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FROM VLASOV-POISSON TO EULERWe 
onsider the displa
ement of an ele
troni
 
loud generated by thelo
al di�eren
e of 
harge with a uniform neutralizing ba
kground of non-moving ions. The equations are given by the Vlasov-Poisson system, witha 
oupling 
onstant � = ( �2� )2 where � is the (
onstant) os
illation periodof the ele
trons. In the so-
alled quasi-neutral regime, namely as � ! 0,the 
urrent is expe
ted to 
onverge to a solution of the in
ompressible Eu-ler equations, at least in the 
ase of a vanishing initial temperature. Thisresult is proved by adapting an argument used by P.-L. Lions [Li℄ to provethe 
onvergen
e of the Leray solutions of the 3d Navier-Stokes equation tothe so-
alled dissipative solutions of the Euler equations. For this purpose,the total energy of the system is modulated by a test-fun
tion. An alterna-tive proof is given, based on the 
on
ept of measure-valued (mv) solutionsintrodu
ed by DiPerna and Majda [DM℄ and already used by Brenier andGrenier [BG℄, [Gr2℄ for the asymptoti
 analysis of the Vlasov-Poisson sys-tem in the quasi-neutral regime. Through this analysis, a link is establishedbetween Lions' dissipative solutions and Diperna-Majda's mv solutions ofthe Euler equations. A se
ond interesting asymptoti
 regime, still leadingto the Euler equations, known as the gyrokineti
 limit of the Vlasov-Poissonsystem, is obtained when the ele
trons are for
ed by a strong 
onstant ex-ternal magneti
 �eld and has been investigated by Grenier [Gr3℄, Golse andSaint-Raymond [GSR℄. As for the quasi-neutral limit, we justify the gy-rokineti
 limit by using the 
on
epts of dissipative solutions and modulatedtotal energy.1 Formal analysis1.1 The Vlasov-Poisson systemAfter suitable normalizations, the Vlasov-Poisson system reads (see [BR℄ forexample) : �tf + �:rxf �rx�:r�f = 0; (1)ZRd f(d�) = 1� ��� (2)where (x; �) 2 R2d is the position/velo
ity variable, with d = 1; 2 or 3,f(t; x; �) � 0 the ele
troni
 density, �(t; x) 2 R the ele
tri
 potential and� > 0 the 
oupling 
onstant between the Vlasov equation (1) and the Poissonequation (2). To 
omplete this system, initial 
onditionsf(0; x; �) = f0(x; �) � 0 (3)2



FROM VLASOV-POISSON TO EULERand Zd periodi
ity in x are pres
ribed. Up to a 
hange of sign, we 
all
harge and 
urrent the two �rst moments�(t; x) = Z f(t; x; d�); J(t; x) = Z �f(d�): (4)Ele
trons are 
alled 
old ele
trons when the temperature, proportional toZ j� � J� j2f(t; x; d�); (5)vanishes.The 
onservation of total energy readsZ 12 j�j2f(t; dx; d�) + Z �2 jr�(t; x)j2dx (6)(where integrals in x are performed on the unit 
ube [0; 1℄d), and the
onservation laws for 
harge and 
urrent are :�t Z f(d�) +rx: Z �f(d�) = 0 (7)(or, equivalently be
ause of (2),rx: Z �f(d�) = ��t��); (8)�t Z �f(d�) +rx : Z � 
 �f(d�) +r� (9)= �r : (r�
r�)� �2r(jr�j2):By 
omputing the divergen
e of the last equations and using the Poissonequation, �(��tt + 1)���r2x : Z � 
 �f(d�) = (10)= ��r2 : (r�
r�) + �2�(jr�j2)is obtained for the ele
tri
 potential �.The mathemati
al analysis of the Vlasov-Poisson system is now wellknown, in parti
ular after the re
ent 
ontributions of Batt and Rein [BR℄,Lions and Perthame [LP℄, Pfa�elmoser [Pf℄, et
... Global existen
e anduniqueness of smooth solutions have been proved for smooth initial dataf0(x; �), suÆ
iently de
aying at in�nity in �. Then, all the formal 
ompu-tations we have performed are fully justi�ed.3



