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FIGURE 3. Wave—wave interaction after 16 periods. Initial train: Stokes wave + sinusoidal
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FIGURE 4. Spectrum after 16 periods. —, Py dassicats ——> P3.xn/kq-

is used for the velocity field (see Dold & Peregrine 1986 or Banner & Tian 1998
for further details about this simulation). The number of computational nodes per
wavelength is 32 4 32 (which means that wavenumber up to the 15th harmonic is
resolved).

The instabilities grow in time. After 16 wave periods the maximal wave slope 1]
has become 0.344 (figure 3). Simulations of the wave field using {3, compare
favourably with the classical formulation (C1). The spectrum {5} of the surface
elevation further demonstrate the excellent correspondence between the two schemes
(figure 4). The good comparison of the spectrum illustrates that the two schemes
both capture the physical nonlinear development of the wavetrain. We note that the
solution with (C1) exhibits weak aliasing errors for very high wavenumbers. This
effect is absent for the de-aliased simulations with @3 /., however.

The instabilities of the wave field continues to grow. Predictions of the wave profile
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using Ps3 xr/ky» Paxr/k, are visualized in figures 5 and 6 after 23 wave periods. Now the
maximal value of || has increased to 0.87. While {45/, and @, obtained by (C1)
compare well for the whole wave field, {3 . x/x, shows an overall favourable agreement,
but is less good at the largest wave, however. We also evaluate the spectrum of the
surface elevation. This shows a pronounced transfer of energy from moderate to high
wavenumbers. The spectrum shows an almost perfect agreement between §4 /x, and
(. obtained by (C1) (figure 7). The spectrum of {3, ./, compares well with the
more full schemes, for intermediate wavenumbers, but does not capture the energy
transfer to short wave modes satisfactorily. We further note that some deviation for
rather low wavenumbers also takes place. It is evident from the spectra that the
computations with P4/, and P, from (C 1) capture the physical development in the
wave—wave interactions of the wave field. The rather strong transfer of energy from
moderate to large wavenumbers hides the (small) aliasing errors in the computations
using P4k, and the classical . (the schemes of the latter are not fully de-aliased).
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We note that the use of the formulae for {3/, and Psyrk, speed up the time
simulations by a factor of about hundred in these examples as compared to the
classical procedure. This is logical since, for such steep waves, the classical formula
requires many iterations. The computing time using {3k, 1S about 20% less than
using P4 q/k,- We further note that there is not much difference in computing time
taking into account the denominator 1+ D? in the formulae. An important difference
is that computations with {3/, may be completely de-aliased.

The simulations here indicate that we may use 3./, When max|n,| is less than
around 0.35, and @4/, when max|n,| is in the interval 0.35-0.9. We note that it is
not certain that the computations achieved with the classical {, are better than those
using P4 r/k,» since the former induces more aliasing error.

6. Generalization to three dimensions

Generalization to three dimensions is then considered. In this case the Laplace
equation has to be solved in a way other than by using complex theory, since the
latter is limited to two-dimensional flows. Green’s theorem is applied for this purpose.
The y-coordinate is kept as above, while x = (x1, x;) are the two horizontal Cartesian
coordinates.

The prognostic equations in three dimensions are similar to those in the two-
dimensional case as given in equation (2.1) (see Tsai & Yue 1996). These equa-
tions update the velocity potential ¢ at the free surface and the elevation n when the
(outgoing) normal velocity ¢, is known. The latter is obtained from the solution of
the Laplace equation when ¢ and 5 are given on the free surface. As in the previous
paragraphs we assume that the depth of the water is infinite. From Green’s theorem

we have
//1a¢ dS =2n¢ + // g{?’ilds, (6.1)
g1 on g on'r

where ¢ = @(x), ¢ = ¢(x), r = [RZ+ () —y)}]/%, R = (x' — x) and S denotes
the free surface. The element of the latter is given by dS = +/1 + (V'y’)? dx/, where
V = (0y,, Ox,) denotes the horizontal gradient and dx = dx;dx; is the element of
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horizontal surface, giving

