Pulse propagation and time reversal in random waveguides

Context: time-reversal experiments in underwater acoustics.

Experimental observations:
- robust spatial refocusing

- diffraction-limited focal spot
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Analysis of the mechanisms responsible for statistically stable time reversal.



Perfect acoustic waveguide
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p is the acoustic pressure, u is the acoustic velocity.

+V-u=0, forx e D and z € R.

p is the density of the medium, K is the bulk modulus.
The source is modeled by the forcing term F(¢,r).

Wave equation with the sound speed é = /K /p:

1 0°
Ap—5—28—t129=V.F for x € D and z € R.

Dirichlet boundary conditions

p(t,x,z) =0 forx € 0D and z € R.



Time harmonic wave equation k = w/é
O2p(w, %, 2) + ALp(w, X, 2) + k2 (w)p(w,x,2) =0
Spectrum of A with Dirichlet BC = infinite number of discrete eigenvalues
—AL¢j(x) = Njoj(x), x €D, $;(x) =0, x €D, for j =1,2,...
Number of propagating modes N (w):
AN(w) S k(W) < An(w)11;
Propagating modes 1 < j < N(w):

pji(w,x,2) = g;(x)e 2 Bi(w) = VR (w) — Xy

Evanescent modes j > N(w):

Gj(w,x,2) = ¢;(x)e % Bi(w) = /A — k().




Excitation Conditions for a Source

Source localized in the plane z = O:

F(t,x,z) = f(t)d(x — x0)d(2)e: .

P e w) -5, O
p( ) & ) Lz:l ﬁ](w) ij 3%1\/@7 ij( )] ( OO)()
“~ bj(w) o187 g (o = d;j(w) B30 (x ,
+ Jz_:l 3, (w) 5 ( )"’j:zN:H 3, () 5 ( )] L(—c0,0)(2) ;
with
5(@) = by (@) = Y2 s, (x)
oy () = —dy ) = — X2 )5, )

For k(w)z > 1:




Perturbed waveguide: Time harmonic approach

ou
Pin 9z Ptr ( )at +Vp F
0 L /g2 z 1 8]9
+V-u=0,
-d/2 / ( ) (‘%
1 B % (1+ev(x,2)) for xe€D, z€]0,L/e]
K o 1 2
(%, 2) — for xe€D, ze€(—00,0)U(L/e",00)
p(x,z) = p for xe€D, 2z€(—00,00)

Perturbed wave equation with Dirichlet boundary conditions:
Ap(w, %, 2) + k(1 + ev(x, 2))p(w, %, 2) = 0.
Wave mode expansions:
N o%e)
=) ¢i(x)pi(z) + > 6;(x)§;(2)
J=1 j=N+1

Right-going and left-going mode amplitudes é;(z) and b;(2):

A 1 A~ 1Bz 7 —iBiz dp] 1852 —ZB ;
D = (aje J —|_bj€ 9), ——z\/ (a,] J* —j «7), 7 <N
v Bj




Coupled mode equations

Neglect evanescent modes.

Coupled mode equations for 7 < N:

@ . 7:8]€2 Z Cj (Z)

(&le’i(ﬁz —Bj)z 4+ Ble—i(ﬁhLﬁj)z)

dz 1<IKN ﬁ]ﬁl
db; _ gk’ S Ci(2) (&lez‘(mwj)z+gl€z‘(ﬁj—m)z)
dz 1<I<N ﬁjﬁl

where

Cyi(2) = /D b3

Boundary conditions:

Rescaling:

— Diffusion approximation theorem.

x)p1(x)v(x, z)dx

~ L

bji() =0
/\6 A Z
bj(2) = bj( )



The forward scattering approximation

Diffusion-approximation =— multi-dimensional diffusion process.

Coupling coefficients between left and right-going modes:

/OOO E[C;:1(0)Cji(z)] cos (Bj(w) + Bi(w))z)dz, j,l=1,---,N(w).
Coupling coeflicients between right-going modes:

/OOO E[C;1(0)Cji(z)] cos (Bj(w) — Bi(w))z)dz, j,l=1,---,N(w).

