MINIMAL GEODESICS ON GROUPS OF
VOLUME-PRESERVING MAPS AND
GENERALIZED SOLUTIONS OF THE

EULER EQUATIONS

Yann Brenier®

Abstract.

The three-dimensional motion of an incompressible inviscid fluid is clas-
sically described by the Euler equations, but can also be seen, following
Arnold [1], as a geodesic on a group of volume-preserving maps. Local ex-
istence and uniqueness of minimal geodesics have been established by Ebin
and Marsden [16]. In the large, for a large class of data, the existence of
minimal geodesics may fail, as shown by Shnirelman [26]. For such data,
we show that the limits of approximate solutions are solutions of a suitable
extension of the Euler equations or, equivalently, as sharp measure-valued
solutions to the Euler equations in the sense of DiPerna and Majda [14].

1. Problems and results.
1.1. Lagrangian description of incompressible fluids.

Let D be the unit cube [0,1]% in R? (or the flat torus T = R?/z9), let
T > 0 be a finite fixed time and set Q) = [0, 7] x D. The velocity field of an
incompressible fluid moving inside D is mathematically defined as a time
dependent, square integrable, divergence-free and parallel to the boundary
0D vector field u. Let us denote by V' the vector space of all such vector fieds
having a sufficient smoothness, say continuous in (¢,2) € () and Lipschitz
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continuous in x, uniformly in ¢. For each u € V and each a € D, we
can define, according to the Cauchy-Lipschitz theorem, a unique trajectory
t €10,T] — gu(t,a) € D by

gU(OJ a) = a, atgu(ta a) = u(ta gu(ta a))

At each time ¢, the map g,(t) = g.(¢,.) belongs to G(D), the group (with
respect to the composition rule) of all homeomorphisms h of D that are
Lebesgue measure-preserving in the sense

| @iz = [ flays (1)

for all continuous functions f on D. This set is included in S(D), the semi-
group of all Borel maps h of D that satisfy (1). We denote by Gy (D) the
set {gu(T), uw eV, T >0} and call target each of its elements h.

1.2. Minimal geodesics and the Euler equations.

We discuss the following minimization problem : reach a given target h at
a given time 7' > 0 with a field v € V' of minimal energy

1
K(u) = /Q u(t, z)[2dtda 2)

(where we denote by |.| the Euclidean norm in R?). In other words, find a
minimizer for

I(h) = inf{K(u), u€V, g.(T)=hl. (3)

This amounts to look for a minimal geodesics connecting the identity map
to h on the infinite dimensional pseudo-Lie group Gy (D) equipped with
the pseudo-Riemannian structure inherited from the Hilbert space L?(D),
This follows from the identity

T 1
K (u) :'/0 '/D§|8tgu(t, a) [2dtda.

We refer to [1], [16], [26], [2] for more details on this geometrical setting. The
(formal) Euler-Lagrange equation of this minimization problem is nothing
but the Euler equation of incompressible fluids (for which we refer to [11],

[12], [19],[20], [22], etc...), namely
Vu=0, du+V.(u®u)+Vp=0 (4)
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(where we denote by a.b the inner product of two vectors a, b in R, by a®b
their tensor product and by V = (4, ..., d,) the spatial partial derivatives),
for some scalar field p = p(¢, z), which physically is the pressure field. In
particular, one can show that, if (u,p) is a smooth solution to the Euler
equation, then, for 7" > 0 sufficiently small and h = ¢,(T), I(h) is achieved
by u and only by u. (This is true as soon as AT? < 72, where A is the
supremum on ) of the largest eigenvalue of the hessian matrix of p. See
[7], for instance, and Theorem 2..4 in the present paper.) So, the research
of minimal geodesics is an alternative to the more classical initial value
problem to study the Euler equations. (Of course, a better alternative
would be to look for all critical points of u — K (u) on V, when g,(7") and
T > 0 are prescribed, not only the minima.)

1.3. Non existence of minimal geodesics.

The classical paper of Ebin and Marsden [16] shows that, if A belongs to a
sufficiently small neighborhood of the identity map for a suitable Sobolev
norm, then there is a unique minimal geodesic connecting h and the identity
map. However, in the large, a striking result of Shnirelman [26] shows that,
for D = [0,1]® and for a large class of data, there is no minimal geodesic.
The argument is easy to explain. It is natural to denote by V3 the vector
space V and V; the subspace of all planar vector fields, of the form

u(t, ) = (uq(t, z1,x9), us(t, x1, 22),0).
We consider data h = g,(T) where u € V5. They necessarily are of the form
h(x1, 29, x3) = (H (21, 22), x3). We respectively denote by I3(h) = I(h) and
I5(h) the infimum of K on V3 and V5. Of course Iy(h) > I3(h). Assume that
Ir(h) > I3(h) (which is possible [26],[28]). Let us consider a field u € V3
such that K(u) < Iy(h). The third component uz cannot be identically

equal to 0. Indeed, if us = 0, then, for every fixed z3, u(., ., ., z3) belongs to
V5, and therefore

1
K(u) = / K(u(.,.,.,25))das > L(h).
Jo
We can rescale u by setting 7(z3) = min(2z3,2 — 2x3),
i (t, ) = ui(t, 21, T2, (23))
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forv=1,2, and

s(t, v) = n'(w3) us(t, 71, w9, n(w3)).

This new field u still belongs to V3 and reaches h at time T, but with an
energy strictly smaller than K (u). So, I(h) can never be achieved, and, since
the rescaling process can be iterated as often as we wish, we see that all
minimizing sequences must generate small scales in the vertical direction,
which gives way to homogenization and weak convergence techniques to
describe their limits.

1.4. Approximate solutions.

Let us introduce the following definition of approximate solutions :
Definition 1..1 For e > 0, we say that a field u. € V is an € solution if

1
K(w) + 5 9y = Bl ooy < L)+

where .
I(h) = inf{K (u) + 2—6\\9u(T) ~ hl72py, uweV} (5)

We also define
1(h) = tiny 1, () = sup 1 (h) ©)

From the definitions, we get

0< L(h) < I(h) < I(h) < +oc.

Of course, € solutions differ from minimizing sequences since they don’t
exactly match the final conditions. Observe that each minimizing sequence
is also a sequence of €, solutions for an appropriate sequence ¢, — 0, if and
only if I(h) = I(h). According to Shnirelman’s papers [26],[28], this holds
true for all h € Gy([0,1]¢) when d > 3, but may fail if d = 2. (This is a
direct consequence of the group property of Gy (D) and of the key result
of Shnirelman showing that h — I(h) is continous on Gy (D) with respect
to the L? norm if and only if d > 3.) Notice that the concept of € solution
is less sensitive to the choice of the vector space V' than the concept of
minimizing sequences, and makes sense when the target h only belongs to
the L? closure of G(D), which is known to be the whole semi-group S(D).
(See a detailed proof in [23].)
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1.5. Measure-valued solutions to the Euler equations.

The existence of global weak solutions to the initial value problem, for the
Euler equations (4) in dimension 3, is unknown. (Notice however that Lions
[19] has recently introduced a new concept of solutions, the so-called dissi-
pative solutions, which are globally defined for any initial velocity field of
bounded energy, are weak limits of the Leray solutions to the Navier-Stokes
equations when the viscosity tends to O and coincide with the unique local
smooth solution to the Euler equations when the initial condition is smooth.)
About ten years ago, DiPerna and Majda introduced an extended notion
of solutions for the Euler equations, the so called measure-valued solutions,
[14], based on a concept of generalized functions, introduced by Young [30]
for the calculus of variations and usually called Young’s measures, that Tar-
tar had shown to be a relevant tool in the field of non linear evolution PDEs
[29]. DiPerna and Majda’s measure-valued solutions can be described in
the following way (up to the important energy concentration phenomenon,
widely discussed in [14] and here neglected). They are nonnegative mea-
sures u(t, x,€) of time, space and velocity variables (¢,z,&) € Ry x D X R3
satisfying the moment equations

/u(t,x, ds) = 1, (7)

Vo [ €ult,z.dg) =0, (8)

o [ ult.x.d)+ V.. [ € Enlt.x,de) + Vaplt.0) =0, (9)

for a distribution p(¢, z), that can be interpreted as the pressure field. The
usual weak solutions to the Euler equations correspond to the special case
when g is a Dirac measure in . Just by using the natural bound on the
kinetic energy (without any control on the vorticity field), DiPerna and
Majda obtained global measure-valued solutions from the global weak Leray
solutions to the 3 dimensional Navier-Stokes equations, by letting go to zero
the viscosity parameter. Unfortunately, (7),(8),(9) are not a complete set of
equations to characterize these measure-valued solutions, since they involve
only their first moments in £&. Let us mention a related concept of relaxed
solutions, due to Duchon and Robert [15], which is more precise but does
not lead to any global existence result.

Our goal is to perform a similar analysis, this time in a variational context,
for the research of minimal geodesics when the existence of a (classical)
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solution fails. A first attempt was made in [4] and, later, in [5], with a purely
Lagrangian concept of Young’s measures, the so-called generalized flows. (A
generalized incompressible flow is defined as a Borel probability measure v
on the product space Q = DI%] of all paths t € [0,7] — w(t) € D, such
that each projection v, for 0 < t < T is the Lebesgue measure on D and
the kinetic energy, namely

T1
/ /w = | (8) [2dtdy (w)
JaJo 2

is finite. We recently discovered that this concept had been already used by
Shelukhin, in a slightly different framework [25].) In that setting, we proved
the existence of generalized solutions [4] and both existence and uniqueness
of a pressure gradient, linked to them through a suitable Poisson equation
[5], but we failed in obtaining for them a complete set of equations beyond
the classical Euler equations (see also [7]). Such an achievement is made
possible in the present paper to describe the limit of € solutions as € — 0,
thanks to a different (but related) concept of Young’s measures, with both
Lagrangian and Eulerian features, and, thanks to an appropriate regularity
result on the pressure gradient. So, in some sense, we obtain sharp measure-
valued solutions to the Euler equations.

