Long distance propagation
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Long distance propagation [, < A < L

Acoustic equations for pressure p and velocity u:
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IC: right-going pulse incoming from the left homogeneous half-space.




Long distance propagation [, < A < L

Acoustic equations for pressure p and velocity u:
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IC: right-going pulse incoming from the left homogeneous half-space.



Long distance propagation [, < A < L

Acoustic equations for pressure p and velocity u:
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(P, w)res (£) —(2) = 1+n(3)
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IC: right-going pulse incoming from the left homogeneous half-space f (ﬁ)

Introduce the right-going mode A = u + p and left-going mode B = u — p that

satisfy:
5 (5)=(( 1)@ 4))als)



Correlation radius ~ € < wavelength ~ ¢ < propagation distance ~ 1.

At,0) = f(2),  B(t,1) =0

Observe the transmitted wave around the expected arrival time t = L:
A(L + €8, L)sE(—oo,oo)

Define
a®(s,z) = A(z+e€s,2), b (s,2) =B(—z+es,2)

Take a scaled Fourier transform e:
a" (w,z) = /eiwsas(s,z)ds, b* (w, z) = /ewsbg(s,z)ds

In the frequency domain:

d a® \ | e ac . w2z 1 e 2iwg
E ( be ) - Hw(z) ( be ) ) Hw(z) - 2_677(6_2) ( 621w§ 1

with the boundary conditions 4°(w,0) = f(w) and b°(w, L) = 0.



Let (4°, 3°) solution of:

with the initial conditions:

6 (w,0)=1, [ (w,0)=0

A —_—

By symmetry, (3¢, a°) is another solution, and therefore

P (z) = a- (w,2)  F5(w, 2) is the fundamental matrix (propagator) of
f(w,2) & (w,2)

the system:

By linearity:
a®(w, L)
b (w, L)
Using b°(w, L) = 0 and a°(w, 0) = f(w):
Y

L) = T5(L) f(w)
(1/6%)(w, L),

b*(w,0) = RL(L) f(w),  a"(w
RL(L) = —(0°/a%)(w, L), T5(L

~



Trace(HS)) = 0, therefore det(PZ) = 1 and |6°]? — |5°]? = 1:
[RE(L)] +[TE(L)° =1

Transmitted field:
1

T or

A(L+es,L)=a"(s, L) /ewsf(w)Ti(L)dw

The convergence of (a®(s, L))ser requires:
- relative compacity,

- convergence of the finite-dimensional distributions.

The finite-dimensional distributions are characterized by the moments
Ela®(s1, L)"* ...a% (sk, L)"*]

for any real s; < ... < s and integer p1,..., pk.



Lemma. The transmitted field ((a°(s, L)) —co<s<oo) g 48 Telatively compact in

Cy(R, R).

Proof. We must show that, Vh > 0, there is a compact K in Cy(R,R) such that

supP(a*(,L) e K) >1—h
e>0

We have a°(s, L) = 2i /ewsf(w)Ti(L)dw.
7'('

On the one hand a°(s, L) is bounded by:

(s, D) < 5 [ 1F@lde
On the other hand the modulus of continuity

M*(8)= sup a%(s1,L) — a*(s2, L)

|s1—s2|<d

is bounded by

w@s%/sw\wwwmr&mmWw

|s1—s2|<d

which goes to 0 as 0 — 0.



First-order moment:
1

Ela® (s, L)) = 5~ / e~ F(WE[TS(D)|dw  with TE(L) = 1/a% (w, L)

Let us fix w and denote X7(z) = Re(a°(w, 2)), X5(2) = Im(&° (w, 2)),
X5 = Re(B°(w, 2)) and X§(2) = Im(B°(w, z)). The process X¢ satisfies:

T~ e (%), D) xee)

dz €
with the initial conditions X7 (0) = 1 and X35 (0) = 0 if j' = 2, 3,4, where

( 0 —1 —sin(2wh)  cos(2wh) \
_wn 1 0 —cos(2wh) —sin(2wh)
Folnh) = 2 —sin(2wh) — cos(2wh) 0 1
\ cos(2wh)  —sin(2wh) —1 0 )