FROM VLASOV-POISSON TO EULER1.2 The quasi-neutral regimeThe asymptoti
 analysis �! 0 is diÆ
ult and only partial results have beenobtained, in parti
ular by Grenier in [Gr1℄, [Gr2℄, [Gr3℄ (see also [Br℄). Theos
illatory behaviour of the linear part of equation (10) is one of the maindiÆ
ulties.Let us start by a purely formal analysis of the limit �! 0. The Poissonequation (2) be
omes Z f(d�) = 1 (11)and we get from equations (8), (9)rx: Z �f(d�) = 0 (12)�t Z �f(d�) +rx : Z � 
 �f(d�) +r� = 0: (13)For the potential, we �nd��� = r2x : Z � 
 �f(d�): (14)For perfe
ty 
old ele
trons, the probablity measure (in �) f(t; x; �) is adelta fun
tion, whi
h exa
tly meansf(t; x; �) = Æ(� � J(t; x)); (15)sin
e J is the 
urrent and the 
harge � is identi
ally equal to 1. In thisparti
ular 
ase, we obtain r:J = 0 (16)�tJ +r : (J 
 J) +r� = 0; (17)whi
h is nothing but the 
lassi
al Euler equations for an in
ompressible
uid (with velo
ity J and pressure �), for whi
h we refer to [AK℄, [Ch℄, [Li℄,[MP℄...The 
ase of 
old ele
trons is pre
isely the one for whi
h we get a rigorousasymptoti
 result in the present paper.4



FROM VLASOV-POISSON TO EULER2 The 
onvergen
e resultTheorem 2.1 Let T > 0 and J0(x) be a given divergen
e-free, Zd periodi
in x, square integrable ve
tor �eld. Assume the initial data f �0(x; �) � 0 tobe smooth, Zd periodi
 in x, ni
ely de
aying as � ! 1, with total mass 1.In addition, we assumeZ f �0(x; �)d� = 1 + o(�1=2); �! 0; (18)in the strong sense of the spa
e H�1(Rd=Zd) andZ j� � v0(x)j2f �0(x; �)dxd� ! Z jJ0 � v0(x)j2dx; (19)for all square integrable, divergen
e-free, Zd periodi
, ve
tor �eld v0.Then, up to the extra
tion of a sequen
e �n ! 0, the divergen
e-free 
om-ponent of the 
urrent J � 
onverges in C0([0; T ℄;D0(Rd=Zd)) to a dissipativesolution J 2 C0([0; T ℄; L2(Rd=Zd) � w) of the Euler equations, in the senseof Lions [Li℄, with initial 
ondition J0. In parti
ular, if J0 is smooth andd = 2 (or d = 3 and T small), the entire family (without extra
tion of anysubsequen
e) 
onverges to the unique smooth solution of the Euler equationswith J0 as initial 
ondition.Remark 1Following Lions [Li℄, we say that J is a dissipative solution with initial
ondition J0 if, for all smooth ve
tor divergen
e-free ve
tor �elds v on [0; T ℄�Rd=Zd, almost every t 2 [0; T ℄,Z jJ(t; x)� v(t; x)j2dx � Z jJ0(x)� v(0; x)j2dx exp(Z t0 2jjd(v(�))jj)d� (20)+2 Z t0 exp(Z ts 2jjd(v(�))jjd�)(Z A(v)(s; x):(v � J)(s; x))dsdx;where d(v) is the symmetri
 part of Dv = ((Dv)ij) = (�jvi)dij(v) = 12(�xivj + �xjvi); (21)5



FROM VLASOV-POISSON TO EULERjjd(v(t))jj is the supremum in x of the spe
tral radius of d(v)(t; x), and A(v)is the a

