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SUMMARY

In order to numerically solve the interior and the exterior Dirichlet problems for the Laplacian operator,
we present here a method which consists in inverting, on a finite element space, a non-singular integral
operator. This operator is a geometrical perturbation of the Steklov operator, and we precisely define
the relation between the geometrical perturbation and the dimension of the finite element space, in order
to obtain a stable and convergent scheme. Furthermore, this numerical scheme does not give rise to
any singular integral.

The scheme can also be considered as a special quadrature formula method for the standard piece-
wise linear Galerkin approximation of the weakly singular single layer potential, the special quadrature
formula being defined by the introduction of a neighbouring curve.

In the present paper, we prove stability and we give error estimates of our numerical scheme when
the Laplace problem is set on a disk. We will extend our results to any domains by using compact
perturbation arguments, in a second paper. Copyright © 2001 John Wiley & Sons, Ltd.

1. INTRODUCTION

Let © be a simply connected, bounded, open domain in R2, the boundary I" of which is
assumed regular. For the sake of simplicity, we will suppose in the following that I" is €°°.
The spaces H'(Q),H'*(I"),H~"*(T") will denote the classical Sobolev spaces of functions
on Q or I'. The duality H~Y(I"), H'*(T") will be denoted by (., .)_121/2. If uo is given in
H'Y*(T"), we are looking for a function u in H'(Q) satisfying

Au=0 1in Q
(1)

u=uy onl
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848 P. DREYFUSS AND J. RAPPAZ

It is well known that problem (1) has a unique solution u and it is easy to show that if x
does not belong to 2=QUT, then we have

- 0 oG
v ¢ € / Gl ) () ds = /F e ds @)

where G denotes the Green kernel and 0G/0n, its external normal derivative with respect to
the variable y; i.e. if xeR?, yeT:

1

Glx,y)=—5loglx — | 3)
oG _ —ymn)
any (x» y) - 27t|x _ y|2 (4)

where (.,.) is the scalar product, |.| the Euclidian norm in R* and n, the outward unit normal
vector at point y.

Let us assume that we are only interested in knowing the normal derivative Ou/0n, on
I' instead of the whole u in Q. Then if T is the boundary of a regular, simply connected,
bounded, open domain €} containing (2, and if we call { the unknown ou/ oOn, on I, the integral
of which is vanishing, we are in the position to give a variational formulation of (2).

Find (€ Hofl/z(I‘) satisfying

V,uEHO—I/Z(f‘): /fdsx/rdsyG(x,y)C(y),u(x):/fdsx/rdsygflj(x,y)uo(y)u(x) (5)

where HJI/Z(F): {ye H=YX('): (,1)_1/1/2=0}. Clearly speaking, problem (5) posseses at
least one solution { because it suffices to take { = 0u/0n, when u is the solution of problem
(1). The uniqueness is a delicate thing (see Reference [1] for instance).

Our numerical method is built on the Galerkin approximation of integral formulation (5)
called ‘Kupradze integral equation’. Historically, this formulation was introduced by Kupradze
(cf. Reference [2]). Since this equation is ill-posed, classical numerical methods to solve it
are very unstable. This fact was shown by Christiansen (cf. References [3,4]). The Tikhonov
regularization can be used in order to put right this situation but we obtain a method which
converges slowly (cf. Reference [5, p.327]). Nevertheless, engineers have empirically found
how to construct stable and effective numerical methods (cf. Reference [6]), which are some-
times used nowadays. In order to explain it, we define the Hilbert spaces X and Y by
X :Hofl/ *(T') and Y :Hofl/ 3(I). In view of numerically solving problem (5), we define the
continuous bilinear form a: X x ¥ — R by

(X, pe¥: alu)= /F ds, /F ds, G(x, ) (3 )u(x) 6)

Unfortunately, the bilinear form a(.,.) does not satisfy the ‘inf-sup’ conditions of Babuska—
Ladyzenskaja (see Reference [7] for instance) because the problem of finding { € X satisfying
a(l,1n)=_{u,g)—1p2,1» for all ueY, where g is given in HY2(I"), has in principle no solution,
except if g is a trace of an harmonic function on I. It follows that if we define the operator
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R:H'"(T)— H"T) by (Ruo)(x)= [.(3G/dn,)(x, y)uo(y)ds,, Vx€T, then the problem of
finding { € X such that

