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Abstract

Consider the time-dependent linear Schrodinger equation

iy = €(gni1 + Gn-1) + V(@ +1w0)gn + 6 Y amn(0 +E)gm, n € Z,
meZ

where V' is a nonconstant real-analytic function on T, w satisfies a certain Diophantine
condition and a,,(0) is real-analytic on T®, b € Z, decaying with |m| and |n|. We
prove that, if € and § are sufficiently small, then for a.e. z € T and “most” frequency
vectors £ € T, it can be reduced to an autonomous equation.

Moreover, for this non-autonomous system, “dynamical localization” is maintained
in a quasi-periodic time-dependent way.

1 Introduction and Main Results

We consider the one-dimensional Schrodinger equation

idn = €(gne1 + @n1) + V(@ +1w)gn + 6 Y amn(0 + EDam, n € Z, (1.1)
mez

where V' is a nonconstant real-analytic function on T = R/Z, w € R is a Diophantine
number, and for each m,n € Z, apmy, : T® — R is analytic in a complex neighbourhood
[Imf| < r < 1 of the b—torus T, satisfying

SUD |y (0)] < e7Pmaxdimlinly 5 5 g,
[Im6|<r

We are going to prove that, for € and ¢ small enough, Eq. (1.1) can be reduced to a
constant coefficient equation(independent of ¢) for “most” value of the parameter £, with
the corresponding solutions well localized in space all the time. It is stated in the following
theorem.



Theorem 1 There exists a sufficiently small €, = €.(V,w,r, p), such that if 0 < €,§ < e,
then for a.e. x € T, one can find a Cantor set O 5 = O, s(x) C T® with

Leb(T’\ O.5) — 0 as €,6 — 0,

such that for each § € Oc5 and 0 € T, the equation (1.1) can be analytically reduced to
an autonomous equation.

Moreover, given any initial datum q(0) satisfying |q,(0)| < ce=?I"! for some constant
¢ > 0, the solution q(t) to the equation (1.1) with & € Ocs satisfies that for any fived
d>0,

sup Z n?q, (1) < co.
nez

Remark 1.1 The behaviour of solutions for a dynamical equation in the last statement
of Theorem 1 is called dynamical localization.

The Equation (1.1) is a perturbation of an autonomous quasi-periodic Schrodinger
equation, whose behavior is determined by the spectral property of the operator T :

0%(2) — *(7), defined as
(Tq)n = €(qni1 + qn—1) + V(z + nw)qn.

As shown in [12], for e small enough, the spectrum of this operator is pure point for a.e.
x € T. More precisely, it can be “almost block-diagonalized”, which is presented by a KAM
scheme(see Proposition 1 for details). The readers can also refer to [6, 10, 15, 22, 23, 26]
for other works on the pure point spectrum and localization of quasi-periodic Schrodinger
operators, and see [20, 21] for more about dynamical localization.

It is necessary to mention that the KAM theory has been well adapted to Hamiltonian
PDE’s, especially in the continuous case. Many well-known works have been done for
construction of time quasi-periodic solutions(e.g., [3, 14, 16, 17]), for reducibility of non-
autonomous equations(e.g., [1, 13]), and for growth of Sobolev norms(e.g., [2, 4, 5, 27, 28]).

However, the KAM technique is not widely applied to the discrete models, especially
the case of the dense normal frequencies. A successful application is the model

ign = 6(‘]n—‘,—l + Qn—l) + V(x + na)Qn + ‘Qn|2Qna n ez, (1'2)

with e sufficiently small, z € T, and o Diophantine. It is proved that, if V(x) = tan 7z
[19] or V' is a nonconstant real-analytic function on T [18], the equation (1.2) admits a
large family of time quasi-periodic solutions (g, (t))nez, which are well localized in space.
Corresponding to [19], Zhang-Zhao[30] has proved reducibility of the non-autonomous
equation

ign, = €(gn+1 + gn—1) + tanw(z + na) gy, + vu(Et)gn, n € Z,

for “most” frequencies & € T®, where v,(-) is smooth on T® and decaying with |n|. In
the similar sense, the present work corresponds to [18]. Moreover, compared to [18], the
gauge invariance of the perturbation is seriously destroyed(see the assumption (A5) in
[18]), hence we have to state a new KAM theorem and prove it again.

Apart from the quasi-periodic discrete models above, some systems with random po-
tentials are also studied by other techniques|7, 8, 9, 29].



