
STICKY PARTICLES AND SCALARCONSERVATION LAWSYann Brenier and Emmanuel Grenier�
Abstra
tOne dimensional s
alar 
onservation laws with nonde
reasing initial 
on-ditions and general 
uxes are shown to be the appropriate equations todes
ribe large systems of free parti
les on the real line, whi
h sti
k under
ollision with 
onservation of mass and momentum.Introdu
tionThere has been a re
ent interest for the one dimensional model of pressure-less gases with sti
ky parti
les. This model 
an be des
ribed at a dis
retelevel by a �nite 
olle
tion of parti
les that get stu
k together right after they
ollide with 
onservation of mass and momentum. At a 
ontinuous level,the gas 
an be des
ribed by a density and a velo
ity �elds �(t; x), u(t; x)that satisfy the mass and momentum 
onservation laws�t�+ �x(�u) = 0; (1)�t�u+ �x(�u2) = 0: (2)This system 
an be formally obtained from the usual Euler equations forideal 
ompressible 
uids by letting the pressure go to zero, or from theBoltzmann equation by letting the temperature go to zero. This model ofadhesion dynami
s is 
onne
ted to the sti
ky parti
le model of Zeldovi
h[18℄,[16℄, whi
h also in
ludes gravitational intera
tions and has interestingstatisti
al properties. (See [6℄ as the most 
omplete and re
ent referen
e.)�Universit�e Paris 6 and ENS, DMI, 45 rue d'ULM, 75230 Paris Cedex, Fran
e.1



BRENIER-GRENIER : STICKY PARTICLESFor smooth solutions and positive densities, (2) is equivalent to the invis
idBurgers equation �tu+ �x(12u2) = 0; (3)whi
h has been studied from a statisti
al point of view in [15℄,[14℄. However,the redu
tion to the invis
id Burgers equation is not 
orre
t for general data.Bou
hut [2℄ pointed out some mathemati
al diÆ
ulties to get a rigorousderivation of the sti
ky parti
le model (1), (2). First, at the 
ontinuouslevel, � must be 
onsidered as a nonnegative measure, with possible singularparts, and not as a fun
tion. Se
ond, the velo
ity �eld must be well de�ned� almost everywhere. Third, the system of 
onservation laws has to besupplemented by some entropy 
onditions, and the most obvious 
ondition,say �t(�U(u)) + �x(�uU(u)) � 0; (4)for all smooth 
onvex fun
tion U , turns out to be insuÆ
ient to guaranteeuniqueness for pres
ribed initial values, as observed in [2℄. After [2℄ andindependently, Grenier [7℄ (see also [8℄ and [4℄) and E, Rykov and Sinai[6℄ proved the global existen
e of measure solutions to system (1), (2),(4),obtained as limits of the dis
rete solutions when the number of parti
lesgoes to +1 with bounded total mass and initial velo
ities. Similar results
an also be dedu
ed from the theories independently developed by Bou
hutJames [3℄ and Poupaud Ras
le [11℄ for linear transport equations. In thepresent paper, we show that the 
ontinuous model 
an be fully des
ribed, inan alternative and more straightforward way, by s
alar 
onservation laws,with non de
reasing initial 
onditions, general 
ux fun
tions and the usualKruzhkov entropy 
ondition (for whi
h, we refer to [13℄). These s
alar
onservation laws are not the invis
id Burgers equation (3) and their 
uxfun
tions depend on the initial data �(0; :) and u(0; :). We also relate the
ontinuous model to the Hamilton-Ja
obi equation and provide two kineti
formulations. In addition, we indi
ate how the pressureless system (1),(2),without entropy 
ondition (4), 
an be dire
tly re
overed from s
alar 
on-servation laws, by using standard BV 
al
ulus [17℄. However, the dire
tre
overy of (4) from Kruzhkov's entropy 
ondition seems un
lear ex
eptin the parti
ular 
ase of pie
ewise smooth solutions, for whi
h we give anelementary argument. 2