VueY: a(l, p) = (1, Ruo) 12112 (7)

has a solution {, but it is ill-posed. In the following, we attack the numerical approximation
of problem (7) by using a Galerkin method. By splitting up T" and I" into n + 1 simple
arcs of curve I},05,...,I,;; and f“l,fz,...,f“,,ﬂ, respectively, we can look for a piecewise
constant function { on I}, 1<j<n + 1, satisfying (7) for all piecewise constant function u
on fj, 1<j<n+ 1. Actually, this method does not work when #n is very large except if we
choose I" very close to I'. In practice, the Galerkin method is efficient when the distance
between I' and I" is of the same order as the smallest arc of curve splitting up I" and I. For
this reason it is necessary to choose I' by taking into account the degree of accuracy of the
approximation. To do this we replace T' by ('), which will be a family of curves T'™)
surrounding  and converging to I' when n tends to infinity. We split up T'" and '™ into
n+ 1 simple arcs of curve denoted by I3, 15,...,T,41 and 1“1("),1“2("),...,1“”(3, respectively, and
we define

X, = {)LEH(;UZ(F): Alp is constant, i=1,2,...,n+ 1}

Y, ={ueHy; A(TM: ]

o is constant, i=1,2,...,n+ 1}

The discrete problem corresponding to (7) consists in finding fn € X, such that

vﬂn € Xz: an(én: ,un) = <MmRnuO>fl/2,1/2 (8)

where a,(.,.) is defined by a(.,.) in which I" is replaced by I'™ and where R,:H"*(I") —
HY2(T'™) is defined by

el Ruo)r)= [ S0 yun(r)ds ©)
o4

0

r

Remark that dim X, =dim ¥, =n and problem (8) is a linear system of n equations for n
unknowns. A consequence of the fact that (7) is ill-posed is that often the approximate
problem (8) is unstable. The goal of this paper is to establish how we have to choose I'
and its splitting (together with the splitting of I') in order to obtain the stability of the
numerical scheme (8) and the convergence of fn to Ou/0n, when n tends to infinity. We also
establish error estimates between fn and Ou/dn,. Moreover, we give the rules for the choice

of a quadrature formula when we want to numerically compute ,. This quadrature rule does
not affect the stability and convergence properties of the scheme. In particular, if { denotes
the normal derivative of u on I' then we have

s 1
16y = Uver =0( 53 (10)
Note that instead of (8) one can also consider the problem of finding {, € ¥, such that
Yu, € X, / ds, /( ) ds, Gx, )0 (y)pn(x) = /uo(x),un(x)dsx (11)
r G r
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850 P. DREYFUSS AND J. RAPPAZ

In fact, problem (11) is a linear system in which appears the same matrix as in (8), and thus
it is stable under the same conditions. Moreover, by using the arguments developed in this
paper, one can prove that the same estimate (10) holds, where in this case { is the solution
of the weakly singular single layer equation

ety 2y [ as, [ 456w = [w@neds

Thus, the proposed scheme can also be considered as a special quadrature formula method
for the standard piecewise linear Galerkin approximation of the weakly singular single layer
potential. Under this point of view, the method is related to a class that has been studied for
many years, from the early papers [8,9] up to recent papers (Reference [10] for instance).
Nevertheless, the special quadrature obtained here by introducing a neighbouring curve does
not fall in a category which has been analysed in a previous work.

The numerical analysis we present here show that the efficiency of our scheme is asymp-
totically of the same order than the method currently used, but its major feature resides in
the simplicity of the ideas used for its construction. It can be also used (but without rigorous
justification) in the case when the curve has corners, and the same simple ideas can be applied
in the 3D case (cf. Reference [11]). It may be the main reason which has motivated engineers
to employ it. We point out that similar but unstable methods seem to have a certain success
with engineers (see, for instance, References [12,13]).

