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Introduction

These notes are a detailed account of two lectures I gave during a workshop on
operads in Osnabriick (16-19 June 1998). I would like to thank Rainer Vogt
for organizing this really stimulating meeting which gave the participants the
wonderful chance to exchange their ideas in a very lively atmosphere.

The purpose of my lectures is fourfold :

1. to show “on the nose” that the well known configuration space model for
Q™ S™X is homotopy equivalent to Milgram’s permutohedral model ;

2. to indicate a “recipe” for constructing cellular decompositions of FE,,-
operads ;

3. to give a simplicial splitting of Q2"S™ X using Jeff Smith’s filtration of the
“symmetric monoidal” operad ;

4. to outline some interaction between E,-operads and immersion theory.

1 Configuration spaces and permutohedra.

Initially, the interest in iterated loop spaces arose from homotopy theory, more
precisely from the fact that several important classifying spaces were known to
be infinite loop spaces. In Peter May’s theory of E,,-operads [20], the recognition
principle for n-fold iterated loop spaces is based on the approzimation theorem
which (in its crude form) states that (for a connected, well pointed space X)
the weak homotopy type of Q"S™X can be realized as a coend F(R", —) @ X.
The ingredients for this coend are the configuration spaces

FR" k) = {(t1,...,tx) € (R™)*|t; #t; for i # j}.

This May-Segal model for Q"S™X is predated by Milgram’s model which
can also be written as a coend J™ ®4 X, where this time the coend ingredients
are constructed out of convex polytopes Py, nowadays called permutohedra. The
permutohedron Pj is by definition the convexr hull of the symmetric group Sy



“generically” embedded in some affine euclidean space. There are different ways
of doing so. Milgram considered the orbit &.(1,2,...,k) in R*, the symmetric
group acting by permutation of the coordinates. Baues [4] considered the k!
edge-paths in [0, 1]* joining the vertex (0, ..., 0) to the vertex (1,..., 1), realizing
this way the permutohedron as a combinatorial path space. Probability theorists
consider Gy, as the set of permutation matrices embedded in the affine space of
k x k-matrices with real coefficients. The permutohedron is then identified with
the space of the so called probabilistic matrices with column and line sum equal
to 1.

The following lemma is crucial to Milgram’s construction, cf. also Michael
Brinkmeier’s lecture [10] :

Lemma 1.1. The face-poset of the permutohedron Py is canonically isomorphic
to the set of (right) cosets of subgroups &;, ®---®6;,. of & withk = i1+ - -+1i,,
partially ordered by inclusion.

The purpose of this section is to define equivariant cellular decompositions of
both “building blocks” F(R™, k) and J{" in order to deduce that the May-Segal
model and the Milgram model have the same homotopy type. Incidentally, this
provides us with a nice compact model J,g2) /6y, for the classifying space of the
braid group on k strands BBy, = F(R? k)/&), which is actually known in the
literature as the Salvetti-compler of the symmetric group &y and which exists
for every finite Coxeter group, cf. Charney-Davis [11].

The common structure of the families F(R”,k),J,ﬁ"),k > 1, is that of a
preoperad (or coefficient system, cf. [14]).

Definition 1.2. A (topological) preoperad is a functor O : A°? — Top, where
A is the category of (non-empty) finite sets k = {1,...,k} and injective maps.
Each pointed space (X, ) defines a functor X : A — Top, : k — X* so that by
the usual coend construction we end up with a bifunctor

— Q@A —: TopAop x Top, — Top
(0,X) = 0@p X = (I}, 06 x XF)/ ~.

where (¢*(t),x) ~ (t, pu(x)) for allt € Op,x € X* ¢k — L.

In order to make sure that this bifunctor preserves weak equivalences in both
arguments, we have two choices : either we look for the “correct” notion of weak
equivalence for both arguments, or we restrict to objects for which the “naive”
(= pointwise) notion of weak equivalence works. We choose the latter variant
which is sufficient for our purpose. Indeed, if we restrict to preoperads O with
free S-action on Oy, for all k, and to well pointed spaces X (i.e. such that the
basepoint inclusion is a cofibration), then the bifunctor — ® o — preserves (the
naive notion of) weak equivalences in both arguments. The proof of this fact
relies on the unique factorization property of the category A which allows to
write O®a X as an iterated pushout along cofibrations with values in Oy, x g, X*,
cf. [14].