eleration operatorA(v) = �tv + (v:r)v: (22)Noti
e a slight 
hange of de�nition with respe
t to [Li℄, sin
e here we usethe spe
tral radius of the entire matrix d(v), not only its negative part.Remark 2The quasi-neutrality assumption (18) exa
tly means, be
ause of (2),� Z jr��(0; x)j2dx! 0: (23)Assumption (19) means that the ele
trons are 
old and the initial 
urrent
onverges to J0. Indeed, we have (take v0 = J0 and v0 = 0)Z j� � J0(x)j2f �0(x; �)dxd� ! 0; (24)Z j�j2f �0(x; �)dxd� ! Z jJ0(x)j2dx (25)3 ProofsThe proof is a simple adaptation of the way that Lions follows in [Li℄ toshow the 
onvergen
e of Leray solutions of the Navier-Stokes equations tothe so-
alled dissipative solutions of the Euler equations. To do that, thetotal energy of the system is modulated by a test-fun
tion.3.1 Control of the modulated total energyLet us 
ompute the time derivative of the total energy of the Vlasov-Poissonsystem, modulated by a test fun
tion (t; x)! v(t; x); Zd periodi
, divergen
e-free in x,H�v(t) = Z 12 j� � v(t; x)j2f �(t; x; �)dxd� + Z �2 jr��(t; x)j2dx: (26)Let us temporarily drop the index �. Be
ause of the total energy 
onserva-tion, we have, for the 
harge � and the 
urrent J ,ddtHv(t) = ddt Z 12 jv(t; x)j2�(t; x)dx � Z �t(J(t; x):v(t; x))dx: (27)6



FROM VLASOV-POISSON TO EULERElementary 
al
ulations lead toddtHv(t) = � Z d(v)(t; x) : (� � v(t; x)) 
 (� � v(t; x))f(t; x; �)dxd� (28)+� Z d(v)(t; x) : r�(t; x)
r�(t; x)dx+ Z A(v)(t; x):(�(t; x)v(t; x) � J(t; x))dxwhere d(v) is the symmetrized gradient of v de�ned by (21) and A(v) is thea

eleration operator (22). Thus, we get, after rising index �,ddtH�v(t) � 2jjd(v(t))jjH�v(t) + Z A(v)(��v � J �)dx; (29)where H�v is de�ned by (26) and jjd(v(t))jj is the supremum in x of thespe
tral radius of d(v)(t; x). We dedu
e, after integrating (29) in t,H�v(t) � H�v(0) exp(Z t0 2jjd(v(�))jj)d� (30)+ Z t0 exp(Z ts 2jjd(v(�))jjd�)(Z A(v)(s; x):(��v � J �)(s; x))dsdx:In parti
ular, in the 
ase v = 0, we re
over the total energy boundH�0(t) = Z 12 j�j2f �(t; x; �)dxd� + Z �2 jr��(t; x)j2dx � H�0(0): (31)RemarkHere we use the spe
tral radius of the entire matrix d(v) and not only itsnegative part (as in Lions' de�nition for dissipative solutions of the Eulerequations). Indeed, in the right-hand side of (28), the �rst and the se
ondterms involve d(v) with opposite signs !3.2 A priori boundsThe assumptions on the initial 
onditions and equations (18), (7), implythat Z f �(t; x; �)dxd� = Z ��0(x)dx = 1; (32)7



FROM VLASOV-POISSON TO EULERZ j�j2f �0(x; �)dxd� + � Z jr��(0; x)j2dx! Z jJ0(x)j2dx: (33)From (31), we dedu
e thatZ j�j2f �(t; x; �)dxd� + � Z jr��(t; x)j2dx � C: (34)Thus J � is bounded in L1([0; T ℄; L1(Rd=Zd)) sin
e(Z jJ �(t; x)jdx)2 � Z j�j2f �(t; x; �)d�dx Z f �(t; x; �)d�dx � C:Up to the extra
tion of a sequen
e (�n), we 
an assume that J � has avague limit J , in the sens of (Radon) measures on [0; T ℄ � Rd=Zd. Simi-larly, from (32), (7) and (34), we get that ��(t; x) � 0 
onverges to 1 inC0([0; T ℄;D0(Rd=Zd)) and therefore in the vague sense of measures. Let usnow 
onsider the 
onvex fun
tional of (Radon) measuresK(�;m) = supb Z �12 jb(t; x)j2�(dtdx) + b(t; x):m(dtdx);where b spans the spa
e of all 
ontinuous fun
tions from [0; T ℄ � Rd=Zd toRd and �, m respe
tively denote nonnegative and ve
tor-valued measures on[0; T ℄�Rd=Zd. When �(t; x) = 1 (the Lebesgue measure), we simply obtain2K(�;m) = Z jm(t; x)j2dtdx;if m is a square integrable fun
tion and +1 otherwise. Fun
tional K is ls
with respe
t to the vague 
onvergen
e of measures. Sin
e, for ea
h nonneg-ative fun
tion z 2 C0([0; T ℄),2K(z��; zJ �) = Z jJ �(t; x)j2��(t; x) z(t)dtdx� Z j�j2f �(t; x; �)z(t)dtdxd� � C Z T0 z(t)dt;we dedu
e that 2K(z; zJ) � C Z T0 z(t)dt;whi
h exa
tly means that J belongs to L1([0; T ℄; L2(Rd=Zd)). From (8),we get that J is divergen
e-free in x and, from (9), that �tJ is bounded in8



