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Abstract

In this paper, we prove particle approximations of initial data for systems of conser-
vation laws in two dimensions. This involves approaching the density but also all the
additional quantities that could be verified by the model considered. We prove that ac-
cording to the hypothesis of regularity or support, the speed of convergence is of form
C/N or C/N2.
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1 Introduction

1.1 Context

In the area of systems of conservation laws, the study of approximations by particle models is
important and the mathematical analysis is most of the time not advanced enough. Some results
have appeared recently for scalar conservation laws ([9], [8], [10], [12]) and some conservation
law systems ([6]). All being placed in one dimension of space. The purpose of this paper
is to provide tools for higher dimensional case studies. In paper [6], the first step consists
in approximating the initial data by a system of particles and demonstrating in the sense of
distributions the limit of this approximation towards the initial data which are the density, the
momentum and other quantities considered by the system. An initial data ρ0 ∈ L1(R) being
fixed, the particles are initially placed in the following locations:

xN
1 = sup

{
x ∈ R ;

∫ x

−∞
ρ0(x) dx < lN

}
,

xN
i = sup

{
x ∈ R ;

∫ x

xN
i−1

ρ0(x) dx < lN

}
, for i = 2, . . . , N − 1.

where lN =
1

N

∫
R
ρ0(x) dx. Having no order relation and therefore no upper bound in dimension

greater than one, this approach cannot be used for dimension two and greater so we have to
proceed differently. In [6], the system studied is the following:{

∂tρ+ ∂x(ρv) = 0,
∂t(ρ(v + p)) + ∂x(ρv(v + p)) = 0,
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and the important first step of the proof is to prove that approximated solutions related to the
particles satisfied for the initial data that∫

R
ρ̂N(x)φ(x) dx →

N→+∞

∫
R
ρ0(x)φ(x) dx,∫

R
ρ̂N(x)v̂N(x)φ(x) dx →

N→+∞

∫
R
ρ0(x)v0(x)φ(x) dx

and ∫
R
ρ̂N(x)p̂N(x)φ(x) dx →

N→+∞

∫
R
ρ0(x)p0(x)φ(x) dx.

for all φ ∈ C∞
c (R). The proof makes significant use of being in one dimension of space. In this

paper, we will present particle approximation results in two space dimensions. It can then be
extended to higher dimensions, the difficulty being to overcome the additional properties of R
with respect to Rd. We will thus define particle approximations and prove the convergence for
the density ∫∫

R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy →
N→+∞

0

and for other additional quantities which are of the form∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy →
N→+∞

0.

For example for a multi-dimensional system like the one found in article [3], that is to say
∂tρ+ ∂x(ρu) + ∂y(ρv) = 0,
∂t(ρ(u+ p)) + ∂x(ρu(u+ p)) + ∂y(ρ(u+ p)v) = 0,
∂t(ρ(v + q)) + ∂x(ρu(v + q)) + ∂y(ρv(v + q)) = 0,

(1.1)

the quantity ω can represent four different physical quantities: u, v, p and q. It is therefore
interesting to be able to bundle the study of those four simultaneously.

We will demonstrate results according to the hypothesis on density, ρ0 ∈ W 1,∞(R2) or
ρ0 ∈ L1(R2) ∩ L∞(R2), and with compact support or not. Furthermore, instead of showing
convergence to 0, we will present accurate estimates of how this convergence takes place. We
will see in particular that according to the hypothesis of regularity or support, the speed of the
convergence is of form C/N or C/N2. When the initial data does not have compact support,
we will obtain for any epsilon an increase by taking this parameter into account. Typically,
this reflects the smallness of the density outside of a compact and is sufficient to allow us to
continue this study. We present some independent results of partial differential equations that
could be studied via their approximations in order to be as general as possible. The present
work presents some similarities of approach with different works which do not focus on particle
approximations but seek to approach through other objects: sticky particles [7], [11], sticky
blocks [1], [5], [4]. For these different objects, the first two-dimensional extensions came up in
the recent past years [2], [3].

In this next two subsections, we present the particle approximation and the four general
results we get. In section 2, we establish the part of the results related to the density and in
section 3, we prove the remaining results related to the additionnal quantities.
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1.2 Particles approximation

Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0. Let L = (L1, L
′
1, L2, L

′
2) ∈ R4 be such that

L′
1 < L1 and L′

2 < L2 (1.2)

and set ∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1]× [L′

2, L2]. Let N ∈ N∗. We set

xN
k = L′

1 + k
∆1

N
, yNk = L′

2 + k
∆2

N
for any k ∈ J0, NK. (1.3)

Notice that xN
0 = L′

1, x
N
N = L1, y

N
0 = L′

2 and yNN = L2. For i ∈ J0, N − 1K and j ∈ J0, N − 1K,
we set

aNi,j =
N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y) dydx. (1.4)

We define the piecewise constant density ρ̂N by

ρ̂N(x, y) =
N−1∑
i=0

N−1∑
j=0

aNi,j1I[xN
i ,xN

i+1[
(x)1I[yNj ,yNj+1[

(y). (1.5)

Particles approaching the density ρ0 are located at points (xN
i , y

N
j ) and the density ρ̂N is a way

to make link between the particle dynamics and the macroscopic quantity.
Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0. Let L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such that (1.2) and set

∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1] × [L′

2, L2]. Let N ∈ N∗. We set (1.3) and for
i ∈ J0, N − 1K and j ∈ J0, N − 1K, we set (1.4). We define the piecewise constant density ρ̂N by
(1.5).