BRENIER-GRENIER : STICKY PARTICLES1. Sti
ky parti
les and s
alar 
onservation lawsLet us 
onsider n parti
les on the real line. We des
ribe the i�th parti
leby its weight, position and velo
ity Pi(t) = (mi(t); xi(t); vi(t)) at time t � 0.We say that this set of parti
les has a sti
ky parti
le dynami
s with initial
onditions (mi; xi; vi), with x1 < ::: < xn, if� mi(t) = mi for all t � 0,� xi(0) = xi and vi(0) = vi,� the speed of Pi is 
onstant as long as it meets no new parti
les,� the speed 
hanges only when sho
ks o

ur : if at t0 there exists j su
hthat xj(t0) = xi(t0) and xj(t) 6= xi(t) for all t < t0 thenvi(t0+) = Pj=xj(t0)=xi(t0)mjvj(t0�)Pj=xj(t0)=xi(t0)mj : (5)Noti
e that only a �nite number of sho
ks 
an o

ur be
ause parti
les re-main stu
k together after a sho
k. Moreover, we observe, as the total mo-mentum is 
onserved through the sho
ks, that the speed of the parti
les isde�ned, for positive t, bymix0i(t) = Xj=xj(t)=xi(t)mjvj; (6)for i = 1; :::; m, where x0i denotes the right time derivative of xi(t). In otherwords, the parti
les having the same position at time t move together at thesame speed and their total momentum is the sum of their initial momentum.Noti
e that a dis
rete and exa
t algorithm 
an be straightforwardly designedto 
ompute the solutions (by properly ordering the possible 
ollision times).This s
heme is strongly reminis
ent of Dafermos' [5℄ (see also [9℄) polygonalapproximation methods for s
alar 
onservation laws, where ea
h parti
le
orresponds to a jump of an entropy solution of a s
alar 
onservation lawwith a pie
ewise linear 
ontinuous 
ux fun
tion. Thus, we 
an expe
t thatthe 
ontinuous limit of the sti
ky parti
le dynami
s is properly des
ribedby a s
alar 
onservation law. Indeed, we show
3



BRENIER-GRENIER : STICKY PARTICLESTheorem 1..1 Let n sti
ky parti
les, with initial weight mi, position xi andvelo
ity u0(xi), where u0 is a �xed given bounded 
ontinuous fun
tion on R,and the total mass is normalized Pj mj = 1. Assume that the xi belong toa �xed 
ompa
t interval [�R;+R℄ andXj mjÆ(x� xj)! �0(x)weakly on x 2 R, when n! +1. Then, for ea
h t � 0Xj mj(t)Æ(x� xj(t))! �xM(t; x)weakly on x 2 R, where M is the unique entropy solution of the s
alar
onservation �tM + �x(A(M)) = 0; (7)with initial 
ondition M(0; :) =M0 given byM0(x) = �0(℄�1; x℄) (8)and 
ux fun
tion A(m) = Rm0 a(m0)dm0, wherea(m) = u0(x); (9)for all M0(x�) � m < M0(x+) and x 2 R.We use the following elementary lemma on probability measures :Lemma 1..1 Let (�n) be a sequen
e of probability measures on R supportedon a �xed 
ompa
t subset of R and let Mn be the 
orresponding distributionfun
tion Mn(x) = �n(℄�1; x℄):Then the following statement are equivalent. i) �n ! � weakly ii) the L1norm of Mn �M on R goes to zero, whereM(x) = �(℄�1; x℄);iii) for all nonde
reasing C1 fun
tion B on [0; 1℄ su
h that B(0) = 0, B(1) =1, �x(B(Mn))! �x(B(M))weakly. 4



