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Abstract

In this work, we consider a non-local scalar conservation law in two
space dimensions which arises as the formal hydrodynamic limit of a
Fokker—Planck equation. This Fokker—Planck equation is, in turn, the
kinetic description of an individual-based model describing the naviga-
tion of self-propelled particles in a pheromone landscape. The pheromone
may be linked to the agent distribution itself, leading to a nonlinear, non-
local scalar conservation law where the effective velocity vector depends
on the pheromone field in a small region around each point, and thus,
on the solution itself. After presenting and motivating the problem, we
present some numerical simulations of a closely related problem, and then
prove a well-posedness and stability result for the conservation law.

1 Introduction
This work is mainly concerned with the scalar conservation law

dp + div (pUJp]) = 0, (L.1)

where the “velocity” U is defined as a non-local functional of the density p. To
be more specific, the problem we are interested in naturally arises in the two-
dimensional framework. The model depends on two key parameters: a length
£> 0 and an angle 8 € (0,7/2). Let us denote

Q:0e0,2m) — QO) = (‘;fjﬁ) . (1.2)
We set
P(t,x) = /R2 E(z —y)p(t,y) dy, (1.3)
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where F is a certain convolution kernel (with respect to the space variable), and

0 b et
Upl(t, x,0) :/0 /o /gﬁ sin(é — a)P(t,x + rQ(a)) da rdrdé, (1.4)

-1

i) = ( [ T vl 0 a) (15)

0

Finally, we have

Wit ) = (e o) [ " () Mee=0/P g, (1.6)

In the sections below we will provide appropriate motivation for these expres-
sions.

The theory of scalar conservation laws, as far as the flux function depends on
the local value of the density (namely the flux at time ¢ and position x depends
only on the density p(t,z)), is well established since the pioneering works of
Kruzkov and Oleinik [18, 22] who, in particular, introduced relevant uniqueness
criteria. The connection between these criteria is further investigated in [21],
for quite general fluxes and possible source terms, still local with respect to p,
but which can additionally depend on the time and space variables ¢t and x. The
time continuity of the weak solutions is a delicate issue, for which we refer the
reader to [5, 27]. Refined estimates on the total variation of the solutions are
discussed in [7, 19]. New difficulties for the analysis arise when the flux function
depends on a non local way of the unknown. Such non local fluxes have been
introduced recently to model pedestrian or vehicular traffic. These difficulties
are specifically addressed in [6, 7, 19].

The model (1.1)—(1.6) is motivated by applications in life sciences: it can
be seen as a hydrodynamic approximation for the modeling of self-propelled
agents, the motion of which is directed by a signal they emit themselves. Here,
the capability of the agents to detect the signals is embodied into the param-
eters 8 and £. It is quite common to observe the emergence of remarkable
patterns driving the motion of living organisms (like fish, birds, insects, sheep,
bacteria...). Such typical organizations can occur despite the very limited com-
munication abilities of the individuals. Many efforts have been produced to
set up mathematical models that can describe the emergence of such structures
[1, 13, 25, 8, 9, 14, 15, 23, 24, 26, 28, 29]. Experiments can also be performed
with robots [20]. Most descriptions are individual-based, and are expressed as
ODEs systems. By using an approach inspired from gas dynamics, hierarchies
of equations can be derived ranging from N-particles systems to hydrodynamic
models, through kinetic equations see [4, 11, 10, 12, 16, 17]. These macroscopic
models are more amenable to numerical simulations than the individual-based
coupled ODEs when the number of individuals becomes large; they are also
well-adapted to bring out the collective behavior of the population. Here, we
investigate these issues, considering the case where the individuals can feel the



signal in a very limited region of space, namely, a circular sector facing the di-
rection of their motion, delimited by the parameters ¢, 3, see Fig. 1 below. Such
a situation is discussed in [3], and, having in mind the specific application to
the description of ants foraging, in [2], where 5 = /2 is shown to be critical in
terms of stability of the trajectory that follows a given signal.

The paper is organized as follows. Section 2 is devoted to the modeling
issues: we start from an individual-based description; then, we describe the
dynamics of many interacting agents by means of a Fokker-Planck equation,
and finally, the hydrodynamic regime leads to (1.1)—(1.6). Section 3 provides
illustrations of the behavior of the solutions, based on numerical experiments.
In Section 4, we turn to the analysis of the non-linear system: we prove the
existence-uniqueness of weak solutions with bounded variation.

2 Modeling issues

This work is concerned with the modeling of the motion of self-propelled agents,
directed according to some signal. The individuals have very limited measure-
ments abilities; in particular they are able to feel the amplitude of the signal
pointwise in a certain region but they cannot evaluate gradients. The mecha-
nisms thus differ from the standard chemotaxis processes. In what follows, the
individuals have a restricted domain of observation characterized in terms of

e a “cognitive horizon™ objects located at far distance are ignored,

e a “vision cone”: individuals can feel the signal only in a cone directed by
the direction of their motion.

This measurement capability is therefore embodied into two key parameters
0<f<1and f e (0,7/2), see Fig. 1.

Agent-based model. In this model, inspired from [3], each individual moves
in the plane R? at a constant speed, and the signal produces a torque, thus
inducing a turning behaviour. The position/velocity pair for each individual is
governed by the ODE system

dt
d
7= Vet (VIO Fxave)

where we use the notation V = (a,b) € R? = V+ = (b, a), and Fx y describes
the reaction to the signal, for individuals located in X, and moving in the
direction V. Let # € R? — P(z) > 0 be the quantity that defines the signal.
(For the time being we assume that P is given and does not depend on the time
variable.) It induces the field

(2.1)

Fx v :/ e P(X +h)dh
wv) Pl



Figure 1: The domain of observation

where € (V) is the cone, delimited by the observation length ¢ and the vision

angle 3, as in Fig. 1:

C(V)={WeR? [W|< [W-V|<|W||V| cosB}.