In addition to the papers [8—10], for a review of classical boundary element methods, we
refer to References [5,14—16]. In practice, the boundary element methods are often used in
combination with finite element method (cf. Reference [17] for a reference article). We can
see in References [18] or [19] how our method can be used with finite element methods
in order to simulate a two-dimensional induction heating problem. Another interesting non-
singular method has been presented in Reference [20].

In the present paper, we analyse the only circular case where the Laplace problem is set
on a disk. We obtain similar results when the Laplace problem is set outside the disk. In a
second paper we use compact perturbation arguments to treat the general case.

2. THE CIRCULAR CASE

In this section, we assume that I" is a circle centred at the origin with radius ¢. The curves
'™ will also be some circles centred at the origin with radius ¢, >c. We will use the complex
notation to describe I' and T'™, i.e.

I'={z(t) € C: z(t)=ce", t€[0,2n]} (12)
'™ = {z0() e C: 2(t) =c,e', t€[0,2n]} (13)

The main factor which will appear in the following is the ratio 7, between ¢, and c, i.e.
7w =cp/c. In order to discretize I’ and '™, we set h=2n/(n+ 1), ;=jh, j=0,1,...,n+
I, ti1p=(j+1/2)h, j=0,1,...,n. To these points we associate the corresponding points on

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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I' and I'™, that is to say

zi=cel, 0<j<n+1, zjp=ce2, 0<j<n (14)
ZJ(")—C,, 0<j<n+1, Zj(.i)l/zzc,,eitf“/z, 0<j<n (15)

Now we can define
L={z()eC: z(t)=ce", t€[li_1ptir1pl}, 1<j<n (16)
Lot ={z(t) €C: z(t) =ce", 1 € [tyr12,27] U[0,112]} (17)
D" = {z(1) € C: 2(t) =c,e", tE[tymipptasipl}, 1<j<n (18)
DY) = {z(t) € C: z2(t) = cue, 1€ [ty12,27] U[0,112]} (19)

and we recall that

X, ={2 GHO_I/Z(F): Al is constant, i=1,2,...,n+ 1} (20)
Y, ={ueH; A(T™): u o is constant, i=1,2,...,n 41} (21)

Our main result is the following:

Theorem 2.1. Assume that 7, =1+ d/n where 0 is a positive number. Then there exists
09 >0 such that for all 6 €]0,J0[, problem (8) has a unique solution fn € X, for any integer
n and we have lim,_ . ||0u/0n — 5n||_1/2,p =0, where u is the solution of (1).

Moreover, if ou/on € H'(T"), there exists a constant C independent of n such that

‘éu 5 C

% - Cn = m
Before proving this theorem, we establish three technical lemmata. In the following we
will use Fourier technical arguments and for this reason we will work in the complex spaces
Hy "A(D),Hy "*(T™). We define the sesquilinear form a: H, "*(T') x H, "*(I') — C by

—1/2,T

JoaeHy () a(d, ) = /F dsx/r ds, G(x, y)A(»)fi(x) (22)

where [i is the complex conjugate of p. When p eHofl/ 2(I“(”)) we set [i(x)=u(y,x) for xeT
and we have fi €H0—1/ (). In the following a(., .) and a,(., .) are also considered as sesquilin-
ear forms on the complexified Sobolev spaces H /2.

Now we are in the position to set the eigenproblem which consists in looking for LeX,,
4#0 and weC satisfying

VUE Yy ay(hy ) = wa(l, 1) (23)

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863



852 P. DREYFUSS AND J. RAPPAZ
By setting §,,(z) = (z/c)", ze ' C C and by defining 1T, : H'(I') — L*(I") by

IL,i(z)=d(z), zel, j=1,2,...,n

I,0(z)=0(zp11), z€D

we obtain the following main result:

Lemma 2.1. The eigenproblem (23) possesses the solutions

—|m n+l1 _
Speei " et p A DI (24)
Y ez lm+ p(n+ 1) o =1y, m=1,2,...,

Wm = Vn

Proof. We begin by setting v;(z)=(z/c,)*, z€T'™, and we calculate for any integer m
and k€ Z:

an(Opy ) = ds, / ds, G(x, ¥)0um (3 )ve(x)
IRO) r

cc 2n 2n ) o )
=——" ds [ log|ce — c,e®|e™e ™ dt
2m Jy 0

2n 2n

CC e s o .