We can neglect the left-going (backward) propagating modes if the first type of

coefficients are negligible compared to the second ones.

— reduced system:




The mode amplitudes (a5(w, 2));=1,...,n converge in distribution as ¢ — 0 to a

diffusion process (a;(w,z2));j=1,.... n Whose infinitesimal generator is

L = —ZF(C) (A4 + Az Ay + ZF(l) VA Ay
JFl
v s
+7 2 T @) (A — Ay).
JF#l
o 0
Ay = a0 —a-L = A
T You  Mea,
c w o° e
W = s )/O cos ((B;(w) — Bi(w))2) E[C;1(0)C1(2))dz if § # 1,
) - ©
Dy @) = =2 T3

n#j



Mean mode amplitudes

The expected values of the mode amplitudes E|[a5(w, z)] converge as € — 0 to

Ela;(w, z)] given by

Ela;(w, z)] = exp (¢j(w)z) djo(w)
Re(gj(w)) <0

— exponential damping of the mean amplitudes.



Mean mode powers

The mode powers (|a5(w, 2)|?);=1,...,n converge in distribution as ¢ — to

(Pj(w, 2));=1,...,n~ whose infinitesimal generator is

2y 3, o\ 0 K2
EP_]Z#F [ (ap aPl)anHPl P>8P]

— diffusion on Hy = {(Pj)jzl,---,N7 P; >0, Zé\f:l P; = Rg}
N

where Ri = Z Q

j=1

2

The mean mode powers E[|a;(w, z)|*] converge to P.(l)(w, )

dP(l (

Z F(C)

n#j

starting from Pj(l)(w,z =0) = lajol*>,j=1,---,N.

This shows the asymptotic equipartition of mode energy:

1
P.(l)(w,z) — —R5| < Cexp (— z )
Lequip

J N

sup
j:17"'7N

where — second eigenvalue of T'(¢).

equip



Fluctuations theory

P( )(w z) = hmE a5 (w, 2)|% a5 (w, 2)| ] = E[Pj(w, 2)P(w, 2)] .

Using the generator £ p we get a system of ordinary differential equations for
limit forth moments (Pj(f))j,lzl,...,N which has the form

P<2>
=1 (4P 2P
JJ ?
n#j
dP(f) ; ;
— = QPP+ Zr@ (PR =P+ 310 (PD - PP), £l

The normalized correlation

P.(ZQ) 2) — PY (2 Pl(l) .
Cor(P;, P)(z) == -2 () i () (2)

1 Y
PV ()P (2)
has the following asymptotic form
( 1
Cor(Pj, P)(z) =% ¢ MLT1
if j=1.
N1 if 9 =1

When N is large: P; uncorrelated, with exponential distribution.



Narrowband pulse propagation in a random waveguide

Point-like narrowband source term
F°(t,x,2) = f°(t)0(x — x0)d(2)e:
£ 1w re 1 A w —w
FF() = f(E0et, ) = 5f (552)

Transmitted pulse:

] t L
ptr(tax7 L) — Ptr (8_27}(7 _)

2
W — W . 7;Bj(w)L—c.ut
Per(t,x, L) = I / Z ¢Z(X0)f( = O)le(w)e 2 dw
7,l=1

where 77, = a5(L) when a5(0) = 0;; (T°: transfer matrix).

pir(t,X,L) - i Z ¢1(X0)

7,l=1

BJ("‘JO)L wot

< f(R)T5 (wo + 2h)e' 2 elPiwoll=tihgp,




Homogeneous waveguide

In a homogeneous waveguide we have ;1 and

e _
gl —

.85 (w0) L—wot

pir (t, %, L) = Zcb;] x)pj(x0)e’ 2 f(t—Bj(wo)L)

Transmitted wave = superposition of modes.
Each mode propagates with its velocity 1/} (wo).
Modal dispersion grows like ~ L.