Note that the acceleration term can be equivalently rewritten as V (t) A (V (t) A
Fx,v). By construction the model conserves the speed |V (t)], that can be fixed
to 1. It is convenient to parametrize the motion through the polar angle 6.
Namely, we set V(t) = Q(0(t)) (see (1.2)). Then, we can parametrize € (V') by

€(0,¢), and « € (§—f,64(), and, by using the change of variabes h = rQ(«),

we rewrite
9+,3
FXV—/ / P(X 4+ rQ(«)) rdrda.

0
We have

Ly = v o

dt dt V7’

and

Q)L - Q(a) = sinacos — cos asin § = sin(a — )
so that the system (2.1) can be recast as

d

th( ) = 2(0(1),

//:Jrﬁsm @)P(X + rQ(a))r dr da.



It is relevant to add some “noise effect”, which leads to consider instead the
stochastic ODE system

dX(t) = Q(O(t)) dt,

0+8
(/ / sin(d — a)P(X + rQ(« ))rdrda) dt + v2D dB;.
0

(2.3)
We refer the reader to [3] for further comments on this model.

Kinetic model. When the number of agents is large, it becomes relevant to
describe the population in terms of statistical physics, by using the particle

distribution function f(t,z,6): [, f;/ f(t,z,0)db da gives the probable number

of individuals which, at time ¢, have their position in the subdomain O ¢ R?, and
are moving in a direction characterized by the angle 6 € (£,¢'). This quantity
obeys the following Fokker-Planck like equation

0uf +0(6) VoS = 1QU), 2.4
QUf) = ds(w(w.6) T+ DO ).

where the interaction force is now embodied into

0+8
(z,0) / /0 sin(6 — a)P(z + rQ(«)) rdrda. (2.5)

Notice that it depends on the space variable, through the variation of the signal.
The derivation of the kinetic model (2.4) from the ODEs system for N individ-
uals, as N — oo, could be justified in the mean field regime. In (2.4), up to a
suitable rescaling, we have made a relaxation time 7 > 0 appear.

In order to identify the equilibrium functions that make the interaction term
() vanish, we set

0
(i, 6) = / (e, €) de,

and ,
1 us
M (2,0) = pla)e™ NP o / e ¥@0/D g,
() 0
The following lemma contains some basic properties of the function ..

Lemma 2.1. The function 6 — #(x,0) is positive, normalized (in the sense
that fo% A (2,0)d0 = 1), and 27-periodic.

Proof. The first two assertions are obvious. That .# (x, ) is 2m-periodic is a
consequence of the fact that

27

Wb(z,0)do = 0. (2.6)

0



This follows from an application of the Fubini theorem, see Fig. 2. Let I denote
the integral to be evaluated in (2.6). We have

¢ p2m+p a+p
I = / / / sin(f — «)df | P(xz + rQ(«)) rdr da
0 —B a—f

_/Of /_Z </ao_ﬂ sin(6 — a) dg) Pz +7rQ(a)) rdrda
_ /OE /;:5 (/Mﬁ sin(0 — a) d9> P(z +rQ(a)) rdrda.

2T
The first integral clearly vanishes. The last integral can be rewritten as

/Oe /;,8 </272:r+0‘+6 sin( — «) d0> P(z +rQ(a)) rdrda

¢ 48 atB
= / / / sin(0 — a)df | P(x +rQ(a)) rdrda
0o J-p 0
so that

I/OE/J: (/O[a;[gsin(ﬁa)dtQ) Pz +rQa)) rdrda=0. O

2r + 3
2w

B

éﬂ— 27 0

Figure 2: Integration domain

Hydrodynamic regime. The Fokker-Planck operator recasts as

Q) = Doy (a0, L),



and Q(f) vanishes iff f is proportional to .#. The PDE (2.4) satisfies a mass
conservation property, since [ Q(f)df = 0. Let

<§> (t.z) = /0 ) <929)) £(t,2,0) do.

Orp + div,J = 0. (2.7)

For small relaxation times 0 < 7 < 1, we expect that f(¢,z,0) ~ p(t,x).# (z,0).
Replacing f by this ansatz in (2.7), we are led to a scalar conservation law for
the density p

We thus have

Op + div,(pU) = 0,
which involves the effective velocity

U(z) = 0% Q(0).4 (x,0) do.

Definition of the signal. If the signal P is given, the model is linear. How-
ever, for many applications, the signal is emitted by the individuals themselves.
Therefore, P depends on the density of individuals. We can assume it is defined
self-consistently by the diffusion equation

0P — AP =p, (2.8)

endowed with some initial condition P(0,-). When dealing with a finite number
N € N of individuals, the right hand side is nothing but Zjvzl Iz = X,(1)),
the X;’s being defined by the ODEs (2.1), or the stochastic version (2.3).

Strictly speaking, the solution of (2.8) is not of the form (1.3), since it is
represented by a convolution with a kernel in time as well as in space. In the nu-
merical experiments that follow, we still use the physically relevant form (2.8),
even though we restrict the analysis in Section 4 to the case where the signal P
has the form (1.3).

A simplified asymptotic model. In order to simplify the computation, it
is tempting to use the truncated expansion

2
Pz +rQ(a)) ~ P(x) + rV,P(z) - Qa) + EDE;P(;U) : Qo) @ Qa).

It leads to replace ¥ (z,0) in (2.5) by the following expansion
1/]0(377 9) + wl(xa 6) + 1/]2($7 9)

based on the zeroth, first, and second order terms with respect to P. We shall
similarly express the approached equilibrium function in (1.4) under the form

Uo(x,0) + Uyi(x,0) + Ua(z, ).



