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FIGURE 12. Normalized energy evolutlon of the dominant modes of the instabilities:
ky=(3,1.53), ky=(3,—1.53), ks=(3, 1.53), ks =(J, —1.53), ks * =(3, —1.53), k5—(7 1.53),
ke=(1, 1.53), k7 —(2 —1.53), k; —(2 1.53), kg —(2 —1.53). The 1n1t1a1 wave field is a Stokes
wave with (ak)o =0.20 plus the whole discrete spectrum of class II instabilities corresponding

to p=0,1,1 3 ¢=0.0001.

dominate, however. We cancel these unstable perturbations of class I by restricting
their amplitude to zero, preventing hence modulational instability to develop.

The result is presented in figure 12 and demonstrates that all class II instabilities
may grow simultaneously. It can be noted that while the growth rate of each individual
quintet is slightly smaller than the corresponding one for a single quintet, the global
hierarchy due to their rate of growth is respected. Similar simulations with different
initial steepness have been performed and arrive at the same results. This means that
several instabilities of class II may develop and co-exist, leading to wave breaking.
Competition between instabilities of class I has been also investigated by Annenkov &
Shrira (2001) within the framework of the Zakharov equation.

4.2. Competition between instabilities of class I and class 11

It was shown that the nonlinear evolution of class I instability may lead to breaking
for moderately small initial steepness (Banner & Tian 1996, 1998). Su & Green (1984,
1985) found experimental evidence that for moderately steep initial waves, the coupled
evolution class I/class II instabilities leads to breaking.

We consider as initial conditions Stokes waves of steepnesses (ak)o=0.10,0.13
and 0.20 respectively, disturbed by unstable perturbations corresponding to different
values of p and ¢. For these values of the initial steepness, it is the modulational
instability which prevails.

Figure 13(a) shows the time history of the normalized energy of the fundamental
mode of the Stokes wave of steepness (ak)y=0.10 and modes k; = (%, 0), k, = (%, 0),
and k; = (%, 1.645), k3" = (%, —1.645). These modes are the dominant modes of class I
and class II instabilities and correspond to p = 5 and p=- respectlvely The class 11
instability generating L, patterns is restabilized by the modulational instability.
For this value of the steepness, the transverse bandwidth of the instability region
corresponding to class II is extremely narrow so that one can assume that any weak
local modification of the steepness of the initial wave train will move this region and
so restabilizes the class II instability corresponding to (p, ¢) =(%, 1.645). The initial
condition corresponding to figure 13(b) is similar to that of the previous simulation
except that modulational instability is not taken into account at the start of the
simulation. During the decrease of the energy of modes k; and k3 an amplification of
the dominant modes of the modulational instability is observed. For this value of (ak),
breaking occurs when a coupling between the two instabilities and the fundamental of
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FIGURE 13. Normalized energy evolution of the main modes: ko= (1, 0), ky = (2, 0), kx=(%, 0),
) =(%, 1.645), k3 = (%, 1.645). The initial wave field is a Stokes wave with (ak))=0.10 and
the initial perturbations are: (a) ki, k>, k3 and k3 and (b) k3 and k3 only. € =0.025.

the Stokes wave prevails (figure 13b) while no breaking is observed in the simulation
corresponding to figure 13(a).

Figure 14(a) corresponds to (ak)o=0.13 and modes k;=(3,0), k,=(3,0), and
k3=(%, 1.621), k3° z(%, —1.621). These modes are the dominant modes of class I
and class II instabilities and correspond to p=1 and p=1 respectively. At the
maximum of modulation the growth rate of class II instability is enhanced. During
the demodulation period the energy of the subharmonic and superharmonic modes
of the modulational instability is decreased while the class II instability is growing,
becoming dominant around ¢ =2507;. For this specific value of the steepness class 11
instability (L, pattern) is triggered by class I instability, followed by wave breaking,
as suggested by Su & Green (1984, 1985). The initial condition corresponding to
figure 14(b) is similar to that of the previous simulation except that modulational
instability is not taken into account at the beginning of the simulation. One can
observe that beyond 700 fundamental periods, class I instability is excited followed
by wave breaking. Here again one notices a coupling between instabilities of classes
I and II and the fundamental of the Stokes wave.