1.6. The main result.

It is convenient to make a clear distinction between the particle label and
their initial location in D. The particle label is denoted by a and belongs
to a metric compact space A with a Borel probability measure da. For the
proofs of subsection 3.8., the most convenient choice is A = T, where da is
the Lebesgue measure. It is then possible to choose i as a Borel isomorphism
transporting the Lebesgue measure from T to D. (Namely, ¢ is one-to-one
up to a negligible set, and, for all continuous function f on D,

[tz = [ fita)da.

This is always possible, see [24], for instance.) We denote by @)’ the compact
metric space (Q x A, we consider the space of all Borel measures on ',
namely the dual space of C(Q") (the space of all continuous function f on
Q'), with its (sequential) weak-* topology. According to the circumstances,
we denote by

<uf>=<ultra) fte.a) >= [ f(Loadtea = [ fi
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the pairing of a measure v and a continuous function f. We are now ready
to state our main result :

Theorem 1..2 Assume that d = 3, D = [0,1]3, Q = [0,T] x D and the
target h € S(D) satisfies

h(zy, 29, 23) = (H(zy,22),23), x € [0,1]°, (10)

for some H € S([0,1]%). Then

i) I(h) < 3T~ " and K(u.) — L(h) for every € solution u. as € — 0;

i1) There exists a unique distribution Vp(t, x) in the interior of Q, depending
only on h, such that, for every e solution

Oyt + (ue.V)ue + Vp — 0, (11)

in the sense of distributions in the interior of QQ;
iii) Vp is a locally bounded measure in the interior of Q;
iv) The respectively nonnegative and vector-valued measures on @'

ce(t,z,a) = 8(x— gy (t,i(a))), me(t,z,a) = u(t,x)d(x— g, (t,i(a))), (12)

have weak-* cluster points (c,m). For each of them, the measure m is
absolutely continuous with respect to ¢, with a vector-valued density v €
L*(Q',dc)?, so that m = cv, and the following equations are satisfied

/Ac(t,x,da) =1, (13)

8tc + Vwm = 0, (14)
at(CU) + Vm-(cv ® U) + Qv'rp = 07 (15)

in the sense of distributions in the interior of QQ', where ¢ is a natural exten-
sion of ¢, for which the product c(t,z,a)V,p(t,x) is well defined. Moreover

c(0,z,a) =6(x —i(a)); (T, x,a) =3 — h(i(a))) (16)

and the kinetic energy

1
[ Slelt.z.a)elt.do. do (17)

is time independent, with value I(h)/T.
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Remark 1.

The measure ¢ may naturally be considered as an element of the dual space
of L'(dxdt,C(A)) (the vector space of all Lebesgue integrable function of
(t,z) € @ with values in the space C(A) of all continuous function on A)

and
+1/2

c(t,z,a) = lim df /c(t, x — 200e — oy, a)y(y)dy, (18)
d—=0.J-1/2 .

holds true for the weak-* topology, when § — 0, for any fixed ¢ € RY and

any nonnegative smooth radial compactly supported mollifier v on R?. It

will be shown that ¢ can be defined in a similar way by

+1/2

c(t,z,a) = lim dﬂ/c(t, x — 200e — oy, a)y(y)dy, (19)

0—=0J-1/2

for the weak-* topology of the dual space of L'(|Vp|,C(A)) (the vector
space of all |Vp| integrable function of (¢,2) € @ with values in the space
C(A) of all continuous function on A). This shows that ¢(, x,a) coincide
with ¢(¢,z,a), as a probability measure (in a), for almost every (¢, z) with
respect to the regular part of |[Vp| and is its natural extension to the singular
set of |Vp|. Then, the product ¢Vp makes sense. Notice that a similar
multiplication problem has been successfully handled by Majda and Zheng
[21] for the Vlasov-Poisson system with singular initial conditions (electron
sheets).

Remark 2.

The limit measures (¢, m) are similar to Young’s measures [30], [29], with a
double character, both Eulerian and Lagrangian, through their dependence
on both x (the Eulerian variable) and a (the Lagrangian variable). Equa-
tions (14), (15), (13) form a complete set of equations for (¢,m). These
equations are already known in the mathematical modelling of quasineutral
plasmas [8],[17],[18] but the study of the corresponding initial value prob-
lem is widely open, even for short time and smooth data (see [18] for partial
results).

We may also consider each particle label a as a phase label, ¢(.,.,a) and
v(.,.,a) as the corresponding concentration and velocity fields. Then, we
get a multiphase flow model, with a continuum of phases, labelled by a € A.
For a discrete label @ = 1, ..., N, we would recover a classical crude model
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of N phase flows [10]. This discrete model has been already studied from
a variational point of view in [6]. As a matter of fact, some of the proofs
of [6] can be straightforwardly extended to the continuous case and will be
reproduced (with few changes), for the seek of completeness, in the present
paper (subsections 3.2. and 3.3.).

Remark 3.

With each solution (¢, m) of Theorem 1..2, we may associate a measure-
valued solution p, in the sense of DiPerna and Majda, by setting

[ ftaodulta,) = [ [t o vlt2a)deta,0),  (20)
JQxRd 4 Q'

for every continuous function f on ) x R?, with at most quadratic growth
as £ — oo (since v € L*(Q',dc)?). Equations (7),(8),(9) are automatically
enforced, since they are nothing but (13),(14), (15), the two last one being
averaged in a on A, with an obvious loss of information. So, the solutions
(¢, m) of Theorem 1..2 may be considered as sharp measure-valued solutions
to the Euler equations.

Remark 4.

The uniqueness and the partial regularity of the pressure gradient are strik-
ing properties, certainly due the variational nature of our problem. For the
initial value problem, there is no evidence at all that the pressure gradi-
ent should be a locally bounded measure in the large. The non uniqueness
of the cluster points (¢, m) is not surprising, since, already in the classical
framework, I(h) may be achieved by two different fields u. For instance,
for d = 2, D the unit disk, T = 7 and h(z) = —=x, I(h) is achieved by
both wu(zy,x9) = (—z3,7;) and —u. (Notice that the pressure is the same
for both, namely Vp(z) = z.) It would be interesting to see whether or
not the uniqueness of the pressure gradient in the classical framework can
be obtained by using only classical arguments (without refering to weak
convergence tools).
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Remark 5.

Some families of (stationary) solutions (ue, pe) to the Euler equations be-
have in the same way as the € solutions discussed in Theorem 1..2. Let us
consider, for instance,

u(z) = (— cos(z) sin(e '@y), esin(z;) cos(e 'x),0),

pe(z) = —i(cos(?xl) + €2 cos(2¢ 1a)).

As e — 0, the pressure field strongly converges (with bounded second order
derivatives) toward

1
p(r) = 1 cos(2xq).

Meanwhile, the velocity field gets more and more oscillatory and the mea-
sures (c., m¢) defined by (12) converge to a solution (¢, m) of equations (13),
(14), (15). A second example is

te(z) = (cos(e 'as),sin(e tw3), [—x; cos(e 'a3) + 2o sin(e 'as)]e),
for which the pressure is not even e dependent

1
p(x) = —5 exp(-a] — 73).

2. Main steps of the proof.
2.1. Reformulation of the minimal geodesic problem.

The first step is the complete reformulation of our problem in terms of the
measures ¢ and m associated with v € V' through

c(t, x, a) = 6(z — gu(t,i(a))) (21)

and
m(t,,a) = u(t, p)e(t, 7, 0) = Dgu(t,1(0)3(z — gult (). (22)

10
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We automatically get (14). The initial and final locations of the particles
can be included in the weak form of this equation by

/Q (DS (1,2, a)de(t, x,a) + Vo f (., a).dm(t, o, a) (23)

= [ (@ hi(@)). @) ~ (0. i(a),a))da,

for every f € C(Q') such that both 9,f and V, f are continuous on @'. The
incompressibility condition can be expressed by

f(f x)de(t, z, a) / f(t, x)dtdz, (24)

for every continuous function f on @, that is [, ¢(¢,z,da) = 1. Now, an ele-
mentary calculation shows that we can (abusively) rewrite K (u) = K(c,m),
with

K(e,m)=sup | (F(t,x,a)de(t,z.a) + B(t,z,a).dm(t, z,a)),  (25)
(F®)/Q

where the supremum is taken among all continuous functions F' and ® on
Q', with values respectively in R and R?, such that

1
F(t,7,a) + (1, 7.a) <0, (26)

pointwise.

So, the minimization problem becomes

I(h) = inf sup L(c,m, é, p), (27)
(e:m) (¢,p)

where the Lagrangian L is given by

Lie.m.g.p) = K(e;m) — [ [0,6(t.2.0) + p(t.2)}de(t.z.0)  (28)

- /Q' Vio(t, . a).dm(t, z,a)

+ [ (@1 h(i(a)).0) — 6(0.i(a).a))da+ [ p(t.)drd,
and measures ¢, m are supposed to be of form (21),(22).

11
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2.2. Introduction of a relaxed problem.

If we relax conditions (21),(22), we get a convex minimization problem set
on the space of measures (¢, m) (namely the dual space of C(Q') x C(Q")?) :
minimize K (c,m) (defined by (25)) subject to (23), (24). We denote by
I*(h) € [0, +o¢] the infimum. Of course, I*(h) < I(h). Then, we set :

Definition 2..1 An admissible solution is a pair of measures (¢, m) satis-
fying K(e,m) < +oco, (23) and (24). An optimal solution is an admissible
solution (¢, m) such that K(c,m) = I*(h).

The finiteness of K (¢, m) < 400 is enough to enforce that ¢ is a nonnegative
measure positive on @', m is absolutely continuous with respect to ¢, and
its (vector-valued) density v = v(t, x, a) is square integrable @) with respect
to ¢ :

m(t,z,a) =v(t,x,a)c(t,x, a), (29)

K(c,m):/

(This will be shown in subsection 3.2..) In subsection 3.1., we prove :

1
E\U(t,x,a)\Qdc(t,x,a). (30)

!