We start by observing that

0+3
Yo(x // sin(d — a)rdrda =0,
6

and we set WUy(x,0) = 0 as well. Next, we shall use the basic identity

Qa)sin(@ —a) = —Q(a) 2a) - 20)*F = —Q(a) ® Qa)(0)*

5 (e (G nCe)) ) o

It leads to
d)l(l‘ 0)

——ver [ (1 () D)) e i2arda
= —%vxp(x)- [4ﬂ11+ (g —Soﬂ Q)+
with
C'=sin(2(6+ ) — sin(2(6 — B)), S = cos(2(0 — B)) — cos(2(6 + ).

We thus get

0 cos(0 + 28) — cos(f — 23)
e, 6) = 75 [ 4B9(0)* (sin(o +283) —sin(f — 25))] Vo P(2)

3

= é—(sin(2ﬁ) — 2ﬂ)9(9)L -V, P(x)

6
and from W ( fo Py (x, €) dE,
IE cosf —1
Uy (z,0) = E(5111(26) - 26) ( sin g ) -V P(x).
Finally, we compute
0-+5
Po(w,0) = / / (sin 6 cos a — cos fsin )
0
2 .
( cosa SInaltos a) r3drda: D?P(x)
sinacosa  sin®a
4 0+8 3 _1.d 3
= e—sin@ 1 o a3 2 ge [(.Jog ol da : D?P(x)
o-5 \—3aglcos’al  g4;[sin” af *
/4 046 /1 d[.034] 1.d[gind
f—cosﬁ/ < 2 e [(.:O?S, o] 34 [s;n a]> doa : D?P(x)
0-5 \ 350" sin” «



and obtain after a lengthy but standard computation,

4
Pz, 0) = %(a((?)@flP(x) +b(0)07,P(x) + c(0)03,P(x))

with 5
a(f) = 3 sin® 3'sin 26,

4
b(0) = ~3 sin® 3 cos 26, (2.9)

2
c(9) = —3 sin® 3 sin 26.

So, from Uy (x,0) = foa o (x, &) dE we get

Uy(x,0) = 5—4 sin® B[(1 — cos(20))0%, P(x)

— 25in(20)97, P(x) + (cos(20) — 1)03,P(z)].

(2.10)

3 Numerical simulations

In order to guide the intuition about the model and the behavior of the solutions,
we provide a few simulations. The computational domain is the square [0, 1] x
[0,1], endowed with periodic boundary conditions. When necessary, integrals
with respect to 6 are evaluated either with the rectangular rule, or with the
third order Simpson’s rule. We work with a Cartesian grid with steps Ax
(resp. Ay) in the horizontal (resp. vertical) direction. The conservation law is
approximated by using a standard first order scheme

. . At At
szl = Pij — E(F‘i+1/2,j - Fi—l/z,j) - Iy(Gi,j-&-l/Q - Gi,j—l/Q)'

Denoting U, V' the components of the velocity field, and s* = g\sl’ we use the

2
upwind numerical fluxes

_ + n — n L _ + n — n
Fit125 = Ui+1/2,jpi,j+Ui+1/2,jpi+l,j’ Gijt1/2 = Vz‘,j+1/2pi,j+Vi,j+1/2pi,j+1'

The time step At is fixed by taking into account the CFL condition

Uit1/2,] |Vi,j+1/2‘>

|
<
At < max ( Ar ' Ay

that preserves the positivity of the solution.

In order to reduce the computational cost, we only use the simplified model
where W is replaced by a linear expression in V,P, D2P, as explained in the
previous section. We shall briefly discuss the linear case where P is given, so
that the expression of V, P, D2P at the discretization points can be explicitely



computed. When P is defined self-consistently by (2.8), we use the implicit
scheme
n+1 d pn+1 _ n n
BT+ AHATP")i; = P+ Atpl

where A% is the standard 5 points discrete Laplacian operator. Then, we obtain
the approximations of the gradient and the Hessian of P by using finite difference
operators.

3.1 Given signal

We start with a simulation where the signal is given:
2
P($1,$2) _ ef|a:171/2| 5’

with 6 = 1/500 see Fig. 3. The vision domain is defined by ¢ = 1/10, and
B = /3. The signal attracts the individuals towards the axis 1 = 1/2, see the
velocity field in Fig. 4-left. Close to the critical axis, the horizontal components
of the effective velocity field tends to 0. The vertical component should vanish,
but numerical errors can be sensitive, that here produce a spurious vertical mo-
tion (that mainly depends on the quadrature rule used to compute the angular
integrals), see Fig. 4-right. The initial data is made of two bumps centered at
x = (1/4,1/4) and = = (3/4,3/4). Since the signal is very peaked, individuals
which are too far from the center of the signal cannot feel it and do not move at
all. The other individuals are attracted towards the axis 1 = 1/2. See Fig. 5.

signal

Figure 3: Given signal peaked on the axis x = 1/2
The second test case with a given signal deals with
P(z) = e-rrol*/5
with r = \/x2 + 22, ro = .05, = 1/1000, see Fig. 6. Horizontal and vertical

velocities are depicted in Fig. 7. We observe that the individuals are attracted

10



Figure 4: Given signal peaked on the axis x = 1/2: Horizontal velocity (left)
and vertical velocity (right)

population density

Figure 5: Given signal peaked on the axis x = 1/2: solution at T'=1.128

towards the ring of high density, where the get stuck since there is no tangential
velocity.

3.2 Self-consistent model

We turn to cases where the signal is produced by the individuals, according to
the diffusion equation (2.8). The first case, referred to as Test 1, considers an
initial data with two bumps for the individuals and a vanishing concentration
of signal. We see that individuals just concentrate to the center of mass of each

11
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Figure 6: Given signal concentrated on a ring

horizontal velocity vertical velocity

“‘\“\‘ |
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I ‘W\“l‘ﬂ‘f‘lm“tm‘h‘w‘d‘

Figure 7: Given signal concentrated on a ring: Horizontal velocity (left) and
vertical velocity (right)

bump, see Fig. 11-13.