Notation 1.3. Each morphism of the category A factorizes uniquely as a permu-
tation followed by an increasing map. For ¢ € A(k,1), we write ¢ = ¢ o ¢®
with ¢% € A(k, k) and ¢ € A™¢(k,1) = {¢ € A(k,1)| ¢(i) < #(j) for i < j}.
Remark 1.4. The increasing maps ¢ : k — [ are generated by elementary de-
generacy operators D; : k — k + 1 mapping j to j (resp. j+ 1) if j < i (resp.
j >1). A preoperad O is thus uniquely determined by a family of Sy-spaces Oy
together with degeneracy maps D} : Ogy1 — Ok (i = 1,...,k + 1) satisfying
the appropriate relations. For an operad O, these degeneracy maps are given
by evaluation :

D} :Opy1 — O it —t(1,...,1,%,1,...,1)

where 1 € O is the unit of the operad, and x € Oy is the unique constant of
the operad. Observe that in our definition of preoperads we discard constants.

Ezamples 1.5. (a) The configuration preoperads.
The collection of configuration spaces F(R", k) defines a topological preoperad
F(R™, —) : A°? — Top by setting for ¢ € A(k,l) :
¢* : F(R™)l) — F(R™k)
(tl, .. ,tl) — (t¢(1), - 7t¢(k))~
(b) The permutation preoperad.

The collection of symmetric groups &, = A(k, k) defines a set-valued preoperad
S : A°P — Sets by setting for ¢ € A(k,1) :
¢* . 6[ — Gk
o — (cog)h

Equivalently, the permutation preoperad can also be defined as the composite
functor mp o F(R, —) : A°? — Sets, identifying & with the path components of
F(R, k).

(¢) The permutohedral preoperad. By convex extension of the permutation
preoperad we get the permutohedral preoperad P : A°? — Top, cf. [5].

Definition 1.6. Milgram’s preoperads J™ : A°? — Top are defined by
I = (P! X &) ~

where the equivalence relation identifies certain boundary cells. Explicitly, for
each point (7*(t1),...,7*(tpn_1);0) € (Pi)" ! x & such that t, belongs to the
convex hull of a proper subgroup &;, & ---® &; C &) and such that 7~ is a
(i1, ..., 1.)-shuffle of &, we have the relation

(7" (t1)s s T (tnm1)50) ~
(tl7 LR 7tS7D2<1,...,i,,.(t5+1)’ ) D;,.wir(tn—l);TU)

where Dy, denotes the projection of Py onto the convex hull of &;, - - -®6;, .
The A-structure is induced by ¢*(t1,. .., thp—1;0) = (t&"‘z’)m, .. ,tgl”_‘z’l)mc; (cg)h).



For n =1, J® @A X reduces to James” model for QSX: indeed, Jlgl) =G
and &® X is nothing but the free monoid generated by the pointed space (X, *).
For n = 2, the space J,f) is obtained by gluing together k! copies of Py
according to the (right) Gg-action. This action is only “partially free” and the

quotient space J, ,iQ) can be interpreted as the free extension of this partially free
action. Indeed, the equivalence relation (t,0) ~ (t7,idy) applies precisely when
o acts freely and orientation preserving on the minimal face containing t. The

resulting Gy-action on JIEQ) is free.

Proposition 1.7. The configuration preoperad F(R™, —) and Milgram’s preop-
erad J™ are equivalent as preoperads. In particular, the &j-spaces F(R™ k)

and J,gn) have the same equivariant homotopy type and for a well pointed space
(X, %), the May-Segal model F(R™, =) ®x X and the Milgram model J™ ®5 X
are homotopy equivalent.

Proof. — We shall outline a proof for the case n = 2 (cf. [5], [6]). The idea is to

define equivariant cellular decompositions for F(R?, k) and .J 22) and to compare
the associated cell posets, cf. definition 2.2. For the configuration space F'(R?, k)
this is done by ordering its points antilexicographically, i.e. (z1,22) < (y1,92)
iff either xo < ys or zo=ys A 1 <y;. In the first case we write x <; y, whereas
in the second case we write x <y y. Each labeled linear graph

0'_1(1) a1z 0'_1<2) Q23 FEZLE O'_I(ki) with Qi1 € {0, 1}
defines then the closed contractible subset

Féo*a) :{(tl,...,tk) EF(R2,]€)|tU—1(1) < to-—l(Q) < -0 < to.—l(k)}

12 Q23 Ak—1,k

Let us write KC(F' )](f) for the poset of the so defined “cells”. — Similarly, to each
labeled linear graph as above, we associate the closed contractible set