Let ω0 ∈ L∞(R2). Then ω0 ∈ L1
loc(R

2) and we set

WN
i,j =

N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ω0(x, y) dydx, for i, j ∈ J0, N − 1K (1.6)

and we define the piecewise constant quantity ρ̂N ω̂N by

(ρ̂N ω̂N)(x, y) =
N−1∑
i=0

N−1∑
j=0

aNi,jW
N
i,j1I[xN

i ,xN
i+1[

(x)1I[yNj ,yNj+1[
(y). (1.7)

From that starting point, in the paper, we will consider two cases of locations for the
particles according to the assumptions on the initial data.

1. Case 1 of initial data. In the case where ρ0 ∈ L1(R2) has a compact support included
in some CL, we choose this L for the location area of particles.
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2. Case 2 of initial data. In the case where ρ0 ∈ L1(R2) doesn’t not a compact support,
We will fix the location area of the particles by removing a mass smaller than an epsilon
from this area. Indeed, since ρ0 ∈ L1(R2) and such that ρ0 ≥ 0, the function L 7→∫∫
R2\[−L,L]2

ρ0(x, y) dxdy is decreasing and tends to 0, then for any ε > 0, there exists L > 0

such that ∫∫
R2\[−L,L]2

ρ0(x, y) dxdy ≤ ε. (1.8)

Then we set L1 = L2 = L, L′
1 = L′

2 = −L which gives CL = [−L,L]2. Notice that in this
case ρ̂N depends on ε via L thus we note ρ̂N,ε instead to keep it in mind.

1.3 Results

We prove the following approximation results according to the regularity of ρ0, namelyW 1,∞(R2)
or ρ0 ∈ L1(R2) ∩ L∞(R2), and according to its support, compact or not.

Theorem 1.1 (Result for ρ0 ∈ W 1,∞(R2) with a compact support) Let ρ0 ∈ L1(R2) such
that ρ0 ≥ 0 with a compact support included in a CL where L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such

that (1.2). We assume furthermore that ∂xρ
0, ∂yρ

0 ∈ L∞(R2). For any N ∈ N∗, we consider ρ̂N

defined by (1.5) with (1.3)-(1.4). Then for any function φ ∈ C∞
c (R2), we have∣∣∣∣∣∣

∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ C1,2(φ)

N2
, (1.9)

with
C1,2(φ) = max(∆1,∆2)

4(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞). (1.10)

Let ω0 ∈ L∞(R2) such that ∂xω
0, ∂yω

0 ∈ L∞(R2). Let ρ̂N ω̂N defined by (1.7) with (1.6). Then
for any function φ ∈ C∞

c (R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ K1,2(φ)

N
+
C1,2(φ)∥ω0∥∞

N2
,

(1.11)
with

K1,2(φ) = max(∆1,∆2)(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞∥ρ0∥1. (1.12)

Theorem 1.2 (Result for ρ0 ∈ W 1,∞(R2)) Let ρ0 ∈ L1(R2) and such that ρ0 ≥ 0. Let ε > 0.
Consider L > 0 such that (1.8). We assume furthermore that ∂xρ

0, ∂yρ
0 ∈ L∞(R2). For any

N ∈ N∗, we consider ρ̂N,ε defined by (1.5) with (1.3)-(1.4). Then for any function φ ∈ C∞
c (R2),

we have∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ ε∥φ∥∞ +
Cε(φ)

N2
, (1.13)
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with
Cε(φ) = 16L4(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞). (1.14)

Let ω0 ∈ L∞(R2) such that ∂xω
0, ∂yω

0 ∈ L∞(R2). Let ρ̂N,εω̂N,ε defined by (1.7) with (1.6). Then
for any function φ ∈ C∞

c (R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)ω̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤ ε∥φ∥∞∥ω0∥∞ +

Cε(φ)∥ω0∥∞
N2

+
Kε(φ)

N
, (1.15)

with
Kε(φ) = 2L(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞∥ρ0∥1. (1.16)

Theorem 1.3 (Result for ρ0 ∈ L1(R2) ∩ L∞(R2) with a compact support) Let ρ0 ∈ L1(R2)∩
L∞(R2) such that ρ0 ≥ 0 with a compact support included in a CL where L = (L1, L

′
1, L2, L

′
2) ∈

R4 be such that (1.2). For any N ∈ N∗, we consider ρ̂N defined by (1.5) with (1.3)-(1.4). Then
for any function φ ∈ C∞

c (R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ D1,2(φ)

N
. (1.17)

with
D1,2(φ) = max(∆1,∆2)(∥∂xφ∥∞ + ∥∂yφ∥∞)(∥ρ0∥1 + ∥ρ0∥∞∆1∆2). (1.18)

Let ω0 ∈ L∞(R2) such that ∂xω
0, ∂yω

0 ∈ L∞(R2). Let ρ̂N ω̂N defined by (1.7) with (1.6). Then
for any function φ ∈ C∞

c (R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ K1,2(φ) +D1,2(φ)∥ω0∥∞
N

,

(1.19)

