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p�cg]TmeV�c;pEVTQqZ;xLUoroUoQ¢��S[Z9h�\�xC\%\^O�\%V�QqZ;xLroUWVTS"\%l(�C��O"\�p�cg]Tm±UWV�Q�cYXL]�c2h�\�Q�S[Z;Q
Z
lLcgmnZ;UoO-`�S"cMV�\��"]�V�Qa�
Uo]TUWfqSLrW\^Q�\^Uo�i\^O7hMZ;ro�"\�UWVaf^rWcMVq\�Q�cAQTS"\��"]�VTQ�\^Uo�i\^O7hgZ;ro�"\

? ²L³q´�µ£¶·³�¸¹¸»ºt¼�½�¾;¾M¿�´�µ£ÀzÁ�Â%º�Ã�ÄJÅ~Æ�Æ%Ç¨¶·¼�¼�ÈJ´P³qÉ%µ/É ◦ Ê�ËqÌ£ÍTË9ÍzÎkÏkÐ2Ñ



Ê Ò¨Ñ;ÓJ½�Â�´�ºiÔ�Õ�Ñ;ÖCÀ×´�µ�´P³�É;Á�Ô;ÖJÑMØC¿�¸·ÂM¿�¶·¼
c;p�Z¡VT�LUoQqZ;xLrW\nx[Z;ror£_/]�\%VqV�\^m�xLrW\%V�Zbx[Z;ror��LX�Q�c¤V�\^Q�V�c;p�VTmnZ;ror�hicgro�Lme\�ªvVq\%\
ÙoÚ9Û�Ü p�cg]�Z�XL]�\%f^UWVq\�VTQqZ;Q�\^me\^O7Q�«k�[��S"\�cgQTS"\^]'p�cg]Tm�UWV�Q�cYf%cgO"VTUWlL\^]�cgOLro��f%cgO�y
h�\kj�xCc7l�UW\%V9_�UoOeQTSLUWV�f9ZgV�\�QTS"\�wGZ;xC\^]zyP{t]qZ;SLO-UoO"\%���[Z;roUoQ¢�YUWV?V�QqZ;xLrW\ ÙoÚ^ÝgÜ ����S"\
VTQqZ;xLUoroUoQ¢�¤c;p?QTS"\�w[Z;xC\^]zyP{t]qZ;SLO|UoO"\%���[Z;roUoQ¢�¤S[ZgVtZ;rWV�cIxC\%\^O�\%VTQqZ;xLroUWVTS"\%l¤p�cg]
f%cgO7h�\kjblLcgmnZ;UoO"V�UoO

H
2 Z;O"l

S
2
Ù¹Þ�Ü �

��S"\��"]�V�Q�]�\%VT�LroQ�c;p/QTSLUWV�X[Z;XC\^]aUWV�Q�c�XL]�c2h�\�QTS"\
VTQqZ;xLUoroUoQ¢�Ic;p¨QTS"\
wGZ;xC\^]zy
{t]qZ;SLOßUoO"\%�7�[Z;roUoQ¢�¦pvcg]�f%cgO7h�\kj¥lLcgmnZ;UoO"V�UoO®Z�VTX[Zgf%\¤p�cg]Tmàc;p�Z;]TxLUoQT]qZ;]T�
l�Uome\^O"VTUWcgO�Z;O"l�Z;]�xLUoQT]qZ;]T��f^�L]ThgZ;QT�"]�\M�¨NPO�QTS"\eV�\%���"\^r£_�`a\�`'UororElL\^O"cgQ�\Yx7�
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]�\%VTXC\%f^QTUoh�\^ro���
áAâ 6�@G0�6uã � * � *"äJå%æ

V0 > 0 ç äJå%æ λ∗1(V0) è å�æDé�å�êEëqì^æ"í�îDë�î�ïké�ðWå^æJåkîsñ7åkò"ó�ôMðöõ"å÷zø ôeñ�å ÷9ù å�ì�î�ï è ôgðDð B ÷zø ó ÷ ðöõuúnå V0
îDò
Xδ çJû ÷ ë�ôgò"ü ε > 0 ý æDé�åkë�ånåTþMî ì^æDì

η > 0
ìkõ�ï^é�æDéuôMæ ý î ø Ω î ì�ô¡ï ÷ ò"ó;åTþ ùi÷ úeôgîDò ÷zø ó ÷ ðÿõ7únå V0

îDò
Xδ ôgò ù î ø

λ1(Ω) ≤ λ∗1(V0) + η
æDé�åkò ý õ���æ ÷ ôgò�î ì ÷ úeå%ævë�ü ý

dH(Ω, B) ≤ ε,

� é�åkëqå dH
ù åkò ÷ æPå�ì�æDé�å���ôgõ7ì ùi÷ ë�� ù î ìkæ£ôgòGï�å ç�� ò�æDé�åYïqô;ì%å δ = 0 � å�éuôMó;å

η = η′(ε)V −2/n
0 ç
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\^]TQTS"\^rW\%V�V9_/QTS"\nf9ZgVq\
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mnZ;UoO"VJ`'UoQTS��"OLUoQ�\?h�cgro�Lme\EQTS[\k]q\�p�cg]�\M_2S[Z9h�\�Z�l�UWV�f^]�\^Q�\��
Uo]TUWfqSLrW\^Q�VTXC\%f^QT]T�Lm¡�
��SLUWVaUWV�f%cgO7QT]qZ;]T�nQ�c�QTS"\
f9ZgV�\
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DiamΩ ≤ C(VolΩ, λ1(Ω), n)
S"cgrWlLV9�J�Jc�lL\9Z;r�`'UoQTS�QTSLUWV�l�U��nf^�LroQ¢�i_J`a\

O"\%\%l�Q�c¡XL]�c2h�\eQTS"\eQTS7�"V�p�cg]��LO"V�cgroh�\%l�wGZ;xC\^]zyP{t]qZ;SLO�UoO"\%�7�[Z;roUoQ¢��p�cg]��LO�y
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Ω è å'ô�ï ÷ ò"ógåTþtì%å^æîDò
Xδ ÷zø êEò"îvæPå�ó ÷ ðöõuúnå V0 ç! é�åJêEë�ìkæ(í�îDë�î�ïké�ðWå^æEå^îsñ�å^ò"ó�ôgðÿõ"å ÷zø Ω

ì^ôMævî ì êaåkì

λ1(Ω) ≥ λ∗1(V0)

� é�åkëqå λ∗1(V0)
ù å^ò ÷ æPå�ìYæDéLå�êEë�ìkæ�í�îDëkîvïké7ðoå%æ�åkîoñ�åkò"ó;ôgðöõ"å ÷zø ônñ�å ÷2ù å�ìkîvï è ôgð ð� îvæDé�ó ÷ ðÿõuúeå V0 ç!" ÷ ë�å ÷ ó;åkë ý æDé�å-å$#^õLôgðÿîDævü λ1(Ω) = λ∗1(V0)