Diffusion-approximation: X°¢ converges in distribution to X Markov with
generator

4 82
_ (X)) —
3 Z_;laj( ) 9X.0%;
2 X2 X2 2 e'e)
au:%(x% ths ) e =2 (-xiX2), 7 =2 [ EOn()ds
0



Compute ﬁ((Xl — iXQ)_l) = —fyw2(X1 — iX2>_1/4.
The moment ¢(2) = E[(X;1(2) — iX2(2)) '] = lim. o E[1/4° (w, 2)] satisfies

d o 2
d_f —E[L(X1 —iX2) '] = —L=¢, $(0) = 1.
where

V=2 / " Em(0)n(=))dz

Solution: ¢(L) = exp(—ay?L/4). The expectation a°(s, L) converges:

e—0 1

Ela®(s,L)] — — /ewsf(w) exp(—yw” L /4)dw

2T

General moment:
E[a®(s1, L) ...a" (sk, L)P*] =

— (271r)”// H f(wj,l)e_iwj,lsjE H Tjj,l(L) H dw;

1<j<k 1<j<k 1<j<k
1 <1< pj; 1 <1 < py 41 <1< pj;

One must compute the limit moments E[T, (L) ... T (L)] for n distinct

frequencies (w;)i=1,....n.



Introduce Xj,.1(z) = Re(&®(wjy, 2)), Xi;12(2) = Im(&° (wjy, 2)),
Xijy3(2) = Re(b®(wj, 2)) and Xg;44(2) = Im(b°(wj,2)), 5 =1,...,n. X°

satisfies
dX®(z) 1 2. 2\ ve
2 = F (n(5),2) X°(2),

with X°., ,(0)=1if j =1, X°.. ,(0)=0if j =2, 3,4, where
4547 45+

F(U? h) — 697?JZIFWj (777 h)

Diffusion-approximation: X¢ — X Markov with generator L.
If we denote ¢°(z) = E[T;,(2)...T5, (2)] then ¢(z) = lim._.o ¢°(2) satisfies:

dp(z) 29 3 Wi+ Dl WhWI

dz 8

¢(z), ¢(0)=1.
This equation is satisfied by: ¢(z) = E {Hk T (ws, z)} with:

2
T(w,z) = exp(iwf P w8’yz>

where W, is a Brownian motion (W, is a random variable, with Gaussian

density, mean 0 and variance z).



~

Thus ¢(L) = ¢(L) and the limit in distribution of a°(s, L) is

1 —tws p wﬂ w Y
— wy, — < 0p
5 | € f(w)exp(i 5 L 3 Ydw

Proposition. (a°(s, L))ser converge in distribution to (a(s,L))ser
C_L(S, L) = Kopa * f (S — gWL>

where

Kopa(t) = \/% exp (—Q—I?)

The initial pulse f is modified in two ways:

- deterministic spreading (convolution with a Gaussian kernel).

- random time delay ~ Wrp.

Effective convection-diffusion:

_ Y/ 0a 782_
da = o dW, —d
T T2 s Wty 8 952"

_ /" 0a _&
da = 5 &SdW +4832dz



a is the asymptotic pulse front. Its (deterministic) energy is:

If f(t) is a signal with carrier frequency wo:

f(t) = cos(wot) exp(—t°dw?), dw < wo

then
1 yws L )
Eon(L) = &0 exp | —
w(L) ()\/1+75w2L p( 4(1 + yow?L)
2
~  £(0)exp (_WQ@)

— Exponential decay of the transmitted coherent energy.



Comparison theory - numerics
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Remark on the mean field approach

t2

Consider f(z =0,t) = fo(t) = exp(—7% ), and

f(z,t) = fo(t — W)

where W, is a Brownian motion, with pdf

pz(w) = \/21? exp (—;U—j)

For a realization: pulse shape preserved, random time delay.

For the mean field:

F(t,z) =E[f(t,2)] = / folt — w)ps (w)duw

1 t?
pu— e _—
vV1+z Xp( 2(1—|—z))
which means that f satisfies a diffusion equation:
of _10°f
0z 2 0t?