Theorem 1.4 (Result for ρ0 ∈ L1(R2) ∩ L∞(R2)) Let ρ0 ∈ L1(R2) ∩ L∞(R2) and such that
ρ0 ≥ 0. Let ε > 0. Consider L > 0 such that (1.8). For any N ∈ N∗, we consider ρ̂N,ε defined
by (1.5) with (1.3)-(1.4). Then for any function φ ∈ C∞

c (R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ ε∥φ∥∞ +
Dε(φ)

N
, (1.20)

with
Dε(φ) = 2L(∥∂xφ∥∞ + ∥∂yφ∥∞)(∥ρ0∥1 + 4L2∥ρ0∥∞). (1.21)
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Let ω0 ∈ L∞(R2) such that ∂xω
0, ∂yω

0 ∈ L∞(R2). Let ρ̂N,εω̂N,ε defined by (1.7) with (1.6). Then
for any function φ ∈ C∞

c (R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)ω̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤ ε∥φ∥∞∥ω0∥∞ +

Kε(φ) +Dε(φ)∥ω0∥∞
N

. (1.22)

Remark 1.1 We have stated the result with φ ∈ C∞
c (R2) but in fact φ ∈ C∞

c (R2)∩L∞(R2) such
that ∂xϕ, ∂yϕ ∈ L∞(R2) is enough as we will see in the proofs.

2 Approximation of the density of particles

2.1 General estimates

We start by presenting properties valid whatever are the regularity and support of density ρ0.

Lemma 2.1 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0. Let L = (L1, L
′
1, L2, L

′
2) ∈ R4 be such that (1.2)

and set ∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1]× [L′

2, L2]. Let N ∈ N∗ and ρ̂N defined
by (1.5) with (1.3)-(1.4). Then for any function φ ∈ C(R2) ∩ L∞(R2), we have∫∫

R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

Proof. Since φ ∈ L∞(R2) and ρ0 ∈ L1(R2), then

∫∫
R2

ρ0(x, y)φ(x, y) dxdy exists. Notice that

with the definition of ρ̂N , we have ρ̂N = 0 on R2 \ CL, thus we have in one hand∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy =

∫∫
CL

ρ̂N(x, y)φ(x, y) dxdy

=
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

aNi,jφ(x, y) dydx

=
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

aNi,jφ(x
N
i , y

N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx.
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On the other hand, we have∫∫
R2

ρ0(x, y)φ(x, y) dxdy =

∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +

∫∫
CL

ρ0(x, y)φ(x, y) dxdy

=

∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)φ(x, y) dydx,

as a consequence we write∫∫
R2

ρ0(x, y)φ(x, y) dxdy =

∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)φ(xN
i , y

N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx.

We notice that

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

aNi,jφ(x
N
i , y

N
j ) dydx =

N−1∑
i=0

N−1∑
j=0

aNi,jφ(x
N
i , y

N
j )

∫ xN
i+1

xN
i

∫ yNj+1

yNj

dydx

=
N−1∑
i=0

N−1∑
j=0

aNi,jφ(x
N
i , y

N
j )

∆1∆2

N2

=
N−1∑
i=0

N−1∑
j=0

φ(xN
i , y

N
j )

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y) dydx

=
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)φ(xN
i , y

N
j ) dydx.

Then putting all this together we get∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

Notice now the following estimate for test functions.
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Lemma 2.2 Let N ∈ N∗ and (xN
i )i∈J0,N−1K, (y

N
j )j∈J0,N−1K defined by (1.3). For any function

φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2), we have

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

∣∣φ(x, y)− φ(xN
i , y

N
j )
∣∣ dydx ≤ (∥∂xφ∥∞ + ∥∂yφ∥∞)

∆1∆2max(∆1,∆2)

N
.

Proof. Since∣∣φ(x, y)− φ(xN
i , y

N
j )
∣∣ ≤ ∣∣φ(x, y)− φ(x, yNj )

∣∣+ ∣∣φ(x, yNj )− φ(xN
i , y

N
j )
∣∣

≤∥∂yφ∥∞(y − yNj ) + ∥∂yφ∥∞(x− xN
i )

for any i, j ∈ J0, N − 1K and any x ∈ [xN
i , x

N
i+1], y ∈ [yNj , y

N
j+1], we have

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

∣∣φ(x, y)− φ(xN
i , y

N
j )
∣∣ dydx

≤
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

(∫ yNj+1

yNj

∥∂yφ∥∞(y − yNj ) dy

)
dx+

N−1∑
i=0

N−1∑
j=0

∫ yNj+1

yNj

(∫ xN
i+1

xN
i

∥∂yφ∥∞(x− xN
i ) dx

)
dy.

Thus we obtain

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

∣∣φ(x, y)− φ(xN
i , y

N
j )
∣∣ dydx

≤∥∂yφ∥∞
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

[
1

2
(y − yNj )

2

]yNj+1

yNj

dx+ ∥∂xφ∥∞
N−1∑
i=0

N−1∑
j=0

∫ yNj+1

yNj

[
1

2
(x− xN

i )
2

]xN
i+1

xN
i

dy

≤∥∂yφ∥∞
N−1∑
i=0

N−1∑
j=0

∆1

N

∆2
2

N2
+ ∥∂xφ∥∞

N−1∑
i=0

N−1∑
j=0

∆2

N

∆2
1

N2

≤(∥∂xφ∥∞ + ∥∂yφ∥∞)
∆1∆2max(∆1,∆2)

N
.