FROM VLASOV-POISSON TO EULERL1([0; T ℄;D0(Rd=Zd)), sin
e J is divergen
e-free (whi
h allows us to ignorer�� in (9), although this term 
ould be of size O(��1=2)). It follows thatthe vague limit J(t; x) of J �(t; x) is a divergen
e-free ve
tor �eld belongingto C0([0; T ℄; L2(Rd=Zd)� w). For the same reasons, the divergen
e-free (orsolenoidal) part of J� 
onverges toward J , not only in the vague sense ofmeasures, but also in C0([0; T ℄;D0(Rd=Zd)).3.3 Convergen
eWe 
an rewrite (29) in weak form� Z H�v(t)z0(t)dt� z(0)H�v(0) � Z 2jjd(v(t))jjH�v(t)z(t)dt (35)+ Z A(v)(��v � J �)(t; x)z(t)dtdx;for all test fun
tion z � 0 in D0([0; T [), where H�v(t) is de�ned by (26). Letus introdu
e h�v(t) = Z jJ �(t; x) � v(t; x)��(t; x)j22��(t; x) dx (36)= supb Z [�12 jb(x)j2��(t; x) + b(x):(J � � v��)(t; x)℄dx;where b spans the spa
e of all 
ontinuous fun
tions from Rd=Zd to Rd , whi
his, for ea
h �xed t, a 
onvex fu
tion of J �(t; :) and ��(t; :). (It is a just amodulated version of fun
tional K, with a test fun
tion v.) By Cau
hy-S
hwarz inequality, we haveh�v(t) � Z 12 j� � v(t; x)j2f �(t; x; �)dxd� � Z H�v(t):The a priori bound previously obtained show that, for �xed v, H�v(t) andh�v(t) are bounded fun
tions in L1([0; T ℄) and, up to the extra
tion of asequen
e (�n), respe
tively 
onverge, in the weak-* sense, to some limitsHv(t) and hv(t), with Hv � hv. Sin
e �� ! 1 and J � ! J in the vague senseof measures, by 
onvexity of the fun
tional de�ned by (36), we getZ jJ(t; x) � v(t; x)j2dx � 2hv(t): (37)The assumptions on the initial 
onditions mean2H�v(0) = Z j� � v(0; x)j2f �0(x; �)dxd� + � Z jr��(0; x)j2dx! 2H0;v (38)9



FROM VLASOV-POISSON TO EULERwhere we set H0;v = 12 Z jJ0(x)� v(0; x)j2dx: (39)Then, we 
an pass to the limit in (35) to get� Z Hv(t)z0(t)dt� z(0)H0;v � Z 2jjd(v(t))jjHv(t)z(t)dt (40)+ Z A(v)(v � J)(t; x)z(t)dtdx:By integrating in t, we getHv(t) � H0;v exp(Z t0 2jjd(v(�))jj)d� (41)+ Z t0 exp(Z ts 2jjd(v(�))jjd�)(Z A(v)(s; x):(v � J)(s; x))dsdx:Thus hv(t) � H0;v exp(Z t0 2jjd(v(�))jj)d� (42)+ Z t0 exp(Z ts 2jjd(v(�))jjd�)(Z A(v)(s; x):(v � J)(s; x))dsdxand, therefore, (20) holds true, whi
h 
on
ludes the proof.4 An alternative proofLet us sket
h an alternative proof, whi
h 
an be seen as a natural extensionof the analysis made in [BG℄ (stationary 
ase) and [Gr2℄ (general 
ase) tostudy the defe
t measures of the Vlasov-Poisson system in the quasi-neutralregime.After adaptating the proof (whi
h requires an a priori L1 bound for f �,whi
h is not a