î ú%�Gðÿî�åkìYæDéuôMæ
Ω
î ì�î ì ÷ únå^ævë�î�ï�æ ÷ ô�ñ�å ÷2ù å�ì�î�ï è ôgð ð ç
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Ω è å
ô�ì�ú ÷2÷ æDé è ÷ õuò ù å ù�ù�÷ úeôgî ò-î ò/EaõLï^ðöî ù å�ôgòì>�Lôiï�åGF£ë�å�ìH� ç ôtì�ú ÷9÷ æDé ùi÷ úeôgîDòeî òCï^ðöõ ù å ù î òIôgòYéLåkú�î ìH�[é�åkë�å'îDò S
n I çJ é�å^ò ýæDé�å ø^÷ ð ð ÷)� îDò7ñnîDòCå$#^õ�ôMðöîvævüeé ÷ ð ù ì

λ2

λ1
(Ω) ≤ λ2

λ1
(B),

� é�åkëqå B î ì�ôgòbôgë è îvævëTôgë�üKEaõLï^ðÿî ù åTôMò è ôgð ðLFPë�å�ì>� ç ô�ìH�[é�åkëkîvïqôgð è ôMð ðLì�õLïkéeæDéuôiæ
VolB = VolΩ I çJ" ÷ ë�å ÷ ógåkë�æDé�åYå$#^õLôgðöîvævü-î ì�ôiï^é�î�å^ó;å ù î ø ôgò ùb÷ ò"ðÿünî ø Ω

î ì
î ì ÷ únå^ævëkîvï�æ ÷ ô�ñ7å ÷2ù åkì�îvï è ôgð ð ç
M¨\^Qb�[V�]�\^mnZ;]T� QTS[Z;QbQTS"\�]qZ;QTUWc λ2(B)

λ1(B)

UWVbVqf9Z;rW\ky£UoO7hgZ;]TU Z;O7Q¤UsO®°��"f^roUWlL\9Z;O
VTX[Zgf%\�Z;O"lYQTS[Z;Q�§��N,�V�S7x[Z;�L�MSIZ;O"l/.A�N0a\^OL�M�L]TU ZAZ;rWVqc�VTS"c�`a\%lYUoO ÙPO�Ü _MQTS[Z;Q
QTS"\�]qZ;QTUWc�c;p�QTS[\�Q¢`ac��"]�VTQe\^Uo�i\^O7hgZ;ro�"\%Vnc;p�Z��i\%c7lL\%VTUWf�x[Z;ror�UoO
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UoO"f^]�\9ZgVTUoOL�|pD�LO"f^QTUWcgO¦c;p
QTS"\-]qZglLUs�[V
r
ªDUsp
r ≤ π/2

«k�RQacgO"Vq\^�7�"\^O7QTro��_~QTS"\
}E}�� UoO"\%�7�[Z;roUoQ¢�Ip�cgrorWc2`�V�l�Uo]�\%f^QTro�Ipv]�cgm±QTS"\
p�cgrorWc2`'UoOL�eQTS"\%cg]�\^m¡�
áAâ 6�@G0�6uã � *'S �CBD� 3 @ 3�T D �9*�äJå^æ Ω è ånôbì�ú ÷9÷ æDé è ÷ õ7ò ù å ù�ù�÷ úeôgî ò�îDò XδF
δ ∈ {−1, 0, 1} I ôMò ù ì�õLïkéYæDéuôMæ Ω î ìaî òCï^ðöõ ù å ù îDò-ôgòeé�åkú�î ì>�[é�å^ë�å�î ø δ = 1 ç é�å�ì9åTï ÷ ò ù í�î ëkî�ïké�ðWå^æ�å^îsñ�å^ò"ó�ôgðÿõLå ÷zø Ω

ì^ôMævî ì êaåkì

λ2(Ω) ≤ λ2(B)

� é�åkëqå B î ìIôbñ�å ÷2ù å�ìkîvï è ôgð ð?ì�õLïké�æDéuôMæ λ1(B) = λ1(Ω) çU" ÷ ë�å ÷ ó;åkë ý æDéLåå$#^õLôgðöîvævüné ÷ ð ù ì�î ø ôgò ù-÷ ò"ðÿüeî ø Ω
î ìtî ì ÷ úeå%ævë�î�ï�æ ÷ B ç

N¢QaUWV'VTS"c2`'O�UoO Ù ÝgÜ QTS[Z;Q
λ1/λ2

UWV�Z�lL\%f^]�\9ZgV�UoOL��pD�LO"f^QTUWcgO¡c;pJQTS"\
]qZgl�Uo�"V
c;p(S7�uXC\^]TxCcgroUWf�x[Z;rorWVaZ;O"leQTS[Z;Q?QTS[\�}E}�� UWVEp�Z;rWV�\�UoO

H
n ����SLUWVV(×�"V�QTUs�[\%VEQTS"\lL\^O"cgmYUoO[Z;QTUWcgOXWk�i\^O"\^]qZ;roUo©9\%l¥}E}�� UoO"\%�7�[Z;roUoQ¢�YW�pvcg]YQTS"\bXL]�\^huUWcg�"VeQTS"\%c;y

]�\^m¡�
��\tXL]�c2h�\tQTS[\
p�cgrorWc2`'UoOL�nV�QqZ;xLUoroUoQ¢�-]�\%VT�LroQ�V9�

áAâ 6�@G0�6uã � * T *"äJå%æ Ω è åAônï ÷ ò"ógåTþ ùi÷ úeôgîDò ÷zø R
n ÷ ë

S
n � é ÷ ì%å�æDé�åtó ÷ ð[ZõuúeåAî ì�å$#^õLôgðJæ ÷ V0 ç(û ÷ ëAôMò"ü ε > 0

æDé�åkë�åYåTþgî ìkæDì
η > 0

ì�õ�ï^é¡æDéuôMæ ø^÷ ë�ôgð ð
Ω
ôgìAô è ÷ ó;å ý æDé�å�ô;ìqìkõ7ú%�Cævî ÷ ò λ2(Ω)

λ1(Ω) ≥
λ2(B)
λ1(B) − η

îDú%�Gðÿî�å�ì

dH(Ω, B) ≤ ε,

� é�åkëqå B î ìAô\F � åkðDð/ï�åkòGæPåkë�å ù I ñ�å ÷9ù å�ì�î�ï è ôMð ð ÷zø ó ÷ ðÿõuúnå V0 ç
áAâ 6�@G0�6uã � *A]�*"äJå%æ