For the numerical simulations corresponding to figures 15(a) and 15(b), the
class II instability is now an oscillating horseshoe pattern, L;, with dominant
modes k3 =(1, 1.5975), k, =(2, —1.5975) and k3= (1, —1.5975), ks =(2, 1.5975). The
dominant modes of class I instability are klz(%,O) and kzz(g,O). Figure 15(a)
shows that the energy of the modes of the class Il instability remains close to zero. At
the maximum of modulation we do not observe an amplification of this instability as
was the case previously for the L, pattern. As suggested previously, the restabilization
of the perturbation corresponding to the L; pattern can be explained as follows. For
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FiGURe 14. Normalized energy evolution of the main modes: ko = (1, 0), k; = (%, 0), kr = (%, 0),
k3= (%, 1.621), k= (%, —1.621). The initial wave field is a Stokes wave with (ak)o=0.13 and

the initial perturbations are: (a) ki, k», k3 and k3 and (b) k3 and k3 only. € =0.025.
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FiGUure 15. Normalized energy evolution of the main modes: ko, ki = (%, 0), k= (%, 0),
ks =(1,1.5975), k; = (2, —1.5975), k3 = (1, —1.5975) and k4 = (2, 1.5975). The initial wave field
is a Stokes wave with (ak)yo =0.13 and the initial perturbations are: (a) k1, k2, k3 and k3, (b) k3

and k3 only. € =0.025.
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FIGURE 16. Normalized energy evolution of the main modes: kg = (1, 0), ky = (4, 0), kr = (4, 0),
k3=(3,1.612), kj=(3,—1.612), k3=(2, 1.612) and k4= (], 1.612). The initial wave ficld is a
Stokes wave with (ak)o=0.13 and the initial perturbations are ki, k>, k3 and k3. ¢ =0.01.

(ak)o = 0.13 the band width of unstable transverse wavenumber is Ag = 0.009 on the
axis corresponding to p = 0. The modulation of the wave train due to class I instability
modifies its amplitude locally and consequently also the values of ¢ corresponding
to unstable perturbations. Due to the narrowness of Ag for p =0 we can expect this
instability to be sensitive to the modification in steepness of the wave train and so
to be restabilized. Note also that for this value of ¢ the instability corresponding to
the L, pattern is linearly stable, explaining why this pattern is not excited during 800
fundamental periods. No breaking is observed. Figure 15(b) corresponds to an initial
unstable perturbation due only to class II with p =0. Following the decrease of the
modes of this instability a strong amplification of the class I modes is observed. Here,
the coupled interaction of the fundamental mode of the Stokes wave with class I and
class II instabilities evolves to breaking.

Figure 16 describes the case corresponding to class II instability for p=% with
dominant modes k3 =(3, 1.612), ky = (3, —1.612) and k; = (3, —1.612), ks = (3, 1.612).
The dominant modes of class I instability are k; =(%, 0) and k2=(§, 0). Here one
observes also a restabilization of class II instability due to modulational instability.
As a consequence, the L4 pattern is not excited. No breaking is observed.

For (ak)y=0.13, it is interesting to point out that only the most unstable pattern
L, is triggered by the modulational instability.

Figures 17(a) and 17(b) show the time history of energy of the fundamental mode
of the Stokes wave of steepness (ak), =0.20 and modes k; —(3, 0), ko= ( ,0), and
k; —(3 1.53), k3° —(— —1.53). These modes are the domlnant modes of class I and
class II instabilities and correspond to p =3 and pP=> respectlvely For this value of
the initial steepness the class II instability i 1s not restablhzed by the class I instability
(figure 17(a). In both cases breaking occurs.

