
Long distance propagation
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Long distance propagation lc ≪ λ ≪ L

Acoustic equations for pressure p and velocity u:

∂p

∂t
+ κ(z)

∂u

∂z
= 0

ρ(z)
∂u

∂t
+
∂p

∂z
= 0

-

0 L/ε z

-

(p, u)tr(t)

-

(p, u)ref (t)

�

(p, u)inc(t)

ρ(z) = 1 + ν(
z

ε
)

1

κ
(z) = 1 + η(

z

ε
)

IC: right-going pulse incoming from the left homogeneous half-space.
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Long distance propagation lc ≪ λ ≪ L

Acoustic equations for pressure p and velocity u:

∂p

∂t
+ κ(z)

∂u

∂z
= 0

ρ(z)
∂u

∂t
+
∂p

∂z
= 0

-

0 L z

-

(p, u)tr(
t
ε
)

-

(p, u)ref ( t
ε
)
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t
ε
)

ρ(z) = 1 + ν(
z

ε2
)

1

κ
(z) = 1 + η(

z

ε2
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IC: right-going pulse incoming from the left homogeneous half-space.
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Long distance propagation lc ≪ λ ≪ L

Acoustic equations for pressure p and velocity u:

∂p

∂t
+ κ(z)

∂u

∂z
= 0

ρ(z)
∂u

∂t
+
∂p

∂z
= 0

-

0 L z

-

(p, u)tr(
t
ε
)

-

(p, u)ref ( t
ε
)

�

(p, u)inc(
t
ε
)

ρ(z) = 1

1

κ
(z) = 1 + η(

z

ε2
)

IC: right-going pulse incoming from the left homogeneous half-space f( t
ε
).

Introduce the right-going mode A = u+ p and left-going mode B = u− p that

satisfy:

∂

∂z

„

A
B

«

=

„„

−1 0
0 1

«

+
1

2
η(
z

ε2
)

„

1 −1
1 −1

««

∂

∂t

„

A
B

«
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Correlation radius ∼ ε2 ≪ wavelength ∼ ε ≪ propagation distance ∼ 1.

A(t, 0) = f(
t

ε
), B(t, L) = 0

Observe the transmitted wave around the expected arrival time t = L:

A(L+ εs, L)s∈(−∞,∞)

Define

aε(s, z) = A(z + εs, z), bε(s, z) = B(−z + εs, z)

Take a scaled Fourier transform ε:

âε(ω, z) =

Z

eiωsaε(s, z)ds, b̂ε(ω, z) =

Z

eiωsbε(s, z)ds

In the frequency domain:

d

dz

„

âε

b̂ε

«

= H
ε
ω(z)

„

âε

b̂ε

«

, H
ε
ω(z) =

iω

2ε
η(
z

ε2
)

„

1 −e−2iω z
ε

e2iω z
ε −1

«

with the boundary conditions âε(ω, 0) = f̂(ω) and b̂ε(ω,L) = 0.
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Let (α̂ε, β̂ε) solution of:

d

dz

„

α̂ε

β̂ε

«

= H
ε
ω(z)

„

α̂ε

β̂ε

«

,

with the initial conditions:

α̂ε(ω, 0) = 1, β̂ε(ω, 0) = 0

By symmetry, (β̂ε, α̂ε) is another solution, and therefore

Pε
ω(z) =

 

α̂ε(ω, z) β̂ε(ω, z)

β̂ε(ω, z) α̂ε(ω, z)

!

is the fundamental matrix (propagator) of

the system:
d

dz
P

ε
ω = H

ε
ω(z)Pε

ω, P
ε
ω(0) = I

By linearity:
„

âε(ω,L)

b̂ε(ω,L)

«

= P
ε
ω(L)

„

âε(0, ω)

b̂ε(0, ω)

«

Using b̂ε(ω,L) = 0 and âε(ω, 0) = f̂(ω):

b̂ε(ω, 0) = Rε
ω(L)f̂(ω), âε(ω,L) = T ε

ω(L)f̂(ω)

Rε
ω(L) = −(β̂ε/α̂ε)(ω,L), T ε

ω(L) = (1/α̂ε)(ω,L),
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Trace(Hε
ω) = 0, therefore det(Pε

ω) = 1 and |α̂ε|2 − |β̂ε|2 = 1:

|Rε
ω(L)|2 + |T ε

ω(L)|2 = 1

Transmitted field:

A(L+ εs, L) = aε(s, L) =
1

2π

Z

e−iωsf̂(ω)T ε
ω(L)dω

The convergence of (aε(s, L))s∈R requires:

- relative compacity,

- convergence of the finite-dimensional distributions.

