. Under the assumptions of Theorem 1.1, consider Eq. (5) with
p > max{b, N + 3}. There exist C > 0 and 6 > 0 s.t., if the initial datum q(0)
fulfills |q(0)][41(zy < 6, then the solution of Eq. (5) fulfills

(6) lg(t)]| e < C+ [t 5 w57},

1See Definition 1 of [16].



The proof of Corollary 1.1 is similar to that of Corollary 2 of [3].

The remaining part of paper will be organised as follows. In Section 2, we make
some analysis on the periodic Jacobi matrix, and show the C!'—regularity of its
eigenvectors and the transversality of its eigenvalues. In Section 3, after getting the
explicit form of the time evolution e v via Fourier transform, we apply Van der
Corput lemma (Lemma A.1 in Appendix A) to estimate the oscillatory integrals in
e v which gives the dispersive estimate.

2. PERIODIC JACOBI MATRIX

A straightforward way to establish the dispersive estimate is to get the explicit
expression of the time evolution e~V via Fourier transform as in [14, 18]. As the
period N grows, the expression becomes more and more complicated. To realize
such an expression, some properties of the periodic Jacobi matrix, which will be
defined below, are needed.

Fix N > 3. We consider the periodic Jacobi matrix

‘/0 _e—i9 0 0 _619
D 0
(1) A(0) = , 0eT=R/27Z,
0 76—i0
—e 10 0 0 —ef Vn_1

with V' = {Vj}évz o} C R. More precisely, the entries of matrix A() are

Vi, n=m
—e % n=m-—1or (m,n)=(N-1,0) B
Amn(0) = —e?  n=m+1or (mn)=(0,N-1) "’ myn =0, N—1
0, otherwise

In particular, for N = 3,

(8) AB)=| —€? v —e

We will give some properties needed in the sequel in this section. The relation
between A(f) and the time evolution e~V will be shown in Section 3 (see, (26) —
(29)). For more properties of the periodic Jacobi matrix in a more general form, we
can refer to [2, 9, 20, 21].
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For the Hermitian A(6), there is an N x N orthonormal matrix U(6),

Uoo(0)  Uoa(0) e Uo,n—1(0)
Uio(0) Uia(9) e Uo,n—2(0)
9) U() =
Un-100) -+ Un-—in—2(0) Un—1,nv-1(0)
such that
(10) U*(0)A(0)U(8) = A(9) := diag {1;(0)}1,",

with {}; («9)}5\7: ! the set of eigenvalues of A(f). We note that the eigenvalues and
the eigenvectors of A(f) are analytic with respect to 6 (see [8] and P.195 of [7]).

Lemma 2.1. The characteristic polynomial of A(0) satisfies that
det (AT — A(6)) = P(\) — 2cos(INO),
with P(X) a monic real polynomial of degree N.
Proof. Let {Cpyn(A,0) %,711:0 be the elements of the matrix AI — A(#). Then

N-1
(11) det (AT — A(0)) = Y _ sgn(o) [] Comon (X 0).
gESN m=0
Here, the sum is computed over all permutations ¢ of the set 0,1,--- ,N — 1, o,

denotes the value in the m™ position after the reordering o, Sy is the set of all such
permutations, and sgn(o) denotes the signature of o. For any permutation o, we

have Zan;é Om = fo;é m. Note that there are only 3 nonzero elements in each

column of A(f). More precisely,
Con =0, if n#0,1 or N—1
Con=0, 1<m<IN-=-2, if n#m, m—1 or m+1
CON-1n =0 if nA0, N—2 or N—1
We focus on the nonzero products Hﬁ;é Cr.om (A, 0). For the permutation with
op=N—1,
e if oy =0, then >N "25,, = S V~2. Then we have

Hl1<m<N-2:0,=m—-1}=4{1<m<N-2:0p,=m+1} =K

with some 0 < K < N — 2. It means, in this case,

N-1
H Ci,a,- = C'O,Nfl ' C'Nfl,O : H Cm,am : H Cm,am : H Cm,am
i=0 1<m<N-—2 1<m<N-—2 1<m<N-—2
om=m—1 om=m-+1 om=m
— (_eiﬁ)(_e—iﬂ) . (_eiG)K . (_e—ié))K H ()\ _ Vm)
1<m<N -2
om=m

(12) = JI *-va.
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e if o1 # 0, then, to keep the conservation Z%;é Om = Z%;é m, the unique

way is 0, =m — 1,1 < m < N — 1. In this case,
N-1
(13) Cio; = CoN-1" H Crnm—1 = (=),
i=0 1<m<N-1