R'V/i/]/ ”I/_”I ’
/_y(1+D2)1/2R 2¢+// (1+D2)3/2< RP R )dx’ (62)

where R =R R, V = ¢,»/1+ (Vn)? and D = (5 — 5)/R are introduced. We have
D ~ R7! for R — oo and D — g for R — 0. We now exploit

RV n'=n_ o [, 1
= =V 0 =V | (6.3)

By application of the Gauss theorem we may partially rewrite the last term in (6.2).
The modified and reorganized version of the equation reads

// dx—2n¢+// =V -V~ d/ // V4 DY — 1]

— / i A1 +D> -1V - [(n’—n)V’R} dx'. (6.4)

A decomposition V = V| + V, + V3 + V4 is then introduced, where Vi, V5, Vi, V4

satisfy, respectively,
/ / ) % dx’ = 2nd, (6.5)

//w g = //w(n’—n)v’&-V’;dx’, (6.6)
// V3d = / ¢'[(1+ D)2 - 1]V - [(n’—n)V’;] dx/, (6.7)
//_30 %dx, = _//_0, I; [(1+ D% —1]dx’ (6.8)

A Fourier transform is then applied to the equations. For the left-hand sides of
(6.5)—(6.8) we obtain

T v ’ 21 ” 1 —ikex ’ 2n .
J’{//_OOR]dx}=k//_mVje d' = ZFV) (=14 (69)

where 7 denotes the two-dimensional Fourier transform, k*> = k - k, and where
we have exploited # {1/R} = (2rn/k)e~'**. The transformed equation (6.5) becomes
F{V1} =kF{¢}, giving

=7 UkF{P)). (6.10)
The Fourier transform of (6.6) leads to #{V,} = —kZ {nV,} — ik - Z {nV$}, giving
Vo= =7 "kF nVi}} = V-1V ). (6.11)

Further, from (6.7)—(6.8) we obtain

Vi=F ! {21;.0;{//@[ & —(1+D)H3V - {(n’—n)V’H dx’}}, (6.12)
Vi=F~ {h {// —[1—(1+D2)‘1/2] dx’ }} (6.13)
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We note that (the negative of) (3.1) corresponds to the one-dimensional version of
Vi + V, given in (6.10)—(6.11). The kernels of the inner integrals of (6.12) and (6.13)
decay as R™* and R, respectively. As in the two-dimensional formulation, these
integrals may be evaluated over a very limited region of the x-plane, still keeping
high accuracy. While Vy, V, and V; are determined by known functions at the free
surface, V4 is determined implicitly. The latter may be determined iteratively as in
the two-dimensional case, where in the first iteration V' is replaced by Vi + V, + V3
on the right-hand side of (6.13). The iteration procedure may then be continued until
the desired accuracy is achieved. In practical computations, one iteration may be
sufficient however, as found in the two-dimensional numerical examples described
above.

7. Discussion

A novel fast procedure for computations of fully nonlinear non-overturning ocean
surface waves is developed. The method is derived in both two and three dimensions.
A corresponding computational scheme is developed in the two-dimensional case.
The essential part of the method is the rapidly convergent iterative scheme whereby
a solution of the Laplace equation is obtained. The number of operations required is
asymptotically O(N log N). In fact, the scheme is so fast that one iteration is sufficient
in practical computations, while still keeping high accuracy. This constitutes an explicit
approximation of the method which is tested out in two versions, i.e. the differentiated
stream functions 3k, and Park, given by (3.2) and (3.3), respectively.

The algorithms involving {3/, may be put in a form where aliasing terms are
avoided. Smoothing or regridding are then not required. This is particularly advan-
tageous with regard to accurate wave simulations over long time. The simulations
presented here illustrate that §3 ./, (and P4y ) give the same results as reference
computations when the wave slope [r| is less than 0.35. For larger slopes, P4 x/k,
provides a valid description even when |1, | is as large as unity. The scheme involving
Paxn/k, 15 tested in a form where aliasing terms are partially avoided by extending the
Fourier spectra twice. Simulations of nonlinear wave-wave interaction, carried out
up to breaking, did not exhibit aliasing errors, however. No smoothing was applied.