The finite-dimensional distributions are characterized by the moments

E[aε(s1, L)p1 . . . aε(sk, L)pk ]

for any real s1 < . . . < sk and integer p1, . . . , pk.
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Lemma. The transmitted field ((aε(s, L))−∞<s<∞)ε>0 is relatively compact in

Cb(R,R).

Proof. We must show that, ∀h > 0, there is a compact K in Cb(R,R) such that

sup
ε>0

P(aε(·, L) ∈ K) ≥ 1 − h

We have aε(s, L) =
1

2π

Z

e−iωsf̂(ω)T ε
ω(L)dω.

On the one hand aε(s, L) is bounded by:

|aε(s, L)| ≤ 1

2π

Z

|f̂(ω)|dω

On the other hand the modulus of continuity

Mε(δ) = sup
|s1−s2|≤δ

|aε(s1, L) − aε(s2, L)|

is bounded by

Mε(δ) ≤ 1

2π

Z

sup
|s1−s2|≤δ

|1 − exp(iω(s1 − s2))||f̂(ω)|dω

which goes to 0 as δ → 0.



First-order moment:

E[aε(s, L)] =
1

2π

Z

e−iωsf̂(ω)E[T ε
ω(L)]dω with T ε

ω(L) = 1/α̂ε(ω,L)

Let us fix ω and denote Xε
1(z) = Re(α̂ε(ω, z)), Xε

2(z) = Im(α̂ε(ω, z)),

Xε
3 = Re(β̂ε(ω, z)) and Xε

4(z) = Im(β̂ε(ω, z)). The process Xε satisfies:

dXε(z)

dz
=

1

ε
Fω

“

η(
z

ε2
),
z

ε

”

Xε(z),

with the initial conditions Xε
1(0) = 1 and Xε

j′(0) = 0 if j′ = 2, 3, 4, where

Fω(η, h) =
ωη

2

0

B

B

B

B

B

@

0 −1 − sin(2ωh) cos(2ωh)

1 0 − cos(2ωh) − sin(2ωh)

− sin(2ωh) − cos(2ωh) 0 1

cos(2ωh) − sin(2ωh) −1 0

1

C

C

C

C

C

A

Diffusion-approximation: Xε converges in distribution to X Markov with

generator

L =
4
X

i,j=1

aij(X)
∂2

∂Xi∂Xj

a11 =
γω2

8

„

X2
2 +

X2
3 +X2

4

2

«

, a12 =
γω2

8
(−X1X2) , γ = 2

Z ∞

0

E[η(0)η(z)]dz



Compute L
`

(X1 − iX2)
−1
´

= −γω2(X1 − iX2)
−1/4.

The moment φ(z) = E[(X1(z) − iX2(z))
−1] = limε→0 E[1/α̂ε(ω, z)] satisfies

dφ

dz
= E

ˆ

L(X1 − iX2)
−1˜ = −γω

2

4
φ, φ(0) = 1.

where

γ = 2

Z ∞

0

E[η(0)η(z)]dz

Solution: φ(L) = exp(−αγ2L/4). The expectation aε(s, L) converges:

E[aε(s, L)]
ε→0−→ 1

2π

Z

e−iωsf̂(ω) exp(−γω2L/4)dω

General moment:

E [aε(s1, L)p1 ...aε(sk, L)pk ] =

=
1

(2π)n

Z

...

Z

Y

1 ≤ j ≤ k

1 ≤ l ≤ pj

f̂(ωj,l)e
−iωj,lsj E

2

6

6

6

4

Y

1 ≤ j ≤ k

1 ≤ l ≤ pj

T ε
ωj,l

(L)

3

7

7

7

5

Y

1 ≤ j ≤ k

1 ≤ l ≤ pj

dωj,l

One must compute the limit moments E[T ε
ω1

(L) . . . T ε
ωn

(L)] for n distinct

frequencies (ωi)i=1,...,n.



Introduce Xε
4j+1(z) = Re(α̂ε(ωj , z)), X

ε
4j+2(z) = Im(α̂ε(ωj , z)),

Xε
4j+3(z) = Re(b̂ε(ωj , z)) and Xε

4j+4(z) = Im(b̂ε(ωj , z)), j = 1, . . . , n. Xε

satisfies
dXε(z)

dz
=

1

ε
F
“

η(
z

ε2
),
z

ε

”

Xε(z),

with Xε
4j+j′(0) = 1 if j′ = 1, Xε

4j+j′(0) = 0 if j′ = 2, 3, 4, where

F(η, h) = ⊕n
j=1Fωj

(η, h)

Diffusion-approximation: Xε → X Markov with generator L.