_— "/ e ks ds/ log |ce''™) — ¢,|e™ dt
2n J, 0

By using a change of variable we obtain

2n—s
log |Ce1(t—S) _ cn|elmt dr :/ log |ce” _ cn|elm(s+1') dt
0 —S

2n

n
=e™ / log|ce'™ — c,le"" dt

—T

n
=™ log |c? + % — 2cc, cos(1)|V?e™* dt

—T

By using an elementary result (see Reference [3]) we conclude that

2 = |m| ims
) ) Ve e if m#0
/ log [cel =) — ¢,|e™ dt = I
0 2nlogc, if m=0

It follows that

an(Bs 02) = % Il Smcc,  when m 20 (25)

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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By an analogous calculation we obtain with fi(x)= u(yx), x€TI"

. A o

a(Dy, 0p) = Wékmcz when m #0 (26)
Let now x; be the characteristic function of [#_y/,412] if 0<j<n and y, be the charac-
teristic function of [fy,#12] U [tys1/2,ta+1]. We verify that the complex Fourier series of y; is
given by

1) = Z G (27)
k=—o00
CJ.FWG—% —0,1,....n+1, k#0 (28)
Co=—— =01, .+l (29)
]O_I’l—i-l’ J=U L.

Now we define IL,e” by

n+1
e =3 emy(0) (30)
j=1
By replacing (27)—(29) into (30) we obtain from a standard calculation
; +1 . mn > (—1)? ;
I, imt _ n i(m+p(n+1))t 1<m< 1
e - sm(n+l>pzoom+p(n+l)e , m<n (31)

Now let m be equal to 1,2,...,n. By using (31) and the definitions of f[,, and ©,, we have

. n+1 . mmn ol (=1)” R
II = _— 2
nvm(z) . Sll’l(n T l)p_z_:oo o p(}’l n I)Um+p(n+l)(z) (3 )
for all zeT.
It suffices to use (25) and (32) to show that if 1<m,k<n, we have
. n+ 1V | 2( mmn > = %f‘m”("ﬂ)l
n Hn maHn = | — | sSIn — n —5," 33
T Thite) < n ) el nccp;mlm+p(n+l)l3 ¢ (33)

By using (26) instead of (25), together with (32), we obtain

oo

A oA n+1V . 5 mm ) 1
a(HnUm,HnUk):< = )Sln <n+1)TCC Z m5mk (34)

p=—00

By setting o, =7)_ ez o PO g p(n 4 D)|7/3 ez Im+ p(n+1)|7> we obtain for all
1<k,m<n:

an(ﬁnﬁma ank) :wna(ﬁnﬁma 1clnﬁk) (35)

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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The fact that ﬁ,,ﬁk for k=1,2,...,n is a basis of X, which is orthogonal with respect to
the scalar product a(., .) together with (35) proves our lemma. |

Remark 2.1. Tt is well known (see Reference [21] for instance) that a(.,.) is a scalar
product on Ho_l/z(F) and the norm H)AH =a(4, /)" is equivalent to Hj:,”_]/z’]". Moreover, from
relations (25) and (26) we obtain that an(ﬁm,vk):y,:_‘m‘a(ﬁm,ﬁk) for all £ and for all m#0.
Because 7, >1 and (0, )n.cz+ is an Hilbertian basis of Ho_l/ *(I), this last equality proves that
a,(., .) cannot satisfy a inf-sup condition on X x Y.