J = Hull(S;, @ &, @+ @ 6;,) x {o} € I

where the “partition” (iq,...,4.) of k is defined by the 1’s in the sequence
(12, .., 0p—1,k) ; We write IC(J),(f) for the poset of these cells. One then shows
that IC(F),(CQ) and IC(J);z) are antissomorphic posets and deduces the statement
from the following diagram of A-equivalences, cf. [6] :

~

F(R2, k) & hocolimF” ) 2 [K(F)P| 2 |K()P | & hocolimJ” ) & 7

O

Remark 1.8. More generally, there are cellular decompositions of F'(R™, k) resp.
J,in) with antiisomorphic cell-posets IC(F),(Cn) resp. IC(J),(C"). The poset IC(F),(:)
implicitly appears already in Fadell-Neuwirth’s paper [16] and has also been

studied by Getzler-Jones [17]. The poset KC(.J) ](€n) plays a central role in Balteanu-
Fiedorowicz-Schwénzl-Vogt’s study of n-fold monoidal categories [2].



Remark 1.9. In [5], [6] T wrongly claimed to be able to endow the Milgram
preoperad J(™ : A°? — Top with an operad structure. Although the permu-
tohedral preoperad is an operad, this operad structure doesn’t carry over to
J™ since its multiplication doesn’t preserve the boundary. I tried to force the
permutohedral multiplication to preserve the boundary by passing from convex
to cubical extension, but I overlooked that cubical extension commutes with
composition only up to homotopy so that I really got some kind of lax operad
where all relations only hold up to (a uniquely specified) homotopy. Michael
Brinkmeier shows in his lecture [10] that just assuming the ordinary (strict)
relations between the “cubical” multiplication J2(2) X J2(2) X J1(2) — J§2) (resp.
J2(2) X JfQ) X J2(2) — J?()Z)) and the various degeneracies already implies that a hy-
pothetical J(?)-algebra would be a commutative monoid, which is incompatible
with the approximation theorem.

Remark 1.10. Jim McClure and Jeff Smith construct an Es-operad which acts
on topological Hochschild cohomology and which is closely related to J®), see
Jim McClure’s lecture [22]. This Es-operad is a kind of semi-direct product
of the little 1-cubes operad with the permutohedral operad. Its multiplication
uses prismatic decompositions of the permutohedra Py (labeled by “formulae”)
which can be described as follows : The image of P, x Py X P,_1 — Py is a
prism A' x P,_1, thus by induction endowed with a prismatic decomposition;
it turns out that the (closure of the) complement of the image also admits a
prismatic decomposition labeled by the set of proper faces of Pr_;. The good
thing about this prismatic decomposition of Py is that all its cells are convex
hulls of vertex-sets of P, and thus allow a very neat combinatorial description.

2 The complete graph operad

While the configuration spaces F'(R™, k) suffice to approximate Q™ S™ X for con-
nected spaces X, they allow us neither to reconstruct the n different loop struc-
tures of 2"S™ X nor to recognize general n-fold iterated loop spaces. The appro-
priate gadget for these tasks is the little n-cubes operad of Boardman-Vogt which
we shall denote by C(™ [9]. As a preoperad, the little n-cubes are equivalent
to F(R™, —), but thanks to the canonical inclusion C,g") — Top,(S™, \/f:1 S™)
they come equipped with a multiplication (indeed a substitution product)

Clg") X Ci(ln) X oo X CZ-(:) — Cfflﬂk
turning them into an operad. The endofunctor C™ ®A — : Top, — Top, is
then a monad such that the category of n-fold iterated loop spaces fully embeds
into the category of C("™)-spaces. Moreover, each connected C(™-space is C(")-
equivalent to an n-fold loop space [20]. Operads equivalent to the little n-cubes
operad are called FE,,-operads.

The following question then naturally arises : Are there other interesting E,,-
operads or is there even an internal characterization of E,-operads ? For the
moment, we are far away from such a characterization if n # 1,2 or oo, however



using “cellular techniques”, Zig Fiedorowicz found a method of constructing new
E,-operads out of spaces having the equivariant homotopy type of an (n — 1)-
sphere, see his lecture [15].