If we denote φε(z) = E[T ε
ω1

(z) . . . T ε
ωn

(z)] then φ(z) = limε→0 φ
ε(z) satisfies:

dφ(z)

dz
= −

2γ
P

k ω
2
k + γ

P

k 6=l ωkωl

8
φ(z), φ(0) = 1.

This equation is satisfied by: φ̃(z) = E

h

Q

k T̃ (ωk, z)
i

with:

T̃ (ω, z) = exp(i
ω
√
γ

2
Wz − ω2γ

8
z)

where Wz is a Brownian motion (Wz is a random variable, with Gaussian

density, mean 0 and variance z).



Thus φ(L) = φ̃(L) and the limit in distribution of aε(s, L) is:

1

2π

Z

e−iωsf̂(ω) exp(i
ω
√
γ

2
WL − ω2γ

8
L)dω

Proposition. (aε(s, L))s∈R converge in distribution to (ā(s, L))s∈R

ā(s, L) = KODA ∗ f
„

s−
√
γ

2
WL

«

where

KODA(t) =

√
2√

πγL
exp

„

−2t2

γL

«

The initial pulse f is modified in two ways:

- deterministic spreading (convolution with a Gaussian kernel).

- random time delay ∼ WL.

Effective convection-diffusion:

dā =

√
γ

2

∂ā

∂s
◦ dWz +

γ

8

∂2ā

∂s2
dz

dā =

√
γ

2

∂ā

∂s
dWz +

γ

4

∂2ā

∂s2
dz



ā is the asymptotic pulse front. Its (deterministic) energy is:

Ecoh =

Z

|KODA ∗ f(s)|2ds

If f(t) is a signal with carrier frequency ω0:

f(t) = cos(ω0t) exp(−t2δω2), δω ≪ ω0

then

Ecoh(L) = E(0)
1

p

1 + γδω2L
exp

„

− γω2
0L

4(1 + γδω2L)

«

≃ E(0) exp

„

−γω
2
0L

2

«

→֒ Exponential decay of the transmitted coherent energy.



Comparison theory - numerics
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Remark on the mean field approach

Consider f(z = 0, t) = f0(t) = exp(− t2

2
), and

f(z, t) = f0(t−Wz)

where Wz is a Brownian motion, with pdf

pz(w) =
1√
2πz

exp

„

−w
2

2z

«

For a realization: pulse shape preserved, random time delay.

For the mean field:

f̄(t, z) := E[f(t, z)] =

Z

f0(t− w)pz(w)dw

=
1√

1 + z
exp

„

− t2

2(1 + z)

«

which means that f̄ satisfies a diffusion equation:

∂f̄

∂z
=

1

2

∂2f̄

∂t2

→֒ the mean field can be very different from the field.



Time harmonic problem

-

0 L z

-

T ε
ωe

i
ω(z−t)

ε

�

Rε
ωe

−i
ω(z+t)

ε

-

ei
ω(z−t)

ε

(1 + ηε(z))ptt + pzz = 0

|Rε
ω(L)|2 + |T ε

ω(L)|2 = 1, |T ε
ω(L)|2 = 1/|α̂ε(ω,L)|2

The rescaled process vε := α̂ε(ω, εz)e−iωz + β̂ε(ω, εz)eiωz is solution of:

vε
zz + ω2

“

1 + η(
z

ε
)
”

vε = 0

starting from vε(0) = 1, vε
z(0) = −iω. Let rε(ω, z) := |vε|2 + |vε

z |2/ω2.

If

γε(ω) = lim
z→∞

1

z
ln rε(ω, z) > 0

then:

lim
L→∞

1

L
ln |T ε

ω(L)|2 = −1

ε
γε(ω)

because rε(ω,L) = 1 + 2|α̂ε(ω, εL)|2 = 1 + 2/|T ε
ω(εL)|2.



Localization length

Result on the random harmonic oscillator:

vzz + ω2
“

1 + η(
z

ε
)
”

v = 0, v(0) = 1, vz(0) = −iω

The modulus r(ω,L) := |v|2 + |vz|2/ω2 satisfies

lim
L→∞

1

L
ln r(ω,L) = Gε =

γω2

4
ε+O(ε2)

with γ := 2

Z ∞

0

E[η(0)η(z)]dz.