eptable in the framework of the present paper), we 
an show1) the existen
e of f(t; x; �), a nonnegative measure f in (x; �) 2 Rd=Zd�Rd ,measurable in t, as the vague limit of f �, with enough tightness in � to allowthe zero and �rst order moments in � (namely the 
harge and the 
urrent)to pass to the limit; 2) the existen
e of �K(t; x; �) and �E(t; x; �), two de-fe
t measures in (x; �) 2 Rd=Zd � Sd�1, measurable in t, that 
orrespondrespe
tively to the defe
t of kineti
 and potential energies; 3) the existen
eof two defe
t ele
tri
 �elds E+(t; x) and E�(t; x) 2 L1([0; T ℄; L2(Rd=Zd)),taking into a

ount the temporal os
illations of the ele
tri
 �eld generatedby (10); 4) the 
onvergen
e of the solenoidal part of J � toward J = R �f(d�)10



FROM VLASOV-POISSON TO EULERin C0([0; T ℄;D0(Rd=Zd)). This is enough to enfor
e 1) the 
onservation intime of the total energy with defe
ts2H(t) = Z j�j2f(t; dx; d�) + Z (�K + �E)(t; dx; d�) (43)+ Z (jE+(t; x)j2 + jE�(t; x)j2)dx;2) the following properties for the 
urrent J(t; x) = R �f(t; x; d�) :r:J = 0; (44)�tJ +r : Q = 0; (45)where Q = Z � 
 �f(d�) + Z � 
 �(�K � �E)(d�) (46)�E+ 
E+ �E� 
E�:(Note the 
hange of sign between �K+�E and �K��E when we swit
h fromthe energy 
onservation to the 
urrent 
onservation.) From these relations,we dedu
e that the weak-* L1 limit of the modulated total energy H�v(t) isgiven by2Hv(t) = Z j� � v(t; x)j2f(t; dx; d�) + Z (�K + �E)(t; dx; d�) (47)+ Z (jE+(t; x)j2 + jE�(t; x)j2)dx:Thus, we dire
tly getddtHv(t) = � Z d(v)(t; x) : (� � v(t; x)) 
 (� � v(t; x))f(t; dx; d�) (48)� Z d(v)(t; x) : � 
 �(�K � �E)(t; dx; d�)+ Z d(v)(t; x) : (E+ 
E+ +E� 
E�)(t; x)dx+ Z A(v)(t; x):(v(t; x) � J(t; x))dx� 2jjd(v(t))jjHv(t) + Z A(v)(t; x):(v(t; x) � J(t; x))dx; (49)and we 
on
lude as in the �rst proof.11



FROM VLASOV-POISSON TO EULER5 Comparison of dissipative and mv solutions to the EulerequationsOur analysis makes a link between Lions' 
on
ept of dissipative solutions [Li℄and Diperna-Majda's 
on
ept of measure-valued solutions (\mv solutions)[DM℄, both introdu
ed to des
ribe the vanishing vis
osity limit of the Navier-Stokes equations [Li℄. If we get ba
k to [DM℄, we obtain, as before, two limitsf , J = R �f(d�), and a kineti
 defe
t measure �K (the only relevent defe
tmeasure when approa
hing the Euler equations from the Navier-Stokes sideand not from the Vlasov-Poisson side). We get for J (44) and (45) with,Q = Z � 
 �f(d�) + Z � 
 ��K(d�): (50)In addition, the total kineti
 energy, in
luding defe
ts, namely := Z j�j2f(t; dx; d�) + Z �K(t; dx; d�) (51)is de
aying in time. Thus, after the same kind of manipulations we alreadyused, we see that J is a dissipative solution of the Euler equations. Thus,the mv solutions are not as di�erent from the dissipative solutions as theylook. Anyway, the 
on
ept of dissipative solutions 
larify the relationshipbetween mv solutions and 
lassi
al solutions, whi
h was not dis
ussed in[DM℄.6 The gyrokineti
 limitThere is a se
ond asymptoti
 regime of the Vlasov-Poisson system leadingto the Euler equations, the so-
alled gyrokineti
 limit. We 
onsider, as in[Gr3℄ (see also the in
luded referen
es) or in [GSR℄ (with a di�erent s
aling),the e�e
t of a large external magneti
 �eld. If this magneti
 �eld is parallelto the third 
oordinate x3, we get the following two-dimensional (in both xand �) Vlasov-Poisson system�tf � + �:rxf � + 1� (�r�� +? �):r�f � = 0; (52)�� = 1����; Z ��(t; x)dx = 1; (53)where x 2 R2=Z2, � 2 R2 , and ?� = (��2; �1) is the additional term due tothe external magneti
 �eld. We assume the total mass of �� to be equal toone at time 0 to enfor
e global neutrality. The total energy is still 
onservedand, here, de�ned by 12