BRENIER-GRENIER : STICKY PARTICLESProof of Lemma 1..1Let us �rst assume ii). Be
ause Mn � M ! 0 in L1(R), �n ! � holdstrue in the sense of distributions sin
e �n = �xMn, � = �xM . Be
ause�n and � are nonnegative distributions, this means that �n ! � weakly inthe sense of measures. If B is a nonde
reasing C1 fun
tion on [0; 1℄ withB(0) = 0, B(1) = 1, then we 
an apply the same reasoning to B(Mn)(instead of Mn) and dedu
e that �xB(Mn) is a probability measure andweakly 
onverges to �xB(M) when n ! +1. Thus iii) holds true. Sin
ei) trivially follows from iii), let us now prove that i) implies ii). We usea 
lassi
al result of measure theory [12℄ asserting that, if �n ! � weaklyand is supported on a �xed 
ompa
t set, then R f(x)d�n(x)! R f(x)d�(x)is true for all bounded � Riemann integrable (that is 
ontinuous on a setof full � measure) fun
tion f . For Lebesgue almost every �xed y 2 R,�(fyg) = 0 and therefore f(x) = H(x � y) is � Riemann integrable in x.Thus Mn(y) = �n(℄ �1; y℄) ! �(℄ �1; y℄) = M(y) for Lebesgue almostevery y 2 R. Sin
e Mn = M outside of a �xed 
ompa
t subset of R, theLebesgue dominated 
onvergen
e theorem implies thatZR jMn(y)�M(y)jdy! 0;whi
h proves i) and 
on
ludes the proof of Lemma 1..1.Proof of Theorem 1..1To prove Theorem 1..1, we �rst observe that already at the dis
rete level,the sti
ky parti
le dynami
s is des
ribed by a s
alar 
onservation, withappropriate initial values and 
ux fun
tion. Then, we rely on standardresults on 
onservation laws [13℄ to 
on
lude. Let us be more pre
ise. Wedenote, for ea
h t � 0, �n(t; x) =Xj mjÆ(x� xj(t));and Mn(t; x) = �n(℄�1; x℄) =Xj mjH(x� xj(t)); (10)where H is the Heaviside fun
tion (with H(0) = 1). Now, we denoteM0n(x) =Mn(0; x), then set an(m) = vi; (11)5



BRENIER-GRENIER : STICKY PARTICLESfor M0n(xi�) � m < M0n(xi+) and i = 1; :::; n, and �nally de�ne the Lips-
hitz 
ontinuous, pie
ewise linear 
ux fun
tionAn(m) = Z m0 an(m0)dm0: (12)Then, we observe, in the spirit of [5℄, [9℄Proposition 1..2 The fun
tion Mn(t; x) de�ned by (10) is the unique en-tropy solution of the s
alar 
onservation�tMn + �x(An(Mn)) = 0; (13)with M0n(x) as initial 
onditions.Let us �rst assume this Proposition and end the proof of Theorem (1..1).By assumption and Lemma 1..1, we know thatZR jM0n(x)�M0(x)jdx! 0;and �xB(M0n)! �xB(M0);weakly, for all nonde
reasing C1 fun
tion B on [0; 1℄ su
h that B(0) = 0,B(1) = 1. Sin
e u0 is 
ontinuous, it follows that< �x(B(M0n)); u0 >!< �x(B(M0)); u0 >;where < :; : > denote measure bra
kets. This is still true for all C1 fun
tionB. By de�nition (11), this exa
tly meansZ 10 an(m)B0(m)dm! Z 10 a(m)B0(m)dm:Sin
e the an are uniformly bounded by the sup norm of u0, we dedu
e thatan ! a for the weak-* topology of L1. Now, if we 
onsider any C1 fun
tionU on [0; 1℄ and de�neAn;U(m) = Z m0 an(w)U 0(w)dw; AU(m) = Z m0 a(w)U 0(w)dw;then An;U uniformly 
onverges to AU on [0; 1℄. Next, standard results ons
alar 
onservation laws [13℄ show that, for all T > 0,sup0�t�T ZR jMn(t; x)�M(t; x)jdx! 0;6