The remaining part of this paper is organized as follows. In Section 2, we shall present
a KAM theorem, which can be directly applied to the equation (1.1). This KAM theorem
will be proved in Section 3, by giving the details for one step of the KAM iteration and
verifying the convergence. Section 4, which is regarded as an appendix, will present some
necessary properties of infinite-dimensional matrices and Hamiltonians.

2 A KAM Theorem

2.1 Statement of KAM theorem

To state a KAM theorem, which can be adapted to the equation (1.1), we start with
recalling some necessary definitions of notations, which are related to the Hamiltonian
vector field and the Poisson bracket. Some basic properties about this mechanism have
been studied in previous works(e.g., [18, 19]).

Given d, p > 0, let E}Lp(Z) be the space of complex valued sequences ¢ = (¢, )nez, with
the norm .

lallay == 3 lanl (1 +n2)3 el < oo,
nez
Forr,s > 0, let Dy ,(r, s) be the complex b-dimensional neighborhood of T?x {0} x {0} x {0}
in T x RY x £ (Z) x 0} (Z), i.e.,

Da,(r,s) = {(0,1,4,) : Tmb| <r, |1] < 5%, |ldlla, = llglla,, < s},

where | - | is the /!-norm of b—dimensional complex vectors.

For a real-analytic function F(6,1,q,q;§) on D = Dg,(r,s), Cjy,(ie., C! in the sense
of Whitney) parametrized by ¢ € O, a closed region in T?, it can be expanded into the
Taylor-Fourier series with respect to 0,1, q, ¢:

F0.1,,3:6) = Y. Fiap(©)e ™ 1'¢*q",

kezb, lendb
a, B
b
l; _ _
where Il = H IJJ qaqﬂ = H qgnqgn fOI‘ Q= (an)nEZ; 5 = (5”)71627 O‘naﬁn € N7
J=1 (an,Bn)#(0,0)

with finite non-vanishing components.
With |0 Frias| := 351 |06, Frtas| and | Friaslo = supgeo (|Fhias| + 10 Frias]), let
1RO Ladlo = 3 [Fiuaslo ™11 |g?]|¢7)
k,Lo,B
Define the weighted norm of F' as || F||p,o := sup||F(0,1,q,q)|lo. For the Hamiltonian
vector field Xp = (OrF, —0pF, (—i0y, F')nez, (iaqn%)nez) on D x O, its norm is defined by

1 d |,
[XFllp,0 = sup — > 105, F (6, 1,4, 0 + 04, F (0, 1,4,0)]l0) (1 +n*)2el"?
nez
b 1 b
+ZHé?ijHD,oJrgZH@ojFHD,o- (2.1)
j=1 j=1



Obviously, this norm depends on d, p, 7, s.
Given two real-analytic functions F' and G on D, let {-,-} denote the Poisson bracket
of such functions, i.e.,

{F,G} = (01F, 09G) — (0gF,01G) +1Y _ (94, F - 95,G — 93, F - 94, G) .
NneZ

In the remaining part of this paper, all constants labeled with ¢, ¢, c1, - - - are positive
and independent of the iteration step.

We consider the Hamiltonian

H={(1)+(Tq,q) + P(0,q,7;€),

real-analytic on some suitable domain of (6,1, q, ), real-analytic parametrized by = € T,
and O}, parametrized by £ € O. We assume that

e T is the symmetric matrix defined by the quasi-periodic Schédinger operator with
pure point spectrum. More precisely,

V(z+mw), m=n
Ton(z) = €, m—n==+l1
0, otherwise

with V' and w as in the equation (1.1), and € smaller than some critical value ey,
which will be given in Proposition 1 later.

e P can be expanded as P(0,q,q;€) = Z <Pk(§) q, (j>ei<k’9>, with

kezb
IPE o < ee—Pmax{iml,nf}g—rlk] (2.2)
for some positive 0 < e < 1 and 7, p > 0.

Remark 2.1 Compared to [18], the gauge invariance of the perturbation is seriously de-
stroyed(see the assumption (A5) in [18]), hence we have to state a new KAM theorem and
prove it again.

For py := §, o := § and any d,s > 0, H is real-analytic on the domain Dy :=
Dy,py (10, 8), Cjyy parametrized by £ € Op := O. The decay estimate (2.2) implies that
there exists a numerical constant ¢ such that || Xp||p,, 0, < co(p™! +r71)e =: &g, in view
of the definition given in (2.1). This provides us the necessary smallness condition for the
perturbation argument.