Mean amplitude:

El[p;. (t,x, L)]

Mean intensity:

E[p;.(t,x, L)?]

Random waveguide

1617r2/‘ Z @¢j(x)¢l(xo)\/\/§:;¢m(x)¢n(xo)

x f(h) f(R)E[T5 (wo + €°h) T (wo + £°1)]

185 (0) = Bm (w0)IL

e 22 ei[ﬁ§'(WO)L_t]h_i[B;n(WO)L—t]h/dhdh/




Autocorrelation function of the transmission coefficients

For fixed indices m and n:

Us(w,h,z) = Tjp(w, 2)TE, (w — €2h, 2)

is the solution of

dUz - ik® (ij(g%) __Gu(m) )U-E
dz B;(w) ﬁz(w—é‘%) .
Zk2 Z 331 i(ﬁjl —Bj)(w)a%(]?l
J1

© i \/63631

zk2 Cu, ( %> Gi(B1=B1 ) w=e2h) F e
Z 2 gl
ll;él \/5l5l1 W — €& h)

with the initial conditions ( h,z=10) = 0m;oni.




Expand 3.(w — £°h) with respect to .

Introduce the Fourier transform

1 —th(t—08(w)z €
Vi, 2) = 5 [ e MO ).

solution of

0 jsl , 0 ﬁ B ik? Cj](é) C”(s%) £
g, TAW—Z—= = ( Biw)  Bi(w) )le

z

2
Zk 331 52) i(ﬁjl —Bj)(w)fzv?
g g1l
31#3 \/ﬁ]ﬁ]l (w)
Cul %)

’Lk2 Z
l17él \V/ ﬁlﬁll (W

with the initial conditions V}j(w, h,z = 0) = 61m;0n16(T).

Z(ﬁl—ﬁll)(w)e%v_&?

— diffusion approximation theorem.



Autocorrelation function of the transmission coefficients

The autocorrelation function of the transmission coefficients at two nearby

frequencies admits a limit as ¢ — 0.

E[T5 (w, )T (w — €2k, L)] =5 @it jf 5 £,

E[T5(w, L)T5(w — €2h, L), dma eiﬁé(w)hL/W§l)(w,T, Lye'" dr,

E[T;,, (w, L)TE, (w — €2h, L)] ==Y 0 in the other cases |

where (W](l)(w, T,%))j=1,-.,N(w) is the solution of the system of transport
equations

owV aW“)
J /(w () (1) (1)
0z Bj(w RZ#J L (W - W; )

starting from W;l)(w, 7,2 =10) =9(7)d;i.

The damping coefficients ();;(w) < 0 = the coherent field decays

exponentially.
(¢) _ w' N COS (W) — W)z , (N 1dz
M) = s [ oS35 = Bu@)2) BIC (0 Cin(2))dz >0



Probabilistic representation

Let us define the jump Markov process J, whose state space is {1, -

and whose infinitesimal generator is

Lo(5) = T (w) (o) — ¢(5)) -

1#]

We also define the process B, by

B. :/ B}Sds,ZZO.
0

Kolmogorov equation:
T1
/ W;n)(w,T,L)dT:P(JL :j, BLE[TQ,T1]|J0:TL).
70

(J») is an ergodic Markov chain with uniform stationary distribution.

From the ergodic theorem we have

Bz zZ2—00 5,7 N\ ard, N\ 1 N(w) g
- B (w), where (' (w) = W J:Zl Bj(w)

Exponential convergence rate = 1/ Lequip



By applying a central limit theorem for functionals of ergodic Markov

processes,

where

T =2 [ e [(Bw) - TG, ) ~ FT)] ds

1 1 (1 = B'(w)L)*
exp | — 7T
N(w) \/ZWU%,(M)L 205’(w)

Diffusion approximation for the system of transport equations
L>>Lequip

(n) :
W (w,7,L) =~ W(w,T, L) with

L>>Lequip

(n)
W, (w, T, L) =

ow 1, 0*W
—— = =0

ot 978w o732

M + ' (w)