2.2 Case where ρ0 ∈ W 1,∞(R2)

We now move on to the estimate for the density approximation in the case of regularity ρ0 ∈
W 1,∞(R2). In this case, we can first estimate the difference between aNi,j and ρ0(x, y) for (x, y) ∈
[xN

i , x
N
i+1]× [yNj , y

N
j+1].

Lemma 2.3 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0. We assume furthermore that ∂xρ
0, ∂yρ

0 ∈
L∞(R2). Let L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such that (1.2) and set ∆1 = L1 − L′

1, ∆2 = L2 − L′
2

9



and CL = [L′
1, L1] × [L′

2, L2]. Let N ∈ N∗ and ρ̂N defined by (1.5) with (1.3)-(1.4). Then we
have

∣∣aNi,j − ρ0(x, y)
∣∣ ≤ max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞),

for (x, y) ∈ [xN
i , x

N
i+1]× [yNj , y

N
j+1].

Proof. We have

aNi,j − ρ0(x, y) =
N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x̃, ỹ) dỹdx̃− ρ0(x, y)

=
N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(ρ0(x̃, ỹ)− ρ0(x, y)) dỹdx̃.

Then we get, for any x ∈ [xN
i , x

N
i+1] and any y ∈ [yNj , y

N
j+1],

∣∣aNi,j − ρ0(x, y)
∣∣ = ∣∣∣∣∣ N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x̃, ỹ) dỹdx̃− ρ0(x, y)

∣∣∣∣∣
=

∣∣∣∣∣ N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(ρ0(x̃, ỹ)− ρ0(x, y)) dỹdx̃

∣∣∣∣∣
=

∣∣∣∣∣ N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(ρ0(x̃, ỹ)− ρ0(x, ỹ) + ρ0(x, ỹ)− ρ0(x, y)) dỹdx̃

∣∣∣∣∣
≤ N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

∣∣ρ0(x̃, ỹ)− ρ0(x, ỹ) + ρ0(x, ỹ)− ρ0(x, y)
∣∣ dỹdx̃

≤ N2

∆1∆2

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(∥∂xρ0∥∞|x̃− x|+ ∥∂yρ0∥∞|ỹ − y|) dỹdx̃

≤ N2

∆1∆2

∆1∆2

N2
∥∂xρ0∥∞

∫ yNj+1

yNj

dỹ +
N2

∆1∆2

∆1∆2

N2
∥∂xρ0∥∞

∫ xN
i+1

xN
i

dx̃

≤ max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞).

This estimate allows to apply the general Lemmas of section 2.1 and to get the following result.

Proposition 2.4 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0. We assume furthermore that ∂xρ
0, ∂yρ

0 ∈
L∞(R2). Let L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such that (1.2) and set ∆1 = L1 − L′

1, ∆2 = L2 − L′
2

and CL = [L′
1, L1] × [L′

2, L2]. Let N ∈ N∗ and ρ̂N defined by (1.5) with (1.3)-(1.4). Then for

10



any function φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣+
max(∆1,∆2)

4

N2
(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞).

Proof. Thanks to Lemma 2.1, we have∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

By using Lemma 2.3, we have

∣∣aNi,j − ρ0(x, y)
∣∣ ≤ max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞),

then ∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

|aNi,j − ρ0(x, y)||φ(x, y)− φ(xN
i , y

N
j )| dydx

≤max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞)

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

|φ(x, y)− φ(xN
i , y

N
j )| dydx

≤max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞)

max(∆1,∆2)
3

N

by using Lemma 2.2. Finally we get the result.
We now split the study according to the hypothesis on the support, compact from non com-

pact. In the case 1, that is to say when ρ0 ∈ L1(R2) has a compact support included in some CL

where we chose this L for the location area of particles. Then we have

∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy =

0 and the Proposition 2.4 leads to the following result.
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Proposition 2.5 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0 with a compact support included in a CL

where L = (L1, L
′
1, L2, L

′
2) ∈ R4 be such that (1.2). We assume furthermore that ∂xρ

0, ∂yρ
0 ∈

L∞(R2). For any N ∈ N∗, we consider ρ̂N defined by (1.5) with (1.3)-(1.4). Then for any
function φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2),∣∣∣∣∣∣

∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ C1,2(φ)

N2
, (2.23)

with
C1,2(φ) = max(∆1,∆2)

4(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞). (2.24)

This is the first part of Theorem 1.1.
In the case 2 of the initial data, that is to say where ρ0 ∈ L1(R2) doesn’t not a compact

support, we fix the location area of the particles by removing a mass smaller than an epsilon
from this area. For any ε > 0, there exists L > 0 such that (1.8). Then we set L1 = L2 = L,
L′
1 = L′

2 = −L which gives CL = [−L,L]2. Remember also that in this case ρ̂N depends on ε
via L thus we note ρ̂N,ε instead. We have then the following result.

Proposition 2.6 Let ρ0 ∈ L1(R2) and such that ρ0 ≥ 0. Let ε > 0. Consider L > 0 such
that (1.8). We assume furthermore that ∂xρ

0, ∂yρ
0 ∈ L∞(R2). For any N ∈ N∗, we consider

ρ̂N,ε defined by (1.5) with (1.3)-(1.4). Then for any function φ ∈ C(R2) ∩ L∞(R2) such that
∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣

∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ ε∥φ∥∞ +
Cε(φ)

N2
, (2.25)

with
Cε(φ) = 16L4(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞). (2.26)

Proof. Thanks to Proposition 2.4, we have∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣+
max(∆1,∆2)

4

N2
(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞).