Proposition 2..2 Let D = [0,1]¢ and h € S([0,1]%). Then, there is always
an admissible solution (¢, m) and

I*(h) < K(e,m) <dT* (31)

The study of the relaxed problem, in subsections 3.2., 3.3., 3.4., 3.5., leads
to :

Theorem 2..3 Let D = [0,1]% and h € S(D). Then there is at least one
optimal solution (c¢,m) to the relazed problem. We have m = cv with v €
L*(Q',dc)?, equations (14), (13) and initial and final conditions (16) are
satisfied, the kinetic energy (17) is time independent and bounded by (31).
There exists a unique measure Vp(t,x) in the interior of QQ, depending only
on h, for which (15) holds true for all optimal solutions.

Then, in subsection 3.6., we prove that the relaxed problem is consistent
with the local smooth solutions of the Euler equations.

12
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Theorem 2..4 Let (u,p) be a smooth solution to the Euler equations (4),
T > 0 such that AT? < 72, where A is the supremum on @Q of the largest
eigenvalue of the hessian matriz of p, and set h = g,(T). Then, the pair
(¢, m) associated with u through (21),(22) is the unique solution of the re-
laxed problem.

Next, in subsection 3.7., we establish the following relationship between €
solutions (as defined in Definition 1..1), and optimal solutions to the relaxed
problem, through the associated measures (c., m.) (defined by (12)) :

Proposition 2..5 Assume I(h) < +oc. Let u, be an € solution and (¢, m)
be any cluster point (for the weak-* topology of measures on Q') of (ce,me).
Then

I"(h) < K(e,m) < liminf K (u,.) < limsup K (u.) < I(h) =limI.(h). (32)
In addition, if I*(h) = L(h), then (¢, m) is optimal,
I"(h) = K(¢,m) = lim K (u,) = L(h) = lim I.(h) (33)

and (11) holds true.

Finally, in subsection 3.8., we show :

Theorem 2..6 Assume that D = [0,1]*> and h € S([0,1]?) satisfies (10) for
some H € S([0,1]?), then L(h) = I*(h).

The proof is closely related to the one used by Shnirelman in [28] to show
that classical smooth incompressible flows are dense among generalized flows
(in the sense of [5]), in the case D = [0,1]*. We believe that Shnirelman’s
construction can be adapted for any data h € S([0,1]*), but for the sake of
simplicity and completeness, we only discuss in this paper the special case
(10), for which we provide all details. This concludes the overview of the
main steps of the proof of Theorem 1..2.

13
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2.3. Main steps of the study of the relaxed problem.

In subsection 3.2., elementary arguments from classical convex analysis show

(as in [6]) :

Proposition 2..7 The infimum I*(h) is always achieved and for every ¢ >
0, there exist some continuous functions ¢(t,x,a) on Q' and p.(t,z) on Q,
with Oype, Vo continuous on Q' and [, p(t, z)dx = 0, such that, for every
optimal solution (¢, m),

1
at¢e + §‘v$¢e|2 +pe S 0 (34)
and

1
| 1000+ 51920+ pil + 0 = Vo )de < € (33)

Then, we get in subsection 3.3. an approximate regularity result :

Proposition 2..8 Let 0 < 7 < T/2 and Q) = [7/2,T —7/2] x D x A. Let
r €D — w(x) €RY be a smooth divergence-free vector field, parallel to dD,
and s € R — e (x) € D be the integral curve of w passing through x at
s = 0. Then,

/ Vaude(t,z,a) —v(t,x,a)*de(t, z,a) < Ce, (36)
Jo,

|, IVabult,,0) delt,z.) < C. (37)
Q;

/ Voot 41, €% (), a) — Vabe(t, 2, a)2de(t, 2, a) < (€ +7°+0%)C, (38)
Ja,

for all optimal solution (¢,m) and all n, § and € > 0 small enough, where
C depends only on D, T, 7 and w.

Since ¢(t, x, a) is a measure, possibly highly concentrated (like a delta mea-
sure in z, as in the case of classical solutions), it is unclear how to deduce
from Proposition 2..8 a bound such as

/Q, (1830]2 + |V,0[2)de < C, (39)

14
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by letting first € — (to get v instead of V,¢.), then 6,7 — 0. Such a bound
would be meaningful, if ¢ could be bounded away from zero, which is exactly
the contrary of the classical case and cannot be expected, anyway, because
of the initial and final conditions. However a bound on [ |Vp| is expectable.
The formal (and, of course, not rigorous) argument is as follows. Starting
from (35), we get

(000 + 5 Vel + p)e =0,
Differentiating in =, we formally get (15) or
(O + (v.V)v + Vyp)e = 0.
Then, integrating in a € A,
/A(ﬁtv + (v.V,)v)e(t, z,da) = —V,p,

and, by Schwarz inequality,

(/\Vmp\)2 < /|8tv|2dc/dc+/|va|2dc/|v\2dc.

All these calculations are incorrect. However, the formal idea can be made
rigorous, by working only on the ¢. and using finite differences instead of
derivatives, and lead (in subsection 3.4.) to

Theorem 2..9 The family (Vp.) converges in the sense of distributions
toward a unique limit Vp, depending only on h, which is a locally bounded
measure in the interior of Q@ and is uniquely defined by

Vp(t,z) = —8,5/1)(75,.7:, a)e(t, z,da) — V. /(7) ®@v)(t,x,a)c(t,x, da), (40)
for ALL optimal solution (¢, m = cv).
Finally, in subsection 3.5., (15) is established.

3. Detailed proofs.
3.1. Existence of admissible solutions.

In this subsection we prove Proposition 2..2, with an explicit construction
closely related to the one introduced in [4] for generalized flows on the torus
T? (and used in [23] and [28]). We only perform the construction in the
cases D = T% and D = [0, 1]¢, the second one being an extension of the first
one. (Extensions to general domains can be performed as in [23].)
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Admissible solutions on the torus.

Let h € S(D) where D = T We introduce, for (z,y,2) € D3 a curve t €
[0,T] = w(t,z,y,2) € D, made, for 0 < ¢t < T/2, of a shortest path (with
constant speed) going from z to y on the torus T¢ and, for T/2 <t < T,
of a shortest path (with constant speed) going from y to z. Such a curve
is uniquely defined for Lebesgue almost every (z,y,z) € D3. Then, we set,
for every continuous function f on Q' =1[0,7] x D x A,

<o f>= [ fltwltia).y. hi(a))), a)dtdyda
Ql

<m,f>= /QI Ow(t,i(a),y, h(i(a)))f(t,w(t, i(a),y, h(i(a))), a)dtdyda.

(Intuitively, this amounts to define a generalized flow for which each particle
a is first uniformly scattered on the torus at time 7'/2 and then focused to
the target h(i(a)) at time T.) This makes (¢, m) an admissible solution.
Let us check, for instance, (13), by considering a continuous function f
that does not depend on a and showing that < ¢, f >= [, f. We split
< ¢, f >= I, + I according to t < T'/2 or not. For t > T/2, we have, by
definition, w(t,i(a),y, h(i(a))) = w(t,y,y, h(i(a))). Since we work on the
torus T¢, w(t,y,y, h(i(a))) = y + w(t,0,0, h(i(a)) — y). Thus

I = / flt,y 4+ w(t,0,0,2 — y))dedydt
J(T/2,T]xDxD

(since a € A — x = h(i(a)) € D is Lebesgue measure preserving)

= [ f(t.y+ w(t,0,0,2))dedydt = [ £t y)dodydi
J(T/2,T]xDxD JT/2,T|xDxD
= f(t,y)dydt

[T/2,T1x D
(by using twice the translation invariance of the Lebesgue measure on the
torus) and, doing the same for I;, we conclude that < ¢, f >= [, f. We
also get, for K(c,m) the following estimate that does not depend on the
choice of h € S(D)
2K (¢, m) = / 1Bo(t,i(a), y, h(i(a))) 2dadydt

[0,T]xDx A

=772 [ (i), 1)/ (T/2))? + (dnly, h(i(a))/(T/2))")dady

JDx
4

T DxD

(where dp(.,.) denotes the geodesic distance on the torus).

dp(w,y)*dzdy < d/T
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Admissible solutions on the unit cube.

Let us now lift the unit cube to the torus by shrinking it by a factor 2 and
reflecting it 2¢ times through each face of its boundary. To do that, we
introduce the Lipschitz continuous mapping

O(z) = 2(min(zy, 1 — x1), ..., min(x4, 1 — x4)), (41)

from [0,1]¢ onto [0,1]¢, and its 2¢ reciprocal maps, each of them being
denoted by ©, ', with k € {0,1}?, and mapping back [0, 1]¢, one-to-one, to
the cube 271 (k+10, 1]%). We also define the (almost everywhere) one-to-one
Lebesgue measure-preserving map

O ' (a) =i (0, (i(a))) (42)
from T into itself. Given h € S([0,1]%), we associate h € S(T%) by setting
hr) = 6, (h(O(x)).

when z € 1(k +[0,1]7), k € {0,1}. We consider the admissible pair (¢, m)
associated with h and constructed exactly as in the previous subsection.
Then we set .

ct,w.a) =55 > ot 0, (), 0 (a)),

/ ke{0,1}d

1 N _ _
o) = op Y (000, (2).6; ' (4))-V.)0) (€ ().
ke{0,1}¢
Explicit calculations show that (¢, m) is an admissible solution for A and
that (as in [28])
2d
K(e,m) < — <dT™".
(cm) < o <

Notice that it is important to use a continuous transform © (so that the
particle trajectories are properly reflected at the boundary of the unit cube
and not broken) in order to keep (23), but there is no need to use a one-to-
one transform, which makes the construction very easy.