Theorem 2 There exists a positive 4, only depends on V, w, r and p, such that if
| XPllDy, 00 < €0 < €4, then for a.e. x € T, there exists a Cantor set Oy, = O (x) C Op
with Leb(Op \ Og,) — 0 as eg — 0, such that the following holds.

There exists an analytic symplectic diffeomorphism ¥ : Dgo(ro/2,s) — Dy, which is
C&V parametrized by £ € O,, satisfying

”\I/ — IdHDd,O(TO/2:5)7(DEQ — 0! as eg — 0,

such that H oW = (¢,1) + (2(€)q,q), independent of 6.

'Here the norm || - HDd,O(TO/Q, 5),0cq 18 the operator norm.

4



It is obvious that the Hamiltonian equation

G_OH . oH . _0H . oH .
= a7 = —"an qn = 7= Wp = —F7 > 3
a1’ a6 "~ ag, M 9gn’

is related to Eq. (1.1). So, with € and 0 small enough, Theorem 2 can be applied to it.
The reducibility statement is obtained directly. Moreover, if ¢(0) satisfies |g, (0)| < ce=PI",
q(t) € E}I,O(Z) is a b—frequency time quasi-periodic solution to (1.1). Hence,

1
2
sgp (Z n2d|qn(t)|2> < c-sup Z In|%|gn(t)] < +oc.

nez t nez

Therefore, Theorem 1 is a corollary of Theorem 2.

2.2 KAM scheme for the quasi-periodic Schrodinger operator

Before the analysis on the Hamiltonian H, we first consider its ingredient, the quasi-
periodic Schrédinger operator T' = T'(x) : £2(Z) — ¢*(Z), defined as

(Tq)n = €(gnt1 + qn-1) + V(z + nw)gn, n€LZ,

with V' and w as in the equation (1.1). It is well-known from [12] that if € is sufficiently
small, then for a.e. x € T, the spectrum of T'(x) is pure point. Related to the diophantine
frequency w, there exist 7 > 1 and 4 > 0 such that

: v
flnw — k| > —— 0.
]1€I€12|7”LU.) 2 |n|™ n#

The non-constant real-analytic potential V' is a smooth function in the Gevrey class

sup [0"V(z)| < CL™m!, m >0,
T€R/L

for some C, L > 0, and satisfying the transversality condition
- -
- >
Jmax (07 (V(w+¢) = V()| 2 >0, VoY,
170 nd .
_ > _

omax |07 (V(z+¢) — V()| 2 ¢ inf | — k[, Va, Yy,

for some €, 5 > 0. Clearly, the case V(z) = cos 2rz is included. )
With any Ny > 1, po = Ny 1, any ¢ < ee”, and My > max 2§+4Cw, 27, 8¢,
P 0 £

one can define the following sequences for v € N:

1_—ay/2
FM3 L 3sm3 3&v
Myy1 =M7"v, a, = ;MV v, Epyl = ED s
- ) | (2.3)
Nyy1=¢,", Pv+1 = €,7, Oy+1 = gpw

which have already been defined in [18] and originally defined in [12].



Proposition 1 There exists a constant e¢g = eo(C,L,g, 5,9,7) such that if 0 < € < €
then the following holds.
Fized x € R/Z. There exists a sequence of orthogonal matrices U,, v € N, with

-

5 3

Uy — Iz)mn| < gge”2ovIm=nl, (2.4)
such that UTU, = D, + Z,,, where

e D, is a symmetric matriz which can be block-diagonalized via an orthogonal matrix
Q. with
(Qu)mn =0 if |m —n|> N,. (2.5)

More precisely, there is a disjoint decomposition |J; AJV = 7 such that
DY =Q;DyQ, =[] DXv? with $AY <M, diamA¥ < M,N,, Vj.3
: J
J
Moreover, there exists a full-measure subset X C R/Z such that if we fix x € X, then
for each k € Z, there is a vy(k) such that A¥1(k) = AV (k), Vv > vy(k).

e 7, is a symmetric matriz, and

’(Zu)mn| < 5yeipu‘min|~ (2.6)

Remark 2.2 In this paper, we consider this model for fired x € T. From now on, we
shall not report the parameter x explicitly, if this dependence is irrelevant.