Now ∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣ ≤ ∥φ∥∞
∫∫
R2\CL

ρ0(x, y) dxdy ≤ ∥φ∥∞ε,

and ∆1 = ∆2 = 2L, thus we get the result. Notice that Cε(φ) depends on ε since L depends
on ε.

This is the first part of Theorem 1.2.
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2.3 Case where ρ0 ∈ L1(R2) ∩ L∞(R2)

We move now to the estimate of the density approximation in the case of regularity ρ0 ∈
L1(R2) ∩ L∞(R2). In this case, we cannot use the smallest of the term aNi,j − ρ0(x, y) and we

have to study more precisely. Instead of having an estimate on C/N2, we will have only a form
as C/N . We start with two preliminary estimates.

Lemma 2.7 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0. Let L = (L1, L
′
1, L2, L

′
2) ∈ R4 be such that

(1.2) and set ∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1] × [L′

2, L2]. Let N ∈ N∗ and
(xN

i )i∈J0,N−1K, (y
N
j )j∈J0,N−1K and (aNi,j)i∈J0,N−1K,j∈J0,N−1K defined by (1.3) and (1.4). Then for any

function φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤(∥∂xφ∥∞ + ∥∂yφ∥∞)

max(∆1,∆2)

N

∫∫
R2

ρ0(x, y) dxdy.

Proof. We have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤

N−1∑
i=0

N−1∑
j=0

|aNi,j|

∣∣∣∣∣
∫ xN

i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤

N−1∑
i=0

N−1∑
j=0

|aNi,j|

∣∣∣∣∣
∫ xN

i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(x, yNj ) + φ(x, yNj )− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣ ,
thus ∣∣∣∣∣

N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤

N−1∑
i=0

N−1∑
j=0

|aNi,j|

∣∣∣∣∣
∫ xN

i+1

xN
i

(∫ yNj+1

yNj

(φ(x, y)− φ(x, yNj )) dy

)
dx

∣∣∣∣∣
+

N−1∑
i=0

N−1∑
j=0

|aNi,j|

∣∣∣∣∣
∫ yNj+1

yNj

(∫ xN
i+1

xN
i

(φ(x, yNj )− φ(xN
i , y

N
j )) dx

)
dy

∣∣∣∣∣
≤

N−1∑
i=0

N−1∑
j=0

|aNi,j|
∫ xN

i+1

xN
i

(∫ yNj+1

yNj

∥∂yφ∥∞(y − yNj ) dy

)
dx

+
N−1∑
i=0

N−1∑
j=0

|aNi,j|
∫ yNj+1

yNj

(∫ xN
i+1

xN
i

∥∂yφ∥∞(x− xN
i ) dx

)
dy.
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Now

0 ≤
∫ yNj+1

yNj

∥∂yφ∥∞(y − yNj ) dy ≤ ∥∂yφ∥∞
[
1

2
(y − yNj )

2

]yNj+1

yNj

≤ ∥∂yφ∥∞
1

2

∆2
2

N2

and

0 ≤
∫ xN

i+1

xN
i

∥∂xφ∥∞(x− xN
i ) dx ≤ ∥∂xφ∥∞

[
1

2
(x− xN

i )
2

]xN
i+1

xN
i

≤ ∥∂xφ∥∞
1

2

∆2
1

N2
,

then we obtain∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤∥∂yφ∥∞

N−1∑
i=0

N−1∑
j=0

|aNi,j|
∆1

N

∆2
2

N2
+ ∥∂xφ∥∞

N−1∑
i=0

N−1∑
j=0

|aNi,j|
∆2

N

∆2
1

N2

≤(∥∂xφ∥∞ + ∥∂yφ∥∞)
max(∆1,∆2)

N

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y) dydx

≤(∥∂xφ∥∞ + ∥∂yφ∥∞)
max(∆1,∆2)

N

∫∫
R2

ρ0(x, y) dxdy.

Lemma 2.8 Let ρ0 ∈ L1(R2)∩L∞(R2) such that ρ0 ≥ 0. Let L = (L1, L
′
1, L2, L

′
2) ∈ R4 be such

that (1.2) and set ∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1]× [L′

2, L2]. Let N ∈ N∗ and
(xN

i )i∈J0,N−1K, (y
N
j )j∈J0,N−1K defined by (1.3). Then for any function φ ∈ C(R2) ∩ L∞(R2) such

that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)

∆1∆2max(∆1,∆2)

N
.

Proof. We have ∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤∥ρ0∥∞

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

∣∣φ(x, y)− φ(xN
i , y

N
j )
∣∣ dydx

≤∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)
∆1∆2max(∆1,∆2)

N
.
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by using Lemma 2.2.
We will now consider the two cases of locations for the particles according to the assumptions

on the initial data. In the case 1, that is to say when ρ0 ∈ L1(R2) has a compact support included
in some CL where we choose this L for the location area of particles, we have the following
result.