— the mean field can be very different from the field.



Time harmonic problem

7;o.)(z—t)
e €
NN .w(z—1)
- T e =
(1 _|_ 778(2>)ptt —I—pzz — O NN X
_sw(z+t)
R e "7 =
NN
0 L "2
[RL(DP + TS =1, |TS(L)]* = 1/]6" (w, L)

The rescaled process v° := &°(w,ez)e” "“? 4+ % (w, e2)e"™* is solution of:

£2+w20%ﬂﬂgﬁv€=0

starting from v°(0) = 1, v5(0) = —iw. Let r°(w, 2) := |v°]? + [v5]? /w?.
If

v (w) = Zli)ngo % Inr(w,z) >0
then:

lim - In| 75 (L) = 29 (w)

L—oo L 3

because r°(w, L) = 1 + 2|a° (w,eL)|* = 1+ 2/|T5(eL)|?.



Localization length

Result on the random harmonic oscillator:

Vaz + W (1 + n(g)) v=0, v0)=1, v,(0)=—iw

The modulus 7(w, L) := |v|* + |v.|*/w?* satisfies
lim 1 Inr(w,L) =G = LCUQ& + O(e?)
L—oo L 7 - 4

with v := 2 /000 E[n(0)n(z)]d=.

Therefore:
1
Lli_)n;O % In|T5(L)|° = T almost surely
with
1 2
=% 1 0(e)



Power transmission

2

Proposition. |T;(L)|* converge in distribution to the Markov process 1., (L)

with generator:

1 2.2 0 1 9.5 0
w=-yWw7T(1-T — —yw T —.
Lo=w 0 =Dgm — T o7
Proof. We have |T2|? = 1 — |5 |? where I'S,(L) = 3°/é°(w, L) is solution of:

dl', iw , L
= o-n(5 )(2

dL 2¢
Introduce the process X< := (r¢, %) := (|5, |?, arg(Ts,)) solution of:

LW =1F (i xw, 2),

“¥ _9re 4 e—%“’%rf) . T5(0) = 0.

dL € g2

where F'is given by:

wr) —2sin(y) — 2wl)(r*? = r'/?)
F(n,r,l) = —= 9 1/2 —1/2
—2 4 cos(yp —2wl)(r'/“ +r )

Apply the diffusion-approximation theorem.



In particular, we can compute E[T,,(L)] = lim E[|T5(L)|*]:

e—0

E[T, (L) _ % exp (_'7w2L> /OOO dx Cosh(\/jj;;/@ﬁ)x)

1) ey (21,

VAL

L>1 L3/2 16
Therefore
1 B yw?
fim, 7 BT (L)) = =4

Ooups ! We have shown that, with probability 1:

1 e V2 1 : 1 qw?

loc loc

Is it because limy, oo lime ¢ # lime o limp oo 7

No: we can show that, with probability 1:

lim lhrl?ZU(L) e

L—oo L 4

We also have:




The asymptotic power transmission coefficient 7, (L)

To(L) =2/(1 4 p(L)) where p is solution of the SDE:

dp = ﬂw\/pQ — 1dWpr, + lede, p(0) = 1.
V2 2
The behavior for large L is dominated by the drift = p > 1 :

dp ~ %wdeL + %uﬂde

— p(L) ~ exp (%wWL + %uﬂL) .

Asymptotic L > 1 :

With probability ~ 1 we have Wi ~ v L < L, therefore
To(L) ~ exp (—yw’L/4) = exp(—L/Lioc)

However, if %wWL + %wQL <0, then p <1 and 7,(L) ~ 1!
Event of probability:

P(LLwWr < —1w?L) = P(W1 < — L2 ~ exp(—yw?L/16).

This set of exceptional realizations imposes the values of the moments
of 7,(L) !