3 Proof of KAM Theorem

Now we start the KAM iteration for the Hamiltonian Hy := H = (£, I) + (T'q, q) + Po,
real-analytic on Dy = Dy, (1o, s), Cj, parametrized by & € Op, with || Xp,|lp,, 0, < €0

Suppose that we have arrived at the vt step of the KAM iteration, v = 0,1,2,---. We
consider the real-analytic Hamiltonian H, = N, + P, on D, := Dq ,, (v, s) with

No(&) = (&, D) + (T +Wo(€)a.@),  P(&) = D (P& e ™

kezb

2For readers’ convenience, we represent some notations for infinite-dimensional matrix. Given an
infinite-dimensional matrix D, with D, € C the (m,n)"™ entry, for a subset A C Z, we define At := Z\A,

A 7z . D, m,n € A
C*"={neC”:n; =0 if i¢A}, Da:= { S otherwise
Then Dy : CA + CcAT A + (CAL, acts as RY — CZ 25 CZ 2 CA on the first component and as
the identity on the second component. When there is no risk for confusion, we will use Dy also to denote
its first component.
3The disjoint decomposition defines an equivalence relation m ~ n on the integers and, for each n € Z,
we denote its equivalence class by A”(n).



which is C};, parametrized by £ € O,, and satisfies || Xp, |p,. 0, < €v,

—oy max{|m|, |n[} im|,|n| < N,

bve
<
|((Wy)mnlo, < { 0, otherwise

(P mnlo, < eye=Prmaxdimlinl}e=rvlkl - yi e 7,

with some 0 < p, < 1,0 < r, < ro, and p,, 0y, &, defined as in (2.3).
Choose some 7,41 such that 0 < r, 41 < 7y, and let J, := {35;2}
we define the quantities at each KAM sub-step as

Jy ’

G) (g I G) o
pz/ (1 QJZ,),OV’ Tl/ TV

Forj=0,1,-

"7Jl/7

, . . iy
and D,(,j) = Dd,pyﬂ(rl(,]), s), 5,(,]) = 5,§+ . Our goal is to construct a set O, +1 C O, and a

finite sequence of maps
q)(yj) . Dz(/j) N D,(jj_l), j=1,2,-,J,,
so that the Hamiltonian transformed into the (v 4 1) KAM cycle

Hy1:=H,00®VPo-..0dl") =N, 1 + P4
is real-analytic on D41 = D,(j]”) and C&V parametrized by £ € O, 41, with

Noi1(&) =& I+ (T 4+ Wyi1(€)q,q), Poy1(§) = Z <Pf+1(§)q,(j>ei<k’9>

kezb
satisfies (3.1) and (3.2) with new quantities, and

— 2
Lo/

HXPV+1 ||’Du+1701/+1 S EI/JV) S 63 = €V+1'
3.1 Construction of O,
In view of (2.4) and (3.1), there exists a constant ¢; > 0 such that
| (U:WI/UI/)mn |Ou <c pl/o';Q : e—o,,~max{|m|, \n\}’

by a simple application of Lemma 4.1. Define the truncation W, as

i o (U:WVU,,)mn, ]m|, In| < N,
(W0 ) := { 0, otherwise
It follows that
< e e P max{|m|, |n|}

v

uw,u, —w,
I )

mnlO

under the assumption

(C1) c1pyo,?-elov=rINe < ¢

(3.3)

(3.4)



Let K41 := Nyy1 — (M, +1)N, and
A =AY - AN [ (K1 + No), Kuga + N # 0 C [=Noga, Nogal.
According to @, in Proposition 1, define
Div:= [[ Dk, Wo:=QW.Qu. (3.5)

AchAV

In view of (2.5) and (3.3), we have (W) mn = 0 if |m] or |n| > 2N,,.
Since both of DY, and W, are Hermitian, there is an orthogonal matrix O, such that

O3 (DX + W,)0, = diag{p!}jen,

where {pj’f}jeAu are eigenvalues of D/”\u + W,. Due to the block-diagonal structure of
ﬁ]”\u + W, we also have

(OV)mn =0 if |m —n| > 2(M, +2)N,. (3.6)
Indeed, D/’{V + W, can be expressed as a product of smaller blocks

Df. + W, = (DX, + W) - 11 DX,
AJ’{Q[72NV,2NV]:® ’
AchV

where A;, := U{A} : AY N [-2N,,2N,] # 0} with diamA], < 2(M, + 2)N,. The diagonal-
ization of DY, + A, is exactly the diagonalization of (D%, + W,) and D¥..
~ ~ v J
As for the eigenvalues of DY, + W,,, it is well-known that {u” },ear Cfi-smoothly de-

pend on § and there exist orthonormal eigenvectors 1, corresponding to p,, C‘%V—smoothly
depending on ¢ (see e.g. [11]). In fact, u¥ = ((Dpr + W,)¥¥, 4F) and

B¢, 1ty = (9, (Daw + W)8, 0%),  j=1,---,b.