For the permutation with o9 # N — 1,

e if o1 = 0, then, to keep the conservation Z%;(l) Om = Zg;é m, the unique

way is 0, =m+1, 0 < m < N — 2. In this case,

N-1
(14) I[ Cioi=Cn-10- I Commir = (7N,
i=0 1<m<N-—1

e if o)y _1 # 0, then, by the conservation Z%;(l) Om = Zﬁ;(l) m, we have

Hl1<m<N-1lio,=m—-1}={0<m<N-2:0p,=m+1} =K

with some 0 < K < N — 1. In this case,

N-—1
H Ci,cri = H Cm,om ' H Cm,a'm ’ H Cm,o'm
=0

1<m<N-1 0<m<N-2 0<m<N-1
om=m-—1 om=m-+1 om=m
i0\ K —i0\K
= (=) (=TT =V
0<m<N—-1
om=m

(15) = H ()‘ - Vm)

om=m

To sum up with (12) — (15), we see that, in the summation (11),

e all f—dependent terms come from (13) and (14), with the sum equals to
(DN ()N e N ()N (—1)NeN? = —2.cos(NO);

o the sum of (12) and (15) is a monic real polynomial of degree N, denoted
by P()\). O

Lemma 2.2. The eigenvalues of A(6) satisfy that

Sup|)\;(6)‘§27 ]:O)]-)?N_l
0T

Proof. Let vj(#) be the normalized eigenvector corresponding to the eigenvalue \;(9).
It is actually the j*"—column of U (), i.e.,
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It is well-known that () = (A'(0)v;(0),v;(0)). Since

0 i o0 .. 0 —ie?
_1619 0
, _ 0
A'(0) =
0
0 je—1?
je—1? 0 0 —ie 0

or, for N =3,

and v;(0) is the normalized eigenvector, we have

INJ O] = [(A'vj,v5)]
< e (U100 + UsjUrj+ -+ + Un_1,;Un—2; + UO,jUN—l,j)‘
n \iew (1,00, +TayUsj+ -+ Un1,;Un—2; + UOJUN,M)\
< 2 (|00l + U141 + [Uzif* + - -+ [Un—2,[* + |Un-1,41%)
2. O
Proposition 2.1. There exists a constant § > 0, depending on V', such that, for

jIO,l,"' 7N_1;
(16) NGO+ N O)] + -+ DTG > 8 veeT.
Proof. To show (16), it is sufficient to show that there is no 6 € T such that
1" o\ _ _ (VD) _
X/(0) = XJ'(0) = - = A"() =0,

since [N} (0)] + [NJ' () + -+~ + ]A§N+1)(9)| is continuous for j =0,1,--- , N — 1.
In view of Lemma 2.1, we see that, for all € T,

(17) P(\;(6)) =2cos(NF), j=0,1,--- ,N—1.

Suppose that, for some j, there exists 6, € T such that

N6 = XI(60) = = AN (6,) = 0.



Then, (17) implies that

(18) P(A ( )) = 2cos(Nb,),
(20) P”(AJ(G*))AJ( )2 = —2NZcos(N6,),
(21)  P"(X\;j(6:)Nj(6.)° = 2N’sin(N6,),
(22) NI = {(—1)13“2NNsm(N9*), N is odd
o (-1 )ﬁQNNcos(NH) N is even
(23) 0 — (—1)N+1 2NN+l cos(N6,), N is odd
a (—1)E+I2NN+1S1D(N0*), N is even

Recalling that N > 3, (22) and (23) imply that

) o= () v

Indeed, by a direct computation, the above inequality holds for N = 3,4,5,6, and
for N > 7,

NN N-1 \N N1 1\l
N - 1+k:> HH<1+k>
k=1 =1 k=1

N-—1 1 N N-1 1 —(N—'L)
= 142) . 14>
1) ()

which implies that

1 1
28N el=w *%
V)E T UN e (V¥)

(24) contradicts with Lemma 2.2, hence Proposition 2.1 is shown. O
With Proposition 2.1, for j = 0,1,--- , N — 1, we have the decomposition of T
according to the optimal order of transversality of A;:

N .
@25) T=|]e®W, eW.=QgeT: 7,
H ’ ’ NG < S 1< <i—1ifi>2



8 YUE MI AND ZHIYAN ZHAO

Since the eigenvalues A;(6) of the matrix A(f) is analytic on 6, in view of Lemma
3 of [7], we see that @g-l) consists of finitely many disjoint subintervals. We denote
this number by MJ(Z)

3. PROOF OoF THEOREM 1.1

3.1. Expression of time evolution via Fourier transformation. Since the
sharp estimate for the cases N = 1,2 is already known (see [14, 15, 18]), we can
focus on the linear N —periodic discrete Schrédinger equation with N > 3:

ign = _(Qn+1 + qn—l) +Vogn, neZi
q(0) € (1(2) '
By the Fourier transform

(Gn)nez = G(0) == gue™, 0 €T =R/2rZ
neZ

(26)