Ω è å�ôYï ÷ ò[ó;åTþ ùi÷ úeôgîDò ÷zø Xδ F δ ∈ {−1, 0, 1} I � îDæDé
λ1(Ω) = λ

F
λ > (n−1)2

4

î ø δ = −1 I ç¨û ÷ ë�ôgò"ü ε > 0 ý æDéLåkë�åYåTþMîDæDì η ì�õLïkéæDéuôMæ ø%÷ ëAôgð ð Ω ô;ìAô è ÷ ó;å ý æDé�å�ô;ì�ì�õuú^��ævî ÷ ò λ2(Ω) ≥ λ∗2(λ) − η
îDú%�Gðöî£å�ì

dH(Ω, B) ≤ ε,

� é�åkëqå λ∗2(λ)
î ì¤æDé�å¤ì%å�ï ÷ ò ù í�îDë�î�ïké�ðWå^æYå^îsñ7åkò"ó�ôgðÿõ"å ÷zø ô_F � åkð ð
ï�åkò[æPåkëqå ù Iñ�å ÷2ù å�ì�î�ï è ôgð ð B ÷zø Xδ � îvæDé λ1(B) = λ ç
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V~p�cg]EQTS"\�wGZ;xC\^]zyP{t]qZ;SLOIUoO"\%�7�[Z;roUoQ¢�i_iUoQEUWVEO"\%f%\%V�VqZ;]T��Q�c��i\^O"\^]qZ;roUo©9\�QTS"\
}E}�� UoO"\%���[Z;roUoQ¢��Q�c¡Z-mecg]�\Y�i\^O"\^]qZ;r?Vq\^QTQTUoOL�"_¨Z;xCc�hi\nZ;ror�QTS"\efqS[Z;]qZgf^Q�\^]TUsy
©2Z;QTUWcgO¡c;p/QTS"\tf9ZgV�\tc;pJ\%�7�[Z;roUoQ¢��_7UoObcg]�lL\^]�Q�c�XL]�c2h�\
�'S"\%cg]�\^meV Ú � Ý Z;O"l Ú � Û
ªvV�\%\���S"\%cg]�\^meV Ý � Ú Z;O"l Ý � O pvcg]�XL]�\%f^UWV�\�VTQqZ;Q�\^me\^O7Q�V�«k�
��S"\�me\^QTS"c7lYlL\^h�\^rWcgXC\%l�Q�ctV�cgroh�\aQTS"\%V�\�VTQqZ;xLUoroUoQ¢���7�"\%VTQTUWcgO"V~UWV�Z�]qZ;Q�S"\^]

�i\^O"\^]qZ;rGme\^QTS"c7l(_�Z;O"lnx[ZgV�\%lIcgOnQTS"\�pvcgrorWc2`'UoOL�YZ;x"VTQT]qZgf^QaVTQqZ;xLUoroUoQ¢�YrW\^mYmnZ��
��S"\�XL]�c7c;p~UWV�V�QT]qZ;Uo�MS7Qzpvcg]T`�Z;]�l(_"Q�S"\^]�\kpvcg]�\AcgmYUoQTQ�\%l��M/\^Q

X
xC\eZ�Q�cgXCcgrWcg�MUWf9Z;r�VTX[Zgf%\nZ;O"l

f : X → R
xC\nZIpD�LO[fkQ�UocgO/�(��\

VqZ9��QTS[Z;Q
f
UWVbadcfe$gCa$h>i)eAUÿpaQTS"\^]�\e\kj�UoV�Q�V�Z�f%cgmYX[Zgf^QAVT�Lx"V�\^Q

K
c;p
X
VT�"fqS

QTS[Z;Q
infX\K f > infX f

ªD`a\�V�\^Q
inf∅ f = +∞ «k�

jE6uã�ã�: � * � *"äJå%æ
X è ånô¡æ ÷ � ÷ ð ÷ ñgî�ï�ôMð�ìH��ô�ïqå ç=� ø f : X → R

î ìYï ÷ å^ëTï^îDó;åôgò ù ð ÷)� å^ë�ì%å^ú�îkZzï ÷ òGævî ò"õ ÷ õ7ì�æDé�åkò f î ì è ÷ õuò ù å ù è å^ð ÷)� ý ë�å�ôiïké�åkì�îDæDì�ú�îDòlZîDúYôMð�ó�ôgðÿõLå�ôgò ù æDé�åbì%å^æ Mf = f−1{inf f} ÷zø îDæDì�ú�î ò[î úeô�ì%ôMævî ì êaå�ìbæ ÷æDé�å ø%÷ ð ð ÷)� îDò7ñnì^æ£ô è îDðöîvævüG�Gë ÷ �"åkë^ævü�m ø^÷ ë�ôMò"ünò�åkîsñgé è ÷ ëqé ÷9÷2ù U ÷zø Mf ý æDé�åkë�ååTþgî ìkæDì
η > 0

ì�õLïké¡æDéuôMæ

f−1
(

] −∞, inf f + η]
)

⊂ U.
��SLUWV�rW\^mYmnZ
UWV~hi\^]T��f^rWcMV�\�Q�c
QTS"\�Vqc;yPf9Z;rsrW\%lon�c-pRe$g=qde$rohAs6adc�tvuwhxtvy)h>uxz|{4tY}adc�r�~V{�a$h>uxz�r�e�uw��c�}G�G��SLUWV�UWV�Q¢�7X"Uof9Z;roro�b�"V�\%l¡UoO�f9Z;rWf^�Lro�"V�c;p�hMZ;]TU Z;QTUWcgO"V�Q�c

lL\9Z;r~`'UoQTS|QTS"\�XL]�cgxLrW\^m c;p�mYUoOLUomYUWV�\^]�V�\kjuUWV�Q�\^O"f%\bªvV�\%\ ÙoÚ�� _VQ�S[Z;XLQ�\^] ÚkÜ «k�
N¢Q�f9Z;ObxC\�Z;XLXLroUW\^lbQ�cYZ�`'UWlL\thgZ;]TUW\^Q¢�-c;pJXL]�cgxLrW\^meV�ª�ZgV�r Z;]T�i\�ZgV�QTS"\trWc2`a\^]
V�\^mYUsyPf%cgO7QTUoO7�LUoQ¢� Z;O"l f%cgmYX[Zgf^UoQ¢��me\^QTS"c7l[«k��N¢Q�lLc7\%V�O"cgQ9_�S[c2`a\^hi\^]9_~�MUoh�\
Z;O¤\kjuXLroUWf^UoQ

η
ªDO"cgQ�\�UoO¡}�]�cgXCcMVTUoQTUWcgO Ý � O p�cg]�\kj"Z;mYXLrW\M_L`a\�lLc�O"cgQ�ZgV�VT�Lme\