3.2. Duality and optimal solutions.

In this subsection, we prove Proposition 2..7 by using the same elementary
arguments of convex analysis as in [6]. Let us fix an admissible solution

17
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(¢,m) (such a solution exists, as just shown in subsection 3.1., introduce
the Banach space £ = C(Q') x C(Q")¢, and the following convex functions
on E with values in | — 0o, +oc],

1
a(F,®) =0 if F+_[0?<0, (43)

and +oo otherwise, for (F,®) € F,

B(F,®) =<¢,F>+<m,®> (44)

if there exist p € C'(Q) and ¢ € C(Q') with 9,¢ € C(Q') and V¢ € C(Q")?
such that

F(t,.’lﬁ, CL) + at(ﬁ(tax: CL) —|—p(t,.’1?) = 07 (I)(t,l‘, CL) + Vm(ﬁ(tax: CL) =0 (45)

for all (t,z,a) € @', and B(F, ®) = 400 otherwise. The Legendre-Fenchel-
Moreau transforms (see [9], ch. I, for instance) of @ and (3 are respectively
given by

1
a*(e,m) =sup{< e, F >+ <m,d >; F+§|<I>|2§O} (46)

and

f*(c,m)=sup<c—¢F>+<m-—m>o > (47)
where (F,®) € E satisfies (45). In (46), we recognize definition (25) of
K(e,m). So K precisely is the Legendre transform of a. We see that
K (c,m) is finite if and only if ¢ is a nonnegative measure and m is absolutely

continuous with respect to ¢ with a vector-valued density v € L%*(Q, dc)?
and, then,

1
K(c,m) = —/ v|2de.
2 Jg
Observe that 8*(c, m) = 0 if (¢, m) satisfies
<C—c,Op+p>+<m—m,V,p>=0, (48)

for all suitable (¢,p), and *(¢c,m) = +o0o otherwise. Thus, since (48)
exactly means that (¢, m) satisfies admissibility conditions (13) and (23),
the infimum of a*(¢, m) + *(¢, m) is nothing but the infimum of K (¢, m)
among all admissible pairs (¢, m), namely I*(h).

18
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Functions o and 8 are convex with values in | — oo, +oc]. Moreover, there
is at least one point (F, B) € F, namely

F=-1, ®&=0,
for which «a is continuous (for the sup norm) and § is finite. Thus, by

the Fenchel-Rockafellar duality Theorem (an avatar of the Hahn-Banach
Theorem, see [9], ch. I, for instance), we have the duality relation

inf{a*(¢,m) + 8*(¢,m); (¢,m) € E'} (49)

=sup{—a(—F,—®) — 3(F,®); (F,®) € E}

and the infimum is achieved. More concretely, we get
I"(h) =sup < ¢, 00 +p >+ <m, V> (50)

with
1
b + §|Vm¢|2 +p<0.

Let us take any of the optimal solutions as a reference solution (¢,7). Then,
the duality relation exactly means that, for all ¢ > 0, there exist p. and ¢k,
such that

1
8t¢e + §‘v$¢e|2 +pe S 0

and

1
— < v ><<E0p + pe > + <, Vo > +e.

DO

Thus,

1 1
7 <G, "U o vw¢e|2 >+ <, |8t¢e + Pe + §‘Vw¢e|2‘ >§ 62-

\&}

So, we have obtained the desired relationship (35) between the p, and the
¢ and any any of the optimal solutions (¢,7) and the proof of Proposition
2..7 is now complete, noticing that [, p.(¢t,z)dz = 0 can be enforced by
adding to the ¢.(¢,z,a) a suitable function of t.
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3.3. An approximate regularity result.

In this subsection again, we use some arguments of [6] to prove Proposition
2..8. Let (¢,m = cv) be an optimal solution. Let ¢ and n be two small
parameters and 0 < 7 < T/2. Let ¢ be a smooth compactly supported
function on |0, T[. Let x — w(x) be a smooth vector field on D, parallel to

0D, and let e**(x) be the integral curve passing through z at s = 0. We
set

(t,x,a) = c(t+nC(t), v, a), 0"t ,a) = ot +n¢(t), z,a)(1 +nd'(#)),

and, for all f € C(Q"),

| fta.ayde bz = [ f(t00 @), a)de (tx0), (1)
Q' Q'

[ f(tz,a)dm™ (1, . a) (52)
JQ’
= / F(t, O (1), a) (9, + v"(t, x,a). V) (2)d (t, x, a).

JQ'

Notice that the new pair of measures (¢, m™"° = ¢7%y™9) is well defined,
has finite energy and satisfies (23). (Use the chain rule and compute

d
| Sl O (@), a)de(t, v, a).)
Q' dt
However, (13) is not satisfied unless w is divergence-free. Let us show :

Proposition 3..1 Let (¢,m) be an optimal solution. Then, for any n,d,
/ pede® / pede + % / (8 + 0".V,)e%% — Vb, 0S¥ 24 (53)
<€+ % / [0y + 0.V ,) e’ Pde — % / lv|*de.
Proof.
Using definitions (51), (52), we get the following identities,
/ D, (dc™ — de) = — / Vb (dm™ — dm)
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= /((Bt + 0.V ,)e%?%) .V ¢, 0 eV dc" + /7).V1¢€dc
1 1
= 5 / ‘(&s + v"_V,q;)etSCw — VmgéE o 66Cw|2dcn _ 5 / |(at + U".Vm)e‘scw\Qdcn

1
—5/\V$¢€oe‘scw\2dcn+/ 0.V ede.

We also have

/‘v$¢5|2(d0"76 - d(}) - /|vm¢e o €6Cw|2dcn o /|vm¢e‘2d()

Thus,
1
[ @b+ 5V (den — do)

1 1
— 3 / ‘(&: + 7)”,V$)66<w — V.00 e6Cw|2d(;’7 -3 / |(at + 7)".V$)66<w\2dc"

1 2 1 2
2/|VT¢E v|*de + 2/|v\ de.

Since (¢, m) is an optimal solution, we deduce from Proposition 2..7

1
@2 [(pe+ 06+ 5IVa0)(de" — de)

1
+§/\V$¢€ — v|*de,

which completes the proof of (53).

Now, we use Proposition 3..1 with different choices of parameters n,§. First,
in (53), we set 6 = 0 (so that e’ (z) = z). The first term of the left-hand
side vanishes (since [, ¢(t,z,da) =1 and [, p.(t,z)dz = 0). Thus, we get

1
5 / 0" — V6, 2de" (54)

1 1
<€+ 7 / 0" |dc" — 3 / v |*de.
We can bound from below the left-hand side by zero, let ¢ — 0 and get
0< /w\?dcn - /|v\2dc (55)

for any choice of ¢ and 7 small enough. This implies that the kinetic energy
defined as a measure on [0, 7] by (17) is time independent (therefore equal
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to I*(h)T~') and the right-hand side of (55) is bounded by Cn?, where C
depends only on D, T and (. Thus, we have obtained

/ 0" — V0 |2dc" < (€2 +n?)C. (56)

sw

Next, we assume w to be divergence-free, which makes e* a Lebesgue
measure-preserving map for all s € R and cancels the first term of the
left-hand side in (53). So we can rewrite
/ (0 4 v.V,)e’* — YV, 0 e 2dec (57)
< 26% + / (0 + v.V,) e |2dc — / v |*de.

Let us bound from below the left-hand side by zero and set ¢ = n = 0 in
the right-hand side. We get

0< [0+ 0.9)e O @) = Jof)de.
Since €2 (z) = x + 6¢(t)w(x) + 0(62), this implies that
/1).(8,5 +0v.V,)(Cw)de=10 (58)

for all smooth ¢ compactly supported in |0, 7| and all smooth divergence-
free parallel to D vector field w (which means that

8t/ v(t,x,a)e(t, x, da) + V. / v(t,x,a) @ v(t,z,a)e(t, x, da)
Ja Ja
is a gradient in the sense of distribution). We can now rewrite (57)

/ (0 +v.V) (2 (x) — 2) +v(t,z,a) — Vade(z, e’ (2),a)*de  (59)

< 2e + / (0 4+ v. V) (2 () — 2) + v|*de — /|7)\2dc

and, after rearranging the squares,
1 oCw |2
§/|U—Vm¢€oe |*dc
<e / [0 — Vade 0 V][(8) +0.V,) (%" (z) — z)|de
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+ /7).(8t +0.V,) (2" () — 2)de.

Since M) (z) — z = 6¢(t)w(x) + 0(6?) we deduce from (58) that
/ v — Ve 0 %% 2de < C(2 + 62), (60)

where C depends only on D, T, ¢ and w.

Finally, to get (38), assume that ( takes its values in [0, 1] and satisfies
Ct)y=1itr <t <T—-7and ((t) =0ift <7/20rt>T—7/2. For
(t,2,a) € Q" and 1 small enough, we have e’ (z) = e (x),

At,z,a) =c(t+mn,z,a), V(t,x,a)=v(t+n,z,a).

So, by bounding from below the left-hand sides of (56) and (60) by the
corresponding integrals performed on @, we get (38) and complete the
proof of Proposition 2..8. In addition, we have established the conservation
of the kinetic energy (17) and the averaged momentum equation (58).

3.4. Existence, uniqueness and partial regularity of
the pressure field.

In this subsection, we prove Theorem 2..9 in three steps : first, we show
that the family (p.) is compact in the sense of distributions in the interior
of @, next, we establish a discrete version of (15), using divided differences
instead of derivatives, then we deduce the convergence toward a unique
limit of (Vp,) and finally we prove that the limit Vp is a locally bounded
measure in the interior of Q).

Compactness in the sense of distributions.

From (53) with n = 0, we get, for all smooth vector field w parallel to 9D,
all smooth function ¢ compactly supported in |0, 7] and all |§] < 1, that

/Q pet,y) (T (e O (y)) = Ddydt < € + C, (61)

where C' depends on (, w, and .J denotes the Jacobian determinant. More-
over, we know that [}, p.(t, z)dz = 0 holds true for all ¢ € [0,T]. According
to Moser’s lemma (see [13] for a recent reference), by varying §, ¢ and w,
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we can generate a sufficiently large set of smooth functions compactly sup-
ported in the interior of Q of form (¢,z) — (J(e %M (y) — 1) so that the
boundedness of the family (p.) in the sense of distributions is enforced.
More precisely : Let ((¢) and o(z) be two compactly supported smooth
functions. We further assume

/(I(T)(]T =0, suplo| <1,
1)Setp(s,x) =1+ so(z), s€[0,1];

2)Solve

-Ap=0

withhomogeneous N eumannboundaryconditions; 3)Set

v(s,x)=V¢(x)

p(8,2),
sothat

dsp+ V- (pv) = 0.
4)Solve

Dug(5.7) = v(s. g(s5,7)). 9(0,3) = .