The second case, Test 2, has a different flavor in order to capture a dynamics
more interesting than the pure aggregation. The initial density of individuals is
set uniformly to 1, but we give an initial signal, that follows the axis z1 = 1/2.
We see in Fig. 15-16 that the individuals organize to follow the initial trail, even
if the initial effect is dissipated by the diffusion equation.

We perform a similar simulation, with an initial signal making a ring. The
results of this Test 3 are depicted in Fig. 17-18.

In the previous numerical tests, we can see that the main feature of the
solutions of (1.1)—(1.6) (with (2.8)) is the aggregation of the population in the
regions where signal density is highest. In this sense, true trail following behav-
ior is not explicitly observed (in the sense of movement along the crest of a signal

12



density
T

1 T

Figure 9: Given signal concentrated on a ring: solution at 7' = .1

distribution). However, this is to be expected from a first order model, since
the introduction of the equilibrium distributions involve averages in the veloc-
ities; thus the description used here loses some information about microscopic
velocities which might “cancel out” when passing to a macroscopic regime. This
is further reinforced by the fact that the critical value § = 7/2 of the sensing
area half-angle (above which trail following was observet to fail in [2]) does not
seem to play a role in our analysis. Still, the observed behavior is not entirely
reducible to an aggregation phenomena of chemotaxis type, since (as the anal-
ysis below will show), there is no finite-time blow-up phenomena, in contrast to
many two-dimensional models of chemotaxis.
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population density

density
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06
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02

0.1

Figure 11: Coupled model, test 1: initial state (left) and velocity field

density population density

0.9

0.8

07

06

0.4

03}

02

0.1

Figure 12: Coupled model, test 1: solution at time ¢ = 13.3

14



population density population density

0.2755

0.275 -

0.2745

0.274

0.2735

0.273

0.2725

0.272

Figure 14: Coupled model, test 1: velocity field at time ¢ = 20

4 Analysis of the scalar conservation law

We turn to the analysis of the conservation law (1.1)—(1.6). We slightly simplify
the coupling compared to (2.8), restricting the analysis to a mere convolution
(1.3), with a smooth kernel E. Namely, we suppose

E € C*(R?,R) with 9°E € L>=(R?) for any a € N?, |a| < 2. (H)
For further purposes, we denote

&€= HEHgoo(W)a 1= ||ax12E||L°°(R2)7 h= HawéEHLW(JRQ)v
/1/1 = HamlxlEHLM(RQ)? 8/2/2 = HamzszHLoo(]R2)a 8/1,2 = ||8:c1:c2E||L°°(R2)a

15



population density

Figure 15: Coupled model, test 2: signal and solution at time ¢ = .03

population density

Figure 16: Coupled model, test 2: signal and solution at time ¢ = .3

population density

Figure 17: Coupled model, test 3: ignal and solution at time ¢t = .01

16



population density

Figure 18: Coupled model, test 3: signal and solution at time ¢ = .04

and

~ (2m0)?
c= D
The main result states as follows.

Theorem 4.1. Assume (H) and let pg € L' N L> N BV(R?). Then, there
ezists a unique p € C°([0,00); L'(R?)), which also lies in L>(0,T; BV (R?)) N
L*((0,T) x R?) for any 0 < T < oo, weak entropy solution of (1.1)—(1.6)
associated to the initial data pg.

Inspired from [6, 7], we proceed according to the following steps:

e for 0 < T < oo and a given o € C°([0, T]; L' (R?)), we consider the weak
solution of the linear problem

Op + divy (pU[o]) =0 on (0,7) x R?,

4.1
p|t:0 = Po- ( )

e this defines a mapping
I':o—p,

the functional properties of which rely on the estimates satisfied by o —
Ula].

e provided T is small enough, we justify that I admits a unique fixed point
in a suitable Banach space X7.

e it remains to justify that the solution has an infinite lifespan, and that it
satisfies the entropy criterion. This relies on further estimates of the total
variation of the solutions.

17



4.1 Preliminary estimates

We shall need several estimates, in L> and L! norms on the non local coefficients
and their space derivatives. The proofs are postponed to Appendix A.

Lemma 4.2 (L* estimate). Let (H) be fulfiled. Let o € L'(R?). Then, the
following estimates hold:

[W[o](z,0)| < cDE||o]| L1,
e—cSHcTHL1| < e—\IJ[o](r,Q)/D < e(:é‘HaHLl7

(4.2)
ccélloll
< -
o)) < S5
92, Wl 0) < Do .
Or,lol(a)] < I ettt (43
02,0, Wlo)(.0)| < D€}, o]
(4.4)

1 C ag 1
ulol@)] < o (c€flmllollr +3c?ELEn [lo][7y) eIl

| xkxm

Lemma 4.3 (L! estimate). Let (H) be fulfiled. Let o € L'(R?). Then, the
following estimates hold:

J [ 1901w 0)1dz < DB ol e (4.5)
/ / 100 210w, )] do < eD]0s, Bl ol 1 s (4.6
c C ag
/ 0n, o] ()] da < 5NN e® |10, B 13 oy 0| 1 o) (4.7)

// |8rkr \I/ SC 0)|d:L' < 02D2|| TkTmE||L1(R2)||O'||L1(R2) (48)

/ | 2 )|dl‘ < 020 5CSHUHL1(R2)||U||L1(R2)7 (4.9>

where

D 1
Cum = o 1y e+ DO, Bl i+ 2100 Bl el ) s e

4.2 On the solutions of the linear problem (4.1)

Next, we consider the Cauchy problem (4.1), with o : (0,00) x R? — R a given
function. This is nothing but a transport equation with smooth coefficients.