In this section I shall describe a poset-valued E,-operad which may serve to
define an equivariant cellular decomposition of a topological E,-operad O. The
leading idea is that the k-level space Oy should be determined by the family
of (g) degeneracies ¢7; : Oy — O2, i < j, whereas the 2-level space Oz has to
have the Gs-equivariant homotopy type of an (n —1)-sphere. Here and later on,
¢ij : 2 — k denotes the map which sends (1,2) to (4, j), and 045 = ¢j;(0) :

Definition 2.1. Set IC,(Cn) ={0,1,...,n — 1}(3) x G and denote the elements
of IC,(Cn) by (u, 0) where p = (pij)1<i<j<k- Define a partial order by

d .
(,0) < (v,7) g either o3 =Ti; N Wij < Vij o1 035 F#Tij N ij <Vij

There is a nice combinatorial description of IC](C"), due to Fiedorowicz [2] :

Each element (u,0) € K,(cn) corresponds to an acyclic orientation of the com-
plete graph on k vertices together with a {0,1,...,n — 1}-coloring of its edges.
Explicitly,

acyclic orientation o7 1(1) — 071(2) — -+ — o7 1(k)

edge — coloring TN j

(1, 0) <—>{

In this setting, (u,0) < (v,7) iff for all i < j, we have p;; < v;; with p;; < v
whenever the induced orientations on the edge i—j differ.

Observe that throughout these notes I use the convention that &y, acts from
the right, which is the natural choice with respect to the category A. The reader
who prefers left actions has simply to replace every permutation by its inverse,
but he has to be aware of the fact that this choice also affects the equivariance
relations to be hold by an operad !

Now, let us describe the operad structure of (K,i"))kzl : Since the edge-
colorings of the complete graphs form themselves a preoperad whose degenera-
cies are given by restriction, we get a preoperad K™ : A°? — Posets with
@*(1,0) = (¢*u, ¢*c). Like for the little n-cubes, the multiplication is defined
as a substitution product :

ICI(C”) X ICZ(:L) X -ee X ICE:) = K™
((%0);(M1701)7~-~7(Mk70k)) = (/”'(/’51’"'7/J'k)70-(0-17--~707€))7

where (pu(p1,...,ux),0(01,...,0k)) corresponds to the complete (oriented and
colored) graph on 4; + - -+ 4 i vertices obtained from (u,o) by substituting
to each of its k vertices the complete graphs defined by (u1,01),..., (tk, oK)
respectively. For sake of precision we give the explicit formulae :

o(o1,...,08) =0(i1,...,ix)o(c1® - -Doy), where o(i1,...,14) permutes the k



blocks {1,...,7;1},{i1+1,...7i1—l—ig},...,{i1+-~-+ik,1+1,...,i1—‘r“'—f—ik}
according to o, and:

(t5)s,s  if r, s belong to the j-th block,
Py s Bk )rs = 4 Hjjr if r belongs to the j-th block and
s belongs to the j'-th block, j < j'.

Definition 2.2. Let A be a partially ordered set and X a topological space.
A collection (cq)aca of closed contractible subspaces (the “cells” ) of X will be
called a cellular A-decomposition of X iff the following three conditions hold
(where ¢o = ca\ Uy cq Car) -

1. a<f=cq Cegand foralla,f € A: ¢, Nz =10 ;

2. the cell-inclusions are cofibrations ;

8. X = lim  co, i.e. X equals the union of its cells and carries the weak
topology with respect to its cells.

Cells ¢, with non-empty cell-interiors ¢, will be called proper. By the usual
homotopy colimit argument, the nerve of the poset A has the same homotopy
type as X : X < hocolimyc, — |A|. The same is true for the subposet of
proper cells. Moreover, the cell-interiors of the proper cells partition X.

Definition 2.3. An operad O is called a cellular E,-operad iff

1. O3 admits an equivariant cellular Ké")—decomposition by cells denoted
o, aeky” ;

2. the closed subsets O,(Ca) = {z € O|¢j;(x) € Oéﬁja)},a € IC,(:), form a

cellular K,(Cn)—decomposition of O ;

3. the operad multiplication sends each cell-product O,(f) X ng”) X e X Og:”")

into the cell @Ef‘ﬁ?;;};a’“)) prescribed by the complete graph operad.

For the second condition of a cellular E,-operad it is sufficient to show :
a) the contractibility of the cells, b) the cofibration property of the cell-inclusions
and c) the existence of “ordered” points, i.e. in each G-orbit of Oy there has
to be a point x such that all degeneracies ¢;; (z) with i < j belong to “upper

hemispheres” Oé"idQ) (this last condition implies that the union of the O,(ca)
covers Oy).