T hen,wehave

det(D.g(s,z)) = p(s, ).
Thus

det(D,g(C (1), 2)) = 1+ C(t)o(a).
So, wehaveobtained,
sup, [ pe(t,x)((t)o(z)dzdt < +oo,
whichprovesthat

pe is bounded (up to an irrelevant added function of ¢ only) in the sense of
distributions.
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A discrete optimality equation.

Let (e,m = cv) be a fixed arbitrarily chosen optimal solution. We call
test function on @' (resp. on @) any function f continuous on @' (resp.
on (), vanishing near t = 0 and ¢t = T, with continuous derivatives in ¢
and x. Notice that f(¢,x,a) does not necessarily vanish when z approaches
0D. Let f be such a test function with values in [0, 1] and w be a smooth
divergence-free vector field on D, parallel to 0D. We will denote by Cf a
generic constant depending on 7', D, w and f only through the sup norm of
V.f, the L*(Q',dc) norm of 9, f and the support of f in ¢. (It is important
that C involves d;f only through its L?(Q’, dc) norm.) Let us introduce

1
I= / g(—)\e(t, e (), a) + A(t, z,a)) f(t, 2, a)dc(t, z, a)

where A, > 0 is defined by
1 2
)\e - *(8t¢e + §‘v$¢e| +pe)-
From (35) we deduce that

62

1
< = lc <
1*5./””]"* 5

We can split I into I; + I, 4+ I3 with

1= [ Zolt. ™ (@) — pult,2)) foe

1
Iy 2/2—5[IVI¢J2(t, " (2),a) — | Vb 2(t, x, a)] fdc =

(62)

/ %[V,@F(t, (), a) = V0 (t, 2,a)].[Vade(t, " (z),a) + Voo (t, z,a)] fdc

1 1
> [ 5 [19:6.(t (). a) = Vo, (b2, @))0(t, 2. a) fde = S(5 + &)C

(by Schwarz inequality and the resultats of Proposition 2..8) and

Iy = / %[8@5(75» e"(x), a) — Bupe(t, =, a)| fde

- //0] do|0 Vet emiw(x), a).w(e”‘s“’(x))]fdc =1+ I5 + I,
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where, by using (14) and by integrating by part in ¢,

= [ [ 40019601, (@), @) w(e™ () e

> — /Btfv.wdc — (0 +€)Cy

(from the results of Proposition 2..8 and Schwarz inequality, which involves
the L?(Q', de) norm of 8, f, taken into account through C})

I = — /(v(t,x, a).Vaif)(Veo(t, e (z), a).w(e”" (z))dedo.

> — /(7)(75, x,a).Vyf)(v(t,z,a).w(z))dec — (6 + €)C;
(here C} involves the sup norm of V, f) and,

= —/ v(t, 2, a). V) [Vaoe(t, e (x), a).w(e?® ()] fdedo.

We get (after integrating in o € [0, 1])
1
= % [ 0lt.2.0) )06, (@), ) — 6,02, )] fde = Iy + I,
where

o= =2 [ ot,,0). V26,0, (), @) = Va6, ,0))) e

Iy = (15 /7)(t,m,a).((vw¢e(t, " (x),0).V,) (™ () — x)) fde

> — /1)(t,m,a).((7)(t,m,a).v Jw(z)) fde — 5Cy.

Thus, since I = I} + I, + I3 (where I3 = I, + I5 + I and Is = I; + Ig)
satisfies (63), we get

/ %(pe(t, () — pe(t, x)) fde — / v.(0y +v.Vy)(wf)de

(64)

(6% + €*)Cy.

Oql»—t
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Let t — ((t) a cutoff function [0, 7], with values in [0, 1], vanishing near
t =0,t="T, and with value 1 on the support in ¢ of f. Since f takes its
values in [0, 1], we can apply (64) to (1 — f)( = ( — f instead of f. We get

/ %(pe(t, e‘sw(m)) — pe(t,x))(C — f)de+ / v.(0p + v.Vy)(wC — wf)de

< %(52 + 0,

Both terms involving ¢ vanish, the first one because [¢(t,z,da) = 1 and
e’? is Lebesgue measure-preserving, the second one because of (58). So, we
can put an absolute value on the left-hand side of (64), and, then, perform
the symmetry w — —w to obtain a first discrete version of (15), namely

| / %(pe(t, (@) — pelt, e () fde — / 0.8y + v.V,) (fw)de|  (65)

S (52 + 62)010.

Sq | =

Existence and uniqueness of the pressure gradient.

If we use in (65) a test function f(t,z,a) = f(¢,z) that does not depend on
a, we get, since [c(t,x,da) = 1,

[ e @) F ) pelt )ty (66)

1
- /1).(8,5 +0.V,)(wf)de| < 5(52 + )y,

where Cf, now, depends on f only through the support in ¢ of f and on the
norm

AU = sup(|f] + (9o ) + ([ 00f *ddz) 2 (67)
Q Q

Since, in the sense of distributions, the family (p.) is bounded, there are
cluster points. Let p be any one of the cluster points. Letting first ¢ — 0,
and then § — 0, in (66), shows that p satisfies (40). Since (¢,m = cv)
can be any of the optimal solutions, this shows the uniqueness of Vp and,
therefore, the convergence of the entire family (Vp.) to Vp in the sense of
distributions. Notice also that (66) implies the convergence of

pe(t, () — pe(t e () = p(t, () — p(t,e ™ (x)),  (68)
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as € — 0, 0 being fixed, for the weak-* topology of the dual space of the
separable Banach space obtained by completion of the smooth functions
compactly supported in |0, T[x D with respect to the norm defined by (67).

The pressure gradient is a measure.

To show Theorem 2..9, we have now to prove that Vp is a locally bounded
measure in the interior of Q). Let £ — ((t) a smooth cutoff function on [0, T7,
with values in [0, 1], 0 near t = 0 and ¢ = T and 1 away from a neighborhood
of 0 and T. Let n > 0, 6 > 0 small enough so that ¢ € {(¢ — 0n) vanishes
near 0 and T, for every 6 in [—1,+1]. Tt is difficult to estimate

'/Q Ct)|pe(t, €™ (x)) — pe(t, x)|dxdt,

so we consider the following time regularization

T= [ GO [ (16, ¢(@)) — pt + 06, 2))dbl o

= [ €O [ @elt 10, (2)) = pelt + 06, 2))doldelt, .0
Q 0

(using [, c(t,z,da) = 1). Let us consider \(t,z,a) defined by (62), which
is nonnegative and of which the ¢ integral is bounded by €* (according to
(35) in Proposition 2..7). We have I < I} + I, + I3, where

I = /q/ (t+ 10,7 (x), a) — At + 08, , a))dO|de,

Iy = /q/ St + 10, e (2), a) — Qy(t + 8, z, a))df|de,

1
L= [ ¢l [ Vb (0408, (@), )  IV.6 (0 + 06, 7.0)) bl

The third term is easy to handle, thanks to (38) and Schwarz inequality. It
can be bounded by (¢ + § + n)C, where C, as all the coming up constants
always denoted by C', depends only on D, T', ¢ and w. The second term
can be bounded, after using the mean value theorem and integrating in 6,

by
I, < 6/ / d0| Voot +1,¢7(x),a) — Vade(t, e’ (2), a)].w(e™ (z))|de
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(here we see that the time regularization avoids the use of 9,V ¢, on which
we have no control)

)
SCE(G‘HMLU)-

Let us now consider the most delicate term, I;. We start with a rough
estimate, using A, > 0 and [ A.dc < €2, to obtain

I < /Q[)\E(t 400, €% (), a) + At + 16, 7, a)|dOde

<2 4+ /C[)\e(t 400, 0 (2), a) + At + 16,z a) — 2 (1, 2, a)]dfde
:262—]4—]5—[6
with

Ii= [ [0t + 10, €™ (), 0) + Oy (t + 16, v, @) — 20,6, (t, x. a) Bl

1
]5 - 5 / C[|V’I‘¢F(t + 7707 e(sw(‘r): a’)‘Q + |V’T¢F(t + 7707 Z, CL)|2
_2|Vm¢e(t=x7a)|2]d9dca

Is = /C[pg(t + nb, 65“’(3;)) + p(t 4+ nb, x) — 2p.(t, x)]dbdec.

Notice that we go backward only apparently, since now there is no ab-
solute value any longer in the integrals. In particular I vanishes since
[c(t,x,da) = 1, e* is Lebesgue measure-preserving and [ p.(¢,z)dzr = 0.
The same bound is obtained for I5 as for I3 earlier. The treatment of I,
needs more care. The idea is to get rid of the time derivatives by using
(14). Since ¢ vanishes near 0 and 7, there will be no boundary terms com-
ing out of the integration by parts, however d;( has to be handled carefully
because we wish to involve ¢, only through its partial derivatives. We split
I4 = I7 + Ig with

I = [ @0t + 16, (), @) + 0. (¢ + nf. v, )
—2((t — n0) 0y pe(t, x, a)|dOde,
Iy = / 2(C(t — 1) — C(£))Dyde(t, x, a)dde.
To treat I3, we have to go backward again

Iy = [ 2(C(t = 19) — <) (- Aclt, 2, 0))dbde
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~ [ (¢l 18) — DI Vaelt, v, *dbde — [ 2(C(t—n8) — C(1))pe(t, 7)dode

The last term vanishes (since [¢(t,z,da) =1 and [ pc(t,z)dz = 0) and the
two first ones are easily bounded by C7n. Let us now consider Iy = Iq+ 214,
where

]9 - /C(t) [af¢F(t + 7707 e(sw(‘r): CL) - af¢‘(t + 770’ Z, a)]d@dc,

I]O - /[C(t)at¢e(t + 7’]9, T, (L) o C(t o n9)8t¢6(t7 xz, a)]dﬁdc
We have

=4 /C(f) /] dod,V ¢ (t + b, e (), a).w(e’® (x))ddc

=2 [<0) [ 01960+, (0),0) = V8.7 ) ) (e ) e

which can be bounded as I, by 02(6 + d +n). We also have
1
Lo = / / dod,C(t — (1 — o)nf)d,ée(t + 1o, z. a)lnbddde.
0
Here, we use (23) and get
1
- / / do((t — (1 — o)nh)V,0i¢c(t + nbo, x, a).v(t, x, a)nddhdc.
J JO
Thus ]10 = ]11 + [12, where

m=-// LdoBC(t — (1 = 0)10) Vs, (t + 160, 7, @) -0(t, 5, a)ynbdde

= —/ Vbt +n0,x,a) — ((t — nd)V,o.(t,x,a)].v(t, z, a)ddde,

Iy = / / dol'(t — (1 — o)nd)V b (t + nbo, z,a).v(t, z, a)nfdldc.

