MASTER 2 2017

Homotopies and fundamental group

Unless otherwise stated, all spaces are topological spaces and maps are continuous maps.

I. General topology

Ezercice 1. — Let X and Y be topological spaces. Let (U;);er be a family of open sets that covers X
and f; : U; — Y a family of (continuous) maps such that :

Vi, jel, fyvinu; = fjunu;-
a) Prove that there exists a unique “global” (continuous) function f: X — Y such that :
Viel, flu, = fi
b) Prove an analogous statement when X is covered by a finite family of closed sets (F})ie;.

Ezxercice 2. — a) Prove that a space X is connected if every continuous function f from X to the
discrete space {0, 1} is constant.
b) Let X =[0,1] be the unit interval. Show that X is connected.
¢) Deduce that every path connected space is connected.

d) Give an example of a connected space that is not path connected.

e) Show that in a locally path connected space (1), each path-connected component is open and closed.
Deduce that a connected space which is locally path-connected is actually path-connected.

Ezxercice 8. — Given a space X, we denote by mo(X) its set of path-connected components. For every
X —f> Y
map f : X — Y, define a (set-theoretical) function f, : mo(X) — mo(Y') such that l l

TFU(X) ? TFQ(Y)

commutes. Show that for composable maps (g o f)« = g« o fx.

1I. Homotopies

Ezercice 4. — |The importance of the base point|
Let X be a topological space and v : I — X be any continuous path. Show that + is homotopic (without
any condition on the endpoints) to a constant path.
Ezercice 5. — Let C := S' x [0, 1] be the cylinder and S be its subspace S! x {0}.
a) Prove that the quotient C/S is homeomorphic to the disk D? := D(0;1) Cc R2.
b) Let X be a topological space and v : S! — X be a loop in X. Prove the equivalence between :
(i) 7 is homotopic (not necessarily path-homotopic) to a constant map;
(ii) The map 7 extends to a map D? — X.
Ezxercice 6. — Let X, Y and Z be topological spaces. When two maps ¢ and 1 (with same source
and target spaces) are homotopic, we use the notation ¢ ~ 1.
a) Show that ~ is an equivalence relation.

b) Let fo,f1: X =Y and go,91 : Y — Z be some maps. Show that :
fo=fi = foogo=fiocgo and go=g1 = foogo=fooqp

c) Let f: X - Y and g,h: Y — X be maps such that fog~idy and ho f ~idx.
Show that f is a homotopy equivalence.
[Indication: Consider the composite map ho fogo f.]

1. That is to say a space where every point has a fundamental system of open neighbourhoods which are path-connected.
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Ezercice 7. — [Homotopy equivalences]
Construct homotopy equivalences between the following pairs of spaces (you don’t need to write the
exact formula; a picture may be enough) :

a) R™\ {0} and the sphere 8"~ ! := {(z1,...,2,) € R", Y Tz =1},
b) R? minus a line and R?\ {0},
c) C\]—o00,0] and {1},
d) C\ {—1,1} and the union of the two circles of radius 1 centered at —1 and 1.
III. Fundamental group
Ezxercice 8. — Let (X, z0) be a pointed space. Check carefully that m1 (X, xg) is a group.
Ezxercice 9. — Let (X,x0), (Y,yo) be two pointed spaces. Show that the natural projection maps

induce a group isomorphism :
Prs X p2i : (X XY, (20, 90)) = (X, 20) x m1(Y, o).

Le T be a 2-dimensional torus (the surface at the exterior of a donut). Compute its fundamental group
and draw on a picture loops generating it.
Exercice 10. — Let q: S' — S! be the map z — 22.

a) What is the induced homomorphism g, : m1(S*,1) — 71(S,1)?

b) Show that there is no continuous map r : ' — S! such that

Vze St r(z)? = 2.
c¢) Deduce that that there is no continuous square-root function defined on C\ {0}.

Ezercice 11. — Let G be a topological group (@), Let o and S be two loops in G based at e.
a) Let y(t) = a(t)5(t) (using the product in G). Show that v is a loop based at e.

b) Show that the loops a - 3, v and 8 - « are homotopic with endpoints fixed.
[Indication: Consider the map : [0,1] x [0,1] = G, (t,u) = a(t)B(u).]
c¢) Deduce that the group (G, e) is commutative.
Ezercice 12. — |The hairy ball theorem]
A wector field on S? is a continuous map V : S2 — R? such that for all = in S? the scalar product

x.V(x) = 0. The goal of the exercise is to prove that for every such vector field there exists a point
xo € S? such that V(zq) = 0.

Let i:SO(2) — SO(3) be the map [g ab]HF B 8].

0 0 1

sin 27t cos 27t

Show that the two loops of SO(3) (based at Ids) ix(a) and i.(a~!) are homotopic.
b) Prove that there exists no continuous map r : SO(3) — SO(2) such that r oi = idgo2) -

a) Let a be the loop of SO(2) based at Idg, ¢ r—>[C°S2” *Si“%t].

Let assume by contradiction that there exists a nowhere-vanishing vector field V on S?. Up to scaling,
one can assume that Vo € S2, ||V (z)| = 1.

Let M : S? — SO(3) be the map z ~— [V (z),z x V(x),z]. (Here z is seen as a column vector in R? and
x denotes the vector product usually denoted by a A in French).

Lot eg = H and set M(z) = M (2)M(e5)~L.

c) Prove that for the usual action of SO(3) on S? we have
Vo e S?, M(z)-e3==x and  M(es) = Ids.
d) Use question b) to conclude.

2. That is a topological space with a group structure where multiplication and inverse operation are continuous.
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