The new schemes speed up the simulations by a large factor in the present examples
as compared to the classical procedure. Both 3k, and P4 q/k, are found to give
more accurate results than the ordinary formulation when the computational grids
are coarse, because their algebraic simplicity involves fewer aliasing error. These are
interesting features which can be exploited in simulations of wave fields of appreciable
length over long time.

The method has promising potential with regard to several important and less
understood nonlinear wave phenomena. This includes the formation of freak waves,
a topic that receives considerable interest from both the scientific and engineering
communities. Further, fully nonlinear simulations of irregular waves including bi-
directionality and short-crestedness are of relevance to the offshore industry. Another
aspect is nonlinear evolution of wave groups.

For simplicity, all derivations are given for infinite water depth. The method is,
however, easily extended to a fluid with constant depth, as outlined in Appendix
B.1 for the two-dimensional case. Similar extension is straightforward also in three
dimensions. The method may be generalized to include a variable bottom with finite
slope (Appendix B.2) and to model overhanging waves (Appendix B.3).
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Appendix A. Arbitrarily fast decaying kernels
To compute § (or ), it is advantageous to first compute P,» and, consequently,
to obtain ¢ by integration. Numerical integrations are very fast and accurate when
computed with FFT. Moreover, as integrations have a natural smoothing effect,
formulae involving integrations are preferable to those involving derivatives. (. can
be obtained from the generalized Cauchy integrals
an _ p £/ /
f (n—p)! PV orf dz
ozt inm ¢ 0z (z! — zyrptl
where z = x + iy and f(z) = ¢ + ip. Taking p = 1—in order to avoid # in the
integral —and after multiplication by (1 + in,)", for infinite depth, (A 1) yields

. z_ _(n=1)! /OO 1 i+D n.—D\"~, .,
1 <)ok PV dx’, A2
(1+inyatf = =" (o tiape oy ) ey a2

(zeC, 0<p<n), (A1)

with the notation 0: = (1 +in,)~'0x, 02 = (1 +in,) 710, [(1 + in,)~1d,], etc. Equation
(A2) shows that formulae with arbitrarily fast decaying kernels can be derived.
Indeed, extracting the linear part and after some integrations by parts, we obtain

H(fo} = —i(L+in)0Lf
I(n—1)! “(i+D no—D\" f.dx
_Z"(” ) V/ 1+D n FdX A
m!l(n —m)!n o \1+D?> X —x ) (x'—x)—m
All the kernels of the integrals in (A 3) decay as |x’ — x|™, but at a crest they decay
faster.

The practical evaluations of the (hyper) singular integrals involved in (A 3) require
the calculus derivatives of f, but at most of order n. This is in perfect balance with
the left-hand side of the equation, and hence, the equation is well-posed for numerical
functional iteration. _

The relation (A 3) shows that f.. is expressed as a function of its primitives. This

is the opposite of a Taylor expansion, which expresses a function with its derivatives.
Formulae like (A 3) are thus, in general, more suitable for numerical computations.

Appendix B. Generalized domains
The method outlined in §2 is extended here to more general two-dimensional
problems. All the generalizations presented here can be combined to derive further
generalizations.
B.1. Horizontal bottom
With a horizontal bottom at y = —h, the Schwarz symmetry principle and the Cauchy
integral yield
- P = =)@ 0+ =) =)
§= d ) dx
n) (X' =x)*+(n"—n)
L =)@+ d) — Ch A+ )@ — i)
), (x' —x)2+ 2h+7n +n)?

dx’. (B1)
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Introducing Dy = (4" £ 1)/(x' — x), H = 2h/(x' — x) and the operators
1 0 / ) 1 0 X — x)f’ .
%i{f}znf /f dXiTE/ (()fd-xa

o X —X oo (X' —x)? 4 4h?
e 2hf’
B Y. Y
IS = / (X' — x)? + 4i2
the equation (B 1) may be rewritten along the lines of the infinite depth case, giving

HAP) = I} + A {nds} —nA_{$s)

1 [~ ~ ., 1 [D_(D_—n)p dx
— D_)—D_ — X
—1—TE /Oc[arctan( ) 1ol dx" + - /m D2 o

1 D, D,
- t — L dx’
+n/m{arcan{1+HD++H2} 1+H2}¢* *

+1/“UL@H+DQ—H+HWH+DH%W/d%' (B2)
TJ o (1+H*)[14+(H+ D;)4 X —Xx
The operators can be computed and inverted easily in the Fourier space where
FA LS} =isgn(k)(1 £ e 7 (f}, (B3)
TS =1 —e T (S} (B4)