In order to have a family of curves (I'™)2°, which converges to I, we choose from now
¢, = y,c with

0

where ¢ is a positive number. With this choice we have the following result:

Lemma 2.2. For all £ >0 there exists dp >0 such that if 0 <d<J,, then

ja,(hs 2) — a(i 2|
)‘.eX,; a(/l ;b)

<e for all n>1 (37)

where we denote by A the function belonging to ¥, and defined by /I(z):i(yn* 1z), zeT'™,

Proof. In Lemma 2.1 we have seen that Jm =11,0,, are the elgenvectors of (23) corre-
sponding to the elgenvalues WO deﬁned in (24). We set 4,(. )fﬂum(yn ). When JeX,, we

can write 4= S ocm)»m because Am is an orthogonal basis of X, with respect to the scalar
product a(., .). Moreover we have by using Lemma 2.1 and relation (25):

an(is 2) — aCu )| = | > 0wt(@u(hns ) — @(ons 1))

I,m=1

n n

=1 (= 0)0w01aCms i) = D (1 = 0)02 (s Jn)

I,m=1 m=1

N

max |1 — wm|a()L,A)
I<m<n

In order to prove Lemma 2.2, it remains to show that for all €>0 there exists d; >0 such
that if 0 <0<y, then we have

max |1 —o,|<e, Vnzl1 (38)
1<m<n

where ,, is explicitly given by (24).
Let m be an integer in [1,7] and define f, = |m+ p(n+1)| with p € Z. Because we have the
development (1 4x)~% =1—xp,(1 +%)"U*%), where X €(0,x), x>0, we have the existence

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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of a number 1, € (0,0) satisfying

5 _ﬁp 5 1’]p _(1+.Bp)
(1+n) _1—;ﬁp(1+;) (39)

Since 7, =1 + d/n, we have 1 — 3, " =/nf,(1 4 n,/n)~(+H) and consequently

S (- Zii_oovn”’”ﬁf)

Yo — Om ="Yn — Vn ) - S -
Zp:—oo ﬁp } Zp:—oo ﬁp 3
5 (14 L) g2
nn Z;o:—oo ﬁl;s
It follows that
LD
|’yn - wm| S'))n*ioig (40)
h Epzfoo ﬁp
Now we evaluate an upper bound for Z;o:—oo ﬂ;z and a lower bound for Z;O:_OO [3;3.
e We have
i ﬁ—Z = Z % _|_ Z %
=" (m+ p(n+1)) (p(n+1)—m)
p=—00 p=0 p=1
1 1 1
ot (2 Y
(n+ 12 (M (p+mln+ DY " 2 (p—mfn+ 1))2)
1 1)? 1)? 1
_ (1P
(n+1) m? (n+1—=mp = o= (p+m/(n+1)y
+Y :
2 (p—mln+ D)
By using the following inequalities:
1 /°° dx 1 /°° dx
< — and < —
1; (p+m/(n+ 1) = o1y X 1; (p—m/(n+1))> —m/(nt1) X
we obtain
> 1 1 1 1 1
i< — -t 41
p;ooﬁ” m2+(n—|—l—m)2+n+l<m+n+l—m> S

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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e In the same way, we have

< 1 1
2 Gy (1§<p+m/(n+1>)3+;<p—m/(n+1>>3>

p=—00

and by using the following inequalities:

(p+m/(n+1)P~ 1) X° (p—m/(n+1))~ —mfn1) X2

r=0 p=1
we obtain
= 1 1 1
G (= 42
p:z_:ooﬁp 2(n+1) <m2+(n+1—m)2> (42)
Due to (41) and (42) we obtain
oo -2
S 1—
MSZ(n—i—l)(l—i— mnt 1 —m) ) (43)
S b m? 4+ (n+1—m)?
By setting

TX2A(m+1-xP 2

_ x(n+1-x) 1 (n+1)
9(x) 2 (x2+(n+ 1—x2? 1)

we easily show that max,cp,, g(x) =g((n + 1)/2)< 4. Consequently, relation (43) implies

M <3(n+1) (44)
szfoo ﬂp
By using (40), we finally obtain
1
9 — om]| <3y,,5% <65y, for all n>1 (45)
It suffices to write 1, =1 + d/n to conclude that (38) is true. |

A corollary of Lemma 2.2 is

Lemma 2.3. By setting 7, =1+ d/n, there exists dp and o>0 independent of n such that
for 0 <6<, we have
J

an(F 2)z oAy ViEX,, Yn=1 (46)