Proposition 2.9 Let ρ0 ∈ L1(R2) ∩ L∞(R2) such that ρ0 ≥ 0 with a compact support included
in a CL where L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such that (1.2). For any N ∈ N∗, we consider

ρ̂N defined by (1.5) with (1.3)-(1.4). Then for any function φ ∈ C(R2) ∩ L∞(R2) such that
∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣

∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ D1,2(φ)

N
. (2.27)

with

D1,2(φ) = max(∆1,∆2)(∥∂xφ∥∞ + ∥∂yφ∥∞)(∥ρ0∥1 + ∥ρ0∥∞∆1∆2). (2.28)

Proof. Thanks to Lemma 2.1, we have∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

Since ρ0 have a compact support in CL, we get

∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy = 0. With Lemma

2.7, we have ∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤(∥∂xφ∥∞ + ∥∂yφ∥∞)

max(∆1,∆2)

N

∫∫
R2

ρ0(x, y) dxdy.

and with Lemma 2.8, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣ ≤ ∥ρ0∥∞(∥∂xφ∥∞+∥∂yφ∥∞)
∆1∆2max(∆1,∆2)

N
.
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Thus we get∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤(∥∂xφ∥∞ + ∥∂yφ∥∞)

max(∆1,∆2)

N

∫∫
R2

ρ0(x, y) dxdy + ∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)
∆1∆2max(∆1,∆2)

N

and the expected estimate.
This is the first part of Theorem 1.3.
In the case 2 of the initial data, that is to say where ρ0 ∈ L1(R2) doesn’t not a compact

support. we fix the location area of the particles by removing a mass smaller than an epsilon
from this area. For any ε > 0, there exists L > 0 such that (1.8). Then we set L1 = L2 = L,
L′
1 = L′

2 = −L which gives CL = [−L,L]2. Remember also that in this case ρ̂N depends on ε
via L thus we note ρ̂N,ε instead. We have the following result.

Proposition 2.10 Let ρ0 ∈ L1(R2)∩L∞(R2) and such that ρ0 ≥ 0. Let ε > 0. Consider L > 0
such that (1.8). For any N ∈ N∗, we consider ρ̂N,ε defined by (1.5) with (1.3)-(1.4). Then for
any function φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣

∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ ε∥φ∥∞ +
Dε(φ)

N
, (2.29)

with

Dε(φ) = 2L(∥∂xφ∥∞ + ∥∂yφ∥∞)(∥ρ0∥1 + 4L2∥ρ0∥∞). (2.30)

Proof. Thanks to Lemma 2.1, we have∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

First we have ∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣ ≤ ∥φ∥∞
∫∫
R2\CL

ρ0(x, y) dxdy ≤ ∥φ∥∞ε.
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With Lemma 2.7, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

aNi,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤(∥∂xφ∥∞ + ∥∂yφ∥∞)

∆

N

∫∫
R2

ρ0(x, y) dxdy.

where ∆ = 2L, and with Lemma 2.8, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣ ≤ ∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)
∆3

N
.

Thus we get∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤∥φ∥∞ε+ (∥∂xφ∥∞ + ∥∂yφ∥∞)

∆

N

∫∫
R2

ρ0(x, y) dxdy + ∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)
∆3

N

and finally the wanted inequality since ∆ = 2L. Notice that Dε(φ) depends on ε since L
depends on ε.

This is the first part of Theorem 1.4.

3 Approximation of other quantities

3.1 General estimates

We turn now to the estimate of additionnal quantities of shape

∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy.

We start by presenting properties valid in every cases of regularity and support on density ρ0.

Lemma 3.1 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0 and let ω0 ∈ L∞(R2). Let L = (L1, L
′
1, L2, L

′
2) ∈

R4 be such that (1.2) and set ∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1] × [L′

2, L2]. Let
N ∈ N∗ and ρ̂N , ρ̂N ω̂N defined by (1.5) and (1.7) with (1.3)-(1.4) and (1.6). Then for any

17



function φ ∈ C(R2) ∩ L∞(R2), we have∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

Proof. Since φ, ω0 ∈ L∞(R2) and ρ0 ∈ L1(R2), then

∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy exists.

Notice that with the definition of ρ̂N , we have ρ̂N = 0 on R2 \CL. Doing similarly to the proof
of Lemma 2.1, we obtain

∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy =
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

aNi,jW
N
i,jφ(x

N
i , y

N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

aNi,jW
N
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx,

and ∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

=

∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)ω0(x, y)φ(xN
i , y

N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)ω0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx

and also

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

aNi,jW
N
i,jφ(x

N
i , y

N
j ) dydx =

N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)φ(xN
i , y

N
j ) dydx.
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Thus we get∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)φ(xN
i , y

N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

aNi,jW
N
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(φ(x, y)− φ(xN
i , y

N
j )) dydx

−
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)ω0(x, y)φ(xN
i , y

N
j ) dydx

−
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)ω0(x, y)(φ(x, y)− φ(xN
i , y

N
j )) dydx

and the result.

Lemma 3.2 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0 and let ω0 ∈ L∞(R2). Let L = (L1, L
′
1, L2, L

′
2) ∈

R4 be such that (1.2) and set ∆1 = L1 − L′
1, ∆2 = L2 − L′

2 and CL = [L′
1, L1] × [L′

2, L2]. We
assume furthermore that ∂xω

0, ∂yω
0 ∈ L∞(R2). Let N ∈ N∗ and (xN

i )i∈J0,N−1K, (y
N
j )j∈J0,N−1K and

(aNi,j)i∈J0,N−1K,j∈J0,N−1K defined by (1.3) and (1.4). Then for any function φ ∈ C(R2) ∩ L∞(R2)

such that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

∣∣∣∣∣
≤max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

∫∫
R2

ρ0(x, y) dxdy.