18



Lemma 4.4. Let o € C([0,+oo[; L'(R?)) N L>(0, +oo; L*(R?)). Then Uo]
is a continuous function and lies in L™ (0, 4+o00; W1°°(R?)). We have, for any
(t,z) € [0, +00[xR2,

[Ue)(t,z)|| < e*Ellzoo0mirtm) (4.10)
and
102, U] (t, )| < 26E5 10| oo (0,00;11 (r2yy e E NN e 0.0zt ) (4.11)
fork=1,2.

Proof. The continuity of U[o] is proven by direct inspection and application
of the Lebesgue theorem. The first estimate follows from (4.2) in Lemma 4.2.
Next, we observe that

27

0, Ulo](t,z) = &vku[o](t,x)/ cos(f)e VIltz0/D g9
0
1 27
~Sulol(t,7) / c05(0)0s, U[o](t, 2, 0)e=VNE20/D g,
0
(4.12)
By using (4.3) in Lemma 4.2, we obtain
10 Uo](t,2)| < cEhllo(t, o @ayet<tIoE et
+epllo(t, )| o1 ey eIt
which proves (4.11). O

Proposition 4.5. Let p € LY(R?) such that p® > 0. Leto € C([0, +oo[; L*(R?))N
L>(0, +00; L*(R?)). The problem (4.1) admits a unique weak solution p, which
satisfies p € L>=([0, +o0[; L*(R?))NC([0, +oof; L' (R?)). Moreover, if we assume
that p° € L>°(R?) is non negative, then we have p > 0 and we can find Cy > 0
such that 0 < p(t,z) < ||pol| oo (r2)et holds a. e.

Proof. Equation (4.1) is a mere transport equation where, owing to Lemma 4.4,
the velocity field is regular. As a matter of fact, we can write

Op + div,(pU[o]) =0
in the non-conservative form
Op + Ulo] - Vp + pdiv, Ulo] = 0.

We use the method of characteristics with the function (¢, z) — U[o](¢, x). Ac-
cording to Lemma 4.4, the solutions of

X'(t,z) = Ulo](t, X (t,z)), X(0,z) ==z

19



are globally defined. It allows us to express the solution of (4.1) as follows

p(t, X (t,z)) = po(z) exp < /0 t div,Uo] (s, z) ds) .

Clearly, we see that p is non negative when pg is non negative. Moreover, it
satisfies

ot L2y < 110°] L1 re2),
with an equality when the functions are non negative. We can check that ¢ —
p(t,-) is continuous with values in L!(R?). Finally, to get a L bound for p, we
need to prove that

e~ f(;‘ divy Ulo](s,z) ds

is bounded. Using Lemma 4.4 again, we obtain

e~ f(f divy U[o](s,z) ds < etCO

with
Co =2c(€) + 5/2)|\U|\L°°(0,oo;L1(R2))€4CSHUHLW“W;L”R%).
We conclude that the solution of (4.1) satisfies
Pt < [0l ne®. O

We shall see that the L estimate equally holds for the solution of the non
linear problem; it prevents the solution to blow up in any finite time, and so
the equation does not produce delta-Dirac singularities in finite time.

4.3 Fixed point
Let 0 < T' < co. We shall use the space

X1 = {0 € C([0,T], L*(R?)) such that
for any 0 <t < T, [lo(t, )| re) < (10”2 2y}

which is a Banach space with the norm

lollx, = S lo (s )z e2)-
We want to prove that the application I which associates to o € X7 the solution
p € X of Proposition 4.5 is a contraction on X, when T is small enough. The
arguments are inspired from the analysis performed in [6] for a non local model
of pedestrian flows. In turns out that we need to establish estimates on the flux
function
fo: (0,00) xRZxR — R2
(t,xz, N —  AU[o](¢t, x).

We bear in mind that this function depends on o. To be specific, we are going
to establish that o — f, satisfies certain Lipschitz continuity estimates and
that, for any 0 € Xp, f, satisfies a regularity estimate. In what follows, we
shall work with two functions 01,02 in X7, and we simply denote fi the flux
function associated to oy, for k =1, 2.
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Step 1: Estimate on 0)(f1 — f2) in L.

Lemma 4.6. There exists a constant Cy, which depends on ¢, &,||p°||11, such
that for any t € (0,00) and x € R?, we have

lOx(f1 — f2)(t, 2, )| Lo (r) < Cillog — 01| x4
Proof. Here, the flux function depends linearly on A; we thus have
(fi = f2)(t, 2, 2) = A(U[on](t, ) — Ulo](t, 2)),
and
Wi =)tz A) = Uow](t,z) — Uo2](t, )
= MmﬂmwAMQWk“*““”“%w

27
—plos] (t, ) Q(f)e VIe2ltz0/D g
0

27
= (H[Ul](tvx)fu[ag](t,x))/o Q(f)e~Iol20/D gg

2m
—M[Uz}(t,x)/ Q(0) (e—\P[ng](t,r,Q)/D _e—\I/[crl](t,x,G)/D> a0,
0

Now, we observe that

1(t,z,0) — Ulos](t, x,0)
§+8
/ / /5 sin (€ {(E*Ul)(t,x—f—rﬁ(a)) - (E*az)(t,x—i—rQ(a))] dardrdg

/ / /§+ﬁbln a)(E * (01 — 02))(t,z + rQ(«)) dardrd
= Ulo; — ai](t x,0)
which leads to
|U[o1](t, x,0) — V[oa](t, z,0)| < cDE|log — 01| x7-
Next, we make use of the elementary estimate
for any —A <w < +A4, |e¥ — 1] < e?|w).
Since the o;’s belong to X7, we have
lors — ol < 20011 a2
Hence, we set A = 2A with

A = c€p°|| L1 (g2)-
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Coming back to (4.2) yields

o¥lo1)(t,2,0)/ D—Voo] (t,2,0)/D _ 1‘ < e ct||on — o1 xp-

Writing
e—‘ll[ag](t,x,G)/D _ e—\I/[a'l](t,m,O)/D
— efql[al](t,:v,a)/D (6‘11[01}(t,z,@)/Df\Il[ag](t,a:,G)/D o 1) ,

we are led to

o~ Vlo2](t,2,0)/D _ e—\I/[al](t,x,G)/D‘ < et||on — o1 xp- (4.13)
Furthermore, we have

27
/ (e—\ll[ag](t,x,a)/D _ e—\Il[al](t,ac,f))/D) a0
0

plo](t, x) — plo2](t, ) = o o ’
/ ef\P[ol](t,wﬁ)/D de / ef\P[Ug](t,z,G)/D de
0

0
thus
ulo1](t,2) — ploo](t, @) < 2me™e€loz — o1l x,
L ce(loulixp o]
XHG ( 1 xp 2 XT)
C
S f€7A8||0'2 — O'1||XT.