An analogous procedure can be derived with the Green function method in three
dimensions.
B.2. Variable bottom

If we consider a non-overturning variable bottom at y = —h — {(x), the Cauchy
integral applied at the free surface gives

[T (=)@ )+ 0 — ) — )
¢_n£m P e g dx

+1/ (X' —x)@ = L)+ (h+ T+ )P + P )
n) ., X —=x)2+(h+ +n)?

where (¢, ) are the velocity potential and the stream function at the bottom. For a
fixed bottom, P is an arbitrary constant, but ¢ is unknown. An equation for ¢ is then
obtained applying the Cauchy integral at the bottom, and considering (of course) the
conjugate part of the equation

/(x —x)(¢' — /”)+(h+C+n)(w+nx¢)d,
X' =xP+(h+{4+n')

_][ X)P + P+ ('~ C)w—C¢)
T ) (X' = x)* + (' =)

Both relations (B5) and (B 6) can be split, without difficulty, along the lines of (2.6)
and (B2). We thus obtain a system of two coupled integrals, with fast decaying
kernels, giving .

An analogous formula can be derived if, instead of a fixed bottom, we consider
a moving interface. The method can hence be generalized to stratified fluids with
several homogeneous layers.

(B3)

(B6)
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The method presented here is efficient while (. is not too large, and a fortiori for a
non-overturning bottom. For such situations, the method presented below should be
preferred.

B.3. Overturning surface

To describe overturning waves, the use of x as an independent variable is no longer
efficient. Instead, we can take the arclength coordinate s as an independent variable
for a parametric description of the surface. Thus, considering x, 1, ¢ and ¢ as
dependent variables of s and ¢ (implying dx = /1 —y2ds), a generalization of the
Cauchy integral (2.2) can be written

1 ][“’ D[(1+ X)) — @1 — (L + X)L+ )P +mid] ds
TJ (14 X)2+ D? s —s

where x(s,1) = s+ X(s,2), D = (' = n)/(s —s), X = (X = X)/(s =), d = d(s,0), § =
¢(s, t), etc. Writing the leading parts of the integral (B 7) as convolutions, we obtain

A+ )P} = —¢ = A {nd} + A0 {n(1+ %)} —nA 0 {(1 + )b}
1 /m (X + X2+ D) — X + X2+ DH)(1 + %) §'ds

¢ = : (B7)

TJ) (14+X)?+ D2 s —s
1 [* Dypip' — (X +X* + D*)(1 + %) ¢’ ds’
v . (1+X)?+ D2 s —s

where the Hilbert transform 4 is taken with respect to s. All the regular integrals in
(B 8) have kernels that decay as |s' — s|~2. If faster decaying kernels are required, the
method explained in Appendix A can be employed.

Analogous formulae can be derived with other parametric representations of the
surface, such as the well-known Lagrangian description of motion. However, the
corresponding relative quantity X of the later (i.e. the particle displacement) is large
in the presence of (local) currents. On the other hand, with variable arclength, this
quantity remains relatively small. It is therefore advantageous for the efficiency of the
method demonstrated in this paper.

Appendix C. Reference Cauchy integral

The classical Cauchy integral (2.3) is used as reference for numerical comparison
in the paper. For comparisons with (2.6), (¥, is computed directly since its evaluation
via { is less efficient. After one differentiation with respect to x, one integration by

parts and for a 2L-periodic domain, the integral equation (2.3) becomes

~ . I N -~ [

p g (B el sin X (@ + ) sinh L
Px = 5L -

dx'. (C1)

!/ ’
n—m_ X —X
cosh L/n cos o/n
This integral is discretized with a constant step Ax and is evaluated via the trapezium
method, which is of infinite order for periodic functions. At x' = x, with respect to
the principal value, the discrete integrand is

Ax | - Nxx @\_anbX
m [¢xx+ T+ni 2
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The resolution of the corresponding linear system is achieved iteratively with an
SSOR algorithm.
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