Proof. Similarly to Lemma 2.3, we have∣∣WN
i,j − ω0(x, y)

∣∣ ≤ max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞).

Then we get∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

∣∣∣∣∣
≤max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y) dxdy

and the result.
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3.2 Case where ρ0 ∈ W 1,∞(R2)

We now move on to the estimate of the density approximation in the case of regularity ρ0 ∈
W 1,∞(R2). In this case, the estimate of the difference between aNi,j and ρ0(x, y) for (x, y) ∈
[xN

i , x
N
i+1]× [yNj , y

N
j+1] allows to get a precise estimate. We first have the result.

Proposition 3.3 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0 and let ω0 ∈ L∞(R2). We assume further-
more that ∂xρ

0, ∂yρ
0, ∂xω

0, ∂yω
0 ∈ L∞(R2). Let L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such that (1.2) and

set ∆1 = L1−L′
1, ∆2 = L2−L′

2 and CL = [L′
1, L1]× [L′

2, L2]. Let N ∈ N∗ and ρ̂N , ρ̂N ω̂N defined
by (1.5) and (1.7) with (1.3)-(1.4) and (1.6). Then for any function φ ∈ C(R2)∩L∞(R2) such
that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣+
max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

∫∫
R2

ρ0(x, y) dxdy

+ (∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞)
max(∆1,∆2)

4

N2
.

Proof. Thanks to Lemma 3.1, we have∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

On one side, using Lemma 2.3, we have

∣∣aNi,j − ρ0(x, y)
∣∣ ≤ max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞),

and on the other side, using Lemma 2.2 we have

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

∣∣φ(x, y)− φ(xN
i , y

N
j )
∣∣ dydx ≤ (∥∂xφ∥∞ + ∥∂yφ∥∞)

∆1∆2max(∆1,∆2)

N
.
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Then putting this together we get∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤∥ω0∥∞

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

|aNi,j − ρ0(x, y)||φ(x, y)− φ(xN
i , y

N
j )| dydx

≤max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞)

N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

|φ(x, y)− φ(xN
i , y

N
j )| dydx

≤max(∆1,∆2)

N
(∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞)

max(∆1,∆2)
3

N
.

Now using Lemma 3.2, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

∣∣∣∣∣
≤max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

∫∫
R2

ρ0(x, y) dxdy

and we get the result.
We will now consider both options of locations for the particles according to the assumptions

on the initial data. In the case 1, that is to say where ρ0 ∈ L1(R2) has a compact support
included in some CL, Proposition 3.3 gives the following result.

Proposition 3.4 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0 with a compact support included in a CL

where L = (L1, L
′
1, L2, L

′
2) ∈ R4 be such that (1.2) and let ω0 ∈ L∞(R2). We assume furthermore

that ∂xρ
0, ∂yρ

0, ∂xω
0, ∂yω

0 ∈ L∞(R2). Let N ∈ N∗ and ρ̂N , ρ̂N ω̂N defined by (1.5) and (1.7) with
(1.3)-(1.4) and (1.6). Then for any function φ ∈ C(R2)∩L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2),
we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ K1,2(φ)

N
+
C1,2(φ)∥ω0∥∞

N2
,

(3.31)
with

K1,2(φ) = max(∆1,∆2)(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞∥ρ0∥1 (3.32)

and C1,2(φ) defined by (2.24).

This proves the remaining part of Theorem 1.1. In the case 2 of the initial data, that is to say
where ρ0 ∈ L1(R2) doesn’t not a compact support, We have the following result.
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Proposition 3.5 Let ρ0 ∈ L1(R2) such that ρ0 ≥ 0 and let ω0 ∈ L∞(R2). Let ε > 0. Consider
L > 0 such that (1.8). We assume furthermore that ∂xρ

0, ∂yρ
0, ∂xω

0, ∂yω
0 ∈ L∞(R2). Let

N ∈ N∗ and ρ̂N,ε, ρ̂N,εω̂N,ε defined by (1.5) and (1.7) with (1.3)-(1.4) and (1.6). Then for any
function φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣

∫∫
R2

ρ̂N,ε(x, y)ω̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤ ε∥φ∥∞∥ω0∥∞ +

Cε(φ)∥ω0∥∞
N2

+
Kε(φ)

N
, (3.33)

with
Kε(φ) = 2L(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞∥ρ0∥1, (3.34)

and Cε(φ) defined by (2.26).

Proof. Thanks to Proposition 3.3, we have∣∣∣∣∣∣
∫∫
R2

ρ̂N,ε(x, y)ω̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣+
max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

∫∫
R2

ρ0(x, y) dxdy

+ (∥∂xρ0∥∞ + ∥∂yρ0∥∞)(∥∂xφ∥∞ + ∥∂yφ∥∞)
max(∆1,∆2)

4

N2
.