For moderate initial wave steepness ((ak)o =0.10 and 0.13), the previous simulations
illustrate the importance of the interactions between class I and class II instabilities.
The dominant influence of the modulational instability is emphasized when the energy
level of class II instability is weak. Hence, the dominant class I restabilizes class 11
instabilities. When the energy of class Il instability is not negligible one observes a
coupling between the fundamental of the Stokes wave with both classes leading to
breaking.

Our results are in agreement with the experiments of Su & Green (1985) who
showed that the coupling between class I and class II instabilities results in
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FiGURe 17. Normalized energy evolution of the main modes: ko, ki = (%, 0), kr= (%, 0),
k3= (%, 1.53) and k5= (%, —1.53). The initial wave field is a Stokes wave with (ak)y =0.20 and
the initial perturbations are (a) ki, k» (with € =0.0001), k3 and k3 (with € =0.01), (b) k3 and
k3 only.

three-dimensional, crescent-shaped breaking waves of wave trains with the initial
steepness as low as 0.12. In their experiments class I instability grows first producing
a strong modulation of the envelope followed at the maximum of modulation by
the coupling between the two classes which generates three-dimensional breakers.
For (ak)y > 0.12 we have observed the occurrence of a breaking due to instabilities
coupling. For (ak)y =0.10 we did not observe breaking waves if we start the numerical
simulation with the initial Stokes wave perturbed by a single instability corresponding
to class I, while it is not the case if we start with a single class II instability. In the
second case the class I instability is excited later and the instability coupling leads
to the breaking. Note that the latter case does not correspond to the Su & Green
experiments. Note that the threshold value when both class I and class II instabilities
are interacting seems to be a little greater than the value obtained by Banner & Tian
for a pure two-dimensional wave field.

Furthermore, these results are in accordance with those obtained by Stiassnie &
Shemer (1987) who used the modified Zakharov equation to study the coupled
evolution of class I and class II instabilities. They found a similar tendency of class I
to suppress class II whenever the level of class I disturbance was substantially higher
than that of class II, which is in agreement with our results.

5. Finite depth effect on class competition

The nonlinear evolution of class II instabilities has mostly been studied in the case
of infinite depth. We are investigating their behaviour on finite depth for k4 =1 where
h is the depth. A more detailed analysis will be presented in a forthcoming paper.
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FiGUure 18. Recurrence for class II instability with (p, q) =(%, 0.98), kh =1, (ak)y=0.11. The
instability with dominant modes k; =(%, 0.98) and k] =(%, —0.98) is triggered with € =0.05.
The other curves represent the higher-order harmonics of the instability.
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FiGURE 19. Surface elevation corresponding to figure 18 at 7/ Ty = 160.

Here we focus our attention on the effect of the depth on the competition between
classes.

On finite depth, the overall behaviour of 5-wave interactions generating the crescent
patterns is similar to that corresponding to infinite depth. A series of recurrence
cycles occurs for small values of wave steepness, and breaking for higher values.
For kh=1 and (ak)o=0.11, figure 18 shows the time history of the energy of the
dominant harmonics k; 2(3,0.98), ki =(3,—0.98) and neighbouring harmonics of
the most unstable perturbation of class II leading to the occurrence of L,-patterns.
A recurrence phenomenon is observed. A surface elevation plot is given in figure 19.
The transition between recurrence and breaking is around (ak)y=0.13 for the most
unstable perturbation of class II. As for infinite depth, an oscillating L; horse-shoe
pattern develops for k3 =(1, q), k;=(2, —q) and k;=(1, —q), ky=(2, q). For kh=1
and (ak)o=0.20, figure 20 demonstrates the co-existence of L,- and L;-patterns
corresponding to transverse wavenumber g =0.91.