2T

Therefore we get
1Ox(f1 = f2)(t, 2, N)|| < c€e™ (1 + &™) [loz — 01| x7
which ends the proof. O

Step 2: Estimate on div,(fs — f1) in L'.

Lemma 4.7. There exists a constant Cy, which depends on ¢, &,||p°||11, such
that for any 0 < R < oo, we have

su div,(fo — t,z, \)| dx

JLL zm v = otz ) )
< (102, EllL1(®2) + |02, B L1 (R2)) C2 R 02 — 01 x4

Proof. We have

div,(fo — f1)(t, 2, A) = Adiv, (U[oe] — U[o1]) (¢, x).
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We compute div, (U[oe] — U[o1]) by using (4.12) and we reorganize terms as
follows

div, (Ueo] — Uloq]) (¢, )

= (On,pulo2](t,2) — 8351/1[01](t,ac))/027r cos(@)e~ VIolt2.0)/D qg
+0x, plo](t, ) /0% cos(0) (e*W[@l(t»xﬂ)/D - 6*@[01}@@,0)/17) a0
+ (O, 1lo2) (8, ) = Oy plona ) (t, ) /O 7 gin(8)e Vel e 0)/D g
+0u, 1lo1](t, ) /O27T sin(f) (e*‘l’[@](t@ﬁ)/[) _ e*‘I’[Ull(m’@)/D) do

+— (ufo2](t, z) —,u[al](t,x))/o ﬂCOS(G)GQ;I\I/[UQ](t,x,@)e“l’["ﬂ(t’xﬂ)/[) de

Sl- 9=

+ L o)t ) / " cos(6)

(00, Wlon) (8, ) MNP _ 5, Wiyt e Heelt= /DY g

+% (ulo2](t, x) = plon](t, x)) /O ﬂSin(e)amz\ll[ag}(t,x,H)e“l’[‘”](t@ﬂ)/D 0

1 o
5 ulol(t, ) / sin(0)
X (amxlf[al](t,x,a) Vnlte0/D _ g, Wloo)(t, ,0)e *‘P[fle(f”)/D) de.

Since ¥ depends linearly on o, we get

8“\1’[01}(75 x, 9) —V[o1](t,x,0)/D __ O, \11[0'2}(75,.’17, e)e—W[az](t,x,é))/D
= 0., V[0 — 03](t, x,0)e” VIealt.0)/D

+8,, U[ow](t, 2, 0) ( V[o1](t,2,0)/D _ e—q/[azl(t,w,e)/p) '

Going back to (4.6), together with (4.13), we arrive at

Il

< eDeM0n Ellpr w2y lloz — o1llx, + CDEE 04, El| 11 g2y o2 — 01l x0 X |02l x1-

Oz, W[on](t, ,0)e VNGO — 5 Wgy)(t, a,0)e V122D g

Furthermore, we have

asz[O'Q}(t JJ) - 8Iku[01](t) (E)
27
- % azk@[aﬂ(t? €, Q)G_W[UZ](t)Le)/D d¢ |/~L[0—2](t7 1’)|2
0

1 2

D 02, W[o1](t, @, 0)e V120D 46| o] (t, 2)
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1 27
= 5/0 (00, (o] (¢, 2, ) ¥IoaI0w0)/

_8Ik‘l/[al](tax70)eiw[gl](t7$ﬁo)/D> do |/,L[O'2](t,l‘)|2

1 2w
5 [ O otz 0)e MO g (|1, 2] — [l (1,2) )
0

Similarly, the L' norm of this quantity can be dominated by
C2||0, Bl L1 2y o1 — 02| X1

with a certain constant Cy that depends on ¢, é&,]||p°||z:. This allows us to
conclude, bearing in mind that

//]R sup ||div,(f1 — f2)(t,z, A)|| dz dt

2 0<A<R

< R//RZ dive (Uor] — Uloa)) (¢, )| dzdt. O

Step 3: Estimate on Vdiv, f in L.

Lemma 4.8. There exists constants Cs and Cy, depending only on ¢, D, &, |0°|| 11,
on &1,&,, and on the L' norm of the first and second derivatives of E, such
that, for any 0 < R < oo

// sup || Vdivy f(t, 2, )| dz < R(Cs + Cullp°|| 1 r2)) |0°]| 11 (r2)-
R2 0<A<R

Proof. We have
Vdiv, f(t,z, A) = A (0, div, Uo], O, div, Uo])
so that the difficulty reduces to discuss the L' norm of
0z, div, Ulo](t, x)
oy

27
=03 N[U](iﬂ)/ cos(&)e*‘l’[”](wﬁ)/D a6
0

21
~ Lo, uel@) / c08(0)0s, U] (z, 0)e~T110/D g
0

D
2m
~50nlol(@) / cos(0)0;, o] (x, 0)e 11O/ dg
0
2m
*%u[a}(z)/o cos(6)82, ,, (o] (x, B)eVN=O/D g9
27
+§M[0](w) /0 c0s(0) 0., V(o] (2, 0) Do, ¥[0] (z, 0)e~ VIO /D g9
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+0?