Theorem 2.4. The little n-cubes operad is a cellular E,-operad and any two
cellular E,-operads are equivalent as operads.

The first part of the theorem is due to Fiedorowicz and relies on the analysis
of a given configuration of little n-cubes by means of separating hyperplanes per-
pendicular to the coordinate axis, cf. [6]. The second part (which implies con-
sistency of our terminology) follows from the above homotopy colimit argument,



more precisley : for each cellular F,-operad O there are operad equivalences
O & hocolim,, ¢ e(my O 5 KM,

The existence of a cellular structure allows several constructions which would
not be available otherwise. For instance, assume that O is a cellular Foo-
operad. The filtration of K = lii>nIC(") by the E,-suboperads K™ induces

an analogous filtration of @ by cellular E,-suboperads O | As example,
consider the simplicial F.-operad I' = FS where E stands for the universal
bundle construction. This operad has a long history : Barratt-Eccles [3] based a
general recognition principle for infinite loop spaces on it; Peter May [21] showed
that I' acts canonically on nerves of (strict) symmetric monoidal categories,
but it was only Jeff Smith who discovered the existence of a filtration of I" by
suboperads T'(™ [24]. Using the cellular structure of T, this filtration comes
for free as well as the fact that |F,(€")| has the Gp-equivariant homotopy type of
F(R™, k). The latter was only conjectured by Smith in view of his approximation
theorem and later on proved by T. Kashiwabara [18]. For an explicit operad
map |K)| == |T(™)| inducing the equivalence, see [2].

3 A simplicial splitting of Q2"5"X

The purpose of this section is to use the Smith filtration T'("™) of the symmetric
monoidal operad T" in order to derive the Snaith-splitting of Q"S™ X cf. [25].
Adapting the method of Cohen-May-Taylor [14] to the simplicial setting I obtain
combinatorial estimates for the number of suspensions necessary to split Q"S™X
globally at a given filtration level.

To fix notation, I'y = EG; is the universal bundle on G: a d-simplex
of T'y, is thus a (d + 1)-tuple (oy,...,0q) of permutations in &, with the usual
(homogenous) simplicial operators. The permutation operad & : A°? — Sets in-
duces componentwise an operad structure on I' : A°? — SimpSets. Let us check
that the F,-operad I' is cellular : T's = EG5 is the “Milnor-sphere” of infinite
dimension with one non-degenerate simplex per hemisphere. There exists thus
a natural cellular Ko-decomposition of I';. The c(an)onical contraction of T'y,
stays within the formally defined cells cha), a € K. Moreover, cell-inclusions
are cofibrations and “ordered” points exist. Finally, the multiplication is cellular
since induced by the permutation operad.

Theorem 2.4 then implies that the union of the cells labeled by K™ defines
a cellular E,-suboperad T'™) of T, explicitly :

I\ = {wely|ofw) e MY = {weTy| 9% (w) € sky_1T2}.

This is precisely the suboperad defined by J. Smith [24]. Since the geometric re-
alization preserves arbitrary colimits and finite limits, we get for each connected
simplicial set (X, *) :

P @a X| = 0™ @4 |X] ~ Q8" (X]|



thus the coend T™ ®4 X is a “simplicial model” for Q" S™| X|. Moreover, the in-
clusion T'(™ < T'("*1) induces the stabilization map Q"S"|X| — Q"+ 8"+ X|
as is the case for the “cellular” filtration of the little cubes by little n-cubes.

Remark 3.1. For n = 1, we get the James-construction I'Moa X =60r X
whose group completion is isomorphic to the famous Kan-Milnor model FX =
GSX for QS|X| valid also for non-connected simplicial sets (X, *). In general,
as 6 =TW jsa suboperad of '™ the coend T'™ @A X is a simplicial monoid
which even turns out to be free, cf. [3]; its group completion is thus a free
simplicial group model for Q™S™|X| valid also for non-connected X, cf. [24].

Remark 3.2. Sets with a I'M-action are precisely monoids ; in [7], it is shown
that the nerve of a braided monoidal category admits a I'®)-action. Recall that
in the terminology of Baez-Dolan [1] braided monoidal categories are 2-tuply
monoidal 1-categories. 1 conjecture that in general the “nerve” of a “n-tuply
monoidal (n — 1)-category” admits a I'™-action. There is now at least one
additional case, where this conjecture can be verified, the case n = 3, i.e. the
nerve of a sylleptic monoidal 2-category should admit a I'®-action, cf. S. Crans
[13].