BRENIER-GRENIER : STICKY PARTICLESwhere M is the unique solution of (7). (Indeed, the Mn �M are 
ompa
tin C([0; T ℄; L1(R)) and we 
an pass to the limit in all entropy inequalities�t(U(Mn)) + �x(An;U(Mn)) � 0;for all C1 
onvex fun
tion U .) Using again Lemma 1..1, we dedu
e, for allt � 0, �n(t; x)! �xM(t; x);weakly, whi
h is enough to prove Theorem (1..1).Let us now prove Proposition (1..2). As Mn is pie
ewise 
onstant, it issuÆ
ient to 
he
k that the sho
ks at xj(t) (1 � i � n), whi
h are of �nitenumber, satisfy Rankine Hugoniot and entropy 
onditions of (7) at xj(t).But Mn(xi(t)+)�Mn(xi(t)�) = Xjjxj(t)=xi(t)mjand An(M(xi(t)+))� An(M(xi(t)�)) = Xjjxj(t)=xi(t)mjvj;therefore, using (5),vi(t)[Mn(xi(t)+)�Mn(xi(t)�)℄ = [An(M(xi(t)+))� An(M(xi(t)�))℄whi
h is exa
tly the Rankine Hugoniot for (7).Mn satis�es entropy 
onditions providedAn(�)� An(M(xi(t)�))� �M(xi(t)�) � vi(t): (14)Noti
e that as An is pie
ewise linear, it is suÆ
ient to 
he
k (14) for � of theform Pj�i0 mj. But (14) is exa
tly the dis
rete version of the GeneralizedVariational Prin
iple studied in [6℄ and is a 
onsequen
e of the followingvery simple bary
entri
 lemma (used in [4℄ and [7℄)Lemma 1..2 Let t � 0 and let us assume that xi(t) = xj(t) for i0 � i; j �i1 and that xi(t) = xi0(t) implies i0 � i � i1. Then for i0 � k � i1,Xi0�j�kmjvj(0)Xi0�j�kmj � Xi0�j�i1mjvj(0)Xi0�j�i1mj (15)7



BRENIER-GRENIER : STICKY PARTICLESTo end the proof of Proposition (1..2), just noti
e thatAn(�)� An(M(xi(t)�))� �M(xi(t))�) = Xi0�j�kmjvj(0)Xi0�j�kmjwhen � = Pj�kmj, and thatvi(t) = Xi0�j�i1mjvj(0)Xi0�j�i1mj :Now to prove Lemma (1..2), just observe that when a group of parti
les hitsanother group of parti
les, the averaged velo
ity of the left group of parti
lesde
reases. But the group of parti
les i0 � j � k only meets parti
les onits right by de�nition of i0 (before time t). Therefore its averaged velo
itywhi
h equals (Pi0�j�kmjvj(0))(Pi0�j�kmj)�1 at t = 0 is greater than itsaveraged at time t+, whi
h is also the mean velo
ity �v of the set i0 � j � i1by de�nition of i0 and i1. But by 
onservation of momentum through thesho
ks, �v equals (Pi0�j�i1 mjvj(0))(Pi0�j�i1 mj)�1, whi
h ends the proof ofthe Lemma.2. Re
overy of the pressureless gas equations withoutentropy 
onditions.Theorem 2..1 Let M(t; x) be a weak solution of (7),�xM � 0; (16)M(t;�1) = 0, M(t;+1) = 1. Let�(t; x) = �xM(t; x) and q(t; x) = �x(A(M(t; x))): (17)Then q is uniformly 
ontinuous with respe
t to �, and there exists u(t; x)with q = u�. Moreover, (�; u) satisfy (1) and (2).8