So, I o is bounded by (¢ +4d + 7)C.
Finally, because ((t) = 1 away from ¢ = 0 and ¢ = T, we have shown that,
for 7 > 0 small enough,

[ 1 0+ 06, @) = e+ . 2)) o (69)
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<(14+6/n)(n+d+¢C,

where C' depends only on D, T', 7 and w. Letting ¢ — 0, with frozen n = 9,
in (69), shows that the limit p satisfies

S [ <pten) f6 98,600 w) - ft - 00,9) > 6 < Coupl S|

for every smooth function f(¢,2) > 0 with compact support in 0 < ¢t < 7.
Finally, we obtain, when § — 0,

< Vp(t,z).w(zx), f(t,x) >< Csup|f],

where C' depends on D, T, w and the support of f, which shows that Vp
is a locally bounded measure in the interior of () and completes the proof
of Theorem 2..9.

3.5. Optimality equations.

In this subsection, we deduce (15) from (65) by letting ¢ < § — 0, which
makes some problem since Vp, converges to the measure Vp only in the
sense of distributions. In (65), let us assume that the support of f is compact
in the interior of @'. Then, given a fixed vector e in the unit ball of R?, we
can choose w in such a way that, for |§| small enough, e’ (z) = z + de and
w(x) = e hold true for all (¢, ) such that f(¢,2,a) # 0. Then (65) becomes

| / %(pf(t, 7+ 0¢) — po(t, T — be)) fde — / 0.8, + v.V,) (fe)de|  (70)

S ((52 + 62)Cf.

Sh | =

where Cy depends on D, T, the norm of f defined by (67) and the support
of f.

Let v a radial nonnegative mollifier on R?, supported in the ball centered
at the origine and of radius 1/2, and e a fixed vector in the same ball. For
each y in this ball, we perform the change of variable e — e + y in (70),
multiply by v(y) and integrate with respect to y. Then, we obtain

| / %(p‘(t’ x+0(e+y)) —pe(t,x —dle+y)))fdey(y)dy
+/7).e(8tf + 0.V, f)de| < 6C}.
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Since 7 is radial, we can replace the second y by —y and rewrite
1
/ S5t 4+ 06) = po(t, = 8) fos (1, @)t (71)

—i—/v.e(&,f + 0.V, f)de| < 8C;,

where f. 5, is defined by

fesaltir) = [ flt.x = dy.a)elt.x — dy,da)y(y)dy.  (72)

This function belongs to the Banach space obtained by completion of the
test functions with respect to the norm defined by (67). Indeed, it is com-
pactly supported in time, smooth in x and sufficiently smooth in ¢, since,
because of equation (14),

atfc,(i,'y(tax) -
/(Bt +o(t,r — 0y,a).Vy)f(t,x — dy,a)c(t,x — dy, da)y(y)dy

Vo [ vlt.x = by.0) f(t,2 = 8y, a)e(t, v — by, da)y(y)dy,

which is Lebesgue square integrable on ). Thus, for each fixed d, we can
take the limit of (71) when ¢ — 0, by using (68), and obtain

+1/2
| < Vp(t,z).e, / | Jeaa(te = 266e)d0 > + / v.e(df + 0.V, f)de| (73)

< 6Cf7

where < .,. > denotes the duality bracket pairing measures and continuous
function on @) and the mean value theorem has been used to rewrite the
divided difference as an integral in #. Let us introduce

+1/2

C(ﬁ,e,fy(t; z, CL) - /

—-1/2

df / c(t,x — 26de — dy, a)y(y)dy, (74)

which is a mollification of ¢, continuous in ¢ and smooth in z with values in
the space of Borel probability measures in a. (The smoothness in 2 comes
from the mollification by v and the continuity in ¢ from (14).) Definitions
(72) and (74) show that

+1/2
| / / Fosn(t,z — 205€)d0 — / F(t, 2, a)csen (b2, da)| < Of6,
—1/2
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so we can rewrite (73) as

| < Vp(t, x).e, /f(t,m,a)ctgym(t,m,da) > + /7).6(8tf + 0.V, f)de| (75)

< 6C;.

Since Vp is a locally bounded measure in the interior of ) and ¢s. (%, z, a)
is a probability measure in a, we get

< Vplt,@)e. / F(t, 2, a)csen(t, 2, da) > | (76)
< <[Vt x).el,sup | f(t 7, a)| >
acA

Thus, the ¢s. can be seen as a bounded subset of L>(|Vp|, C(A)), defined
as the dual space of the (separable) Banach space L'(|Vpl|,C(A)), made of
all functions f(t, =, a) which are |Vp| integrable in (¢, z) with values in C'(A),
the space of continuous functions in a. So this family is weak-* sequentially
relatively compact. Because of (75), for each fixed e and ~, there is a unique
possible cluster point, when § — 0, denoted by ¢, , and satisfying

< Vp(t,x).e,/f(t,:c,a)cm(t,x,da) >= —/U.e(atf +0.V,f)de. (77)

Since the right-hand side does not depend on v and depends linearly on e,
the limit la limite ¢, , cannot depend on v and e. Thus, this limit can be
denoted by ¢ and satisfies

< Vp(t,x).e,/f(t,a:,a)g(t,x,da) >= — /U.e(atf + 0.V, f)de. (78)

Thus, we deduce from definition (74) that (19) holds true for the weak-
* topology of the dual space of L'(|Vp|,C(A)) and we can use it as the
definition of ¢ as the extension of ¢ with respect to the measure dtdz +
|Vp(t, z)|. This completes the obtention of (15) and the proof of Theorem
2..3.

3.6. Consistency of the relaxed problem with local
smooth solutions of the Euler equations.

In this subsection, we prove Theorem 2..4. Given a local smooth solution
(u, p) of the Euler equations, it is enough to show that any admissible solu-

tion (c,m) satisfying K (c,m) < 1/2 [, |u|” necessarily is the pair associated
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with u through (21),(22).
Let us consider

[tz a) = 0ig(t,i(a)).(z — g(t,i(a)))

which is a smooth function of (¢,z,a) € Q' and satisfies f(T, h(i(a)),a) =
f(0,i(a),a) = 0. Thus, we can use (23) and get

—/U.medc - /@fdc.

So,
~ [olt.2,0)Bug(t, (@) det, 7, a)

= [@g(t. i)l — g(t.i(@)) — rglt.i(@) P)delt, 2, 0).

Since (u,p) is a smooth solution to the Euler equations, we have

97 g(t,i(a)) = —(Vap)(t, g(t,i(a))).

Thus .
[ 510t ,0) = dig(t, (@) Pdelt, 2. )

= /[%(U(t,x,a)Q — [Dig(t,i(a))]?)

But, by assumption,

1
K(c,m) < —/ |u|*dtdx
2 Jg

where the right-hand side is

/%atg(t,i(a))thda - /%atg(t,i(a))|2dc(t,x,a)

(since [c(t,dx,a) = [¢(0,dz,a) = 1, which follows from d’apres (23)). So,
1 o
[ Slott. 2, @) = dg(t,i() Pde(t, v.a)

< /(*Vmp)(t, 9(t,i(a)))-(z — g(t,i(a)))de(t, z, ).
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By definition of A as the largest eigenvalue of the second space derivatives
of p, and by the mean value theorem, we have

p(t,x) = p(t, g(t,i(a))) = (Vap) (2. g(t,i(a))).(x — g(t, i(a)))

< g Ala — gl i(a)P

Since

[ wlt,2) it gt i(a)))det, 7, a) = 0

(indeed ¢ is volume preserving and [¢(t,dx,a) = 1, [e(t,z,da) = 1), we
have finally obtained

/(\U(t, x,a) — 0yg(t,i(a))|? — Az — g(t,i(a))|?)dc(t, z,a) < 0. (79)
Since AT? < 72, the proof of theorem 2..4 is completed, once we notice that
/\T—g?‘7 )Pde(t, z,a) =0

follows from the following generalization of the classical one dimensional
Poincaré inequality :

Proposition 3..2 Let t € [0,T] — z(t) € R? an absolutely continuous path
suth that [ |2'(t)|?dt < +o00. Let (¢, m) be a pair of respectively nonnegative
and vector-valued measures on Q = [0,T] x RY, such that m = cv, with
v e L*Q,dc), and

/(@qﬁ 4 0.V,0)de = §(T, 2(T)) — 6(0, 2(0)) (80)
for all smooth functions ¢ on ). Then

/(|v(t,x) —Z'(t)| = Az — 2(t)]*)dc(t, z) > 0, (81)

when AT? < 2.

Proof of Proposition 3..2.

Set z(t) = z(0) for ¢+ < 0 and fix 7 > 0. Introduce
. b1 / 2 2
olt.a) =inf [ SIIC(O) ~ AIC(0)[]ao. (52)
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where the infimum is performed on all paths t € [—7,T] — ((t) € R? such
that

-m) =0, () =7 2(0)
By the classical one-dimensional Poincaré inequality,
t
| 1¢OF = Aco)d o,
for all paths ¢ such that ((¢) = 0 for ¢t = —7 and ¢ = T, provided that

A(r + T)? < 72, which holds true if 7 > 0 is chosen small enough. We
deduce

o(t, 2(t)) = 0
(because the infimum is achieved by ( = z). By standard calculus, ¢ is a
C' solution on @ of the Hamilton-Jacobi equation [3]

1 1
06+ 5|Vab + 2+ 517 + Ao — 2] = 0. (83)

(We write, for small enough € > 0,

o(t,) = inflo(t — e.o — ep) + [ SICOF ~ ACO)PJas,

¢
where the infimum is taken over all y € R? and all paths ¢ starting from
x — z(t) — ey at time ¢t — € and reaching = — z(t) at time t. Then, we perform
a Taylor expansion about ¢ = 0.) By applying (80) to ¢, which satisfies
&(T, z(T)) = ¢(0, 2(0)) = 0, and by using (83), we get
1
/(Uw = 5[Vé+ 22 = |2 + Alx — 22))de = 0.