For simplicity, we shall write T("") (X)) for the coend I'™) @ X. The Snaith-
splitting can be summarized by the following diagram whose existence we are
going to establish (where X is assumed to be connected) :

QSX  ~ X)) Y pWixy v pP(x) v DP(x) v

| | | |

22$2X  ~ TOX) ™ pPixy v DP(x) v DP(X) v

| | | |

383X ~ 1“(3)()() Sm—bl>y Dgg)(X) \ Dé?’)(X) \ Dl(SB)(X) v

Di(X) V Dy(X) Vv Ds(X) Vv

Q©S®X ~ T(X)
m
D(X) =T (X)/TV) _ (X) where TU) (X) = (JT T x X*)/ ~
k=1

In particular, we have : Dgn)(X) =Xand DD(X)=XA---AX
—_—

m

In general : DI (X) = I‘SZL Ne,, XN NX

m



Our purpose here is to show that James’ combinatorial maps
3P s TO(X0) = TO(DD ()

naturally extend to maps jy(,?) :TM(X) — Dtnm) (D%L)(X)) which by adjunction
induce “global” Snaith-splittings for each n and m. For n = t,,,,, = oo this was
already observed by Barratt-Eccles [3], and Cohen-May-Taylor [14] used the
same idea to define “global” Snaith-splittings in full generality. It is somewhat
surprising that one gets purely combinatorial estimates for the number ¢ = ¢,
of suspensions needed to split 2"5"|X| at filtration level m :

SHQnS™(X) 5 §tx v §'DSM(X) v STDIM(X) v v STDU(X) v R

I obtain as estimate ’ tom =(n—1)2m —-1)+1 ‘ which gives for n =1

SQS(X) > SXVS(XAX)VS(XAXAX)V--- (Hilton-Milnor)

and which seems to be quite sharp for n = 2, cf. [14]. Snaith’s estimates [25]
as well as Vogt’s estimates [27] are lower for large n,m but they only allow a

“non-global” splitting of StF(S"% (X).
Definition 3.3. For each k and m define (cf. notation 1.3)

h,’kn : Gk; g 61\’"‘(@&) d;f G(k)
o = (¢ (000)™).

Lemma 3.4. If for each k, the set A"(m, k) is antilexicographically ordered,
then the following diagram commutes for all ¢ : k — k' (cf. [14], 4.3 and [3],
I11.4):

h,

Gk" —_— G(k’)

m

laﬁ* l(fi)*
S &)

m

Lemma 3.5. The maps jF, below are compatible with the coend relations and in-
duce the stable James maps jm : I'(X) — I'(Dp (X)) (satisfying that jm|r_, (x)
is equal to the projection composed with the unit of T'(—)) :

k

jETex Xk — T 0y Dy (X))
(wizy,...,w) —  (hE (W) [0" (W) Tp(1)s - - - To(m) deAine(mp) ) -

Proposition 3.6. The stable James maps jnm, : T'(X) — T'(Dp (X)) restrict
to unstable James maps jo : r™(X) — Ttm)(D,, (X)) where t,, can be
chosen equal to (n —1)(2m — 1) + 1.

10



Proof. — We have to show that w € I’I(Cn) implies h¥ (w) € FX?;’;zm k) for all k.

Let w = (09,...,04) € I‘,(Cn), i.e. for each pair i < j, the simplex ¢;(w)
belongs to the (n —1)-skeleton of I'y, which means that ¢;(w) contains at most
n — 1 changes or equivalently : the sequence

(Uc(i) § Uc(j))c:O ..... d (1)
contains at most n — 1 inversions of the order relation.
Similarly, let Q = Rk (w) € FX?‘"“(m,E)’ ie. for each pair {iy,...,in} <

{41, dm} in A"¢(m, k) the simplex Blinr i jroimy () contains at most
t — 1 changes, or equivalently : the sequence