BRENIER-GRENIER : STICKY PARTICLESProofM is a bounded BV fun
tion in spa
e time. (Indeed �xM(t; x) is a boundedmeasure on ea
h �nite interval [0; T ℄ of total mass T , sin
e �xM � 0, and�tM(t; x) therefore is a bounded measure be
ause of (7)). Using BV 
al
ulus[17℄, we 
an de�ne a Borel fun
tion a(t; x) valued in [inf u0; sup u0℄, uniquelyde�ned for �xM almost every (t; x), su
h thatr(A(M(t; x)) = a(t; x)rM(t; x) (18)holds in the sense of ve
tor valued measures, where r = (�t; �x). Let usde�ne �(t; x) = �xM(t; x); (19)q(t; x) = �x(A(M(t; x))) = a(t; x)�xM(t; x) (20)and the Radon-Nikodym derivativeu(t; x) = a(t; x); (21)uniquely de�ned for � almost every (t; x). Then (1) immediately followsfrom (the weak form of) (7) di�erentiated (in the distributional sense) withrespe
t to x. To get (2), we write�tq = �2tx(A(M))(by (20) and (7)) = �x(a�tM) = ��x(a2�xM)(by (18), twi
e, and (7) on
e again)= ��x(�u2)(by (21). Thus both 
onservations of mass and momentum are easily derivedfrom the weak form of (7).Remarks on entropy 
onditionsThere does not seem to be any easy way to re
over (4) from the usualKruzhkov's entropy 
ondition for s
alar 
onservation laws. However, let usre
all that (4) is not suÆ
ient to assure the uniqueness of the solution of(1,2), as noti
ed in [2℄. If we 
onsider for instan
e the evolution of two9



BRENIER-GRENIER : STICKY PARTICLESparti
les (when � is the sum of two Dira
 masses), (4) merely says thatsome kineti
 energy is lost during a sho
k, but does not say that the parti
lesremain stu
k after they 
ollide, for instan
e free transport of a �nite numberof parti
les satis�es (4), whi
h is far from the desired behaviour.In fa
t the entropy 
ondition (4) is 
ompletely embedded in our formalism.More pre
isely, �xM � 0 
an be seen as a kind of entropy 
ondition : as the
ux A is independent on time, the monotoni
ity ofM implies that parti
les
an not 
ross, and therefore that, at a dis
rete level, parti
les have a sti
kybehaviour. If M is a sum of Dira
 masses, this implies uniqueness, and (4).Now, the monotoni
ity of M is preserved by time evolution if M satis�esthe usual Kruzhkov's entropy 
onditions asso
iated to (7). Therefore, at thedis
rete level, the Kruzhkov's entropy 
onditions on (7) are stronger than(4) (whi
h is not suÆ
ient to enfor
e uniqueness of (1, 2)).Therefore Kruzhkov's entropy 
onditions appear to be the natural entropy
onditions for the sti
ky parti
le dynami
s. The problem of �nding the rightentropy 
onditions to 
omplete (1, 2) is however open.Noti
e moreover that at the dis
rete level, the sti
ky parti
le dynami
ssatis�es, i < j, vj(t)� vi(t)xi(t)� xj(t) � 1t (22)(see [4℄, [7℄). In fa
t (22) is a natural entropy 
ondition, whi
h leads when� is a sum of a �nite number of Dira
 masses to uniqueness of the solutionof (1,2). Its 
ounterpart at the 
ontinuous level would be�xu(t; x) � 1t :3. Link with the Hamilton-Ja
obi equation.It is known that the potential	(t; x) = Z x�1M(t; y)dy: (23)is a vis
osity solution (in the sense of Crandall Lions) of the Hamilton-Ja
obiequation �t	+ A(�x	) = 0 (24)10



BRENIER-GRENIER : STICKY PARTICLESif and only if M is an entropy solution to (7). Sin
e the initial 
ondition	0 = 	(0; :) is 
onvex, the (se
ond) Hopf formula [1℄ asserts that the uniquevis
osity solution with 	0(x) as initial 
onditions is given by	(t; x) = sup0�m�1fxm� �0(m)� tA(m)g; (25)where �0 = �(0; :) and � = 	� denotes the Legendre-Fen
hel transform�(t;m) = supx2Rfxm�	(t; x)g: (26)(For ea
h t � 0, the re
ipro
al fun
tion of x 2 R ! M(t; x) 2 [0; 1℄ is thepartial derivative of �(t;m) with respe
t to m.) In short, we have	(t; :) = (	0� + tA)�; (27)where ? denotes the Legendre-Fen
hel transform, whi
h geometri
ally meansthat, at time t � 0, �(t;m) is the 
onvex hull of �0(m) + tA(m) on theinterval 0 � m � 1.This 
orresponden
e with the Hamilton-Ja
obi equations is true both at the
ontinuous and dis
rete levels. Let us examine the formulae in the dis
rete
ase. We have �0n(m) = x1m+ n�1Xi=1(m� iXj=1mj)+(xi+1 � xi): (28)We 
an express An in a similar way asAn(m) = v1m + n�1Xi=1(m� iXj=1mj)+(vi+1 � vi): (29)So, �n(t;m) = x1(t)m+ n�1Xi=1(m� iXj=1mj)+(xi+1(t)� xi(t)); (30)where xi(t) denotes the position of parti
le i at time t, is nothing but the
onvex hull on the interval m 2 [0; 1℄ of(x1 + tv1)m+ n�1Xi=1(m� iXj=1mj)+(xi+1 + tvi+1 � xi � tvi)(whi
h would 
orrespond to a 
ollisionless parti
le dynami
s). Noti
e thatthis formula yields an eÆ
ient algorithm to 
ompute the exa
t positions ofn sti
ky parti
les at a given positive time T without following the detailedintera
tions o