Therefore:

lim
L→∞

1

L
ln |T ε

ω(L)|2 = − 1

Lε
loc

almost surely

with
1

Lε
loc

=
γω2

4
+O(ε)



Power transmission

Proposition. |T ε
ω(L)|2 converge in distribution to the Markov process Tω(L)

with generator:

Lω =
1

4
γω2T 2(1 − T )

∂2

∂T 2
− 1

4
γω2T 2 ∂

∂T .

Proof. We have |T ε
ω|2 = 1 − |Γε

ω|2 where Γε
ω(L) = β̂ε/α̂ε(ω,L) is solution of:

dΓε
ω

dL
=
iω

2ε
η(
L

ε2
)
“

e2iω L
ε − 2Γε

ω + e−2iω L
ε Γε

ω
2
”

, Γε
ω(0) = 0.

Introduce the process Xε := (rε, ψε) := (|Γε
ω|2, arg(Γε

ω)) solution of:

dXε

dL
(L) =

1

ε
F

„

η(
L

ε2
),Xε(L),

L

ε

«

,

where F is given by:

F (η, r, ψ, l) =
ωη

2

0

@

−2 sin(ψ − 2ωl)(r3/2 − r1/2)

−2 + cos(ψ − 2ωl)(r1/2 + r−1/2)

1

A

Apply the diffusion-approximation theorem.



In particular, we can compute E[Tω(L)] = lim
ε→0

E[|T ε
ω(L)|2]:

E[Tω(L)] =
4√
π

exp

„

−γω
2L

16

«Z ∞

0

dx
x2e−x2

cosh(
q

γω2L/(2
√

2)x)

≃
L≫1

c1(ω)

L3/2
exp

„

−γω
2L

16

«

.

Therefore

lim
L→0

1

L
ln E[Tω(L)] = −γω

2

16

Ooups ! We have shown that, with probability 1:

lim
L→∞

1

L
ln |T ε

ω(L)|2 = − 1

Lε
loc

with
1

Lε
loc

=
γω2

4
+O(ε)

Is it because limL→∞ limε→0 6= limε→0 limL→∞ ?

No: we can show that, with probability 1:

lim
L→∞

1

L
ln Tω(L) = −γω

2

4

We also have:

E[Tω(L)n] ≃
L≫1

cn(ω)

L3/2
exp

„

−γω
2L

16

«

.



The asymptotic power transmission coefficient Tω(L)

Tω(L) = 2/(1 + ρ(L)) where ρ is solution of the SDE:

dρ =

√
γ√
2
ω
p

ρ2 − 1dWL +
γ

2
ω2ρdL, ρ(0) = 1.

The behavior for large L is dominated by the drift =⇒ ρ≫ 1 :

dρ ≃
√
γ√
2
ωρdWL +

γ

2
ω2ρdL

→֒ ρ(L) ≃ exp

„√
γ√
2
ωWL +

γ

4
ω2L

«

.

Asymptotic L≫ 1 :

With probability ∼ 1 we have WL ∼
√
L≪ L, therefore

Tω(L) ∼ exp
`

−γω2L/4
´

= exp(−L/Lloc).

However, if
√

γ√
2
ωWL + γ

4
ω2L ≤ 0, then ρ . 1 and Tω(L) ∼ 1 !

Event of probability:

P(
√

γ√
2
ωWL < − γ

4
ω2L) = P(W1 < −

√
γω2L

2
√

2
) ∼ exp(−γω2L/16).

This set of exceptional realizations imposes the values of the moments

of Tω(L) !



Transmission of a pulse

-

0 L z

-

(p, u)ε
tr(t)

-

(p, u)ε
ref (t)

�

(p, u)ε
inc(t)

ρ(z) = 1

1

κ
(z) = 1 + η(

z

ε2
)

pε
inc(t) = fε(t), fε(t) =

1

2π

Z

f̂ε(ω)e−iωtdω

f̂ε(ω) =
√
εf̂(εω) ⇐⇒ fε(t) =

1√
ε
f(
t

ε
)

Einc :=
1

2

Z

|pε
inc(t)|2dt =

1

2π

Z

|f̂ε(ω)|2dω =
1

2π

Z

|f̂(ω)|2dω

pε
ref (t, z) = − 1

2π
√
ε

Z

f̂(ω)Rε
ω(L)ei

ω(−z−t)
ε dω, z ≤ 0,

pε
tr(t, z) =

1

2π
√
ε

Z

f̂(ω)T ε
ω(L)ei

ω(z−t)
ε dω, z ≥ L,



Transmitted energy:

Eε
T (L) =

1

2

Z

|pε
tr(t, L)|2dt =

1

2π

Z

|f̂(ω)|2|T ε
ω(L)|2dω

We have

E [Eε
T (L)] =

1

2π

Z

|f̂(ω)|2E[|T ε
ω(L)|2]dω

ε→0−→ 1

2π

Z

|f̂(ω)|2E[Tω(L)]dω



The computation of the high-order moments require the frequency correlation:

E
ˆ

T ε(L)2
˜

=
1

4π2

Z Z

|f̂(ω)|2|f̂(ω′)|2E
ˆ

|T ε
ω(L)|2|T ε

ω′(L)|2
˜

dωdω′

Let

ω1 = ω − hεa/2 and ω2 = ω + hεa/2

1. If a = 0, then (|T ε
ω1

(L)|2, |T ε
ω2

(L)|2) converge to (Tω−h/2(L), Tω+h/2(L))

where Tω−h/2 and Tω+h/2 are independent Markov processes with generators

Lω−h/2 and Lω+h/2.

2. If a = 1, then (|T ε
ω1

(L)|2, |T ε
ω2

(L)|2) converge to (T1(L), T2(L)) where

(T1(L), T2(L), θ(L)) is a diffusion process. In particular

E [T1(L)T2(L)] − E [T1(L)] E [T2(L)] = f(h,L), with f(h, L)
h→∞−→ 0

→֒ Decorrelation in frequency ! Frequency correlation radius ∼ ε



Consider the second moment:

E
ˆ

Eε
T (L)2

˜

=
1

4π2

Z Z

|f̂(ω)|2|f̂(ω′)|2E
ˆ

|T ε
ω(L)|2|T ε

ω′(L)|2
˜

dωdω′

ε→0−→ 1

4π2

Z Z

|f̂(ω)|2|f̂(ω′)|2E[Tω(L)Tω′(L)]dωdω′

=
1

4π2

Z Z

|f̂(ω)|2|f̂(ω′)|2E[Tω(L)]E[Tω′(L)]dωdω′

=

„

1

2π

Z

|f̂(ω)|2E[Tω(L)]dω

«2

Therefore:

E

h

(Eε
T (L) − E[Eε

T (L)])2
i

ε→0−→ 0

The process Eε
T (L) converges in L2(P) to ET (L) :

ET (L) =
1

2π

Z

|f̂(ω)|2E[Tω(L)]dω

The process Eε
T (L) converges in probability to ET (L) :

For any δ > 0, P (|Eε
T (L) − ET (L)| > δ) ≤ E

ˆ

(Eε
T (L) − ET (L))2

˜

δ2
ε→0−→ 0



The decorrelation in frequency implies the self-averaging in time of the

transmitted energy !

Application: f(t) = cos(ω0t) exp(−t2δω2) with ε≪ δω ≪ ω0.

The transmitted wave consists of

1) a coherent wave whose energy decays as exp(−γω2
0L/4),

2) incoherent waves whose energy decays as exp(−γω2
0L/16).

The incoherent waves dominate

In the regime γω2
0L ≥ 1:

- The incoherent waves dominate

- The reflected waves dominate the transmitted waves.



Scattering of an acoustic pulse in random media

Acoustic equations for pressure p and speed u:

∂p

∂t
+ κ(z)

∂u

∂z
= 0

ρ(z)
∂u

∂t
+
∂p

∂z
= 0

-

−L 0 z

�

(p, u)tr(
t
ε
)

-

(p, u)ref ( t
ε
)

�

(p, u)inc(
t
ε
)

ρ(z) = 1 + ν(
z

ε2
)

1

κ
(z) = 1 + η(

z

ε2
)

IC: left-going pulse incoming from the right homogeneous half-space.

m(z) = η(z) + ν(z), n(z) = η(z) − ν(z)

Local velocity: c(z) =
p

κ(z)/ρ(z).

Local impedance: ζ(z) = ρ(z)c(z).