By the construction of W, we have Ok, W, = Qy (0, W,)Q,, with W, the truncation of
UsW,(&)U,. Since D,, U, and @, are all independent of &,
sup [0epi] < ¢ sup |0(Wi)mal < cpr- (3.7)
¢€0, £€0y

m,n

Now we defined the new parameter set 0,11 C O, as

1
&0

Opy1:= O, : |{k, yo— U] >

k #0, m,nEA”.} (3.8)
for some 7 > b. These inequalities are famous small-divisor conditions for controlling the
solutions of the linearized equations. Since (3.7) implies

|0 (K, &) = pn + 1) | = |K[ = ep = O([K]),

combing with 7 > b, we can get

1
e’ L
Leb(ou \ Ol/+1) < Ck;z#o W ~ 530 . (39)



3.2 Homological equation and its approximate solution

[l

From now on, to simplify notations, the subscripts (or superscripts) “v” of quantities
at the v step are neglected, and the corresponding quantities at the (v + 1)th step are
labeled with “+”. In addition, we still use the superscript (j) to distinguish quantities at
various sub-steps.

With O defined as in (3.8), we have

Proposition 2 There exist two real-analytic Hamiltonians

F= Z <FkQ7 q>€i<k’0>7 P - Z <qu7 Q>ei<k’9>7
kGZb\{O} kezb

and a Hermitian matriz W', all of which are C’%V-pammetrized by &€ € O4, such that

{N,F}+P=(W'q,q)+P. (3.10)
Moreover, for e sufficiently small,
|Fr];m’0+ < E%’k‘27+167\k\refpmax{|m|,|n|}7 (311)
1P Lo, < e5|kf2r e lkre=pt) max{im|.[nl} (3.12)
—pmax{|ml, [} ) | < N
/ < ge ) 3 = + )
Wonnloy < { 0, otherwise (3.13)

Proof of Proposition 2: We accomplish the proof with the following procedures.
e Approximate linearized equations

First of all, we try to construct a Hamiltonian F' = Z (F*q, q>ei<k’0>, such that
kezb\{0}

{N,F}+ P =(P%,q). (3.14)

By a straightforward calculation and simple comparison of coefficients, the equation (3.14)
is equivalent to

((k, &), — (T + W))F* + FF(T + W) =iP*, Vk#0. (3.15)
We can instead consider the equation

(k&)1 = (D + W) F* + F¥(D + W) = iP", (3.16)

where D and W are defined in the previous subsection, and for k£ # 0,

pk (U*PkU)mna |m‘a |n| < K+
Prun = { 0, otherwise (3.17)
By (3.2) and (2.4), combining with Lemma 4.1, there exists ca > 0 such that
((U*PEU ) |0 < ca(o — p)~2eepmaxdimlInl}y g=lklr, (3.18)
This means
(U PU — PF)nlo < ig%efw max{|m], [n[} [kl (3.19)

under the assumption that



(C2) (o — p)~te (="K < 4ef,

Equation (3.16) provides us with an approximate solution to (3.15), with the error esti-
mated later.
Consider the equation

(k&) In = (Da + W) B* 4 FE(Dy + W) = iP", (3.20)
where Dy, W are defined as in (3.5) via the orthogonal matrix @, and Pk .= Q*PkQ.
Note that @, = 0 if [m —n| > N, then by (3.17), we have

PF =0, if |m| or |n|> K, + N.

Thus, recalling that A := J{A; : Aj N [—(K4+ + N), Ky + N| # (0}, solutions of these
finite-dimensional equations satisfy

EE =0, if m or n¢A.
Then, in view of the facts
(k&) Iz + (D + W) F* = ((k, ) In &+ (Da + W) F¥, F¥(D + W) = F*(Dy + W),
they are also solutions of
((k, &)1z = (D + W) F* 4 F¥(D + A) = iP*,

which is equivalent to Equation (3.16) since D can be block-diagonalized by the orthogonal
matrix Q.
Finally, we can focus on the equation

(<k7§> — Mm + Mn)ﬁfm = i(O*pkO)mna

for k # 0 and m,n € A, which is transformed from (3.20) by diagonalizing Dy + W via
the orthogonal matrix O. Obviously, these equations can be solved in O, defined in (3.8).
Hence, (3.16) is solved with F¥ = QOEF*O*Q*.
Let F¥ := UEFFU*, then we obtain a Hamiltonian F = Z q,q)e ik0) 1t is easy to
k0
see that F = F, by noting (F(_k)>* =

e Estimates for coefficients of F

By the construction above, one sees that

)