By this quantity exactly is

1

3 /(\v — P Az — 2]~ v Vo — 2 |P)de,

which completes the proof of (81), Proposition 3..2 and Theorem 2..4.

3.7. Limit behaviour of ¢ solutions as ¢ goes to 0.

In this subsection we prove Proposition 2..5. Let us consider an € solution
(as defined in Definition 1..1), and the associated measures (c., m.) (defined
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by (12)). Let (¢, m) be a cluster point of (¢, m,.), when € — 0, with respect
to the weak-* topology. Since K is weak-* lower semicontinuous (as a
supremum of continuous linear forms), we have

K(c,m) <liminf K (u,).

Since wu, is an € solution, the right-hand side is less than I(h) = lim I.(h),
by definitions (1..1), (6). The weak-* convergence of (c., m.) and the strong
L? convergence of g, (T,.) toward h enforce (23). Thus (¢, m) is admis-
sible and I*(h) < K(c,m) follows, which completes the proof of the first
part of Proposition 2..5. Let us now consider the case when I*(h) = I(h).
In subsection 3.8., we show that this case includes all data h € S([0,1]?)
satisfying condition (10) and, in subsection 3.1., we have also obtained the
energy bound (31). Then we immediately get (33). Let us now prove that

Oyt + (ue.V)ue — (84)

O /7)(t,m,a)c(t,m,da,) + V. /7)(75,37,(1,) ®v(t,z,a)c(t, z, da),

holds true in the sense of distributions, which is enough to get (11), by
using (40) and completes the proof of Proposition 2..5. In (84), only the
quadratic term makes problem. Therefore, it is enough to show

Proposition 3..3 Assume that (c., m¢) weak-* converges toward (c,m),
with K(c.,m¢) = K(c,m). Then

/Ug(t,x,a) R ve(t,x, a)c(t, z,da) — /U(t,x,a) Qu(t,z,a)c(t, z,da), (85)

in the sense of measures in (t,x).

Up to a subsequence, we have
/7)6(75,.77, a) @ v(t, z,a)c(t, z,da) — u(t,z),

for some measure p with values in the convex cone of all nonnegative sym-
metric square matrices. Let us set

it ) = [olt,7,0) @ v(t, 2, a)e(t,z, da),
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which is a measure of the same nature. Since K(c., m.) — K(c,m), we have

/trace(u)(dt, dx) = / trace(m)(dt, dx).
Jg Jg

Thus, to conclude that p = 71, it is now enough to prove 77 < p in the sense
of nonnegative symmetric matrices, that is

[ St da)(e(t0),€0 ) < [ Splandn)(€(r,2). €0, 0), (86)

for every continuous function £(#,7) on @ with values in R?. We observe
that the left-hand side and the right-hand can be rewritten respectively
K¢(e,m) and lim,_,¢ K¢(c., m.), where we set

Ke(em) = [ %17(15,3:,a).f(t,a:)|2d6(t,x,a)

= sup [[8(t, 2, 0)é(t,2).din(t, v, a) — ~(t, x, a)2dé(t, 7, a),
$eC(Q") 2

for any pair of measures (¢,m = ¢v) such that K(¢,m) < 4+oc. Thus, (86)
immediately follows from the obvious lower weak-* semi-continuity of K.
So the proofs of Proposition 3..3 and Proposition 2..5 are now complete.

3.8. Construction of an ¢ solution from an optimal
solution to the relaxed problem.

In this subsection, we prove Theorem 2..6, by constructing a family u, € V/
such that K(u.) is asymptotically not larger than I*(h) and

gu (T) = h[L> =0,
as € = 0. (Indeed, then, up to a relabelling of €, we may assume
K(UF) S]*(h)—i-G/Q, ngf(T)_hHLZ <€
which implies
1 *
Te(h) < K (ue) + o-|lgu (T) = hl[z2 < I7(h) + e

and we know, by Proposition 2..5, that I*(h) < I(h) =lim I (h).)
Let us fix an optimal solution (¢, m = cv), so that K(c,m) = I*(h). We
first observe
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Proposition 3..4 Assume that h satisfies (10) for a given H € S([0,1]%).
Then (c¢*,m* = ¢*v*) is an optimal solution to the three dimensional relazed
problem with D = [0,1]* and data h if and only if

c*(t,x,a) = 0(xg — iz(a))c(t, x1, xa, a), (87)

U*(t,.’E, CL) = (Ul(taxlax% CL), U?(taxlax% CL), 0)

where (¢,m = cv) is an optimal solution to the two dimensional relazed
problem with D = [0,1]* and data H. In addition, I*(h) = I*(H).

Proof of Proposition 3..4.

Let (¢*,m*) an optimal solution to the three dimensional problem with
data h. We first observe that necessarily mj = 0. Otherwise, the rescaled
solution
é(t,z,a) = c*(t, 21, 19, n(x3)),
i (t, z,a) = mi(t, z1, 22, m(23)),
ma(t, . a) = ms(t, x1, x2,1(23)),
m{;(t,l‘,&) 77( ) lmz(tal"l;bﬂ?(x:s));
where
n(x3) = min(2x3, 2 — 2x3),

would be admissible with a strictly lower energy K(¢,m) < K(c*,m*) =
I*(h), which is absurd. Now, since m} = 0, we deduce from (14) that

= /|q~3f73( )2eH(t, da, da) /v (|25 — i3(a)|?).m* (¢, dz, da) = 0.

This shows that x3 = i3(a) holds true for ¢* almost every (¢, z,a), which
implies that §(z3 —i3(a)) can be factorized in the expression of ¢* and the z3
dependence of v can be ignored. So (¢*, m*) satisfies (87). Now, (¢, m = cv)
is necessarily admissible for the two dimensional problem with data H and
satisfies

I*(H) < / lv[2de = / lo*[2de* = I*(h).
J[0,T]x[0,1]2xT J[0,T]x[0,1]3xT

But, I*(H) > I*(h), so (¢,m) is an optimal solution to the two dimensional
problem with data H and K(c¢,m) = I*(H) = I*(h). The converse part is
then straightforward and the proof of Proposition 3..4 is now complete.
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Continuation of the proof of Theorem 2..6.

Next, we wish to mollify (¢*, m*), or more precisely its two dimensional
counterpart (¢, m), according to (87). Let us introduce the following nota-
tion

i(a) = (i1(a),izy(a)) € [0,1%, a €T,

so that
C(vav a) = 6(3: - l(a’))v C(T,Ji, a’) = 6(37 - H(l(a’))):

where z € [0,1]2. We first perform a change of variable in ¢ so that the
particle do not move when ¢ is close to 0 or 7. Namely, we introduce a
waiting time 0 < € < T'/4 and set

t— 2e¢

t)=T 0, mi
n(t) max( ’mm(T—4e’

1),

for € > 0 small enough, and set

c(t,x,a) = c(n(t),z,a), mt,x,a) =n'(t)m(n(t),z,a),
fort € R, z € [0,1)? and a € T. (Or, more precisely,

T

<o f >:'/UQEAf(t,i(a),a)dadtJr' [ 7t (@), @)dad

T—2e
+(1 —4eT ™1 < c(t,z,a), f(2e +t(1 — 4eT 1), 2,a) >,
<m, f >=<m(t,z,a), f(2e + (1 — 4T "), 2, a) >,

for all continuous functions f on [0,¢] x R? x T.)
So, for t < 2e,

c(t,x,a) =0(x —i(a)), m(t,z,a) =0,
and, for t > T — 2,
c(t,x,a) =0(x — H(i(a))), m(t,z,a) =0.
Since the kinetic energy of (¢, m) is time independent, we have

T
T — 4e

T
[t = K(c,m)
0
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arbitrarily close to K (¢, m) as € — 0 and, of course, (¢, m) is still admissible.
To keep simple notations, let us now denote (¢, m) by (¢, m).

Next, we mollify our new (¢, m) int € [0,7], a € T and get a new (¢, m). We
will perform the more delicate mollification in x € [0, 1] later. We denote
by v, (¢ = 1,2) a nonnegative even mollifier on R?, compactly supported in
| —1/2,41/2[% and set for all positive e

Yocy) = € (e (y), yER,

For the mollification with respect to a € T, we use an everywhere positive
periodic convolution kernel

Yr.(b Ze Yole '(b+ k), beT,

keZ

where 7, is a fixed positive function in the Schwartz class of integral equal
to 1. Then, we set for all (t,z,a) € [0,T] x [0, 1]?