The propagator Pε
ω(z) =

 

α̂ε(ω, z) β̂ε(ω, z)

β̂ε(ω, z) α̂ε(ω, z)

!

is the fundamental matrix of

the system:

d

dz
P

ε
ω = H

ε
ω(z)Pε

ω, H
ε
ω(z) =

iω

2ε

0

@

−m( z
ε2 ) −n( z

ε2 )e
2iωz

ε

n( z
ε2 )e−

2iωz
ε m( z

ε2 )

1

A

starting from Pε
ω(−L) = I. By linearity:

P
ε
ω(z)

„

0
T ε

ω(z)

«

=

„

Rε
ω(z)
1

«

The reflection and transmission coefficients for the slab [−L, z] are:

Rε
ω(z) =

β̂ε(ω, z)

α̂ε(ω, z)
, T ε

ω(z) =
1

α̂ε(ω, z)
.

dRε
ω

dz
=

1

α̂ε

dβ̂ε

dz
− β̂ε

(α̂ε)2
dα̂ε

dz
,

dT ε
ω

dz
= − 1

(α̂ε)2
dα̂ε

dz

From the equations satisfied by (α̂ε, β̂ε) we get

∂Rε
ω

∂z
=
iω

ε
m(

z

ε2
)Rε

ω − iω

2ε
n(

z

ε2
)e−

2iωz
ε (Rε

ω)2 − iω

2ε
n(

z

ε2
)e

2iωz
ε

∂T ε
ω

∂z
= − iω

2ε
n(

z

ε2
)Rε

ωe
− 2iωz

ε T ε
ω +

iω

2ε
m(

z

ε2
)T ε

ω



Integral representation of the reflected signal

Send a left-going pulse f( t
ε
):

pε
inc(t) = f(

t

ε
) =

1

2π

Z

e−
iωt

ε f̂(ω)dω

Reflected signal:

pε
ref (t) =

1

2π

Z

e−
iωt

ε f̂(ω)Rε
ω(0)dω

-

−L 0 z

�

-

pε
ref (t)

�

pε
inc(t)

ρ(z) = 1 + ν( z
ε2 )

1
κ
(z) = 1 + η( z

ε2 )
-

−L 0z

�
T ε

ω(z)

-
0

�
1

-
Rε

ω(z)

Rε
ω(z) is the reflection coefficient for a random slab [−L, z]:

∂Rε
ω

∂z
=
iω

ε
m(

z

ε2
)Rε

ω − iω

2ε
n(

z

ε2
)e−

2iωz
ε (Rε

ω)2 − iω

2ε
n(

z

ε2
)e

2iωz
ε ,

with the initial condition at z = −L: Rε
ω(z = −L) = 0.

Energy conservation |Rε
ω|2 + |T ε

ω|2 = 1 → uniform boundedness of Rε
ω.



O’Doherty-Anstey theory

The front bε(s, z) := B(z + εs, z), converges as ε→ 0 to

b̄(t, z) = KODA ∗ f
„

s−
√
γm

2
Wz

«

KODA(t) =

√
2√

πγnz
exp

„

− 2t2

γnz

«

γm = 2

Z ∞

0

E[m(0)m(z)]dz, γn = 2

Z ∞

0

E[n(0)n(z)]dz

γm ↔ time delay γn ↔ reshaping.
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The reflected wave

pref (t) =
1

2π

Z

e−
iωt

ε f̂(ω)Rε
ω(0)dω
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We have E[pref (t)] = 0 (no coherent signal).

Reflected intensity:

p2
ref (t) =

1

4π2

Z Z

e
i(ω′−ω)t

ε Rε
ω(0)Rε

ω′(0)f̂(ω)f̂(ω′)dωdω′

=
ε

4π2

Z Z

e−ihtRε
ω+ εh

2
(0)Rε

ω− εh
2

(0)f̂(ω +
εh

2
)f̂(ω − εh

2
)dωdh



The autocorrelation function of the reflection coefficient

Let us fix ω.

Uε
1,1(z, ω, h) = Rε

ω+ εh
2

(z)Rε
ω− εh

2

(z)

We look for limε→0 E[Uε
1,1(0, ω, h)].

For p, q ∈ N, z ∈ [−L, 0] we introduce

Uε
p,q(z, ω, h) =

“

Rε
ω+ εh

2
(z)
”p
„

Rε
ω− εh

2

(z)

«q

From the Ricatti equation satisfied by Rε
ω:

∂Uε
p,q

∂z
=

iω

ε
m(

z

ε2
)(p− q)Uε

p,q

− iω
2ε
n(

z

ε2
)e

2iωz
ε

“

peihzUε
p−1,q − qe−ihzUε

p,q+1

”

+
iω

2ε
n(

z

ε2
)e−

2iωz
ε

“

qeihzUε
p,q−1 − pe−ihzUε

p+1,q

”

with Uε
p,q(z = −L, ω, h) = 10(p)10(q).