Fk o IZ Umn1 inngongng n3n4Qn4n5 n5n6Qn6n7On7n8 ngnangTLw nion
mn ~
]:0 <k7 £> /’Lng + /ung

where the summation notation Fy denotes

ny € Z, ]ng—n1|§N, \ng—ng\,]n4—n3|§2(M—i—2)N, ]n5—n4]§N,
nip € Z, |ng —niol <N, |ng—ng|, [ny —ng| <2(M +2)N, |ng—n7| <N

10



by virtue of the structure of @ and O, i.e, (2.5) and (3.6). Then, by (3.18) and Lemma
41,

S [Ff (O] S el BTN 0 — ) MANS QUM NONpelirmpmestimt ),
+

Here we have applied the property of the orthogonal matrices @@ and O, and used the
factor eM+10NP ¢4 recover the exponential decay.
To estimate |0, F¥ .|, we need to differentiate both sides of (3.20) with respect to &;,

7 =1,2,---,b. Then we obtain the equation about 85j}~7k
((k, ) Ia — (Da + W) (9, F*) — (9, F*) (D + W) = PE,
which can also be solved by diagonalizing Dy + A via O as above, where
Pf = 10¢, RF + F¥(0g, W) — (g, ((k, &) — W) F*.

We get the formulation

8§.Fk _ Z Umn1Qn1n20n2n3023n4(Pg)n4n50n5n6026n7 :LﬂlsUzsn
o ]:1 <k7 g) - ,u/ng + )UJTLG

)

with /7 denotes

ny €7, |n2—n1|§N, \ng—ng\,|n4—n3|§2(M+2)N,
ng € Z, |nr —ng| <N, |ng—n7gl, [n5 —ne| <2(M +2)N [~

By the decay property of R* and 65],121, we have that

581?9}) ’(pg)mn‘ < C(E—%‘klf—&-lNi)(U_p)—4M4N86(4M+11)Np€e—\k\re—pmax{|m|,|n|}_
€O+

Thus there exists ¢3 > 0 such that

sup (|Fly| + 10 Fl)
§€04

63(6—4—10 |k"27—+lNi)(O' _ p)—6M8N146(8M+20)Np66—pmax{|m|,|n\}6—\k|r

IN

4 _ _
e o2+ M g —pmax{ml fnl}

IN

under the assumption
(C3) c3(0 — p)_ﬁNiMSNMe(SM*QO)N”sT?o <1
e Estimate for the error

Let W’ be the truncation of P, satisfying

)

w!. = P??@n? ’m‘7 ’n’ < N+
mn 0, otherwise

11



and with W := W — UWU*, Z :=UZU*, let P = Y _ (P*q,q)e*" satistying

kezb
PO =P —wW' Pk.=(P*—UPU*) —i(W + Z2)F* +iF*(W + 2),

Then we obtain The equation (3.10).
By (3.2), we have (3.13) holds and

N _ T 1)
B lo, < cempmmlmbinl} < o =p® maxtiml I}, (3.21)

under the assumption
(C4) e~ (P=PIN+ < o5

As for the case k # 0 in (3.12), by (3.19) and (C2), combining with Lemma 4.1,

(Pr-uPrvr) | = |V P U = P | < et maimbin e,
mnlO mn!O 4
(3.22)
In view of (2.6) and (3.4),
Wonnlo < clo — p)f25€fpmax{\m\,lnl}’ | Zn| < (o — p)*%efplm*n\_
Then, by applying Lemma 4.1 again, there exists ¢4 > 0 such that
‘(F (W * Z))mn‘OJr ’ ‘((W + Z)F )mn Oy
< culo—p)2p— pW)red k|2l kg —p ) max{lml, nl}
< ieg’k|2’r+le—\k\7‘e—p(1)max{\m\,|n|}’ (323)
provided that
(C5) calo—p)2(p— pM)les < L.
Thus, we can obtain the estimate for P¥ by putting (3.21) — (3.23) together. [ ]

Let D; := Dy, (r) + Lr— r(), s),i=1,2,3,4. Lemma 4.1 in [18] shows

Lemma 3.1 There is a constant c5 > 0 such that

1XF|lps, 0, es(r — rD)=CTHED (p )25

IXplps.0, < es(r—rM)7CTHED (M — )25,

(VAN
i

A

Moreover, if
(C6) cs(r —rD) = (o) — p)=2em < 4,
we have | XF|/p,, 0, < et and | X pllps, 0, < et