(26) becomes

i0:G(0,t) = > [~ (gn41(t) + dn-1(t) + Vaga(t)]e™.

nez
Decompose G(0,t) as G(6,t) = Z;V:_Ol G,(0,t), with
(27) ZQkN+] kN+])0 ]:0515 )N_]-
kEZ
We find that, for j =0,1, --- , N —1,
(28)i0,G;(0,t) = quNﬂ i(kN+j)6
keZ
= Z [—(@rnsji1(t) + @enej1(t)) + Viniqen (1)) BN F0
kEZ

= —(e_ieGj_H(@,t) +610Gj_1(9,t)) +V}Gj(9,t).
Actually, we can rewrite them as the N—dimensional system
(29) i0,G(0,t) = A(0)G(0,1),

with G(0,t) := (G;(0, t));v 01, where A(0) is a periodic Jacobi matrix given in (7) or

(8). Hence, according to (10), the solution to Eq. (29) is
Go,t) = U(H)e_iA(e)tU*(G)g(H,O), with e A O" .= diag{e J (O N1

7=0 "
Then, for n = k. N + j with k, € Z and 0 < j < N — 1, we have
1 . .
wt) = 5o [ GO ag
T

_ /T Z e—lAll(G)t ]ll(g)Ulth(H)GlQ(e’O)Q—i(k*N-‘rj)@de
l1,l2=0

c o S [ 00 0 e 00
l1,l2 0 kez



To summarise, we have

Proposition 3.1. Given ¢ € (Y(Z), t € R, for n = kN + j with k. € Z and
0<j3<N-—-1, jEZ we have

), = 3 S s [ U 005 OO G0
ll,lg 0 kEZ
3.2. Dispersive estimate. Now let us consider the oscillatory integral in Proposi-

tion 3.1, which leads us to the dispersive estimate.
Since U(#) is an orthonormal matrix for every 6 € T, we have immediately that

. U (O + U7 1, (0)2
(30) (U4, (D), 1, (0)] < ———rprt2

Due to the analyticity of the elements of U(f), there exists a constant D > 0,
depending on V = {V such that, for j, Iy, ls =0,1,--- ,N — 1,

SL V.jallalQ:OaL"'aN_l'

J= 0’
(31) sup U1, ()07, 1 (6)] + /T (U, (0)UF, 1, (6))| d6 < D.
For |t| < 1, since 2541 (1 + |¢[)” ¥ > 1, we have, by (30),

(32)

/ Ujis ()T}, 1, (6)el [P O+ (=) N33 de\ < 2 - 2 (14 [t]) T
’]r Y

Now we assume that |t| > 1, which implies that

11 1

23 N+ 1

According to the definition of @y) given in (25), we apply Van der Corput lemma
(Lemma A.1 in Appendix A) for k =i+ 1,7 =1,2,--- , N on each subintervals of
@l(j), and get

214 [t]) ¢ > [t|= for all (=

(33) / ()Uj,h(9>Uli,l2<9>ei[‘”1””*“’f—’“*W“T”"] o] < Ciy (1 +[#])" 7.

1

with the constant defined by

Cha=MP . D.(5-2 -2 (2) 7 .o
llﬂ"—h"(‘_)ﬁ QT
recalling that Ml(li) is the number of subintervals in @l(f), and D is the upper bound
given in (31). .

Back to the expression of e *#V given in Proposition 3.1. Since

N-1
Z Z [rntio| = [[¥ e,

lo=0 kEZ
by (32) and (33), we have, for every ¢t € R,

(e ), | < o Z Z\%Nﬂz

l1 lo=0 k€EZ

cvuwumuwtr)—ﬁ, Vnez,

LU O o) T kel g

IN
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for some positive constant Cy depending on V. Thus Theorem 1.1 is proved.

APPENDIX A. VAN DER CORPUT LEMMA

For the convenience of readers, we present Van der Corput lemma which is used
in this paper. The original statement can be found in many textbooks on Harmonic
Analysis (see, e.g., Chapter VIII of [19]).

Lemma A.l. Suppose that v is real-valued and C* in (a,b) for some k > 2, and
that |p®) (z)| > ¢ for all 2 € (a,b). Let h be C* in (a,b). Then

b
/ M@ () da

a

1 b 1
< (5-21—2)ck [\h(b)y +/ \h’(x)|dm] A7k, ¥V AeR\{0}.

The proof of Lemma A.1 is given in Appendix of [3, 14].
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