The mean transmitted intensity

E(Ipi,(t,x, L)P] = I (8%, L) + I5 (¢, %, L)
The first term is the contribution of the coherent wave:

€ £E— i[ﬁj(wo)—ﬁm(wo)]L
L(txL) & Z 6 (%) (X0) P (X) b (%0 )€ -

Jsﬁm 1

x e O f (it — Bl (wo) L) f(t — B (wo) L)

We see that it decays exponentially with the propagation distance because of

the damping factors exp(Qm(wo)L).

The second term is the contribution of the incoherent waves:

I5(t,x, L) =~ i Z )/W;”(wO,T,L)f(t—T)QdT.

J:1



The mean transmitted intensity

For L > Lequip:
L>>Lequip
llH(l)E [ptr (t X, L)] =
: e 2] > Lequip 2
i E [[p5 (6% D) | 2™ Hug o (%) X [Kug.z + (F)](0),
where the spatial profile H,, x, and the time convolution kernel K, 1 are

N(Wo) N(wo)

X > i (x0)Bi(wo),

HWO »X0 (X

t — 3 (wo)L)?
woL eXp <_( zﬁ(WO)L) ) .
\/2”% /(wo) 75/ (o)

Universal spatial profile (independent of the statistics of the perturbations).

Time profile:

1 / B'(wo): group velocity = harmonic average of the mode velocity.
05,(w ,): group velocity dispersion.

Modal dispersion ~ /L.

Strong random coupling = reduction of modal dispersion.



Time reversal setup

fo(t, %)

p(X, Z) =p pir(tvx)
/\ 1 _ 1 (1+ cv(x, 2)) f\/\/\/\//\

-
P>

Y

0 L/e? 2
Record p5,.(t,x, L) up to time ¢; on the mirror x € Dy C D.

Cut a piece frr(t,x) = pi.(t,x, L)G1(t)G2(x), with supp(G1) C [0, 1] and
supp(G2) C Du.

Time reverse and re-emit F75(t,x,2) = frr(t,x)e..

pra(t,x) plx,2) =P f5r(t,x)
) %R t7X
f\/\/\/\//\ %<X7 Z) — % (1 + EV(X?'Z)) AN

<
<

A
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Mirror coupling coefficients:

M = /D 3 (%) G (x) 1 (x)dx

- If the mirror spans the complete cross section D of the waveguide, then we
have G2(x) =1 and M;; = 1 if j = [ and 0 otherwise.
- If the mirror is point-like at x = x1, i.e. G2(x) = d(x — x1), then

Mji = ¢j(x1)di(x1).

Intuition for a ”Good” mirror: M almost diagonal.

Refocused pulse after TR:

tobs L 1 = Vv Blﬁm .
PTR ( -2 y X5 O) = @j,l,mz,n:l mMmJ¢n<X>¢l(XO>

o1 [Bm (00) = B; (w0)] B +iwo L e

//T8 (wo + €2h/) T, (wo + €2h)

><f h’ Gl (h h’) m (wo)h' =B’ (wo)h]L+ih(t1 — tobs)dhdh

Simplification: G; = 1 (record everything in time).



Homogeneous waveguide with a full mirror

Transfer matrix j1. Mirror coupling M;; = 4.

e _
gt —

N
tobs 1 W 1~ tobs
prn (1257 %.0) = 560 0~ o) 36096000
]:

b;(x) = \/2/dsin(mjz/d)
)\j == 7T]/d

_ \/wQ/CQ — 1252 /d?
N( ) = [(wd)/(x2)] = [2d/ o]

In the continuum limit N > 1 (i.e. d > \o) we have

N>>1 1 . Tr — To
_Z¢~7 z)pi(x0) = )\—Osmc<27r " )

— diffraction-limited spot size, with focal radius = Ao /2.