({UC(i1)7 cee vUC(im)} s {Uc(ﬁ), cees UC(jm)})c:O,md (2)

contains at most ¢t — 1 inversions of the (antilexicographical) order relation.
Each inversion in (2) induces an inversion in (1) for at least one pair (i, j) €
{i1, - yim} X {j1,---,Jm}. The “worst” case occurs when an inversion in (2)
induces inversions in (1) for as few pairs as possible. From this point of view,
the “worst” configuration is i1 < ji < i < ja < +++ < iy < Jim (thus k > 2m)
with simplex w = (00, ..., 02m,—1) such that oy = idy, o1 puts i,, on the top, oo
puts j;,—1 on the top and %,, on the second place, o3 puts i,,_1 on the top, jm—1
on the second place and i,, on the third place, and so on, until finally oo,,_1
reverses completely the order : 0o,,—1(%1, 71, - - s tmy Jm) = (Gmos by -+ -5 41, 01)-
For each pair (i,j) € {i1,...,im} X {j1,..,Jm}, the simplex ¢;(w) con-
tains then exactly one change, whereas ¢j{<i1,...,im}7{j1,...,jm}(Q) contains 2m — 1
changes. Repeating the above construction n — 1 times in alternating direc-
tions defines a simplex w € I'y such that ¢j; (w) contains n — 1 changes for
each (i,5) € {i1,...,im} X {j1,...,jm}, whereas ¢, ., .. . (Q) con-
tains (n — 1)(2m — 1) changes. Since this is presumably the “worst” case, it
suffices to put ¢y, = (n —1)(2m — 1) + 1. O

Let me finish this section by recalling how to associate to the unstable James
maps jf;f) TM(X) — F(t"’")(Df,?) (X)) higher Hopf invariants for homotopy
classes in [S™Z,S™X] and state conjecturally the properties they should share
(extending what is known for n = 1, see Boardman-Steer [8], and for general n,
if X is a “Thom-space”, see Koschorke-Sanderson [19]).

Conjecture 3.7. For each f : S"Z — S"™X there is a family of higher Hopf
invariants v, (f) : S'Z — Stpiw (X) (t = tnm) satisfying

1. Wl(f) :f 5
2. Ym(S™g) ~0 form >1 ;

3 Am(f + 1) "y (F) + A (D () + -+ 1Yo (F) + ()

4. mlyn(f) sttty Y1 ()™ (if X is an n-fold suspension).

11
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The Hopf invariant is defined by the formula ~,,(f) = jﬁ,f )o f where (=)
and (/—\) are given by the S”-Q™-adjunction.

The product of Hopf invariants is given by a cup product, compare [8] :
For a: S'Z — StDSJ)(X) and §: 8" Z — St/DirT/)(X) we put

af: 57 L 5tz A 8" 7 222 stpim (x) A ST DI (x) 25 s D) L(X)
where the last map is induced by the monoidal structure of T (X).

Boardman-Steer’s proof of properties 1-4 for the case n = 1 should go
through in general, since it is combinatorial in nature. Their uniqueness result
strongly suggests that properties 1-3 determine the higher Hopf invariants up
to some suspensions. I think that the existence of subdivided power operations
in the stable homotopy of 2"S™X (X n-fold suspension) should contain some
information about the Hurewicz homomorphism 75(Q"S"X) — H,(Q"S"X)
and perhaps interact with Fred Cohen’s [12] calculations of H,(Q"S™X;Z/pZ)
where he completely determines H*(DS,ZLL ) (X);Z/pZ) in terms of the reduced
homology of X and of suitably weighted Dyer-Lashof operations.

4 Decompressible immersions

In this final very “sketchy” section I will indicate how the configuration space
model of Q™" S™X for a “Thom space” X appears quite naturally in immersion
theory, giving rise to a “more concrete” construction of the higher Hopf invari-
ants. The existence of such a relationship between FE,-operads and immersion
theory has been brought to my attention by Jean Lannes, for which I am very
grateful to him. In the literature, different approaches have successively been
developed by R. Wells [28], P. Vogel [26] and U. Koschorke-B. Sanderson [19].
My presentation heavily relies on the last reference.

Definition 4.1. An immersion j : M & V' admits a &-structure with respect to
a vector bundle £ : E — B iff there exists a differentiable map ¢ : M — B and
a short exact sequence of vector bundles over M :

0—TM — j*TV — ¢*¢ — 0

The group of £-corbordism classes of closed &-embeddings in V' will be denoted
by Q(V).

Theorem 4.2. (Thom-Pontryagin) Q5(V) =2 [V, Th(§)], where V is the one-
point compactification of V. and Th(€) = D(§)/S(§) is the Thom-space of .

Definition 4.3. The suspension of an immersion j : M & V is the immersion
jx(0—=R): M3V xR.

Lemma 4.4. The suspension of embeddings corresponds under 4.2 to ordinary
suspension: [V, Th(§)] — [V AR, Th(§) A Th(ey)] where we identify V x R =
V AR and Th(€ ® €1) = Th(§) A Th(ey).