It is well known that the class I instability band detaches from the p-axis when
kh < 1.363. This critical value corresponds to a restabilization of the two-dimensional
long-wave perturbations. It is possible to exclude the class I instabilities by using a
sufficiently narrow tank. The transverse spectral discretization must be chosen (i.e.
tank width small enough) not to include the class I instability region. The longitudinal
spectral discretization can be arbitrarily fine. In this case it is not necessary to invoke
the presence of a plastic film to cancel or attenuate the modulational instability.
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FiGUrRe 20. Coexistence of two class II instabilities for kh=1 and (ak)y=0.20. The
dominant modes of the instabilities corresponding to phase-locked horseshoe patterns are
klz(%,0.91), ki“=(%,—0.91) and those corresponding to oscillating patterns are k, =
(1.0,0.91), k5=(1.0,—0.91) and k3=(2,0.91) k;=(2,—0.91). The instabilities are triggered
with € =0.02.
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FIGURE 21. Steepness threshold for recurrence vs. breaking and predominance of class I
instabilities vs. class II instabilities for kh =00 and kh = 1.

When the depth is reduced from kh =00 to kh =1, the relative strength of class
I and II instability changes. In general, higher-order instabilities (quintet, sextet, . . .)
become more important for shallower water (Francius & Kharif 2005). The growth
rates of the most unstable class I quartet interaction and the most unstable class 11
quintet interaction (see McLean 1982b) can be used to define which is the dominating
instability for a given depth and steepness. For the infinite depth case, the steepness
for which the maximal growth rates of class I and class II are equal is (ak),=0.314,
whereas for kh = 1, the threshold steepness is only 0.10. Note that the highest values
of the steepness of a Stokes wave train are 0.4432 and 0.325 for kh =00 and kh =1
respectively. Furthermore, class I instability seems not to cancel class II instability
unless its growth rate is significantly larger than that of class II. For infinite depth
class II instabilities are dominant for strongly nonlinear Stokes waves while for kh = 1
they are dominant for moderately nonlinear water waves. We can conclude that it
should be easier to observe crescent wave patterns in finite depth rather than in
infinite depth. Figure 21 shows the critical values of the steepness separating class |
and class II predominance. For a wave steepness larger or smaller than this critical
value it is instabilities of class IT or class I which dominate, respectively. In both cases,
the threshold steepness separating recurrence and breaking phenomena for class 11
instabilities is given. It is seen that for kh =1, class II instability dominates for all of
the range where breaking occurs.
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FiGURE 22. Coexistence of class I and class II instabilities for k=1 and (ak)o=0.10.
(a) development of the dominant modes k; = (2, 0.31) and k&, —(2, 0.31) of the unstable class I
perturba‘uon for (p, q) —(2, 0.31). (b) Development of the dominant modes k3 = (2, 0.992) and
k; —(2, —0.992) of the unstable class II perturbation for (p, q)—(z, 0.992). The instabilities
are triggered with € =0.05.

For kh =1, it is expected that class I and class II should coexist for realistic values
of the steepness, namely (ak)y = 0.10, if the chosen unstable perturbations have similar
growth rates, even in a wide tank. This is indeed what is observed in a simulation where
ki=(2,0.31), k=(,—0.31) (class I) and k3 =(2,0.992), kj=(3, —0.992) (class II)
both are triggered with € =0.05 (see figure 22). The growth rate evolutions are very
similar for the first ~ 150 periods, but the class II instability then grows larger than
the class I instability.