Planar waveguide with diameter d: <




Homogeneous waveguide with a partial mirror

Transfer matrix fl = 01.
N
pTR 5 ,X,O — P 0 22 E e [ﬁm 53]( 0)52
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Transverse profile of the refocused field in a homogeneous waveguide with

diameter d = 20 and length L. = 200. Here Ao = 1, so there are 40 modes.
Original source location is xg = 8.



The mean refocused pulse in a random waveguide

tOS g g
o (550 i

is the contribution of the coherent waves:

i~
=M

t1 —tobs

5—>0 — w 1)
p Z Mqubm qu( ) Bm Bg]( O) 2‘|‘ 0 22
J#FmMm=1

erjm(MO)Lf ([@ln — 5;](w0)L + 11 — tobs) ;

™

p5 is the contribution of the refocused incoherent waves:

e €—0 1 iw t1 —tobs
P = e T F (1 — o) S My (30061 (x0) [ W o, L,

7,l=1

In the equipartition regime:

t L> Lequi iw t1—tobs
lim E [pTR ( zgs,x, O)] Janieiwy Ay f(t1 — tobs)

e—0
JJj Z le le Xo




In the equipartition regime:

tObS L> Lequip 1 1
B o (x0) || TR s ST kg Y aiant)
Off-diagonal terms j # m are killed by the expectation.

05(2) = \/2dsin(njz/d)
Planar waveguide: ¢ 3; = \/w?/c% — 252/d?

| Aj=mj/d, N(w) = |[(wd)/(me)] = [2d/ o]
In the continuum limit N > 1 we have

1 _
—Zqﬁl Y1 (o) N§>1 —sinc (27Tx xO)

lim
e—0

(

Ao Ao

— diffraction-limited spot size.

— holds true only in average.



Statistical stability

g

oy Bl (%0, 0)1°] — [E[pra (%0, 0))
= 111n
0 E [pre (2, %0,0)]

We have statistical stability when S is small. In the equipartition regime :

52 L>>I;3quip _ 1 i N 1 Q . B Zj,l ijMll
N + 1 N + 1 Qmirror ’ e Zj,l MJQZ

The quality factor Qmirror depends only on the time reversal mirror.

Two extreme cases:

- If the time reversal mirror spans the waveguide cross-section, then M;; = 0,
Qmirror = IV and S? = 0, which is optimal.

- If the time reversal mirror is point-like at x1, then M;; = ¢;(x1)¢p1(x1),
Qumirror = 1, and S° = (N —1)/(N + 1).



Numerical illustration: planar waveguide
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Transverse profile of the mean refocused field in a random waveguide with
diameter d = 20, length L = 200, Ao = 1, mirror size a = 5, original source
location xg = 8.

Random medium: correlation length [, = 0.25 and standard deviation o.
Red lines: spatial profile obtained in homogeneous medium o = 0.

Blue lines: mean profile in a random waveguide.

Right figure is very close to the equipartition regime.
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The relative standard deviation S of the refocused field in the equipartition

regime as a function of the mirror size a. Here d = 20 and Ao = 1.



Numerical simulations: planar waveguide
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Transverse profile of the refocused field in a random waveguide with
diameter d = 20, length L = 200, Ao = 1, mirror diameter a, original source
location o = 8.

Red lines: spatial profile obtained for a particular realization of the random
medium.

Blue lines: mean profiles averaged over 100 realizations.

Parameters close to the equipartition regime.



Numerical simulations: planar waveguide
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Transverse profile of the refocused field in a random waveguide with
diameter d = 20, length L = 200, Ao = 1, mirror diameter a, original source
location o = 8.

Red lines: spatial profile obtained for a particular realization of the random
medium.

Blue lines: mean profiles averaged over 100 realizations.

Parameters close to the equipartition regime.



Conclusions

Mechanisms responsible for statistical stability in time-reversal:

1) broadband pulse
large number of uncorrelated frequency components

—> self-averaging in time.

2) large mirror
large number of uncorrelated spatial modes

— self-averaging even for time-harmonic waves.