Proof. This is a direct consequence of Lemma 2.2 together with Remark 2.1. |
Proof of Theorem 2.1. Lemma 2.3 implies an uniform ‘inf—sup’ condition for 6 € ]0, dy[, i.e.

inf sup  a,(L,u)=za, n=l (47)
AEX, HEY,
HMl—I,Z,FZl HHH,I/Z,F(")ZI

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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where « is a positive constant independent of x. It follows (see Reference [7] for instance) that
problem (8) has a unique solution fn € X,. By setting (= Ou/on on I', where u is solution of
(1), we have seen that for all pe H, V20 we obtain a,(C, 1) = (i, Ryuo), and consequently
for all u, €Y, we have

a,({ =) =0 (48)
Let now ¢, be any function of X,. By using Lemma 2.3 and (48), we have
PO | | A
||Cn - (Pn||fl/2,l“< &an(gn - (Pn,Cn - (pn): &an(é’ - (/)naCn - (pn) (49)

where we denote by (,(z)={(3,"z) and @.(z)=¢,(3;'z), V2™,
From inequality (49) and from the uniform continuity of a, with respect to n (see Reference
[18, pp. 34-35]), we deduce there exists a constant C, independent of n, such that

16 = @l 120 <SCIE = @, -12.0
By using the triangular inequality we finally obtain
1= Gll—i2r <+ OC = @, ll-12.r
and consequently

16—l <1+ C) min €= @,y (50)

The proof of Theorem 2.1 is a consequence of the fact that | J,~, X, :HO_'/ 2(1") and from the
following estimate (see Reference [15] for instance):

. A C -
||C—B1CH—1/2,F<W||C||1,F (51)
when P, is the orthogonal projector of L?>(I') onto X,,. |

3. ERRORS ESTIMATES WITH NUMERICAL INTEGRATION

In order to solve the discrete problem (8) in the circular case situation, we will have to build
the matrix of coefficients 4;; = a,(®,, ¢;), 1<i,j<n, where (¢;)"_, is a finite element basis of
X,. It follows that we will have to calculate expressions of the form

ccy k172 lrv12 u N
/ dsx/ ds,G(x,y)= — 7 / ds/ dtlog|ce” — c,e”| (52)
Fk(") T T Ju_ip

L1

since (¢;)"_, are constant on I;. Clearly speaking we take ¢, =y,c with 9, =14 J/n and for n
sufficiently large, it is difficult to numerically evaluate the quantity ftzkj]lzz ds f;’j l”j dtlog |cel’ —
c.e”| when k=1,1+1 or [—1, because the integrand is almost singular. Remark that we have
the same problem when we want to compute the right-hand side of (8). In the following,
we give a rule in order to numerically perform this type of integrals by keeping the rate

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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of accuracy O(1/n*?) in Hofl/ 2('). Recall that the length of the interval (ti—1/2, tir12] 18 A,
with h=2n/(n + 1), and consider, for a positive integer m, the points in [0,2n] defined by
trj=ti—12 + j(h/m)mod2n, 0<j<m, 1<k<n+ 1.

For a continuous function f(s,¢) on [0,27x] x [0,27] (for instance f(s,¢)= log|ce" —c,e"|)

we have
tev1)2 tit1)2 m—l m=1 "y, 1, j+1
/ ds/ dif(s,0)=>_ Z/ ds/ dtf(s,1)
t i 1

—12 12 i=0 j=0 Ui

and by changing the variables s and ¢:

tet1/2 ti1)2 h2 m—1 m—1 1 1 i
~/tk 2 & t—1)2 f(S’t):mZ Z /71(15/71 dnf “/(é,n) (53)
-1 -1 i=0 j=0

with f55(E n) = f (i + (E+ 1)/2(h/m), 11, + (n + 1)/2(h/m)).