Transmission of a pulse

/\ p(z) =1
1

A

(P, u)ir (2)




Transmitted energy:

g 1 IS 1 ~ e
e(L) = 5 [ I )Pt = o [ 1) PITSD)Pd
We have

B = 5 [ FOPEITSO)

e—0 1 ~ 9
%/\f(w)l E[T., (L)]dw



The computation of the high-order moments require the frequency correlation:

E[T°(0)7] = 15 [ [ 1F@)PIF@)PE [T PITE (L)) duds

Let
w1 =w—he”/2 and w2 = w + he” /2

1. If a = 0, then (|T3, (L)|?, |15, (L)]?) converge to (Zo,_n/2(L), Toin 2(L))
where 7,,_j /2 and 7,p/2 are independent Markov processes with generators

[’w—h/Q and £w+h/2-

2. If a = 1, then (|T5, (L)|?,|T5, (L)]?) converge to (71(L),72(L)) where
(71(L),72(L),0(L)) is a diffusion process. In particular

B [T:(L)T3(L)] — E [T (L)) E [T2(L)] = f(h, L), with f(h, L) =% 0

— Decorrelation in frequency ! Frequency correlation radius ~ ¢



Consider the second moment:
E[65(L)?] = w = [ 1 @RI PR TSP T3 (D] duds

= i = [ [ 17 @RI PR (D) T (L) dwd

— 3 [ [ P PET (BT (L)deds
= (5 [IfrEm@ia)

E|(£7(L) - EIER(L)])°] =20

The process £5(L) converges in L*(P) to Er(L) :

— o [ f@PE

The process E7(L) converges in probability to Er (L) :

E [(E7(L) = Er(L))*] -~
52

Therefore:

For any 6 > 0, P (|Ex(L) — Er(L)| > 9§) < 0




The decorrelation in frequency implies the self-averaging in time of the

transmitted energy !

Application: f(t) = cos(wot) exp(—t*6w?) with € € dw <K wo.
The transmitted wave consists of
1) a coherent wave whose energy decays as exp(—vywiL/4),

2) incoherent waves whose energy decays as exp(—ywgL/16).
The incoherent waves dominate

In the regime ywiL > 1:
- The incoherent waves dominate

- The reflected waves dominate the transmitted waves.



Scattering of an acoustic pulse in random media

Acoustic equations for pressure p and speed u:

or trle)g; =0
p(2) 00+ 9 =
(p, w)ine(2)
Kﬁi)f\/ p(z) = 1+u(§2> ) /\
. 1. )—1+?7(%> (P, t)res ()
.y 0 E |

IC: left-going pulse incoming from the right homogeneous half-space.

m(z) = n(z) +v(z),  n(z) = n(z) - v(z)

Local velocity: c(2) = v/k(2)/p(2).
Local impedance: C( ) = p(z)c(z).



The propagator P, (z)
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the system:

Z

starting from P{,(—L) = I. By linearity:

Pe) (1l ) = ()

The reflection and transmission coefficients for the slab [—L, z| are:

Ro(z)= @2 ey 1
af(w, z af(w, 2)
dR,  1.dps B das dT; 1 déf
dz & dz  (&f)? dz’ dz  (&°)? dz
From the equations satisfied by (&°, BE) we get

OR; w2 W, 2, _ 2wz 2 W,z 2wz

Y = Zm(=EVRE, — —n(= e (RE) — —=n(= e
0z £ m(€2) “ 25n(52>6 (R.) 2€n(€2)6
ol W 2 _ 2iws tw 2z

w — _ = e R€ - T€ haad e T€
0z 26n(62) w€ w—|—2€m(€2) “



Integral representation of the reflected signal

Send a left-going pulse f():

c t 1 _twt A
pinc(t) = 1(5) = o [ % flw)dw
Reflected signal:

; inc 0 1
N p(z) =1+v(Z3) /71\ - D §
| Lo =14n()| pep B BB
—L 0 =z —L 2z 0
R;,(z) is the reflection coefficient for a random slab [—L, z|:
OR,, iw =z W,z _ 2wz 9w ,Z | Ziwz
Y — “m(ESVRE, — —n(= e (RE) — Zn(Z= E
Oz - m(gz) w 25”(52)6 (R%) 267%(62)@ ,

with the initial condition at z = —L: R, (z = —L) = 0.

Energy conservation |RS|? + |T5|* = 1 — uniform boundedness of RZ,.