6. Observability of oscillating crescent patterns in water wave tanks

We now focus our attention on the problem of the observation of L; patterns
in water wave tanks. While the particular case of L, patterns due to the growth
of the most unstable perturbation of class II is well understood, the mechanism
responsible of the generation of L; patterns is less understood. For sufficiently steep
Stokes waves the dominant instability is that corresponding to L, patterns and it
is natural to observe these structures which evolve into three-dimensional spilling
breakers. Collard & Caulliez (1999) reported observation of L; patterns, however.
They emphasized that the selection mechanism of such patterns was still unexplained.
For moderately steep Stokes waves propagating on the free surface of an unbounded
fluid, the most unstable perturbation is of class I and the dominant instability of class
IT corresponds to L, patterns. It is surprising to observe L; patterns. Due to finite
tank width these patterns are excited by noise or parametric resonance as shown
below. From this point of view instabilities corresponding to L; patterns can become
the dominant ones in confined geometries. Our goal in this section is to suggest
another possible mechanism for the generation of the oscillating structures in water
wave tanks. The parametric instabilities due to the wave-maker can promote and
force linearly unstable perturbations of Stokes wave trains.
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FIGURE 23. Schematic instability diagrams of class II focusing on the unstable region with
0< p <0.5. The different cases depict the three regimes in infinite depth corresponding typically
to (a) (ak)o <0.17, (b) 0.17 < (ak)y < 0.2 and (c) (ak)o > 0.2. The black dot labels the most
unstable perturbation of class II and the white dot labels the most unstable mode along the
line g =¢q..

6.1. Conditions for the occurrence of oscillating crescent patterns

From the previous results, we now present the conditions required for the appearance
of Ly patterns. To generate such structures in water wave tanks, the following
conditions have to be fulfilled:

(i) An attenuation of modulational instability
Since we have to consider a moderately steep initial wave and since we have seen
that in such a context class I is dominant, in most cases cancelling any further
development of class II instability, class I has to be attenuated or prohibited. This can
be achieved in wave facilities by putting a plastic film on top of the fluid (Collard &
Caulliez 1999). Note that in finite depth (for kh < 1.363) the strength of the dominant
instabilities of class I and class II are of same order when the wave is moderately
steep. Thus, in this case, the class I instability is no longer the predominant one.

(i1) A selection mechanism of an unstable transverse wavenumber
This means that through a series of specific mechanisms, depicted in § 6.2, a transverse
wavenumber is selected. Let us denote by ¢, this transverse wavenumber which falls
in the class II instability domain of the (p, ¢)-plane. However, note that an alternative
selection mechanism described by Furhman et al. (2004) can prevail to explain the
occurrence of L; patterns.

(iii) A weakly nonlinear initial wave train for the selected transverse wavenumber
It is well known that the most unstable perturbation of class II is for p= %,
corresponding to L, patterns. We have seen moreover that several class II instabilities
may coexist and develop together. To obtain L; patterns one has thus to make sure
that the perturbation corresponding to (p, ¢) =(0, ¢.) is the most unstable one along
the straight line ¢ =g¢. in the (p, ¢)-plane. In order to satisfy this condition, the
projection onto the g axis of a neighbourhood of the most unstable perturbation of
class Il (p = %) must not include ¢.. Figure 23(a) illustrates such a condition where
J(p) is the projection on the g-axis of the intersection of the domain of instability
with the straight line p =1/n. Here the bands .#(0) and .# (%) are disconnected, and
if g. is included in .#(0), the mode (0, g.) may be the most unstable one along
the straight line g =g¢.. This condition can only be satisfied for small values of
(ak)o, typically for (ak)y <0.17 (in deep water). A steepening of the initial wave field
corresponds to a flattening of the domain of instability of class II and a broadening
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FIGURE 24. Margin of stability of the two first cross-wave modes. The solid lines are neutral
wavemaker amplitude as a function of wavemaker frequency while the grey areas represent
unstable regions and correspond to a growth of the cross-waves. The wavemaker parameters
correspond to the experimental setup by Collard & Caulliez while the squares indicate the
location of some of their experiments.

along its axis of symmetry. When (ak), increases, the two regions .#(0) and .# (%)
may overlap, but the previous condition can still be fulfilled in a transition regime
as shown in figure 23(b). For (ak), > 0.2, the band .#(0) is now included in f(%) due
to the flattening of the unstable region. Figure 23(c) illustrates this regime where the
most unstable perturbation along the straight line ¢ =g, is no longer on the g-axis,
whatever arbitrary choice of ¢. is made. The dominant instability corresponds now
top =% and L, patterns should occur.

These three conditions appear then as requirements for the development of
oscillating patterns.

