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ABSTRACT

We consider the assimilation of satellite images, within the
framework of data assimilation in geophysical systems.
Based on the constant brightness assumption, we define a
nonlinear functional measuring the difference between two
consecutive images, the first one being transported to the
second one by the unknown velocity. By considering a multi-
scale approach and a Gauss-Newton minimization algorithm,
we can estimate the entire velocity fields at a high frame rate
and then assimilate these pseudo-observations.

Index Terms— Velocity estimation, variational approach,
nonlinear minimization, constant brightness assumption,
multiscale algorithm.

1. INTRODUCTION

Estimating the motion of a fluid is of great interest, particu-
larly in geophysics where the fluid can be the ocean. Appli-
cations of the motion estimation in this domain include the
assimilation of images data in oceanographic models, and a
possible improvement of the forecasts.

The idea of this paper is to define a fast and efficient way
to identify, or extract, velocity fields from several images(or
a complete sequence of images). Assuming this point, we
would then be able to obtain billions of pseudo-observations,
corresponding to the extracted velocity fields, that could be
considered in the usual data assimilation processes.

The hypothesis that is underlying this work is that the
grey level of the points are preserved during the motion, this
is known as the constant brightness hypothesis. The con-
stant brightness hypothesis was introduced in [1], and the lin-
earized equation derived from this hypothesis is the corner-
stone of optical flow methods [2, 3, 4].

This hypothesis is justified here in the framework of
oceanography, as the objet of interest, allowing us to trackthe
fluid and identify its velocity, is usually a passive tracer,at
least on relative short time periods: chlorophyll, sea surface
temperature, chemical pollutants (e.g. hydrocarbons). . .All

these tracers do not interact with the water on a short time
period, and they are passively transported by the fluid.

We propose here to use an integrated version of the con-
stant brightness hypothesis. Instead of linearizing the con-
stant brightness hypothesis like in standard optical flow tech-
niques, we define a nonlinear cost function that takes into ac-
count the fact that time sampling occurs at a finite rate. More-
over, the combination of bilinear interpolation of gray-levels
with spatial regularization provides an accurate estimation of
sub-pixel motion.

The cost function obtained from the integrated constant
brightness assumption is minimized in nested subspaces of
admissible displacement vector fields. The vector fields that
we consider are piecewise linear with respect to each space
variable, on squares defined by a grid. This grid is iteratively
refined, and at each level the optimal displacement field is
estimated rapidly since the Jacobian of the cost function is
assembled using a finite-element method (only one reading
of the data is required).

2. DESCRIPTION OF THE ALGORITHM

2.1. Nonlinear cost function

The velocity estimation relies on the following hypothesis:
the brightness of the points does not change between succes-
sive frames (at least when the time step between successive
images is small enough). LetΩ denote the rectangular do-
main where the images are defined. The motion between the
instantst0 andt1 where the images areI0 andI1 is then the
vector field(u, v) such that for every point(x, y) ∈ Ω,

I1(x + u(x, y), y + v(x, y)) = I0(x, y). (1)

A vector field satisfying equation (1) is not unique, this is
known as the aperture problem in optical flow.

DenoteL the set of Lipschitz vector fields. Consider the
following function:

F (I0, I1;u, v)(x, y) = I1(x+u(x, y), y+v(x, y))−I0(x, y),
(2)



where the vector field(u, v) ∈ L and the imagesI0 andI1

are continuously differentiable.
The mapF is differentiable with respect to(u, v), and for

(u, v) ∈ L andd = (du, dv) ∈ L,

DF (u, v).d(x, y) = ∇I1(x + u(x, y), y + v(x, y)).d(x, y).

The optimal displacement vector field between the images
I0 andI1 minimizes the following cost-function:

J(u, v) =
1

2

∫
Ω

[F (I0, I1;u, v)(x, y)]
2

dx dy +
1

2
αR(u, v),

(3)
whereR(u, v) is a spatial regularization term andα is the
regularization factor.

The minimum ofJ is estimated in a nested sequence of
subspaces ofL. On a small dimensional subspace, the opti-
mization is efficient and the algorithm is not trapped in local
minima. The result is used as initial guess to minimizeJ in a
larger subspace.

2.2. Regularization

Various regularization terms were used in our numerical ex-
periments. In these definitions,‖ . ‖ represents theL2 norm
of a scalar or vector field on the image. We only detail the
main regularizations, that provided the best results.

R0(u, v) = ‖u‖2 + ‖v‖2, (4)

R1(u, v) = ‖∇u‖2 + ‖∇v‖2 = ‖∂xu‖2 + ‖∂yu‖2(5)

+ ‖∂xv‖2 + ‖∂xv‖2, (6)

Rdiv(u, v) = ‖div(u, v)‖2 = ‖∂xu + ∂yv‖2,

In all the cases, the regularization term is the square of the
image of(u, v) by a linear operatorS. Below, the unifying
following notation is used:

R(u, v) = ||S(u, v)||2.

whereS is a linear operator. Some scalar coefficients have
also been considered in order to weight the different terms of
a given regularization.

2.3. Multiscale approach and optimization

The minimization of the cost-functionJ is performed in
nested subspaces:

C16 ⊂ C8 ⊂ C4 ⊂ C2 ⊂ C1,

where the setCq of admissible displacement fields at the scale
q contains piecewise affine vector fields with respect to each
space variable, on squares of sizeq×q pixels. We present and
adapt here the method that was introduced in [5]. The differ-
ence with hierarchical techniques issued from the optical flow
family (e.g. [6, 7, 8, 9]) is that we do not linearize the cost

function. This should help to find large displacements, where
the domain of linearity of the luminance function is not valid.
Another innovation of the present work is the efficient com-
putation of the productDFT DF of the Jacobian of the first
term of the cost function (3) by its transpose. This efficient
computation comes from the observation that this matrix is
sparse and can be assembled like a finite-element matrix us-
ing one loop over the data.