QTS[Z;Q�QTS"\�xCcg�LO"l"Z;]T�bc;p~QTS"\�lLcgmnZ;UoO¤UWV�c;p�f^r ZgV�V
C2 «k����L]�XL]�c7c;p�Z;rWVqc�V�S"c2`�V'QTS[Z;Q'QTS"\tUoO��"m��Lm c;pJQTS[\
pD�LO"f^QTUWcgO[Z;r

λ1
ªD]�\%VTX¨�

λ1
λ2

«�cgO¡�LO7xCcg�LO"l"\^l�f%cgO7hi\kj¡lLcgmnZ;UoO"V�c;p
H

n `'UoQTS�ZY�MUohi\^O¤hicgro�Lme\IªD]�\%VTX¨�`'UoQTS�Z��MUohi\^O
λ1
«�UWV�VTQT]TUWf^QTro�Yr Z;]T�i\^]�QTS[Z;OIQTS"cMV�\�cgOIxCcg�LO"lL\%lIlLcgmnZ;UoO"V9�7�Jc

cg�L]��7O"c�`'rW\^lL�i\g_"QTSLUWV�UWV�Z;rWV�cnZ�O"\^`®]�\%VT�LroQ9�
��S"\�X[Z;XC\^]�UWV�cg]T��Z;OLUo©9\%l�ZgV�p�cgrorWc2`�V��
N¢O�V�\%f^QTUWcgO O `a\tlL\k�"O"\�Z�me\^QT]TUWf�cgO-QTS"\tV�X[Zgf%\ C c;p�f%cgO7h�\kj�_uxCcg�LO"lL\%llLcgmnZ;UoO"V�UoO

Xδ �N¢O�V�\%f^QTUWcgO Þ `�\IV�S"c2` QTS[Z;Q�QTS"\-\^Uo�i\^O7hgZ;ro�"\%VeZ;O"l�h�cgro�Lme\npv�LO"f^QTUWcgO"V
Z;]�\�f%cgO7QTUoO7�"cg�"V�cgO C �N¢O�V�\%f^QTUWcgO Ý `a\a\kj�Q�\^O"l�QTS"\af^r ZgVqVTUWf9Z;r�wGZ;xC\^]zyP{t]qZ;SLOnZ;O"l�}~Z9�uO"\kyP}�cgro�7Z�y
��\^UoO7xC\^]T�i\^]�ª�ZgV�UoQ�V��i\^O"\^]qZ;roUo©9\%l�h�\^]�VTUWcgOG«¨UoO"\%�7�[Z;roUoQ�\%V~Q�c�QTS"\aV�\^Q~c;pGf%cgO7h�\kj
�LO7xCcg�LO"lL\%l�lLcgmnZ;UoO"V2�G��SLUWV�rW\^hi\^r�c;p��i\^O"\^]qZ;roUoQ¢�¡UWV�]�\%���LUo]�\%l¤UoO�cg�L]�XL]�c7c;p
\^h�\^O-UspJQTSLUWV'V�\^Q�UWVa]�\%VTQT]TUWf^Q�\%l�Q�c�xCcg�LO"lL\%lbf%cgO7h�\kj-lLcgmnZ;UoO"V�pvcg]�QTS"\
XL]�c7c;p
c;p~QTS"\�f%c7\^]�f^UohuUoQ¢���
w�UoO[Z;roro��_u`a\
]�\%l��"f%\tQTS"\
XL]�c7c;p�c;pJQTS"\tVTQqZ;xLUoroUoQ¢�IQTS"\%cg]�\^meV'Q�c�QTS"\
XL]�c7c;p

c;p[QTS"\�f%c7\^]�f^UohuUoQ¢��c;p"QTS"\?pD�"O"f^QTUWcgO[Z;rWV
λ1
Z;O"l

λ1/λ2
cgO�QTS"\aV�\^Q�c;p[xCcg�LO"lL\%l
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f%cgO7h�\kj�lLcgmnZ;UoO"V�c;p~�MUohi\^O¡hicgro�Lme\nªD]�\%VTX¨�L�MUohi\^O

λ1
«�Z;O"l�XL]�c2h�\tQTS"\�f%c7\^]zy

f^UohuUoQ¢�tc;pLQTS"\%V�\�pv�LO"f^QTUWcgO[Z;rWV/UoO�V�\%f^QTUWcgO"V Û Z;O"l����9N¢O�QTS[Z;Q/XL�L]TXCcMVq\E`a\EXL]�c2hi\
V�\^h�\^]qZ;r�O"\^`R���[Z;roUoQqZ;QTUoh�\?]�\%VT�LroQ�c;p"QTS"\�VTXC\%f^QT]T�Lm Z;O"l�\^Uo�i\^O�pv�LO"f^QTUWcgO�c;p[lLc;y
mnZ;UoO"V�UoO�VTX[Zgf%\�p�cg]Tm¡�Gw[cg]�UoO"VTQqZ;O"f%\�`a\AXL]�c2hi\AQTS[Z;Q�Zef%cgO7h�\kj¤°��"f^roUWlL\9Z;O
lLcgmnZ;UoOI`'UoQTS-VTXC\%f^QT]qZ;rG��Z;XnUWV?xCcg�LO"lL\%l�ªDS"\^O"f%\�S[ZgVaZ�l�UWV�f^]�\^Q�\�VTXC\%f^QT]T�LmI«
Z;O"l�QTS[Z;Q/UoQ�V/l�U Z;me\^Q�\^]JUWV¨xCcg�LO"lL\%l�pD]�cgm Z;xCc2h�\�x7�

C(n)
(

1+λ1
λ2−λ1

)3/2 `'S"\^]�\
C(n)

UWV�Z��LOLUohi\^]�VqZ;r�ªv\kj�XLroUWf^UoQqZ;xLrW\2«'f%cgO"VTQqZ;O7Q9�

@�*C+ =�FDH%89:"<JKi6�@G<¯Ki@C<v�G6�� =�@Gã�:[FD<JH
�6t�uw�Ye
�Hc�nxnwc)p�hxt����8pRe
qCe�u

s1(t) = sin t
�
s0(t) = t

�
s−1(t) = sh t

{4tY}
cδ = s′δ ��� e�u x0

}�e$tYc�u:e�{����/~=c�hxtvu�c��
Xδ ��b6N��<�F 82FD@C<�@�* � *[ä/å%æ C è åtæDéLå�ì9å^æ ÷zø ï ÷ ò"ó;å�þ ý�è ÷ õ7ò ù å ù ôgò ùe÷ �"åkòbìkõ è ì%å^æDì

Ω
ì^ævë�î�ï%ævðÿüeîDòGï^ðÿõ ù å ù îDò Xδ � é7îvïké¤ï ÷ ò[æ£ôgîDò�æDé�å�� ÷ î òGæ x0 ç	�åkúeôgë�
 &uç � ç ��S"\�UWV�cgme\^QT]T���M]�cg�LX¤c;p Xδ Zgf^Q�V�QT]qZ;O"VTUoQTUoh�\^ro��cgO Xδ �

	�åkúeôgë�
 &uç'&uç °?ZgfqS XL]�cgXC\^]9_Ef%cgO7hi\kjRV�\^QYc;p�QTS"\�V�XLS"\^]�\-UWV�UoO"f^ro�"lL\%lRUoO¯ZS"\^mYUWVTXLS"\^]�\M�"¬
\^O"f%\M_��LX�Q�c�QTS"\�VTXLS"\^]�\tUoQ�V�\^rspT_LZ;ror(QTS"\tf%cgO7h�\kj�lLcgmnZ;UoO"V'UoO
S

n VqZ;QTUWVTpD�Ihicgro�Lme\ ≤ Vol Sn/2
cg]'pv�LO"l"Z;me\^O7QqZ;r/Q�cgO"\ ≥ n

�
*uce��S"\%cg]�\^meV Ú � Ú _ Ú � Ý Z;O"l Ú � Û Z;]�\�cgxuh7UWcg�"V�UoO¡QTS"\�f9ZgV�\

Ω = S
n Z;O"lb`a\(z�"VTQ'S[Z9hi\�Q�c�XL]�c2h�\�QTS"\^m�pvcg]�lLcgmnZ;UoO"V

Ω ∈ C �N¢O�QTS"\�]�\^mnZ;UoOLUoOL�¡X[Z;]TQ�c;p�QTSLUWV�Vq\%fkQ�UocgO|`a\YlL\k�"O"\eZ�ªDXL]�cgXC\^]�«�me\^QT]�Uof
cgO C �M��\�fqS"c7cMV�\%leQ�c�`acg]T��`'UoQTS-Ztme\^QT]TUWf�`'SLUWfqSnS[ZgV�ZtxC\^QTQ�\^]?xC\^S[Z9h7UWcg�L]QTS[Z;O�QTS"\A�"VT�[Z;r~¬
Z;�"V�lLcg]T­�me\^QT]TUWf�`'UoQTS�]�\%VTXC\%f^Q
Q�cnQTS"\Ah�cgro�Lme\�Z;O"l¤QTS"\
�
Uo]TUWfqSLrW\^Q�VTXC\%f^QT]T�Lm¡�L�Jc�lL\k�"O"\�cg�L]�me\^QT]TUWfM_�`a\
O"\%\%l�V�cgme\�p£Zgf^Q�V�cgObVT�"X�y
XCcg]TQ'pv�LO"f^QTUWcgO"V9�

&uç � ç�� õ��N� ÷ ë^æ ø õuòGï9ævî ÷ òLì
w[cg]aZ;O7�

Ω ∈ C _MQTS"\'p�cgrorWc2`'UoOL�ApD�LO"f^QTUWcgOI`'Uoror[xC\�f9Z;rorW\%l\uw�YeUq�y�~�~=c�g�uRc�� Ω �
ρΩ : v ∈ Sx0 7→ sup{t ∈ R+/ exp x0(sv) ∈ Ω

p�cg]�Z;ror
s ∈ [0, t]} ∈ R+

`'S"\^]�\
Sx0

Z;O"l
expx0

Z;]�\�]�\%VTXC\%f^QTUohi\^ro�¤QTS"\�V�\^Q
c;pE�LOLUoQ
QqZ;OL�i\^O7Qthi\%f^Q�cg]�V
Z;O"lnQTS"\�\kjuXCcgO"\^O7QTU Z;rCmnZ;X-c;p

Xδ Z;Q x0
���
cgQ�\�QTS[Z;Q9_7\^h�\^OIcgO

S
n _i`a\�S[Z9h�\

ρΩ ≤ R
ZgV�V�c7cgO¤ZgV

Ω ⊂ B(x0, R)
�

��S"\�XL]�cgXC\^]TQTUW\%Vtc;p
ρΩ

O"\%\%lL\%l�VT�Lx"V�\%�7�"\^O7QTro�¤Z;]�\�VT�LmYmnZ;]TUo©9\%l�UoO�QTS"\
p�cgrorWc2`'UoOL�erW\^mYmnZ��
jE6uã�ã�:�@�* � *

ρΩ
î ì�ôeä~î+�[ì^ïké�îvæA��úeô���ôgò ù î ø B(x0, r) ⊂ Ω ⊂ B(x0, R)

æDé�åkò�îDæDìAä~î+�[ì^ïké�îvæA�nï ÷ ò"ìkæ£ôgò[æ�î ì è ÷ õ7ò ù å ù ô è ÷ ó;å è ü sδ(R)

√

(

sδ(R)
sδ(r)

)2
− 1î ø δ 6= 1

ôgò ù è ü cotg r ÷ æDé�åkë � î ì%å ç
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" ÷ ëqå ÷ ógåkë � å�é�ôgó;å
Ω = expx0

{t.v/ v ∈ Sx0 , 0 ≤ t ≤ ρΩ(v)},
Ω = expx0

{t.v/ v ∈ Sx0 , 0 ≤ t < ρΩ(v)},
∂Ω = expx0

{ρΩ(v).v/ v ∈ Sx0}.�aë ÷2÷zø ç wJUsj y0 = expx0
(ρΩ(u0)u0) ∈ ∂ Ω

Z;O"l¯f%cgO"VTUWlL\^]IQTS"\¡�i\%c7lL\%VTUWf
lLcg�LxLrW\�f%cgO"\�f%\^O7Q�\^]�\%lIZ;Q

y0
Z;O"leQqZ;OL�i\^O7Q?Q�c�QTS"\'x[Z;ror

B(x0, r)
�M��\�f^rWZ;Uom

QTS[Z;Q'p�cg]�\9ZgfqS
v ∈ Sx0 \ {u0}

f^rWcMV�\�\^O"cg�L�MS¤Q�c
u0
_�Q�S"\��i\%c7lL\%VTUWf

γv(t) =
expx0

(tv)
me\^\^Q�VtQTS"\�f%cgO"\�UoO�\kj"Zgf^QTro�¤Q¢`acIXCcgUoO7Q�V

Z(v), Z ′(v)
Z;O"l�QTS[Z;Q

`a\�S[Z9hi\
l(v) ≤ ρΩ(v) ≤ L(v)

_L`'S"\^]�\

l
(

dSx0
(v, u0)

)

= min{d(x0, Z(v)), d(x0, Z
′(v))}

Z;O"l
L
(

dSx0
(v, u0)

)

= max{d(x0, Z(v)), d(x0, Z
′(v))}.