6.2. Selection mechanism of the unstable transverse wavenumber
This selection involves two main steps.

6.2.1. Parametric resonance of cross-waves

Since Faraday’s first experiments, it has been well known that parametrically
excited cross-waves may be generated in a tank by the motion of the wavemaker
(Garrett 1970; Mahony 1972; Jones 1984; Miles 1988; Miles & Becker 1988). If
the frequency of excitation (that of the wavemaker) approximates twice one of the
resonant frequencies of the transverse standing wave modes and if the amplitude of
excitation exceeds a threshold, energy is transferred from the wavemaker motion to
the cross-waves through nonlinear interaction.

This transfer is possible if the half-frequency of excitation w/2 approximates one
of the natural frequencies

w, = \/ngn/b n=172,..) (6.1)

where b is the width of the tank and where the tank is assumed of infinite depth (in fact
the value of the dispersive parameter ki for the first transverse eigenmode is greater
than 1, suggesting that finite depth effects do not drastically change the frequency
and the domain of instability of this eigenmode). In this case Jones (1984) obtained
the evolution equations which govern the growth of these cross-waves. We can hence
derive, for a given experimental setup, the margin of stability of each of these cross-
wave modes which gives us the minimum wavemaker amplitude able to excite those
cross-waves. Figure 24 displays the margin of stability computed from Jones’s results
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(corrected by considering the sign errors in Jones’s equations (41)—(42) as mentioned by
Lichter & Chen 1987) for the two first cross-wave modes corresponding to Collard &
Caulliez’s experiments. In their experiments the wavemaker is of the flap type and the
maximum displacement a rose to 15 cm when the wavemaker frequency was in the
range 1.2s7! < f < 1.5s7!'. This made possible excitation of the two first cross-wave
modes in this case.

6.2.2. Superharmonic cascade

Once the first or the first two transverse eigenmodes of the channel are excited,
they nonlinearly interact with the basic Stokes wave train. This leads to excitation of
higher components and a transfer of energy to higher transverse wave modes of the
channel.

As an example of such nonlinear interactions, we consider a simulation with
initial wave steepness (ak)o=0.17. For such a steepness, the class II modes which are
involved in the quintet interactions corresponding to the development of the L pattern
are ko=(1,0), ky=(1, q.), ks=(2, —q.), k; = (1, —¢q.) and ks =(2, g.). The maximum
growth of these instabilities corresponds to g. =1.551. In a wave tank of width b, the
smallest transverse wave-vector component is k; =/b and higher harmonics are nk;.
If there exists an integer n which satisfies nk; = ¢g. one can expect the class II instability
to be excited. Herein we choose n =8. This means that g. =1.551 corresponds to the
eighth transverse eigenmode of our numerical channel. We also check that no other
transverse eigenmode lies in the class II instability region. For illustration, the initial
perturbation is hence chosen to be set to the first transverse eigenmode of the channel
so as to simulate the first cross-wave which may be parametrically excited. As its
growth rate is close to that of the class I instability, the relative amplitude of the
perturbation is taken as € =0.1. Figure 25 presents the results of such a simulation.
It displays the evolution of the normalized energy of the fundamental of the Stokes
wave and the most amplified modes. Here the energy is transferred from the first
eigenmode of the channel to higher transverse harmonics by nonlinear interaction
with the Stokes wave. When energy is increased to the eighth transverse eigenmode,
the instabilities involving ko, k4, k5 and ko, kj, ks start to grow. This transfer is further
illustrated in figure 25(c, d) where a wave-vector spectrum description of the modes
involved at several instants of time of the simulation is displayed. Finally, figure 25(b)
shows a surface elevation plot at the end of the simulation corresponding to L
patterns (to be compared with Collard & Caulliez (1999) figure 1b). We performed
a numerical simulation where the initial condition includes the second cross-wave
mode instead of the first mode. The oscillating structures are now observed to grow
with a characteristic time scale decreased by factor two. A further simulation with
the two first cross-wave modes gave the same result: the time scale of L; patterns
is reduced by a factor two. When the second cross-wave mode is taken into account
the characteristic time scale for the occurrence of the aligned crescent structures is
close to 3707, (half of the period given by figure 25). The linear stability analysis tells
us that the characteristic time scale of class II instability is of O((ak)y>To). Hence
for (ak)y=0.17, this time scale is close to 2007;. This means that the time scale
of the occurrence of the oscillating patterns is multiplied by about one and a half
because of the superharmonic cascade. This factor can be significantly reduced if the
initial amplitude of the cross-wave modes is increased. The quantitative difference
observed between the experimental and numerical characteristic time scales is due
to the presence of a plastic film in the experiments. The experiment for (ak)y=0.17,
with the plastic film, does not correspond to a Stokes wave with this wave steepness.
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FiGURE 25. Evolution of a perturbed Stokes wave train of initial steepness (ak)o = 0.17 and
€ =0.10 (the wave-vector spectrum of the initial condition is given in (c)). () Normalized energy
evolution of the main modes ko = (1, 0) (thick solid line), (1, +¢.) (thin solid line) and (2, F¢.)
(dashed line) with ¢g. = 1.58. (b) Free-surface elevation at ¢/ Ty = 740. (c, d) wave-vector spectra
of the free surface at /Ty =0 and t/ Ty = 740. Harmonics with energy larger than 107°E, are
depicted as a circle.