¢(t,z,a) /ds"y]ef—s/dbwe —b)e(s, x,b),

m(t,x,a) = /ds'yhe(t ) /dbw,e(a —b)m(s,x,b).
JR JT

Since 7y is bounded away from 0 and +o00 on T and [¢(t, z,da) = 1, we
have
0 <infryp, <é<supyre< 400

and, therefore, ¢ can now be considered as a positive bounded function. For
t near 0, we have

&(t,z,a) = /Té(a: —i(B))ye(b — a)db, T(t,x,a) =0

and, for ¢ near T,
&(t,z,a) = / 5z — H(i(B)))yr.(a — b)db, (t,z,a) = 0.
T

So the time boundary conditions are no longer satisfied by (¢,m). How-
ever, since we have performed a convex linear combination of translations
of (¢, m), (13) and (14) are still satisfied and, by convexity of K, K(¢,m) <
K(c¢,m). Therefore, K(¢,m) is asymptotically not larger than I*(h) as
e — 0. To keep simple notations again, let us denote (¢, m) by (¢, m) to
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perform now the mollification in z € [0,1]2. We rescale the transform ©
introduced in subsection 3.1. by setting

O(z) = (min(xy,2 — x1), ..., min(x4, 2 — x4)), (88)

for z € [0,2]? and we extend © as a (27)? periodic map from R? onto [0, 1]%,
We denote by I; the square k + [0,1]? for each k& € 7% and by O, the
reciprocal map from [0, 1] into I. Notice that the Jacobian matrix of ©, '
is s times the identity matrix with s, € {—1,+1}. Next, we define a
mollification kernel adapted to [0, 1]? by setting, for all € > 0, x,y € [0, 1)

Pac(ry) = 3 ¢ 2pp(t— e 0]y

kez? €

We are now ready to define
c(t,x,a) :/ Loz, y)e(t,y,a)dy
[0,1]4

and

- _ r— 0"
m(t,x,a) = /[0 1 Z € QSk’VQ(ik(:IJ))m(tayaa)dya

kez? €

so that (14) is satisfied. Observe that

/ FQ,E(,U; .’E)dy = / FQ,E(:EJ U)dU = 17

[0,1]4 [0,1]¢

for all x € [0,1]¢. Tt follows that (13) is satisfied (because [c(t,z,da) =
1) and, by Schwartz inequality, K(¢,m) < K(c¢,m) (which implies that
K (¢, m) is asymptotically not larger than I*(h) as ¢ — 0), and

0 <infryp, <é <supype < +00.

Thus, both ¢ and ¥ = m/é are well defined and smooth. In addition, for
each a € Tand t € [0, T], the field x — 0(t, z, a) is parallel to the boundary
of [0, 1]%, because of the symmetries of I's. Let us denote (¢, m) by (¢, m),
again, and start the construction of an € solution, after noticing that the
boundary values in time of ¢ are given by :

c(0,z,a) = /

ol i0) e (o= by (89)
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(T, ,q) = '/[W Ty (2, H(i()))ve.c(a — b)db. (90)

The idea is to use the particle label a as the vertical coordinate z of [0, 1]?
and to construct a smooth divergence free velocity field

(t,2,2) € [0,T] x [0,1]* x [0,1] = (u(t,z,2),w(t,z,2)) € R* X R
out of the smooth field
(t,x,a) € [0,T] x [0,1]* x [0,1] = (v(t, x,a),c(t,z,a)) € R*x]0, +o0].
For that purpose, let us set, for z € [0,1]* and a € [0,1],
Z(t,x,a) = / c(t,z,b)db,
0

which is smooth on [0, 7] x [0,1]*. Since Z(t,z,0) = 0, Z(t,z,1) = 1 and
0.7 > 0, for each fixed t € [0,7T], (z,a) — (x,Z(t,a)) is a diffcomorphism
of [0,1]* with a Jacobian determinant equal to 9,Z(t,z,a) = ¢(t, z,a). Let

us now introduce
wi(t,z, Z(t, z,a)) = v;(t, z,a),

fori =1,2 and
w(t,x,z) = —/ (O1uq + Oqus)(t, z, 2')d2’
0
which satisfies w(t,z,1) = w(t,z,0) = 0. Indeed, by integrating (14) in
a € [0, 1], we get
1
0= Vw./ v(t,xz,a)e(t,x,a)da
Jo
1 1
:/ Vw.v(t,x,a)c(t,m,a)da+/ v(t,x,a).Vye(t,z,a)da
Jo Jo
1
:/ Veu(t,z, Z(t, z,a))e(t, z,a)da
Jo
1
+/ ou(t,x, Z(t,x,a)).V,Z(t,x,a)c(t, z,a)da
Jo
1
+/ u(t,z, Z(t,x,a)).V,0,Z(t, x,a)da
0

1
:/ Veu(t,z, Z(t,x,a))0,Z(t,x,a)da
0
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+/ u(t,z, Z(t, x,a)).V,Z(t, x,a)|da

:/ Veu(t,x, 2")dz'.
Jo

Next, let us define £(¢, z, 2) € [0,1]%, ((¢,x, 2) € [0,1] and X (¢,z,a) € [0,1]?
by

£(t,x, 2) —3:+/ (s,2,2),((s,x,2))ds,

() = 2+ [ (s, €(s.,2), (5,7, 2)) s,
J0

X(t,z,a) =z + /Ot v(s, X(s,z,a),a)ds.
Then, let us prove : |
(2, Z(0,z,a)) = X(t,x,a), ((t,z,Z(0,2,a)) = Z(t, X(t,x,a),a) (91)
with the help of :

O Z(t,xya) +ul(t,z, Z(t,x,a)).V, Z(t,x,a) = w(t,x, Z(t,x,a)).  (92)

To prove (91), we use the following short notations, where z and a are
frozen,

f(f) = f(t,l‘,Z(O,l‘,(L)), C(f) = C(t,m,Z(O,m,a)),
X(t)=X(t,z,a), Z(t)=Z(t, X(t,x,a),a)

and denote by ’ time derivatives. We have

& =u(t,§,¢), ¢ =wtg(),
X' =ov(t,X,a)=u(t,X, Z),
=(0,2)(t, X,a) + (V. 2)(t, X,a)u(t,X, Z) = w(t, X, Z)

(by (92)). So
(X,2) = (u,w)(t, X, Z).

Since
£(0) =2 = X(0), ¢(0)=2(0,z,a)=Z(0),

it follows that £ = X, ( = Z, which completes the proof of (91). Let us
now show (92). We have

0,7t ,a) = /0 d,c(t, x, b)db = —/0“ V,.(cv)(t, z, b)db
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_ /a(U.Vm)C(t;l‘;b)db _ /“(ch.v)(t,x,b)db =1, + I,
0 0

where

I] - / 'U,(t,.’l’/‘, Z(t77"’b))viﬂc(tﬂr7b)db
J0

:—/wMu%Z@mJDXQ&Z@xJMb
0
= -V, Z(t,x,a)u(t,z, Z(t,x,a)) + V. Z(t,x,a = 0).u(t,z, Z(t,z,a = 0))
4—/aaﬂdux,Z@ngO)VmZ@wnbﬁitx,Md@
J0

where the boundary term at a = 0 vanishes (since Z(t,z,a = 0) = 0).

b:—A%Mw@%Z@%mk@Lm%

:/(@wXL%Z@JJD&Z@xJMU

0
4—/aﬁﬁuﬂtm,Z@gan(CVIZXtQ;Mdh
Jo
Thus
L+1,=-V,7(tx,a)u(t,z, Z(t,z,a)) + w(t,z, Z(t,x,a)),

which completes the proof of (92).

Let us now show that the divergence-free vector field
(t,x,2) € [0,T] x [0,1]* x [0,1] = (u(t,z,2), w(t,z,2)) € R,
almost reaches the target H in the sense that

/ E(T, 2, 2) — H(x)[*dadz — 0, (93)
J10,112%[0,1]

as € — 0. We set
ﬁ:/wﬂ%@—Hmew

[ (T2, 200,,0)) ~ H () e(0, 5, )deda
= / \X(T,z,a) — H(z)|*c(0, z,a)dvda
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(according to (91)), where

c(0,7,a) = /rg,e(m,z(b))w,e(a ~b)db

is highly concentrated along z = i(a) for most of the x € [0,1]?. We have
0 < ¢ + 6" where

:/|X(T,3:,a) H(i(a))2c(0, , a)dada,

5" = /|H i(a))?(0, z, a)dzda.

We can rewrite

0" = / H (x i(a))|*yrc(a — b)Dy(x, i(b))dbdxda.
If H' denotes a mollification of H, then

[ V(@) = H (i) P o — BT (o, (1)) bz

' / l — i(a)Pye.(a — b)T (w, (b)) dbdada,

where C' denotes any constant depending only on H’, v, and s,

<O [l = iB)P + li(b) — i) P)ye ol — BT, (1)) bz

<@+ [ 1ifb) = ila) e  b)dbda),

which tends to 0 as € — 0, H' being fixed. Since,
/wwmmeP+mwm»fﬂmmmwAmww%mﬂmﬁmm

—9 / \H' (2 2)[2da,
we deduce that 6" — 0 as ¢ — 0. Let us now look at ¢’. Since
X (t,z,a) =v(t, X(t,x,a),a)

and

0yc+ V.(cv) =0,
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¢(T, z, a) is nothing but the image measure of ¢(0, z, a) by the map (z,a) —
(X (t,z,a),a). Thus

/|T— a))|’e(T, z, a)dxda

— [lo H(@@) Py o B)Ta. (o, H(i(8)))dbdzda,

which can be estimated in an even simpler way than ¢” and completes the
proof of (93).

So far, we have found a smooth divergence free vector field (¢,x,z) €
[0, T]x[0,1]*x[0,1] = (u(t, z, z), w(t, z, z)), with integral curves (¢, z,z) —
(£(¢,2,2),C(x,y, 2)), such that

E(t,x, Z(0,2,a) = X(t,z,a)

and

/MG@@—H@WWW%O
as € — 0. We may now rescale this field by setting
u(t,z,2) = u(t,v,nx(2), Wt z,2) =n\) w(t,z,nx(2)),

where N > 0 is a large integer, ny is the 2N ! periodic Lipschitz continuous
function defined by

ny(z) =min(Nz,2 — Nz), 0<z<2N L
The corresponding integral curves are denoted by (5, 5) Since
w(t,r,z=0)=w(t,z,z=1) =0,
sup [C(t, x,2) — 2| < N

t,z,z

holds true and, therefore,
ﬂ@ﬂ%@—H@F+@ﬂ%@—ﬁMMW+&

as e and N~' tend to 0. This shows that the field (@, w) almost reaches the
target h(x,z) = (H(z), 2) in the L? norm. Next,

/(\17,(75,.7:, 2)| 4+ (t, @, 2))dtdrdz = /(|u(t,x, 2)|? 4+ N 2w?(t, z, 2))dtdrdz,
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which tends to

/|u(t,m,z)\2dtdmd2’:/\1)(75,.7:,a)\%(t,m,a)dtdmda

as N~ — 0 (e being fixed) and, therefore, is asymptotically not larger than
2K (c,m) = 2I*(h) as € — 0, as already shown. This completes the proof of
Theorem 2..6. Notice that (u,w) is an € solution for some € — 0 as € — 0.
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