The spaceC16 is typically of small dimension, hence the
minimization ofJ onC16 is fast and robust when a zero vec-
tor field is used as initial guess. The optimal vector field ob-
tained at a given scale in the spaceCq is used as initial guess
to find the minimum at the finer scale in the spaceCq/2.

The optimization of the nonlinear cost functionJ onCq is
performed by Gauss-Newton’s method. When an initial guess
(u0, v0) is given, thek-th iteration reads

(uk, vk) := (uk−1, vk−1) + (duk, dvk),

where(duk, dvk) solves

(DFT DF + αST S)(du, dv) = −DFT F − αST S(u, v),
(7)

where F = F (I0, I1;u
k−1, vk−1) is the error, DF =

DF (I0, I1;u
k−1, vk−1) is the Jacobian matrix of the error,

andS is the linear operator associated to the regularization
term.

3. NUMERICAL RESULTS ON EXPERIMENTAL
DATA

We consider data extracted from several experiments on the
Coriolis rotating platform [10]. A large rotating turntable (di-
ameter:13 meters) allows us to reproduce the oceanic or at-
mospheric flows. Some particles are inserted in the water as
the platform rotates, and among the various measurement de-
vices, a camera takes pictures of the experiment [11].
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Fig. 1. Concentration imagesI0 andI1 at time steps28 and
29 respectively.

Figure 1 shows two images extracted from this other ex-
perimental movie. The structure of the velocity is the same
as in the previous subsection: a vortex in a global transla-
tion displacement. The multiscale approach of our algorithm
is used (see previous sections), looking first for a piecewise



affine velocity field every16 × 16 pixels, and then refining4
times the mesh. The number of iterations is50 on the coarse
grid, and1 on the finest grid. For each intermediate mesh, the
minimization process is stopped when the decreasing rate of
the cost function is lower than a threshold.
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Fig. 2. Identified velocity between imagesI0 andI1: longi-
tudinal (left) and transversal (right) components on the top,
velocity field on the bottom.

Figure 2 shows the identified velocity components and
field, using this multiscale approach. The velocity field is
represented every12 pixels for visualization reasons. The
identified velocity is quite smooth, even though the regular-
ization coefficient is the same as in the previous experimental
results. Here, it is very easy to see the global structure of
the velocity field, with a characteristic counterclockwisero-
tating vortex, nearly located in the middle of the image. The
global displacement of the structure is a small translationto
the top, as the mean of the longitudinal components is nearly
zero whereas the mean of the transversal component of the
velocity is slightly positive.

Figure 3 shows the results of the identification process.
On the left is represented the difference between the two orig-
inal images, and on the right, the difference between the sec-
ond image and the first one being transported by the identified
velocity. Even if the original difference looks quite big, with
a lot of small displacements everywhere, one can see that the
smooth identified velocity provides a very good transport be-
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Fig. 3. Difference between imageI1 and imageI0 transported
by: a constant null velocity field (initialization of the algo-
rithm) on the left, the identified velocity field (after conver-
gence of the algorithm) on the right, using the same scale.

tween these two images, as the difference has been drastically
reduced.
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Fig. 4. Evolution of the cost function versus the number of
iterations of the minimization process, with a multiscale ap-
proach: 24 iterations on the coarsest grid, respectively3, 2
and2 iterations on the intermediate grids, and1 iteration on
the finest grid.

Figure 4 shows the evolution of the cost function during
the minimization process. Once again, it appears clearly that
the global decrease of the cost function is done on the coarse
grid, and it seems extremely efficient and fast to first identify
the global structure of the velocity on the coarse grid, and then
refine for details. The total computation time of this experi-
ment is7 minutes, nearly the computation time needed for2
iterations on the finest grid.

We have compared the previous results with a non multi-
scale approach, on the same images, with the same numerical
parameters. We have performed10 iterations in the minimiza-
tion process. We should recall that the identification process
is done directly on the fine grid (1 × 1 pixel), and without
any initial guess on the velocity field. Figure 5 shows the cor-
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Fig. 5. Non multiscale approach for the identification of the
velocity between imagesI0 and I1: longitudinal (top) and
transversal (bottom) components of the velocity on the left,
difference between imageI1 and imageI0 transported by this
field.

responding results. On the left are represented the two com-
ponents of the identified velocity after10 iterations, and on
the right the quality of the transport between the two images.
Several conclusions can be drawn from this figure. Firstly, the
computation time of this experiment was33 minutes, more
than four times the computation time of the previous multi-
scale approach. Secondly, the quality of the identified field
is not good, as can be seen in figure 5 on the right (this fig-
ure should be compared with figure 3 on the right). The right
part of the vortex has not been well transported. Moreover,
the convergence of the algorithm was achieved after these10
iterations, and the final value of the cost function is more than
1.5 times the final value in the multiscale approach. All these
remarks clearly demonstrate the interest of a multiscale ap-
proach, both for regularizing the problem, and for a fast and
effective estimation of the velocity field.

4. CONCLUSION

In this paper we presented an algorithm to estimate the motion
between two images. This algorithm is based on the constant
brightness assumption. A multiscale approach allows us to

perform a minimization of the cost function in nested sub-
spaces, the Jacobian matrix of the cost function being assem-
bled rapidly at each scale using a finite element method. The
coarse estimation allows one to avoid local minima, while the
fine scales give more precise details. Several regularization
terms are discussed, and it appears that theL2 norm of the
gradient gives reliable results.

The results of this algorithm on real fluid flows are pre-
sented, and they are encouraging both from their computa-
tional efficiency and from the quality of the estimated motion.
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