Let now J(g)= Z;le,,g(i ») be a numerical quadrature formula with » integration points
—1<é<é< - <é,<1 and weights wy,wy,...,w,.. We assume that this formula is exact
for polynomials Py, of degree M, that is to say for all g€ P, we have

1
@)= [ s (54)
—1
An approximation of (53) will be
tit1/2 tiv1)2 h2 m—1 m—1 r r
TR ARE(CUET=D 95 3 3 BETIALCHN (55)
te—172 t—1p2 i=0 j=0 p=1 g¢=1

We set L,u(f) as the left-hand side of (55) and J,(f) as its right-hand side. Then it is
well known that if fe%M“(Qk,) with € :(tkfl/z,l‘k+1/2) X (l1,1/2,t1+1/2), then we have the
following estimate:

aM-Hf

A M+1
— 2 —
|Inkl(f) Jnkl(f)l SCh <m> max max Os%1 02

o +op=M+1 (s5,6)EQ

wﬂ (56)

where C is a constant independent of n,m and f but is depending on M.
Now we are able to establish an approximation of the discrete problem (8) by using above
quadrature formulas. To this end, we define in a similar way as (2)—(7), for {€X,, uel;:

N(f,,u) (s,0)= —% log |ce' — cneis|5(cei’)u(cnei“) (57)
n+1
an(Co) =" T (N () (58)

k=1

ccy (c,e' — cell, e

S(u) (s,0) = B uo(ce” Jpu(cqe®) (59)

21 |c,els — celt
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n+1

(i) =Y Jua(S()) (60)

kI1=1

where we denote by (., .) the scalar product in R*>=C, i.e.
(cpe® — cel',el') = c,(cost coss + sintsins) — c=c, cos(t —s) — ¢ (61)
With these notations, the approximate problem with quadrature formula consists in finding
{, € X, satisfying
(G 1) = buia), - VinEY, (62)

Now we are able to establish our main result.

Theorem 3.1. Assume that 7, =1 + 6/n where § is a positive number and u, € 7 1(T).
Moreover assume that m =nf with $>3/(M + 1). Then, there exists Jo>0 and Ny >0 such
that for all d€]0,30[, problem (62) has a unique solution , €X, for any integer n>Nj.
Moreover, if du/on€ H'(T'), then there exists a constant C independent of n such that

‘au 5 C

_ <
on S S 3
Before proving this result, we first establish:

—1/2,T

Lemma 3.1. We assume that ¢, =c(1 + d/n) with 6 >0 and that the quadrature formula is
exact for polynomials of degree M. Then, there exists a constant C independent of »n and m
such that for all A€ X,, ue¥, we have

| (o 1) — (s )] < ™MD |2yl 2l 2oy (63)
1ba(1) = Bu(1)] < Crm ™MD 1| 2oy (64)

where b,(1t) = [ dsy [i ds,(0G/0n,)(x, y)uo(y)u(x).

Proof. In order to prove (62), we begin by remarking that

n+1

an(/:t, ,u) == Z Inkl(N(jw .u))

k=1
By substraction with (58) we obtain

n+1

an(o1t) = @nC ) < S 1Lit(N Gy 1)) = Juia(N (2o ) (65)

ki=1
Now we use the error estimate (56) and we have
+1 n+l

M
|an(}“7/1)_dn(j“’ﬂ)|<c}l2(:/l) > max  max

o Fop=M+1 (s,t)EQy
Py 1+ (s,0)EQ

MHIN (1)

o &0

(66)
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Since i(cei’ )u(cne®) is constant on €, we verify, by derivating (M + 1) times the function
log |ce" — ¢,e"|, that there exists C such that

MHIN (i, 1)

max max 0541 017

<CnM 1 (celt cpel
ot =M+1(5,0)EQ = | Aee™)llen

(s,1)

(67)

By using a Cauchy—Schwartz inequality together with the fact that the measure of I}(") and
I; is of order 1/n, we finally obtain

M1 n+l 12/t 12
3 - /’i < ChZ ﬁ i M+2 9 ity |2 ity |2
jan(s ) = (2o )] < CIP( ) M2y Da(ce™ > lu(ene™|
=1 k=1

5 h M+1 s s
< Ch m m ALyl 2oy (68)

It suffices to see that #=2n/(n+ 1) in order to prove (63).
In order to prove (64), we remark that for pe€ ¥,:

n+1

(i) = Bu() =" Uua(S()) = Juia(S(1)))

k=1
and we use the same arguments as above after showing that max e o, [(OM+1/0s*1 3s™)S(p)|
is bounded by Cn"*2|u(c,e)|. O