For the Hamiltonian flow ®%. associated with F, we have

12



Corollary 1 For e sufficiently small, we have ®', : Dy — D3, —1 <t < 1 and moreover,
| DL, — Id||p, < 21,

Let FO, w®), PO be the corresponding quantities in the homological equation (3.10)
respectively, which means that we are in the 15¢ sub-step. Then

HY .= Ho®l ) =N +P)odLy =N+ WWq g + PV,

with P(!) the same as in some standard arguments(e.g., [18, 19]), and, by Lemma 3.1 and
Corollary 1,
s _ .
I Xpo llpw, 0, <5 =€

As for the decay estimate of P(!), note that
R 1 1
ph = p) L {P, F(l)} + ﬁ{{N’ F(l)},F(l)} + 5{{})7 F(l)},F(l)} 4.

1 1
+m{”.{N’F(1)}.“’F(1)}+m{”.{P’F(l)}“"F(l)}_‘_""

n n

Applying Lemma 4.2 to {P, F(l)} = Z {P, F(I)}kq, q)ei<k’9>, we can find a constant
kezb
cg > 0 such that

’{P, F(l)}fnn’(%- < g (T’ . 7,(1))7(27'+b+1)(p B p(l))flegefr(l)uqefp(l) max{|m|,|n|}
according to (3.2) and (3.11). Since {N,FD} = —P + (WM¢,g) + PY, with W) and
P estimated in Proposition 2, we can apply Lemma 4.2 iteratively, and get

Proposition 3 P = Z <P(1)k(§)q, (j>ei<k’9> satisfies

kezb

_p(1) —_ (1)
Pk, < e e=r Ik g=p) max{iml jnl}

under the assumption that
(C7) 6 (T o 7“(1))_(2T+b+1)(p _ p(l))—leé <1,

The process above is a sub-step of KAM iteration.

3.3 A succession of symplectic transformations

Suppose that we have arrived at the j* sub-step, j = 1,---,J, with J = [%5%}. We
encounter the Hamiltonian
j—1
gU-D — o (1);(1) 0---0 cp}m,_n =N + z:m/(i)q7 7 + plU-1
i=1

with the superscript “(0)” labeling quantities before the 15 sub-step in particular. As
demonstrated in Proposition 2, on O, the following homological equation

(N, FOY 4 PU-D = (wlg, q) + P, (3.24)

13



can be solved, with FU), W), PO having properties similar to FO w®), PO respec-
tively. Then we obtain

J
HO) — gU-1 o q)}?(j) =N+ Z<W(i)q’ 7 + PY.
i=1

It can be summarized that

Proposition 4 Consider the Hamiltonian H = N + P. There exist J symplectic trans-
formations ®U) = @},(j), j=1,---,J, generated by the corresponding real-analytic Hamil-
tonians FY) respectively, such that

J
HD) =HodWo...000) = N+ Z<W(i)q7 Q)+ P
i=1

(a) FU) = Z <F(j)k(§)q, cj>ei<k’9> satisfies the equation (3.24) on O, and
kezb\{0}

IFUF| o, < i gli=1) g=rU VK| ;—pU =1 max{|ml, |n|}
(b) WU satisfies that

g(jfl)e,p(j—l)max{|m|,|n|}7 |7n’7 ‘TL‘ < Ny

W) < 3.25
[Wiinloy. < { 0, otherwise ( )
(c) P9 = >~ (PUk(&)q, )e' ™ satisfies
kezb
|POE| o, < e@e=r Ikl g=p) max{|ml nl}. (3.26)

and || Xpo) lpw), 0, < e,

Let ® = ®Wo...0®) then ®: Dy x Oy = DxO. Let Ny = (£, )+ (T +W4)q,q),
J
with Wy =W + Z WU, and Py = PY). From (3.25) and (3.26), we have

=1

|(W+)mn|(9+ < { p+€_0+max{|m|a\n|}’ |m‘7|n| < N+

0, otherwise ’

’<P-]f-)m”‘o+ < g+e—r+|k|e—p+max{|m|7\nl}, Vi e 70.

with p = p+ E%, oy = %p. Till now, one step of KAM iterations has been completed,
and the next cycle can be started for H.