w"]�cgmd\^rW\^me\^O7QqZ;]T�IQT]TUo�icgO"cgme\^QT]TUWf�f9Z;rWf^�Lro�"V�ªvV�\%\tZ;XLXC\^O"l�Usj�,ßpvcg]amecg]�\
lL\^QqZ;UorWV�«a`a\��i\^Q

lim inf
v→u0

ρΩ(v) − ρΩ(u0)

dSx0
(v, u0)

≥ lim inf
v→u0

l
(

dSx0
(v, u0)

)

− l(0)

dSx0
(v, u0)

= l′(0) = −sδ

(

d(x0, y0)
)

√

(sδ

(

d(x0, y0)
)

sδ(r)

)2
− 1

Z;O"l

lim sup
v→u0

ρΩ(v) − ρΩ(u0)

dSx0
(v, u0)

≤ lim sup
v→u0

L
(

dSx0
(v, u0)

)

− L(0)

dSx0
(v, u0)

= L′(0) = sδ

(

d(x0, y0)
)

√

(sδ

(

d(x0, y0)
)

sδ(r)

)2
− 1,

`'SLUWfqS UomYXLroUW\%V-QTS[Z;Q
ρΩ

UWV�M(UoX"V�fqSLUoQT©%U Z;O®Z;O"l¥�MUohi\%VIQTS"\�xCcg�LO"l cgO¥QTS"\
f%cgO"VTQqZ;O7Q�x7�ImecgO"cgQ�cgO7��XL]�cgXC\^]TQTUW\%V�c;p

sδ
�

��S"\Ir ZgVTQ�QTSL]�\%\-\%�7�[Z;roUoQTUW\%V�c;p�QTS"\-VTQqZ;Q�\^me\^O7Q�pvcgrorWc2`d\9ZgVTUoro�|pv]�cgm QTS"\
f%cgO7QTUoO7�LUoQ¢�bc;p

ρΩ
Z;O"l¡V�QqZ;O"l"Z;]�lbXL]�cgXC\^]TQTUW\%V�c;p�QTS"\�\kj�XCcgO"\^O7QTU Z;r/mnZ;X¨�

&uç'&uç�� ù î ì^æ£ôgòGï�å ÷ ò|ï ÷ ò"ó;å�þ è ÷ õuò ù å ùbùi÷ úeôgî ò"ì
�b6N��<�F 82FD@C<�@�*A@�*� aõuë ù î ìkæ£ôgòGï�å ÷ ò C î ì

d(Ω1, Ω2) = ‖ ln
(

ρΩ1
ρΩ2

)

‖∞.
��0;@��E@GH2F 82F @C<¡@(* � * (C, d) î ìbô¢�Gë ÷ �"åkëbúnå^ævëkî�ïbì>�Lôiï�å�FPî ç å ç åkó;åkëkü�ï^ð ÷ ì9å ùôgò ù è ÷ õuò ù å ù ìkõ è ì%å^æ ÷zø X î ì�ô-ï ÷ ú%�Lôiï%æ?ì%å%æ I ç
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¼�¾g³�3×À=<ÿ¿�´>;'¼ £
�aë ÷2÷zø ç M¨\^Q (Ωi)i∈N

xC\IZbxCcg�LO"lL\%l�V�\%�7�"\^O"f%\eUoO C �J*7UoO"f%\nQTS"\^]�\n\kj�UWVTQ rZ;O"l
R
V��"fqS QTS[Z;Q

B(x0, r) ⊂ Ωi ⊂ B(x0, R)
pvcg]�\^h�\^]T�

i ∈ N
_�QTS"\

pv�LO"f^QTUWcgO"V
ρΩi : Sx0 → [r,R]

Z;]�\�\%�7�LUWf^cgOuQTUoO7�"cg�"VeªDx7�bQTS"\bM¨\^mYmnZ O � Ú «k_
Z;O"l�V�c-QTS"\eV�\%�7�"\^O"f%\

(ρΩi)i∈N

f%cgO7h�\^]T�i\%V��LOLUspvcg]TmYro��cgO
Sx0

Q�c¡ZIpD�LO"fky
QTUWcgO

ρ∞
_C�LX|Q�c¡Z;O|\kj�QT]qZgf^QTUWcgO¨�J*7UoO"f%\

r ≤ ρ∞ ≤ R
_C`�\YZ;rWV�c�S[Z9hi\�QTS[Z;Q

lim
i→∞

‖ ln
(

ρΩi/ρ∞
)

‖∞ = 0
�C��\�Vq\^Q

Ω∞ = {exp x0

(

t.v
)

/ v ∈ S
n−1
x0

, t ∈
[0, ρ∞(v)[} _"`'SLUWfqS�UWVtZYxCcg�LO[lL\%l(_CVTQqZ;]zyPVTS[Z;XC\%l�lLcgmnZ;UoO|Z;O"l ρΩ∞ = ρ∞xC\%f9Z;�"V�\

ρ∞
UWV
f%cgO7QTUoO7�"cg�"V�Z;O"l

exp x0

UWVtZnl�Us­(\%cgmecg]TXLSLUWVTm c;p�ZeO"\^Uo�MS�y
xCcg�L]TS"c7c7lIc;p

B(0, R)
cgO7Q�c�ZtO"\^Uo�MS7xCcg�L]TS"c7c7l-c;p

B(x0, R)
�iNPQE]�\^mnZ;UoO"V?Q�c

XL]�c2h�\tQTS[Z;Q
Ω∞

UWV�f%cgO7hi\kj(�M/\^Q
y1
Z;O"l

y2
xC\�Z;O7��X[Z;Uo]
c;p�XCcgUoO7Q�V�UoO

Ω∞
�[��S"\^]�\�\kj�UWVTQ�V�cgOLro�¡cgO"\

mYUoOLUomYUo©%UoOL�|�i\%c7lL\%VTUWf
γ
pD]�cgm

y1
Q�c
y2
UoO
Xδ ª p�cg] Ω∞

UWV�Z;ORcgXC\^O V�\^Q
c;p�ZbS"\^mYUWVTXLS"\^]�\IUoO�QTS"\nf9ZgV�\

δ=1
«k��*7UoO"f%\

y1
Z;O"l

y2
Z;]�\eUoO

Ωj
p�cg]�Z;ror

j
r Z;]T�i\�\^O"cg�L�MS¨_�`�\�\9ZgV�Usro�¦UoO�p�\^]-QTS[Z;Q

γ ⊂ Ω∞ = {exp x0

(

t.v
)

/ v ∈
S

n−1
x0

, t ∈ [0, ρ∞(v)]} �=*uc¤pvcg]YZ;O7� r > 0
V�mnZ;ror�\^O"cg�L�MS¨_�QTS"\I�LOLUWcgO c;p

QTS"\�mYUoOLUomYUo©%UoOL���i\%c7lL\%VTUWf�pv]�cgm
y1
ªD]�\%VTX¨�ipD]qcgm

y2
«~Q�c�Z�XCcgUoO7Qac;p

B(y2, r)ªD]�\%VTX¨��c;p
B(y1, r)