Proof of Theorem 3.1. By using Lemma 2.3 we can conclude there exists dy and o>0
such that for 0 <0 <d, we have

a2 )2l A2 s VAEX,, Yn=1 (69)

By using Lemma 3.1 with m=n” and f>3/(M + 1) we obtain

A

3 5, C A
|an(i!/1) - d"t(ls /L)| < E %2(1—‘), Vl EXn, Vn;l

By considering the inverse inequality (see Reference [15] for instance)

1|2y <CVAl Al —1ja.r (70)

we have
|an(m)—a,,(;L,A)|<;||i||il/z,p, VieX,, Vn>1 (71)

By using (69) and (71), we obtain the existence of AN, such that the following relation is
satisfied:

d,,(i,z)%uiuil/z,r, vieX,, VYn=N, (72)

It follows that for n>N,, the sesquilinear form a,(.,.) satisfies an ‘inf-sup’ condition on
X, xY, and, consequently, the existence and uniqueness of solution of (62) is proven.
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By a similar calculation we obtain from (64) and (70):

~ C
16x(1) = b < 5 Il -1 p0es - VRET, Y1 (73)
Now we are able to prove the error estimate of Theorem 3.1. Actually, we have

an(én» :un) = bn(/“‘n )7 Vu, €Y,

and

an(Coo ) =bu(t), Vi €,

It follows that for all u, € ¥:

(& — o ttn) = — Buitn) + baitn) — an(Coo 1) + @n(Co ) (74)

By using (72) together with (63), (70), (73) and (74) in which we take p, = {,—C,({'()=¢,
(7,71.)), we obtain the existence of a constant C such that for n>Ny:

. 1 1 .
16y~ Loy <€ (G + salballvar (75)
It remains to use Theorem 2.1 in order to obtain the error estimate of Theorem 3.1. O

Remark 3.1. By choosing f=1, that is to say we divide each interval [ts_;p,#+1/2] by
n parts, it suffices to choose a quadrature formula exact for polynomials of degree M =2

in order to keep the rate of accuracy 1/n*? in the norm HO_I/Z(F). It follows that Simpson
quadrature formula is sufficient.

Remark 3.2. 1f we restrict the quadrature to be a Gauss—Legendre formula (with » points),
then we have M+1=2r. In this case, the numerical evaluations of all integrals require
(n®*1.r)* computations. Since Theorem 3.1 says that it suffices to take $>3/2r to keep the
rate of accuracy ((1/n*?), we have interest to take 8 small enough. By choosing f=0.1
and r=3/2 =15 we obtain m~2 if n=10° and m~3 if n=10°. This result shows that in
practice, it suffices to split each intervals [tz_1/,#1/2] into three parts and to use a Gauss—
Legendre formula with 15 points.

Remark 3.3. In practice, it suffices to split only the ‘critical” intervals [t;_1/»,%+12] and
[ti—1/2,ti41/2] for [ =k, k — 1,k + 1 when we numerically compute (52).

4. NUMERICAL RESULTS

In the circular case, the practical interest of our method is limited, but we conclude this article
by a brief example.

Let € be the disk of radius two centred at the origin, and u the function defined on 2 by
u(xy,x)=¢€" cos(xy), (x1,x2)€ €2 Then u is harmonic on 2 and 0u/0n|r is the exact solution
of (2) when we put up=u|r. On the other hand, setting uo=u|r, we can calculate, for any
integer n, the function fn which is the solution of (62) when we split each interval into three

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:847-863
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Figure 1. Relative L? error.

parts and we use a Gauss—Legendre formula with 15 points. For an integer n, we denote by
E,=||ou/on — (| 12/||0u/0n| .2, the relative L* error between the known exact solution and its
approximation by our method.

In Figure 1, we have represented —log,,E, in function of log,,n. We can see that the

curve obtained is a straight line with a slope approximatively equal to 1.5. By using the
inverse inequalities (cf. 70) in X,, we can see that this experimental result is a little better
than expected (slope equal one) by Theorem 3.1.
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