urring when t 2 [0; T ℄. Indeed, 
onvex hull 
an be 
omputedin O(n logn) elementary operations.11



BRENIER-GRENIER : STICKY PARTICLES4. Two kineti
 formulations.In the one-dimensional 
ase, we 
an use the kineti
 formulation of s
alar
onservation laws as in [10℄. We de�ne a kineti
 density F (t; x;m) by settingF (t; x;m) = H(M(t; x)�m); 8(x;m) 2 R � [0; 1℄: (31)where H denotes the Heaviside fun
tion. Following [10℄, we know that Fsatis�es the kineti
 equation�tF + a(m)�xF = �m�; (32)where a(m) = A0(m) and � = �(t; x;m) is some nonnegative bounded mea-sure. However, there is a more natural and 
onventional kineti
 formulation,whi
h was already 
onsidered in [2℄, [6℄, in the usual phase spa
e (x; v),wherethe density f(t; x; v) � 0 is subje
t to�tf + v�xf + �2v� = 0; (33)for some nonnegative measure �(t; x; v), andf(t; x; v) = �(t; x)Æ(v � u(t; x)) (34)(whi
h means that the phase density is monokineti
). Indeed, (1),(2) and(4), are equivalent to (33), (34), integrated in v against appropriate testfun
tions U (respe
tively U(v) = 1, U(v) = v, U = any 
onvex fun
tion).The relationship between the (t; x;m) and the (t; x; v) kineti
 formulationsis not entirely 
lear. Noti
e, in parti
ular, that the entropy 
ondition (4)does not enfor
e uniqueness, as noti
ed in [2℄,[6℄, so that the se
ond kineti
formulation is not as sharp as the �rst one, whi
h is stri
tly equivalent tothe Kruzhkov formulation of s
alar 
onservation laws (as shown in [10℄) and,therefore guarantees uniqueness.5. Re
overy of the entropy 
onditions for pie
ewisesmooth entropy solutions to s
alar 
onservation laws.In this last se
tion, we show that for simple pie
ewise smooth entropy so-lutions to s
alar 
onservations laws we re
over entropy 
ondition (4).12



BRENIER-GRENIER : STICKY PARTICLESTheorem 5..1 Let M(t; x) be an entropy solution of (7) and 
 be an openre
tangle in of R+ � R su
h that M is of formM(t; x) =M l(t; x)H(
(t)� x) +M r(t; x)H(x� 
(t))for (t; x) 2 
, where both M l and M r are lo
al 
lassi
al solutions of (7) andt! 
(t) is smooth. Let f(t; x; v) be the nonnegative measure de�ned byf(t; x; v) = �(t; x)Æ(v � u(t; x)); (35)where u = a and�(t; x) = �xM(t; x); �(t; x)a(t; x) = �x(A(M(t; x))):Then, f is a solution to (33). In parti
ular, (1), (2) and (4) are satis�edby � and u.Let us use the shorter notations M l(t), M r(t), instead of M l(t; 
(t)) andM r(t; 
(t)). We have M l(t) � M r(t), sin
e M(t; x) is nonde
reasing in x,for ea
h t. The 
urve t! 
(t) satis�es the Rankine-Hugoniot 
ondition
0(t) = A(M r)� A(M l)M r �M land Lax entropy 
onditionA0(M l) � 
0(t) � A0(M r):The measure f is de�ned by (35), where�(t; x) =M lx(t; x)H(
(t)�x)+M rx(t; x)H(x�
(t))+(M r(t)�M l(t))Æ(x�
(t))�a = A0(M l)M lxH(
� x)+A0(M r)M rxH(x� 
)+ (A(M r)�A(M l))Æ(x� 
)(where we use subs
ripts t and x instead of �t et �x). In order to get(33),(35), it is enough to show the distributional inequalityTt + Sx � 0;where T = �U(a); S = � (a);13