Now ∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣∣ ≤ ∥φ∥∞∥ω∥∞
∫∫
R2\CL

ρ0(x, y) dxdy ≤ ∥φ∥∞∥ω∥∞ε,

and ∆1 = ∆2 = 2L, thus we get the result. Notice that Dε(φ) depends on ε since L depends
on ε.

This proves the remaining part of Theorem 1.2.

3.3 Case where ρ0 ∈ L1(R2) ∩ L∞(R2)

Let’s now move to the estimate of additionnal quantities in the case of regularity ρ0 ∈ L1(R2)∩
L∞(R2). In this case, we cannot use the smallest of the terms aNi,j − ρ0(x, y) so we have to
analyse deeper. We split the study again according to the support property of density. In the
case 1, that is to say where ρ0 ∈ L1(R2) has a compact support included in some CL, we have
the following result.
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Proposition 3.6 Let ρ0 ∈ L1(R2) ∩ L∞(R2) such that ρ0 ≥ 0 with a compact support included
in a CL where L = (L1, L

′
1, L2, L

′
2) ∈ R4 be such that (1.2) and let ω0 ∈ L∞(R2). We assume

furthermore that ∂xω
0, ∂yω

0 ∈ L∞(R2). Let N ∈ N∗ and ρ̂N , ρ̂N ω̂N defined by (1.5) and (1.7)
with (1.3)-(1.4) and (1.6). Then for any function φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈
L∞(R2), we have∣∣∣∣∣∣
∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣ ≤ K1,2(φ) +D1,2(φ)∥ω0∥∞
N

,

(3.35)
where K1,2(φ) is defined by (3.32) anf D1,2(φ) is defined by (2.28).

Proof. Thanks to Lemma 3.1, we have∫∫
R2

ρ̂N(x, y)ω̂N(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

Since ρ0 have a compact support in CL, we have

∫∫
R2\CL

ρ0(x, y)φ(x, y) dxdy = 0. From Lemma

3.2, we have ∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

∣∣∣∣∣
≤max(∆1,∆2)

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

∫∫
R2

ρ0(x, y) dxdy.

By an easy adaptation of Lemma 2.7 and Lemma 2.8, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤∥ω0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)

max(∆1,∆2)

N

∫∫
R2

ρ0(x, y) dxdy

+ ∥ω0∥∞∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)
∆1∆2max(∆1,∆2)

N
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and we get the result.
This proves the remaining part of Theorem 1.3. In the case 2 of the initial data, that is to

say where ρ0 ∈ L1(R2) doesn’t not a compact support, we have the following result.

Proposition 3.7 Let ρ0 ∈ L1(R2) ∩ L∞(R2) such that ρ0 ≥ 0 and let ω0 ∈ L∞(R2). Let ε > 0.
Consider L > 0 such that (1.8). We assume furthermore that ∂xω

0, ∂yω
0 ∈ L∞(R2). Let N ∈ N∗

and ρ̂N,ε, ρ̂N,εω̂N,ε defined by (1.5) and (1.7) with (1.3)-(1.4) and (1.6). Then for any function
φ ∈ C(R2) ∩ L∞(R2) such that ∂xφ, ∂yφ ∈ L∞(R2), we have∣∣∣∣∣∣

∫∫
R2

ρ̂N,ε(x, y)ω̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

∣∣∣∣∣∣
≤ ε∥φ∥∞∥ω0∥∞ +

Kε(φ) +Dε(φ)∥ω0∥∞
N

. (3.36)

where Kε(φ) is defined by (3.34) and Dε(φ) is defined by (2.30).

Proof. Thanks to Lemma 3.1, we have∫∫
R2

ρ̂N,ε(x, y)ω̂N,ε(x, y)φ(x, y) dxdy −
∫∫
R2

ρ0(x, y)ω0(x, y)φ(x, y) dxdy

=−
∫∫
R2\CL

ρ0(x, y)ω0(x, y)φ(x, y) dxdy +
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

+
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx.

First we have∣∣∣∣∣∣∣
∫∫
R2\CL

ρ0(x, y)φ(x, y)ω0(x, y) dxdy

∣∣∣∣∣∣∣ ≤ ∥φ∥∞∥ω0∥∞
∫∫
R2\CL

ρ0(x, y) dxdy ≤ ∥φ∥∞∥ω0∥∞ε.

From Lemma 3.2, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

∫ xN
i+1

xN
i

∫ yNj+1

yNj

ρ0(x, y)(WN
i,j − ω0(x, y))φ(xN

i , y
N
j ) dydx

∣∣∣∣∣
≤∆

N
(∥∂xω0∥∞ + ∥∂yω0∥∞)∥φ∥∞

∫∫
R2

ρ0(x, y) dxdy.
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By an adaptation of Lemma 2.7 and Lemma 2.8 and since ∆2 = ∆1 = ∆ = 2L, we have∣∣∣∣∣
N−1∑
i=0

N−1∑
j=0

WN
i,j

∫ xN
i+1

xN
i

∫ yNj+1

yNj

(aNi,j − ρ0(x, y))(φ(x, y)− φ(xN
i , y

N
j )) dydx

∣∣∣∣∣
≤∥ω0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)

2L

N

∫∫
R2

ρ0(x, y) dxdy

+ ∥ω0∥∞∥ρ0∥∞(∥∂xφ∥∞ + ∥∂yφ∥∞)
8L3

N

and we get the result.
This proves the remaining part of Theorem 1.4.
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