As shown by Furhman et al. (2004) the experiments correspond to higher values of
the wave steepness. This explains why the period of occurrence of these structures is
strongly reduced.

It can be added here that, in this example, the numerical grid was chosen to allow
modulational instability to develop. In the case where only the first cross-waves were
excited at the beginning of the simulation, we observed no development of class I
instability (as depicted in figure 25). If modulational instability and cross-waves are
both included in the initial condition, class I develops, leading to breaking, however.
The growth of the modulational instability avoids the development of the oscillating
patterns. This explains why it is necessary to attenuate the growth of the modulational
instability to observe these patterns.

The competition between the two generating processes deserves much more study.
This is not our aim here and we just want to show that parametric excitation may
play a major role in the whole process by speeding up the development of L patterns.

While we have shown that parametric resonance, in a wave tank, may promote
transfer of energy to the first cross-wave modes, nonlinear interaction with the basic
Stokes wave leads to a rise of higher transverse eigenmodes of the channel. Those
eigenmodes are then amplified and a low level of energy is sufficient to trigger
instabilities of class II whose transverse wavenumber corresponds to these excited
transverse eigenmodes.

6.3. Numerical simulation

The mechanisms described in the previous subsection are relevant to explain the
occurrence of the L; pattern observed by Collard & Caulliez (1999). Following their
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FiGURE 26. Class II instability diagrams for wave steepness (ak)o =0.13 and (ak)o =0.17. The
horizontal lines correspond to two consecutive eigenmodes of the numerical channel considered
while the dots represent the most unstable perturbation along those horizontal lines.

experiments, we consider two different values of the wave steepness, in the range
0.13 < (ak)y <0.17. In order to reproduce the experimental results, we must observe
emergence of L, patterns for the steepness (ak)o=0.13 and L; patterns for a higher
steepness. This means that if the considered steepness is (ak)y=0.13, g. lies in #( %)
while for higher steepness ¢, lies in .#(0). The experimental results show moreover
that the transition from L, to L; patterns with increasing steepness is accompanied
by a transition from g. =nk, to gq. = (n — 1)k (see figure lc, d of Collard & Caulliez,
with n =38). As emphasized in §6.2.2, the plastic film has the effect of bringing the
instability diagram closer to the p-axis than theoretically expected without it. We
hence cannot simulate numerically exactly the experiments with the plastic film and
we shall assume that its unique effect is to cancel modulational instability. Hence we
do not expect to reproduce the experimentally observed value of ¢g.. The simulated
growth rate is expected to be quite different from the observations. The selection
mechanism suggested here is assumed to work for both numerical simulations and
experiments, nevertheless.