FROM VLASOV-POISSON TO EULER� Z 12 j�j2f �(t; dx; d�) + Z 12 jr��(t; x)j2dx (54)(noti
e that the magneti
 �eld is not involved). In addition, we get�t�� +r:J � = 0; (55)�tJ � +rx : Z � 
 �f �(d�) (56)= 1� (���r�� +? J �):By 
ombining (56) and (55), we also get�t(�� � �?r:J �) +? r:(��r��) (57)= �?r:(rx : Z � 
 �f �(d�)):Formally, as � goes to zero, we expe
t for the limits �, J and �, theself-
onsistent system : �t�+r:J = 0; (58)��r�+? J = 0; � = 1���; (59)whi
h is nothing but the Euler equations written in the so-
alled vorti
ityformulation, with � � 1 standing for the vorti
ity and � for the stream-fun
tion. The limit � ! 0 has been su

essfully investigated in [Gr3℄ formonokineti
 data and small time, as well as in [GSR℄ for a di�erent s
alingand global weak solutions of the Euler equation in Delort's sense (see [De℄).We 
an perform the same kind of analysis as for the quasi-neutral limit,and show :Theorem 6.1 Let T > 0 and J0(x) = �?r�0 be a given divergen
e-free,Z2 periodi
 in x, square integrable ve
tor �eld. Assume the initial dataf �0(x; �) � 0 to be smooth, Z2 periodi
 in x, ni
ely de
aying as � !1, withtotal mass 1. In addition, we assume� Z j�j2f �0(x; �)d�dx! 0; (60)Z jr��(0; :) �? J0(x)j2dx! 0: (61)13



FROM VLASOV-POISSON TO EULERThen, up to the extra
tion of a sequen
e �n ! 0, �?r�� 
onverges inC0([0; T ℄; L2(R2=Z2)� w) to a dissipative solution J of the Euler equationswith initial 
ondition J0. In parti
ular, if J0 is smooth, the entire family
onverges to the unique smooth solution of the Euler equations with J0 asinitial 
ondition.To prove this result, we use the same te
hnique as for the quasi-neutrallimit by introdu
ing a modulated total energy, de�ned in the following way.Given a smooth divergen
e-free ve
tor �eld v(t; x) = �?r (t; x), we setH�v(t) = Z �2 j� � v(t; x)j2f �(t; x; �)dxd� + Z 12 jr(�� �  )(t; x)j2dx: (62)A straightforward but lengthy 
al
ulation (using (56) in a 
ru
ial way, seethe details in the appendix), leads toddtH�v(t) = �� Z d(v)(t; x) : (� � v(t; x)) 
 (� � v(t; x))f �(t; x; �)dxd� (63)+ Z d(v)(t; x) : r(�� �  )(t; x) 
r(�� �  )(t; x)dx+� Z A(v)(t; x):(��(t; x)v(t; x) � J �(t; x))dx+ Z A(v)(t; x):(v(t; x) +?r��(t; x))dxwhere d(v), A(v) are still de�ned by (21), (22).We also get the following bounds : r�� is bounded inL1([0; T ℄; L2(R2=Z2));�� and �1=2J � are bounded inL1([0; T ℄; L1(R2=Z2))(be
ause of the 
onservation of 
harge and energy). Next, ��r�� is boundedin L1([0; T ℄;D0(R2=Z2)):Indeed, for all smooth ve
tor �eld g(x), be
ause of (2),Z g(x):��(t; x)r��(t; x)dx = Z g:r��14