«�UWV�f%cgO7QqZ;UoO"\%l�UoO
Ω∞

��*7UoO"f%\
y1

ªD]�\%VTX¨�
y2
«�UWV�UoO�QTS"\

UoO)(T\%f^QTUoh7UoQ¢��lLcgmnZ;UoO�c;p
y2
ªD]�\%VTX¨�

y1
«k_2QTS"\?�LOLUWcgO�c;p"QTSLUWV/Q×`ac�Vq\^Q�V/UWV�Z;O�cgXC\^O

O"\^Uo�MS7xCcg�L]TS"c7cul¤c;p
γ
f%cgO7QqZ;UoO"\%l¡UoO

Ω∞
_u`�SLUWfqSbUomYXLroUW\%V�QTS"\�f%cgO7hi\kj�UoQ¢�-c;p

Ω∞
_�QTS"\�UoO7Q�\^]TUWcg]�c;p

Ω∞
�

>A@[0;@GBvBD:L0�1¤@�* � * û ÷ ë�ôgò[ü R ≥ r > 0
æDé�å�ì%å^æ ÷zø æDéLå Ω î ò C � é�î�ïké�ì^ôMævî ì ø ü

B(x0, r) ⊂ Ω ⊂ B(x0, R)
î ìAï ÷ ú%��ô�ï%æ ç

S(*¨>A@C<C82FD<¨,JF 8�1R@¦¥'8 â 6§�C@GBv,�ã�6¡:"<J=¯8 â 6�6uFk¨G67<v�L:"Bv,J6�H
,
VAXL]�c2h�\%l�UoO ÙP©�Ü QTS"\-��Uo]TUWfqSLrW\^QY\^Uo�i\^O�pD�LO"f^QTUWcgO"VYc;p�Z;O7��f%cgO7hi\kj ªDUoO�p£Zgf^Q
M(UoX"V�fqSLUoQT©%U Z;OG«tlLcgmnZ;UoO

Ω
xC\^rWcgOL��Q�c

C∞(Ω) ∩H1
0 (Ω) ∩ C0(Ω)

Z;O"l|Z;]�\
\%�7�[Z;r�Q�c

0
cgO

∂Ω
�C§�cg]�\%c2hi\^]eªvV�\%\ ÙoÚ�ª _VQacg]�cgror Z;]T� Ú�« � Ú�«�Ü «�QTS"\��
Uo]TUWfqSLrW\^Q

VTXC\%f^QT]T�Lm c;pAZ;O7�¦cgXC\^O VT�Lx"V�\^Q
Ω
c;pt�"OLUoQ�\¤h�cgro�Lme\¡UoO

Xδ UWVnl�UWVqf^]�\^Q�\M�°�O7h�\^O7QT�[Z;roro�i_Lp�cg]�Z;O7�-UoO7Q�\^�i\^]
k ∈ N

∗ _L`a\tS[Z9h�\�Z�mYUoO�y£mnZ�jbXL]TUoO"f^UoXLrW\

λk(Ω) = inf{m(E)/E
VT�Lx"VTX[Zgf%\�c;p C∞

c (Ω), dimE = k}
`'S"\^]�\

m(E) = sup
f∈E

∫

Ω |∇f |2
∫

Ω f
2
.

��\-`'Uoror'VqZ2��QTSGZ;Q
Ω
�¦{7q
{\q6~=eda�uwg�{4n���{C~¥Usp
`a\-S[Z9h�\

λ1(Ω) < λ2(Ω)
_

`'UoQTS�QTS"\YZ;xCc2hi\�lL\k�"OLUoQTUWcgO�c;p
λ1

Z;O"l
λ2
�C��SLUWV
UomYXLro�¡QTS[Z;Q

λ1(Ω)
UWVtZ;O

\^Uo�i\^O7hMZ;ro�"\?c;pLQTS"\?��Uo]TUWfqSLrW\^QJXL]�cgxLrW\^m Z;O"l�Z;ro`�Z9�uVJc7f%f^�L]�\EUoO��"OLUoQ�\Eh�cgro�Lme\M�
��0;@��E@GH2F 82F @C<¤S¨* � * û ÷ ëAôgò[ü k ≥ 1 ý � å�éuôgógå

∣

∣

∣
ln
(λk(Ω1)

λk(Ω2)

)∣

∣

∣
≤ Λδ

[

d(Ω1, Ω2), R
]
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ôgò ù

∣

∣

∣
ln
(VolΩ1

VolΩ2

)∣

∣

∣
≤ Λ′

δ

[

d(Ω1, Ω2), R
] ý

� é�åkëqå

Ω1 ∪Ω2 ⊂ B(x0, R), Λδ(s, t) = ln
[

e2s
(e2ssδ(te

−2s)

sδ(t)

)δ(n−1)]

,

Λ′
1(s, t) = Λ′

0(s, t) = ns
ôgò ù Λ′

−1 = ln
[

ens
(e−s sinh(t)

sinh(e−st)

)n−1]

.

�aë ÷2÷zø ç NPO�QTS"\�f9ZgV�\ δ = 1
_G`a\�lL\^O"cgQ�\�x7�

y0
QTS"\YZ;O7QTUoXCc7l"Z;r�XCcgUoO7Q�c;p

x0UoO
S

n �Lw[cg] λ ∈]0, 1]
_�`a\�lL\k�"O"\�QTS"\�mnZ;X

Hλ : Xδ (resp. X1 \ {y0}) → Xδ ª Ú «
exp x0(tv) 7→ exp x0(λtv)

*u\^Q
d = d(Ω1, Ω2)

��*7UoO"f%\
He−d(Ω1) ⊂ Ω2

`a\%(×�"VTQ
S[Z9h�\�Q�cIxCcg�LO"l�QTS"\
�7�"cgQTUW\^O7Q

λk

(

Hλ(Ω1)
)

/λk(Ω1)
p�cg]

λ = e−d �w[cg]�QTS[Z;Q�XL�L]TXCcMV�\M_"`a\�lL\k�"O"\�ZYroUoO"\9Z;]�UoO)(z\%f^QTUoh�\�mnZ;X
Φλ : C∞

c (Ω) →
C∞

c

(

Hλ(Ω)
) x7�

Φλ(f) = f ◦H1/λ
��°?ZgVT��f%cgmYXL�LQqZ;QTUWcgO[V�UoO7h�cgrohuUoOL�8­�Zgf%cgxLU

�[\^rWlLV��MUoh�\

λ
(

inf
t∈]0,R]

sδ(λt)

sδ(t)

)n−1
‖f‖1 ≤ ‖Φλ(f)‖1 ≤ λ

(

sup
t∈]0,R]

sδ(λt)

sδ(t)

)n−1
‖f‖1

∣

∣d
(

Φλ(f)
)
∣

∣

2
(x)

Φλ

(

|df |2
)

(x)
≤ max

( 1

λ2
,
s2δ(d(x0, x)/λ)

s2δ(d(x0, x))

)

��S"\��"]�VTQ�UoO"\%�7�[Z;roUoQ¢�¤Z;XLXLroUW\%l¤Q�c
f ≡ 1

�MUohi\%V�QTS"\�h�cgro�Lme\A\%VTQTUomnZ;Q�\M�G��S"\
Q¢`acYUoO"\%���GZ;rsUoQTUW\%V�UomYXLro�

‖d
(

Φλ(f)
)

‖2
2

‖Φλ(f)‖2
2

≤ eΛδ(d,R) ‖df‖2
2

‖f‖2
2

.