12



Here and later on, I write €, for the trivial vector bundle R¥ — .
A framed cobordism (resp. immersion) is by definition an eg-cobordism (resp.
ex-immersion) which in both cases means that the normal bundle is endowed
with a trivialization. The group

lim Q°% (R™4) 2 lim[§7 %, §¥] = {$™, %} = r3t
k k

then defines simultaneously stable framed cobordism classes of m-dimensional
framed manifolds and the m-th stem of the stable homotopy groups of spheres.

Immersions are in some sense “desuspended embeddings” since by a sufficient
number of suspensions any immersion (of positive codimension) can be made
“regularly homotopic” to an embedding.

Definition 4.5. A n-decompression for an immersion j : M & V is a differ-
entiable map A : M — R™ such that (j,A\) : M — V x R" is an embedding.
Immersions for which an n-decompression exists are called n-decompressible.

Theorem 4.6. (Koschorke-Sanderson) The group of (§®e,)-cobordism classses
of n-decompressed &-immersions (j,A) : M — V x R™ is canonically isomorphic
to [V,Q"S"Th(¢)]. Moreover, under STQ™-adjunction, this group is isomorphic
to the classical Thom-Pontryagin cobordism group (we assume rg(§) > 0) :

[V, Q"S"Th(¢)] = [S"V, S"Th(¢)] = [V x R?, Th(¢ @ €,)] = Q% (V x R™)

Proof. The proof consists essentially in the construction of an “adjoint” rep-
resentative of (j,)\) inside [V, Q7S Th(¢)] using the configuration space model
for the target space as well as the classical Thom-Pontryagin construction. The
immersion j : M 9 V defines for a small neighborhood V), of each y € M
a neighborhood of j(V,) which by hypothesis can be given the structure of a

D(&)-bundle over V,,. This defines a “fattening” j : M x D(§) &= V of j. The
“adjoint” representative is then given by

F(R",—) ®a Th(¢)

7 @) (@)

?j’)\ZV —
z o= (AU

O

Corollary 4.7. The “stable group” of &-cobordism classes of n-decompressible
E-immersions is canonically isomorphic to

{V,Q"s"Th(&)} = @{V. D\ (Th(¢))}.

k>1

Remark 4.8. The split summand D,i") (Th(£)) can be identified with the Thom
space of the vector bundle F(R", k) xg, £*. For example, let £ = ¢;, n = 2,

then D (SY) = D (Th(e;)) = Th(F(R2,k) xe, (e1)*) which is thus the
Thom-space of the vector bundle F(R2 k) xs, R¥ — BB,,.

13



Remark 4.9. The projections inducing the above isomorphism are induced by
composition with James’ combinatorial maps

J" s QrSTTR(E) — Q'S' DI (Th(E)).

The remarkable fact here is that there exists a direct construction for immersions
performing this composition. Namely, assume that the immersion j : M & V
is generic, i.e. for each k, the natural map F(M,k) — V* is transverse to the
diagonal ; then the subset

M (k) = {(ma, ..., mp) € F(M, k)| j(m1) = = j(my)}

is a manifold with free Gp-action and the quotient manifold M (k) = M (k)/&,
is called the k-tuple manifold of j: M & V.

It turns out (cf. [19]) that the immersion j(k) : M (k) & V represents
precisely the projected class

[(j(k), 7)) € [V, QS* D™ (Th(€))].

If the estimates of the last section are correct, then j(k) : M(k) & V is ¢-
decompressible with t = ¢,,, = (n —1)(2k — 1) 4+ 1, and this universally for every
generic n-decompressible immersion j : M & V' !

Remark 4.10. Let us come back to the higher Hopf invariants. Given a class [f] €

[S™V, S™Th(&)] represented by (j,A) : M — V x R™ with generic immersion j.
How can the Hopf invariant

()] € [TV, 8DV (Th(€))] = [SV, S'Th(F(R™, k) xe, £*)]

be represented ? According to the preceding remark we have only to find a
t-decompression (k) : M (k) — R* for j(k) : M(k) & V and the embedding
(j(k),A\(k)) : M(k) — V x R? will be a representative for [yx(f)]. Koschorke-
Sanderson [19] prove that for the so defined higher Hopf invariants properties 1-3
of conjecture 3.7 hold, see also Boardman-Steer [8] where the same construction
is carried out for n = 1.
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