O’Doherty-Anstey theory

The front b°(s, z) := B(z + €s, z), converges as € — 0 to

b(t,z) = Kopa * f (s — @Wz)

2
V2 2t°
K t) = 2
opa (1) N exp ( 'ynz)
Ym = 2/ E[m(0)m(z)]dz, YV = 2/ E[n(0)n(z)]dz
0 0
Ym <> time delay Yn < reshaping.

Coherent front pulse 0.8
S
0.6
o
9 0.4
N =
Gaussian initial pulse 0.2l
;2
f(t) = exp (—5) 0

Yo =1/2, ym =0 t



The reflected wave

0.1t

0.05¢
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I
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t

We have E[p,.r(t)] = 0 (no coherent signal).
Reflected intensity:

Pres(t) = 12 / / ezt R (0)RE,(0) f(w) f (w')dwdw’




The autocorrelation function of the reflection coefficient

Let us fix w.

Ui1(z,w,h) = RZ+% (z)Ri_% (2)
We look for lim._.o E[UT 1 (0,w, h)].

For p,q € N, z € [- L, 0] we introduce

Uialzvont) = (R, 0)" (R, @)

From the Ricatti equation satisfied by R,:

ou, , w2 c
B ] — U
3, . (82)(19 Uy q
w2 2wz h in
(2o (pe Uy — g U )
W & — 2wz 1thz —1ihz
+2_€”(€_2)€ € (qe sz,q—l_pe U;+1,q)

with U, ,(z = —L,w, h) = 1o(p)1o(q).

Take a Fourier transform with respect to h:

- 1
Va2, w,T) = oy

/ e th(T—(pta)z) US . (z,w, h)dh



oV 4 B ov?e W

0z
’[,w e 2iwz c
—2—n( Je = (pV _qvp,qul)
g
) Z 2iwz
‘|‘2—6n(€—2)6 = (@Vpg-1 —PVoy1,q)

starting from V,; ,(z = —L,w,T) = 6(7)1o(p)1o(q).

Approximation-diffusion = V,; , converges as € — 0 to a diffusion Markov
process.
In particular E[V} ,(z,w,T)], p € N, converges to Wy (z,w, T):

OWp oW, 1

az + 2p 87_ — Zf)/nw p (Wp‘|‘1 —1_ Wp 1= QWp)

W’P(Z — _vaﬂ_) — 5(7')1()(]9)

where 7, = 2/ E[n(0)n(z)]dz.
0
We thus get the limit of the expectation of R, :

e (o} e /Wl(o w,7)e" T dr

E [R;% (0)Re

w



Analysis of the transport equations

Let us introduce the jump Markov process (N.).>_r with state space N and

infinitesimal generator

1

LOH(N) = 7w N ($(N +1) + ¢(N — 1) — 2¢(N))
0S.
We also define the process 5, = —2N,.

Then (N, S.) is Markovian with generator: £ — 2N 2.

The solution to

0¢ 0o
5, T2Noo =

can be written as

#(z,N,S) =E [¢0 (Nz,S—2/Z N3d5> IN_L :N]

—L

Lo, ¢(Z:—L,N,S):¢O(N,S)

Taking (formally) ¢o(N,7) = 1o(N)d(7), we find ¢(0,1,7) = W1 (0,w, T)

1 0
/ Wl(O,w,T)dT:]P)(NO:Oﬂ/ QNSdSE[To,TlﬂNL:l)
T0 —L



Application 1: By taking 7o = 0 and 71 = o0
E [|R5I(0)] == P(No =0|N_ =1).

Duality formula: Let us introduce the diffusion process (0.).>_r:

dg, = - T wdW, + 12w coth(6,)dz.
V2 4

We have

E [sz | N_L :po} =E {tanh(%)%o | 60_ =2 argtanh(\/g)] :

and in particular

E[|R12(0)] =2 P(No=0|N_, =1)=E [tanm%o)? -1 = o] .

The pdf of 8y can be computed:

e L > 2rxsinh(mx) _,21/1
E [|R5[2(0)] =91 — ___r / ©*L/Lioc g
U I"( ﬂ - exp( 4L10C(w)) : cosh2(7m:) c B

4

Yrnw?

where Lioc(w) =



Application 2: L — oc.