14



3.4 Iteration lemma and convergence

1
Besides the sequences defined in (2.3), we define, with py = €5,

1 vtl
i=2

Now, we have defined all sequences appearing in the KAM cycles. In the previous work,
the assumptions (C1) — (C7) have been verified for these sequences(refer to the proof of
Lemma 5.1 in [18]). So the preceding analysis can be summarized as follows.

Lemma 3.2 There exists g sufficiently small such that the following holds for all v € N.

(a) H, =N, + P, is real-analytic on D, and C%V—pammetrized by & € O,, where

No= (&1 + (T +Wol©)as @, Po= Y (PE(€)a, )™,

kezb

satisfying | Xr, o, 0, < ey, and

-0y max{\m\y|"|}7 |m|, |’I’L’ <N,

0, otherwise

)

‘(Wu)mn,ou < { b€

|(P%) |0, < e v IFlg=prmax{imlinl} = i ¢ 7b,
(b) For each v, there is a symplectic transformation ®, : Dyy1 — D, with

1
|D®, — Id||p <ez,

v+1, Ou+1

such that Hyy1 = H, o ®,,.

1

Let O, :=N%2(O,. In view of (3.9), it is clear that Leb(Op \ Oz,) ~ 5°.

Fix x € X, with X defined as in Proposition 1. This means that, for each n € Z, there
is a 19(n) such that A¥*1(n) = A¥(n), Yv > vp(n). In this case, the local decay rate for n
will not shrink with v necessarily(p, is the global upper bound of the rates for all n € Z).

Define ¥ = ¢go Py 0---0®,_1, v € N. An induction argument shows that ¥" :
D,+1 — Dy, and Hyo V¥ = H, = N, + P,. As in standard arguments (e.g. [24, 25]),
thanks to Corollary 1, it concludes that H,, N,, P,, ¥¥ and W, converge uniformly on
Ddyo(%ro,s) X Og, to, say, Hoo, Noo, Poo, ¥ and W, respectively, in which case it is
clear that Ny = (§,I) + (T + Weo)q, q). Since || Xp,||p,.0, < &, with &, — 0, it follows
that | Xp.llp, o(Lre.0), 0., =0

4 Appendix: Decay Property of Matrices and Hamiltonians

Lemma 4.1 (Lemma 2.1 in [18]) Given two matrices F' = (Fun)mmnez and G =
(Gon)mmez. Let K = FG.
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(1) If |Fon| < cpePrIm=—nl| |G| < cqePelm=nl for some cp, ca, pr, pa > 0, then
we have
|Kmn| < CKe—PK\m—"\

for any 0 < px < min{pr, pg}, with cx = ¢ creg(min{pr, pg} — px) L.
(2) In the cases that:

— |Fon| < cpe™F max{|m|7\"|}7 Gn| < cGe_PG‘m—”|7
— |Fpn| < CFe_pF|m—1’L‘7 |G| < cqere max{|m|7‘n‘}7

— |Fon| < epemrrmax{imlInl} G < eqepemax{iml, nl}
we have | Kypy| < cxePxmaxtimlInf}
Moreover, if pr # pq, the conclusions above hold with
pr =min{pp, pa}, cx =c-crcalpr —pal”"
It can be adapted to the Hamiltonian:

Lemma 4.2 Given two Hamiltonians

F= Y (P ©aadt”, G=3 (0" ©a0e",

kezb kezb
Cly parametrized by € € O, satisfying
IFE o < CF‘k‘de*T’F‘k‘e*pF max{|ml, [n[} IGE o < CG’k‘de*TGVde*PG max{|m/, [n|}

for some d, cp, ca, pr, pa, rr, r¢ > 0. Then for K = {F,G} = Z <Kk(£)q7q>ei(k79)’
kezb
we have
Ko < cxcempremax{imb ol —ricli
for any 0 < pxg < min{pr, pa}, 0 < rx < min{rg, rq}, with

ck = c-cpea(min{pr, pa} — px)”~ (min{re, ra} — r)~ .

Proof: The matrix element of K* can be formulated as

Kh,= Y (FRG - chh)

k1,kg€zb
k1+ko=k

mn

By Lemma 4.1, we know that ’(Fk1 Gk — leFkQ) is bounded by

mn‘@

cepea(min{pr, pa)—pi) " [fakal? (77 lemrelkel 1 emrelialorrtial) ompicmax(iml inl)
with the part e "Flktle=rclbzl 4 o=ralkilg=rrlk2l gmaller than

e~ (min{re, ra}—r)-([ki|+[k2|) g —rx (k1 [+|k2])

After the summation on k; and ks, the proof is finished. [ |
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