Take a Fourier transform with respect to h:

V ε
p,q(z, ω, τ) =

1

2π

Z

e−ih(τ−(p+q)z)Uε
p,q(z, ω, h)dh



∂V ε
p,q

∂z
= −(p+ q)

∂V ε
p,q

∂τ
+
iω

ε
m(

z

ε2
)(p− q)V ε

p,q

− iω
2ε
n(

z

ε2
)e

2iωz
ε
`

pV ε
p−1,q − qV ε

p,q+1

´

+
iω

2ε
n(

z

ε2
)e−

2iωz
ε
`

qV ε
p,q−1 − pV ε

p+1,q

´

starting from V ε
p,q(z = −L, ω, τ) = δ(τ)10(p)10(q).

Approximation-diffusion =⇒ V ε
p,q converges as ε→ 0 to a diffusion Markov

process.

In particular E[V ε
p,p(z, ω, τ)], p ∈ N, converges to Wp(z, ω, τ):

∂Wp

∂z
+ 2p

∂Wp

∂τ
=

1

4
γnω

2p2 (Wp+1 + Wp−1 − 2Wp)

Wp(z = −L, ω, τ) = δ(τ)10(p)

where γn = 2

Z ∞

0

E[n(0)n(z)]dz.

We thus get the limit of the expectation of Rε
ω:

E

»

Rε
ω+ εh

2
(0)Rε

ω− εh
2

(0)

–

ε→0−→
Z

W1(0, ω, τ)e
ihτdτ



Analysis of the transport equations

Let us introduce the jump Markov process (Nz)z≥−L with state space N and

infinitesimal generator

Lφ(N) =
1

4
γnω

2N2 (φ(N + 1) + φ(N − 1) − 2φ(N))

We also define the process
∂Sz

∂z
= −2Nz.

Then (Nz , Sz) is Markovian with generator: L − 2N ∂
∂S

.

The solution to

∂φ

∂z
+ 2N

∂φ

∂S
= Lφ, φ(z = −L,N, S) = φ0(N,S)

can be written as

φ(z,N, S) = E

»

φ0

„

Nz, S − 2

Z z

−L

Nsds

«

|N−L = N

–

Taking (formally) φ0(N, τ) = 10(N)δ(τ), we find φ(0, 1, τ) = W1(0, ω, τ)

Z τ1

τ0

W1(0, ω, τ)dτ = P

„

N0 = 0
\

Z 0

−L

2Nsds ∈ [τ0, τ1] |N−L = 1

«



Application 1: By taking τ0 = 0 and τ1 = ∞

E
ˆ

|Rε
ω|2(0)

˜ ε→0−→ P(N0 = 0 |N−L = 1).

Duality formula: Let us introduce the diffusion process (θz)z≥−L:

dθz =

√
γn√
2
ωdWz +

γn

4
ω2 coth(θz)dz.

We have

E

h

ξNz |N−L = p0

i

= E

»

tanh(
θz

2
)2p0 | θ−L = 2 argtanh(

p

ξ)

–

,

and in particular

E
ˆ

|Rε
ω|2(0)

˜ ε→0−→ P(N0 = 0 |N−L = 1) = E

»

tanh(
θ0
2

)2 | θ−L = 0

–

.

The pdf of θ0 can be computed:

E
ˆ

|Rε
ω|2(0)

˜ ε→0−→ 1 − exp

„

− L

4Lloc(ω)

«Z ∞

0

2πx sinh(πx)

cosh2(πx)
e−x2L/Llocdx

where Lloc(ω) =
4

γnω2
.



Application 2: L→ ∞.

We study the limit distribution of the Markov (N0, S0) starting from

(N−L = N,S−L = 0) when L→ ∞.

0 is an absorbing state of (Nz)z≥−L and (N0, 2
R 0

−L
Nzdz) converges to (0, µ)

where µ is a random variable with density PN (pdf of µ starting from

N0 = N). It satisfies

∂PN

∂τ
=

1

8
γnω

2N (PN+1 − 2PN + PN−1) , P0(τ) = δ(τ)

After some algebra:

PN (ω, τ) =
∂

∂τ

"

„

γnω
2τ

8 + γnω2τ

«N

1[0,∞)(τ)

#

Finally

E

»

Rε
ω+ εh

2
(0)Rε

ω− εh
2

(0)

–

ε→0−→
Z

P1(ω, τ)e
ihτdτ

where

P1(ω, τ) =
8γnω

2

(8 + γnω2τ)2
1[0,∞)(τ)