We study the limit distribution of the Markov (No, Sp) starting from

(N_r = N,S5_r =0) when L — oo.

0 is an absorbing state of (N.).>_r and (No, 2 fEL N.dz) converges to (0, u)
where p is a random variable with density Py (pdf of u starting from

No = N). It satisfies

OPy 1
8; — g%uﬂN (Pvs1 — 2Py 4+ Pn_1),  Po(1) = 8(7)

After some algebra:

Py (w,T) = 9 ( Vnw?T )N 10 OO)(T)]
Ot | \ 8 + Yhw?T
Finally
E [RZJF%(O)RZ%(O)] =9 /Pl(w,T)eithT
where
Piw. )= 1)



The reflected wave

Mean reflected intensity:

“Epl ()] = e B[R, . ()R, (0)

X f(w + Sh)}(w — %)dwdh

== // th/m (0,w,7)e""dr|f(w)|>dwdh
27‘(‘

= 5o [ W00 P

Autocorrelation function:

1 g— 1 TWT
SElpres (Opres(t+ 27 0 o [ WO DIf@)P T ()

Compute all moments:

a) For a fixed t > 0, (6_1/2]?7«6]" (t + 67’)) converges to a zero-mean stationary

T

Gaussian process with autocorrelation function (1).

b) For 0 < t; < --- < t,, the processes (5_1/2pref(tj + 67‘)) ,j=1,---,n,

-
become independent as € — 0.



Explicit expressions for a random half-plane (1/2)
Case L — oo.

Mean reflected intensity:

Elprer(1)°] 9 1 (t) i= o~ / 5 j/t %1%))2 () P

where Lioc(w) = 4/(yw?).

If the incident signal is a narrowband pulse with carrier frequency wp and

energy Fo, then

o/ 2Eo/Lioc(wo)  Eo/to
) = S e @o))? — 1+ 1]10)2

where tg = 2Lioc(wo).
— Very long power delay spread.

Half the reflected energy is captured in the time interval [0, to] (time for a

round trip until depth Lioc(wo).
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Explicit expressions for a random half-plane (2/2)

1 E— ]- Z(JJS
SElpres (Opres(t + 27 2 o [ W (0,6, 0) ()P d

oo 2/ Lioc(w) 8Ynw?
£.0) = 1ig oo (£) = 1ig oo (
Wi (wv ,0) (24 t/Lioe(w))? [0, )() (8 + Ynw?t)? [0, )()
The power spectral density of the reflected signal at time ¢ is maximal at w™ (%),
where
. 2
Lioc(w*(t))
or
() = 2L

Tn



Applications to imaging

Assume the medium presents small-scale random fluctuations and large-scale

deterministic variation that we want to image:

1 _ 1 (1+77(Z))

k(z)  ko(z) 2
p(z) = po(2) (1+v(5))

Idea: Perform a series of experiments where you probe the medium with a

source f (or a set of sources).
Goal: extract information about the medium from the reflected waves.

Property: a Gaussian process is characterized by its autocorrelation function.

Consequence: All the information is in the autocorrelation function.

Elpres(t + e7)pres ()] = 2me / W1 (0,0, 8)] f ()™ dus

Fortunately, YW; contains the information about the large-scale features of the

medium.



Thus: if we get Elpres(t + €7)pres(t)], then we get Wi, and we “know” how to
solve the inverse problem

2

“OM(0,w,T))w,  — large-scale variations (such as co(2))

W, 2p oW, 1 2 2

9z " w(z) or _am?
Vo(z=—=L,w,7) =9(1)1o(p)

(Wp+1 + Wp-1 — 2Wp)

Problem: we only have a single realization of the medium !
How to estimate E[pres(t + T)pres(t)] 7

Answer: Local average,

1 t—At/Q
E/ AL Dref(S+ €T)pres(s)ds
t—AL/2

with ¢ < At < 1 (optimal choice not easy).

Or: time-windowed Fourier transform, wavelet decomposition, ...

Not very efficient...