LT

27
plo)(z) / sin()e~V1el@0)/D g
0

1 27
L0, lo])(x) / §in(6)d,, Vo] (z, 0)e—VN=0/D gg
0

27
—%&cku[a](x) / sin(0)d,, ¥[o](z, §)e Y1 =O/D 49
0

2T
_%”[UKZ‘)/ Sin(@)@ikm\ll[a}(x,H)e—q’[U](m>9)/D do
0
1 27 . i
+ﬁu[0](w)/0 sin(0)d,, V[o](z, 0)d,, Vo] (x, )e ¥1o1@0/D qq,

We use Lemma 4.2 and 4.3 to conclude. We use one L' bound and L™ bounds

for every product. The L' norm are 82, , ulo], Oz, plo], for the first, second,

third, sixth, seventh, eighth terms and 02 , ¥[o], 0,, ¥[o] for the forth, fifth,

TrTy

nineth and tenth terms. We observe that C3 depends on the L' norm of the
second derivatives of E, while Cy depends on the products 1 ||0,; E||L1gr2). O

Theorem 4.9. Let p° € L'(R?) N L> N BV (R?) such that p° > 0. There exists
Ty > 0 such that there exists a unique weak entropy solution on [0,Ty] to

ip + diva(pUlp]) =0,
{ p(0,z) = p°(x). (4.15)

Proof. Let us start by introducing a few notations. Let
/2
Wy = / | cos(6)|? d6.
0

We also set
k= ||oxdive (f1 — f2)llLee, Ko = 5[[VOAfl[Le.

We have
6$diV$(f1 — fg) = divm(U[Ug] - U[O'ﬂ)

Reproducing the analysis in Lemma 4.7, we obtain
k< Co(&) + €5)e™ on — 01| xp < 2C2(€] + €5)e™ %] 1 m2).-

Moreover, observing that

Vorf = VUo],
we obtain
Ko < 5e(€] + &4)|lol|xpeteCNolxr < Be(€] 4 5)]10°) 11 raye ™.

Setting k1 = max(k, o), we finally observe that
ehos _ phs

< gef1s
Ko — R
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Let us denote
R(T) = [|0°[| poe m2ye ™,
which is the L* bound obtained in Proposition 4.5. Finally, let
K(T) = e T [C’lTV(pO) + R(T)(CsT + 06)}
with
Cs = 2WrC1(Cs + Culp” | L1 @) 1°[| Lo m2)
and
Cs = Co(||0z, Bl 11 ®2) + 110, Ell 11 22))10° | Low (R2)-
The function ¢ — tK(t) is continuous and satisfies
tK(t

), =0, Jim ¢ (1) = +o0.

Hence, there exists T7; > 0 such that
T'K(Th) =1/2 and 0 < tK(t) < 1/2 for any t € (0,T1).
Using [19, Theorem 2.5], we have for ¢t € [0, T1],

[ ortt) = patt.a) da

enot _ emt

< WTV(/)O)HaA(fl — f2)llzee

t ko(t—s) _ k(t—s)
—|—2W2</ e e
0 Ko — R

« //R sup IIVdivmfl(s,x,A)IldfcdS)Iax(fl—fz)llm

2 0<KA<R(T)

t
+/ e}{(t—s) // sup ||d1vw(f2 — fl)(87l‘7 A)H dl‘ dS-
0 R

2 0<A<R(T)

Owing to Lemma 4.6, 4.7 and 4.8 we get, for ¢ € [0,T1],

[ i) = patt.a) da

<t TV (") CLlloe — o1l x,
t
s2w ([ (0= e IR(T)Ca + Call )l ey ds ) oz = s
0
t
+ / IR Co((102, Blls 82) + 100, Ell 1 z2) o2 = 01| x ds
0
< tK(Th)|lo2 = o1llxy,

< §||02 — 01l xg, -

Therefore, the mapping o — p is a contraction on X7, and admits a unique
fixed point. It gives a solution to the problem. O
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4.4 BV estimates and infinite lifespan

Proposition 4.10. There exists a constant Cy, depending only on ¢, D, &, ||p°|| 11,
%N e, €1, 8%, and on the L' norm of the first and second derivatives of E,
such that the solution of Theorem 4.9 satisfies

TV (p(t)) < (TV(p°) 4 CrteT1C0)erot,
for any t € [0, T1].

Proof. We keep the same notation as in the proof of Theorem 4.9. Using [19,
Theorem 2.2], we have

TV(p(t) < TV(p")er"

¢
—|—2W2/ ero(t=9) // sup [|Vdivy, f(s,z, \)||dzds.
0 R

2 0<A<R(t)
By using Lemma 4.8, we are led to
TV(p(t)) < TV(p°)e + 2Wste™ R(T1)(Cs + Cal|p°|| 11 w2y 10°] L1 (m2)-
We get the announced property with
Cr = 2Wal|p° || L= @2) (Cs + Cullp® | L1 @2))1p° 171 g2y O

Theorem 4.11. Let p° € LY(R?) N L> N BV (R?) such that p° > 0. There
exists a weak entropy solution on Rt to

dup + diva (pULp]) =0,
{ p0,2) = p°(a). (4.16)

Proof. We construct now the solution on [T}, T, 1] starting at the left end
time from the initial data p(7},). Since the L! norm is preserved, terms with
%] L1 (r2) are unchanged. The estimate on TV(p(t)) is not that simple.

We set Ty = 0 and we assume we have constructed the solution on UZ;& [T, Tiet1]-
Using Proposition 4.10, going from 0 to t € [0, T;,], we have

TV (p(t)) < (TV(p°) + Crteln 0 )eror.