BRENIER-GRENIER : STICKY PARTICLESwith  (v) = vU(v), when U is 
onvex, and the distributional equalityTt + Sx = 0;when U is aÆne. (This inequality pre
isely expresses the nonnegativenessof measure � in (33).) The 
omputation of Sx is easy. First, noti
e thatS =M lx (A0(M l))H(
� x) +M rx (A0(M r)) +  (
0)(M r �M l)Æ(x� 
);sin
e, at x = 
, a = A(M r)� A(M l)M r �M l = 
0:Thus Sx = (M lx (A0(M l)))xH(x� 
) + (M rx (A0(M r)))xH(
� x)+(M rx (A0(M r))�M lx (A0(M l)))Æ(x� 
) +  (
0)(M r �M l)Æ0(x� 
):The 
omputation of Tt is longer. We haveT =M lxU(A0(M l))H(
�x)+M rxU(A0(M r))H(x�
)+U(
0)(M r�M l)Æ(x�
):Thus Tt = (M lxU(A0(M l)))tH(x� 
) + (M rxU(A0(M r)))tH(
� x)�(M rxU(A0(M r))�M lxU(A0(M l)))
0Æ(x� 
)+ ddt(U(
0)(M r �M l))Æ(x� 
)� 
0U(
0)(M r �M l)Æ0(x� 
):Sin
e M l(t) =M l(t; 
(t)), we getM l 0(t) =M lt (t; 
) + 
0M lx(t; 
) =M lx(t; 
)(
0 � A0(M l(t)))(indeed, M l(t; x) is a smooth lo
al solution of (7)) and, similarly,M r 0 = (
0 � A0(M r))M rx :Next, we �nd(M r�M l)
00 = (M r�M l) ddt [A(M r)� A(M l)M r �M l ℄ = (
0�A0(M l))2M lx�(
0�A0(M r))2M rx ;14



BRENIER-GRENIER : STICKY PARTICLESthenddt [U(
0)(M r �M l)℄ = U 0(
0)[(
0 � A0(M l))2M lx � (
0 � A0(M r))2M rx ℄+U(
0)[�(
0 � A0(M l))M lx + (
0 � A0(M r))M rx ℄:By using again that bothM l(t; x) andM r(t; x) are 
lassi
al solutions of (7),we getTt+Sx = Æ(x�
)(M lx[U 0(
0)(
0�A0(M l))2+(U(A0(M l))�U(
0))(
0�A0(M l))℄+M rx [�U 0(
0)(
0 � A0(M r))2 � (U(A0(M r))� U(
0))(
0 � A0(M r))℄):But, this term vanishes when U is aÆne and is non positive when U is
onvex, sin
e, by Lax' entropy 
ondition,A0(M l) � 
0 � A0(M r);whi
h 
ompletes the proof. Noti
e that we have only used Lax entropy
ondition whi
h is not as pre
ise as Oleinik's entropy 
ondition (whi
h isequivalent to the Kruzhkov entropy 
ondition for pie
ewise smooth solutionof s
alar 
onservation laws). This is not 
ontradi
tory, sin
e, as alreadymentioned, (4) is not a satisfa
tory 
ondition to enfor
e uniqueness.A
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