FROM VLASOV-POISSON TO EULER+ Z (12 jr��j2r:g + (r��:r)g:r��)dx � CjjgjjC1(R2=Z2):Then, be
ause of (57), �� � �?r:J � is 
ompa
t inC0([0; T ℄;D0(R2=Z2)):Sin
e �?r:J � = 0(�1=2) in L1([0; T ℄;D0(R2=Z2)), we dedu
e that ��, andtherefore r��, are also 
ompa
t in C0([0; T ℄;D0(R2=Z2)). Thus, we 
on
ludethat, up to the extra
tion of a sequen
e �n ! 0, H�v and r�� 
onverge tosome limits Hv and r�, respe
tively in L1([0; T ℄) weak-* andC0([0; T ℄; L2(R2=Z2)�w):Then, we 
an pass to the limit in (62) and (63) to getZ jr(��  )(t; x)j2dx � Hv(t); (64)� Z Hv(t)z0(t)dt� z(0)H0;v � Z 2jjd(v(t))jjHv(t)z(t)dt (65)+ Z A(v):(v +? r�)(t; x)z(t)dtdx;for all smooth nonnegative z(t) 
ompa
tly supported in 0 � t < T , whereH0;v = Z jr(�0 �  (0; :))(x)j2dx (66)is, by assumption, the limit of H�v(0). By integrating in t, we getHv(t) � H0;v exp(Z t0 2jjd(v(�))jj)d� (67)+ Z t0 exp(Z ts 2jjd(v(�))jjd�)(Z A(v)(s; x):(v +? r�)(s; x))dsdx;and, �nally, by using (64), we 
on
lude that �?r� is a dissipative solutionof the Euler equations with initial 
ondition J0 = �?r�0, whi
h 
on
ludesthe proof. 15



FROM VLASOV-POISSON TO EULER7 AppendixIn this appendix, we prove the 
ru
ial identity (63). Be
ause of the 
onser-vation of energy, we get from de�nition (62) :ddtHv = I1 + I2 + I3 + I4 + I5 + I6 + I7;where index � has been dropped and2I1 = � Z jvj2�t�; 2I2 = � Z ��tjvj2;I3 = �� Z v:�tJ; I4 = �� Z J:�tv;2I5 = Z �tjvj2; I6 = � Z r�:�tr ; I7 = � Z r :�tr�:We have I7 = Z �t�� = � Z �t� = Z r:J = � Z J:r I3 = � Z v:(r : Z � 
 �f) + Z �v:r�� Z v:?J= �� Z d(v) : Z � 
 �f � Z ��v:r�+ Z J:r = �� Z d(v) : Z � 
 �f + Z d(v) : r�
r�� I7:Thus I3 + I7 = Q1 +Q2 +Q3 +Q4 +Q5 +Q6 +Q7whereQ1 = �� Z d(v) : Z (� � v)
 (� � v)f + Z d(v) : r(��  ) 
r(��  );Q2 = �� Z Dv : J 
 v; Q3 = �� Z Dv : v 
 J16



FROM VLASOV-POISSON TO EULERQ4 = Z Dv : r 
r�; Q5 = Z Dv : r�
r Q6 = � Z �Dv : v 
 v; Q7 = � Z Dv : r 
r :Then, Q3 = �� Z �jviJjvi= 12� Z r:J jvj2 = �12� Z �t�jvj2 = �I1:Next, we observe thatI2 + I4 +Q2 +Q6 = � Z A(v):(v � J)and I5 + I6 +Q4 +Q5 +Q7 = Z A(v):(v +? r�) +R;where R = R1 +R2 +R3 +R4;R1 = Z Dv : (�v 
 v) = � Z vivj�jvi = 0;R2 = Z Dv : r(��  )
r ;R3 = Z Dv : (r 
r��? r�
 v):Sin
e v = �?r and (?)2 = �1, , we getR3 = Z (r
 v) : (�v 
? r�+r�
? v)= Z (r
? v) : (v 
r��r�
 v) = Z (r
r ) : (v 
r��r�
 v)= Z (r
r) : (v 
r��r�
 v) = 0:Similarly, after setting � = ��  ,R2 = Z (r
 v) : r 
r�= Z (�r
? r ) : r 
r� = Z (r
r ) : r 
? r�17



FROM VLASOV-POISSON TO EULER= Z (r
r) : r 
? r� = Z r(12 jr j2):?r� = 0:Thus, R = 0 and we �nally getddtHv = Q1 + Z A(v):[v +? r�+ �(�v � J)℄;whi
h is the desired result.A
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