Ko(T) = et T=T)(TV(p) + CrT,eTnCo)eroTny
+(T - Tn)e"l(T*Tn)eTn+1CoC5 + 6n(T7Tn)eTCOC6'

We observe that

(T — Tn)Kn(T)\T:Tn =0, lim (T — T,,)K,,(T) = +o0

T—o0
so that, by continuity, we can find T}, 11 > T}, such that

(Tost — Ty Kn(Tost) = % (4.17)
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Having at hand this definition, and using the same notations as above, we are
going to show that I is still a contraction which allows us to construct a solution
to the non linear problem on [Ty, Ty 1]

Using [19] and starting from T;,, we have for ¢t € [T},, T\,11],

[ ortt.) = e ) o

t
< ((t —T,)e =TIV (p(T,)) O + / (t — s)er1 (=9 Tty ds
Th
t
< (t-Tn) <e"‘1(tT")TV(p(Tn))Cl + (Tgr — Ty ) Tl e Co o
+eﬁ(tTn)8Tn+ICOOG> ”0'2 - (71||XTn+1
< (t—T,) (em(TnHTn)(TV(pO) + C7Tn€TnCo)enoTn o
+(Tn+1 _ Tn)em(Tn-H—Tw,)eTn+1COCS + eR(Tn+1—Tn)eTn+1COCG>
X|loz = o1l xr,
< (t- Tn)Kn(Tn+1)||‘72 — 01 HXT

n1

1

< 5”02 - 0'1||XT”+1 :

We have a contraction and we get a solution on [T},,T,,+1] which leads to a
solution on J;'_o[Tk, Tk+1]. Then by induction, we have obtained a solution on
Uren[Tw, Try1]. We end the proof by showing that 7}, — 400 when n — +oo0.
By construction the sequence (Tn)n en 18 strictly increasing. Let us assume that
this sequence is bounded, so that T,, — T < +o00 as n — co. By the definition
of K,,, we see that the sequence (Kn (Tn+1))neN is bounded too. Furthermore,
Th+1 — T, — 0 so that the left hand side in (4.17) tends to 0 as n — oo, a
contradiction. We conclude that (7,)nen is not bounded and 7, — +oo. O
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A  Proof of the technical lemmas

Proof of Lemma 4.2

We start by noticing that
(B x0)(@)| < |[EllLe@llolle @2 = Ellollo @),

which implies

£+8
Wo](z,0)] < /// (B % 0)(x + rQ(a) dard r dé
§—
5+,3
< 6/// 8||O’||L1(R2)d04d7“df
&—
S 27T€) 8||O’||L1(R2

It follows that
e_CEH‘THLl(RQ) < e—‘ll[a](m,e)/D < eCSH‘THLl(RQ)_

We also obtain

ulo)(@)] < g-etIlen.
™

Next, we have

§+B8
0z, Vo](xz,0) /// sin(€ — @) (0, E % 0)(x + rQ(a)) dardrdg
§—

and )
O, pilo](z) = 7|“["]l§x)| By, (0] (z, §)e~ Y171 @O/D gg.
0
We get
100, P[o] (2, 0)] < (270)*EL [0l L2 (re)
and
O, pl0)(@)] < 2mcillo] paye 17Nt e |ulo](x)]”
¢ g
< Eehlollee e,
Finally, we have
§+8
92 4, 9[o)(,0) / / / sin(¢ — ) (02 4, B x 0)(z 4+ rQa)) dardrdf
§—
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and
0;,0,1l0)(2) = M 02, W[o](x, 0)ePIN=O/D gg
0
_lulol@)P
D2
2 2m

+= [ 0, Wo)(x,0)e MDD 4G x plo](2)d, ulo](2):
D 0

0, U[o](2,0)0,, U [0](x,0)e~ VI1@0/D gg

Hence, we get
U[o](z,0)| < (2m0)*E |0l L1 (r2)

‘ TI]

and

|mkwlu[a](m)| < %2#(2776)28%1||U||L1(R2)ecs”‘7”L1<R2> LQZCEHUHLI(RQ)

(2m)?
1 cEllo 1 2c€||o
+ 52 2m(2m0)* €yl ey (270 € o 1 ey e ol a2, e ol 1 ey
2 1
+52w(2w£)28;||a||L1(R2)663||“|\L1<m2> ¢ ectllollneey & o &rlloll gaye®Elolr e

3c?
< ( Eullollr ey + Ex€illala &) 5 >65ce|a||L1<R2)_

Proof of Lemma 4.3

Estimate (4.5) is a direct consequence of

/R2 (B +0)(2)| de < [|E[| L1 @2 llo]| 21 22)-

We obtain (4.6) and (4.8) similarly. Next, we write

J[., rusileia s

It proves (4.7). Eventually, we have

// | Tk ulo](z)| dx
o Elell 1 e2eclell
C Ll(RQ (&3 o L1(1R2)
D/ // 162 2 o (z,0)| dz dbe @ )2

2
cEllo 1 c&llo
DQ/ / |5Ik\I![ ](CL' 9)\dxd90D€ ||U||L1(]R2) Ell ”Ll(le)We2 €l HLI(R2)

IN

2m cello] e?
—_ - ' , L1(R2)
= ][0 wlo)(w.0)] dne :

o2 ||C’||L1(R2)

< € p3eelolip

o |00, E|| L1 m2) |0 ]| L2 (R2)-

2
D/ // |02, ¥[0] xﬁ)ldzdoece”"”wﬂe% e N7 lure®) = g o] 17
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1 1
< EC2D2”azkz EHLl(]RQ)HJHLl(RZ)276368"(7'&1(“&2)
m 71_
+LCD||8 E”Ll R2 ||O'||L1 R2 cDE' ||0'||L1 R2 ie?’c‘gHUHLl(D?\2)
12PN, Bl @2 llollor 2y eDE o]l 2 ) 5 -
2 c C g
+50D”8meHL1(R2)HO'HLI(]RZ)%ELHUHLI(RQ)CS Ellollr @),
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