We thus consider condition (i) to be fulfilled and we numerically suppress
development of modulational instability. Having computed the margin of stability
for the first cross-waves in this case, we showed above that parametric resonance was
possible and that condition (ii) was fulfilled.

Figure 26 shows the instability diagrams for two values of the steepness (ak)y=0.13
and (ak)y=0.17. It is clear that in this case condition (iii) is fullfiled in the whole
range of wave steepness considered experimentally.

Assume now a tank width b such that there exists only one multiple of k; which
falls into the class II unstable region and is included in .# (%). There exists then an
integer n such that g. =nk, belongs to .# (%): L, patterns are observed. When the wave
steepness increases, the instability region is moved closer to the p-axis. There exists a
critical steepness for which nk, is no longer included in .# (%), while (n — 1)k, € .#(0):
L, patterns are observed. Inversely, considering two values of the steepness, one may
choose the tank width b in such a way that this transition is possible. Figure 26 also
shows two consecutive eigenmodes of the channel which have been chosen for the
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numerical simulations. In this case the previously described scenario can be applied
and such a transition between the two values of the steepness is possible.

6.4. Comments on extension to finite depth

Generalization of the previous result should be to consider finite-depth simulations.
We have already pointed out in §5 that in the finite-depth case the class I and
class II instabilities have comparable strengths for moderately steep waves if (ak) is
around 0.1, which corresponds to 30 % of the highest steepness. Hence conditions (i)
and (iii) are fulfilled if moderately steep waves are considered. In a channel of finite
depth, the parametric excitation is still valid and theoretical analysis is known to
lead to similar results (with only a small correction due to the finite-depth effect). It
Would be interesting to reproduce in a wave laboratory the experiments of Collard &
Caulliez (1999) on oscillating patterns, in finite depth. In this case a plastic film is not
necessary to generate L patterns.

7. Conclusion

A detailed investigation of three-dimensional patterns occurring at the sea surface
has been presented. Their study is important to provide a better description of the sea
surface roughness which is crucial to determine correctly fluxes between ocean and
atmosphere. The time scales during which these three-dimensional structures can be
observed depend on the steepness of the initial Stokes wave trains. Their nonlinear
evolution usually results in the breaking of the wave.

Before investigating wave trains evolving to breaking, we checked that the numerical
method was able to treat very steep gravity waves. A Stokes wave train with a
steepness of (ak)) =0.4 was propagated steadily for 100 periods. The efficiency of the
Eulerian numerical approach used herein to recognize waves evolving to breaking has
been checked in two-dimensional and extension to a three-dimensional free surface
has been developed. Numerical simulations taking into account both class I and
class II instabilities showed that for moderately steep waves, namely (ak)y > 0.12,
their nonlinear coupling (involving the fundamental of the Stokes wave) results in
breaking of the wave when in the initial condition only the modulational instability
was considered. This result is in agreement with the experiments conducted by Su &
Green (1985). Furthermore, we found that breaking can occur for (ak)o=0.10 when
the initial unstable perturbation corresponds to the phase-locked crescent-shaped
patterns. At the maximum amplitude of this instability the modulational instability is
excited followed by the breaking of the wave. For steeper waves, the strength of class
IT instability alone is sufficient to trigger breaking of the wave. It was shown that
the nonlinear dynamics of the most unstable class II perturbation leads to breaking
when (ak)o > 0.17.

For moderately steep waves, deep water modulational instability occurs naturally.
To observe the oscillating horseshoe patterns in a water wave tank of infinite depth
Collard & Caulliez (1999) used a plastic film to cancel this instability. It was
shown that parametric resonances due the wave-maker could select and amplify
the occurrence of the oscillating patterns observed in water wave tanks. Despite this
artificial generation we believe that the L patterns may be observed in coastal zones
where the strength of modulational instability is attenuated. It would be of primary
interest to conduct experiments in a tank of finite depth to check the observability of
these three-dimensional structures.
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