The reflected wave

Mean reflected intensity:

1

ε
E[p2

ref (t)] =
1

(2π)2

Z Z

e−iht
E[Rε

ω+ εh
2

(0)Rε
ω− εh

2

(0)]

×f̂(ω +
εh

2
)f̂(ω − εh

2
)dωdh

ε→0−→ 1

(2π)2

Z Z

e−iht

Z

W1(0, ω, τ)e
ihτdτ |f̂(ω)|2dωdh

=
1

2π

Z

W1(0, ω, t)|f̂(ω)|2dω

Autocorrelation function:

1

ε
E[pref (t)pref (t+ ετ)]

ε→0−→ 1

2π

Z

W1(0, ω, t)|f̂(ω)|2eiωτdω (1)

Compute all moments:

a) For a fixed t > 0,
“

ε−1/2pref (t+ ετ)
”

τ
converges to a zero-mean stationary

Gaussian process with autocorrelation function (1).

b) For 0 < t1 < · · · < tn, the processes
“

ε−1/2pref (tj + ετ)
”

τ
, j = 1, · · · , n,

become independent as ε→ 0.



Explicit expressions for a random half-plane (1/2)

Case L→ ∞.

Mean reflected intensity:

E[pref (t)2]
ε→0−→ I∞(t) :=

1

2π

Z

2/Lloc(ω)

(2 + t/Lloc(ω))2
|f̂(ω)|2dω

where Lloc(ω) = 4/(γω2).

If the incident signal is a narrowband pulse with carrier frequency ω0 and

energy E0, then

I∞(t) =
2E0/Lloc(ω0)

(2 + t/Lloc(ω0))2
=

E0/t0
(1 + t/t0)2

where t0 = 2Lloc(ω0).

→֒ Very long power delay spread.

Half the reflected energy is captured in the time interval [0, t0] (time for a

round trip until depth Lloc(ω0).



Long distance propagation

0 40 80 120 160 200 240
0

0.005

0.01

0.015

0.02

t

re
fle

ct
ed

 in
te

ns
ity

reflected intensity for one realization of the random medium (blue),

mean intensity averaged over 103 realizations (magenta),

theoretical expected reflected intensity (red).



Explicit expressions for a random half-plane (2/2)

1

ε
E[pref (t)pref (t+ ετ)]

ε→0−→ 1

2π

Z

W∞
1 (ω, t, 0)|f̂(ω)|2eiωsdω

W∞
1 (ω, t, 0) =

2/Lloc(ω)

(2 + t/Lloc(ω))2
1[0,∞)(t) =

8γnω
2

(8 + γnω2t)2
1[0,∞)(t)

The power spectral density of the reflected signal at time t is maximal at ω∗(t),

where

t =
2

Lloc(ω∗(t))
,

or

ω∗(t) =

r

2t

γn
.



Applications to imaging

Assume the medium presents small-scale random fluctuations and large-scale

deterministic variation that we want to image:

1

κ(z)
=

1

κ0(z)

“

1 + η(
z

ε2
)
”

ρ(z) = ρ0(z)
“

1 + ν(
z

ε2
)
”

Idea: Perform a series of experiments where you probe the medium with a

source f (or a set of sources).

Goal: extract information about the medium from the reflected waves.

Property: a Gaussian process is characterized by its autocorrelation function.

Consequence: All the information is in the autocorrelation function.

E[pref (t+ ετ)pref (t)] = 2πε

Z

W1(0, ω, t)|f̂(ω)|2eiωτdω

Fortunately, W1 contains the information about the large-scale features of the

medium.



Thus: if we get E[pref (t+ ετ)pref (t)], then we get W1, and we “know” how to

solve the inverse problem

“(W1(0, ω, τ))ω,τ 7→ large-scale variations (such as c0(z))”

∂Wp

∂z
+

2p

c0(z)

∂Wp

∂τ
=

1

4
γnω

2p2 (Wp+1 + Wp−1 − 2Wp)

Vp(z = −L, ω, τ) = δ(τ)10(p)

Problem: we only have a single realization of the medium !

How to estimate E[pref (t+ ετ)pref (t)] ?

Answer: Local average,

1

∆t

Z t−∆t/2

t−∆t/2

pref (s+ ετ)pref (s)ds

with ε≪ ∆t≪ 1 (optimal choice not easy).

Or: time-windowed Fourier transform, wavelet decomposition, ...

Not very efficient...