� SLUWfqSbx7�-QTS"\�mYUoO�y£mnZ�jbXL]TUoO"f^UoXLrW\�UomYXLroUW\%V

λk(Ω2) ≤ λk

(

He−d(Ω1)
)

≤ eΛδ(d,R)λk(Ω1)
�
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T *G)%�(890�6uã�:"BaKi@G<Y�G6N�¦=J@Cã�:"Fv<JH
® ç � ç�� ï^é � ôgë$��ì�ügú�únå^ævëkîx�2ôMævî ÷ ò ÷ ò�ò ÷ òCï ÷ ú%�Lôiï%æ ùi÷ úeôgîDòLì
��S"\�Z;Uom c;p�QTSLUWV�X[Z;]qZ;�M]qZ;XLS UWV�Q�c�]�\%f9Z;ror'V�cgme\Ix[ZgVTUWfIXL]�cgXC\^]TQTUW\%VYc;p�QTS"\*ufqS7`�Z;]T©YVT�7mYme\^QT]TUo©2Z;QTUWcgO¨��¬
c2`a\^h�\^]�`a\A`'Uoror�O"cgQ�ZgV�VT�Lme\�ZgV��"VT�[Z;r£_GQTS[Z;Q
QTS"\�lLcgmnZ;UoO�Q�cnxC\�VT�7mYme\^QT]TUo©9\%l�UWV�xCcg�LO"lL\%l(�C�Jcn]�\^XLr Zgf%\AQTSLUWV�XL]�cgXC\^]TQ¢��_
V�cgme\�ZglLl�UoQTUWcgO[Z;rJZgV�VT�LmYXLQTUWcgO"V�cgO�QTS"\
pv�LO"f^QTUWcgO"V'Q�c�xC\�VT�umYme\^QT]TUo©9\%l¡Z;]�\
V�cgme\^QTUome\%V�O"\%\^l"\^l¨�
�b6N��<�F 82FD@C< T * ����¯ K âv° :L07±�H%1/ã�ã�6i890gF�±i:�82FD@G<R�9*�äJå^æ f è å�ô�ò ÷ ò"ò�å�ñ�ô)ZævîDó;å ø õuòGï%ævî ÷ ò ù åDêEòCå ù�÷ ò�ôgò ÷ �"åkònì9å^æ Ω î ò-æDé�å'ì>�Lôiï�å ø^÷ ë�ú Xδ ç äJå^æ µf è åæDé�å ù î ì^ævë�î è õ�ævî ÷ ò ø õ7òGï9ævî ÷ ò ù åDêEò�å ù�ø^÷ ë s ≥ 0 ý�è ü µf (s) = vol({f > s})ôgò ù ðoå%æ V : r 7→ V ol(B(r))

F
r ≥ 0 I ç
 é�å�ò ÷ ò"îDòGï^ëqåTô;ìkî òuñ � ïké � ôMë��ì�ügú�únå^ævëkîx�2ôMævî ÷ ò ÷zø f î ì

f∗ = µ]
f ◦ V ◦ dx0 ,

� é�åkëqå dx0(x) = d(x0, x)
ôgò ù .] ë�å ø åkë�ì�æ ÷ æDé�å�ëkîsñgé7æaîDò"ó;å^ëqì9å ø õuòGï%ævî ÷ ò ÷zøô¤ò ÷ ò"îDòGï^ë�å�ô;ì�îDò7ñ ø õ7òCï%ævî ÷ ò²F£î ç å ç u#(s) = inf{t ≥ 0/u(t) < s} I ç=� ø æDéLåó ÷ ðÿõuúeå ÷zø Ω

î ìJêEò"îvæPå ý æDé�å � ïké � ôgë$�tò ÷ ò ù å�ï^ë�å�ô;ì�îDò7ñ�ì�ügú�únå^ævë�î'�9ôiævî ÷ ò ÷zø fî ì ù åvêEòCå ù è ü
f∗ = µ]

f ◦H ◦ dx0 ,

� é�åkëqå H : r 7→ ó ÷ ð (Ω) − V (r) ç éLå�ì�ügú�únå^ævë�î'�2å ù�ø õuòGï%ævî ÷ òLìtì^ôMævî ì ø ü
µf∗ = µf∗ = µf .

ª O «
	�åkúeôgë�
 ® ç � ç w[cg]Emecg]�\�lL\^QqZ;UorWV�cgOIVT�7mYme\^QT]TUo©2Z;QTUWcgO¨_7`a\']�\kp�\^]EQ�c ÙP� _ Ú�O _ Û�Ü ���0;@��E@GH2F 82F @C< T * � *"äJå^æ Ω è å�ôgò ÷ �Lå^ò�ì9å^æ ÷Tø êEò"îvæPåAó ÷ ðÿõ7únå�îDò�æDé�åAìH��ôiï�åø%÷ ë�ú Xδ F

δ ∈ {−1, 0, 1} I ç� ø u î ìtîDò L2(Ω)
æDé�åkò

u∗
î ì�î ò

L2(Ω∗)
ôMò ù

||u||L2(Ω) = ||u∗||L2(Ω∗).
ª Þ «

� ò�ô ù�ù îDævî ÷ ò ý æDé�å ø^÷ ð ð ÷)� îDò7ñnî òCå$#^õLôgðÿîDævî£å�ì�é ÷ ð ù
∫

Ω∗
f∗g

∗ ≤
∫

Ω
fg ≤

∫

Ω∗
f∗g∗

ª Ý «

ø%÷ ë�åkó;å^ë�üIò ÷ ò"òCå£ñiôMævîDó;åAúnåTôgì�õuëTô è ðWå ø õuòGï%ævî ÷ òLì f, g ÷ ò Ω ç� ø u î ìtò ÷)� îDò H1
0 (Ω)

æDé�åkò
u∗ ∈ H1

0 (Ω∗)
ôgò ù

∫

Ω∗
|∇u∗|2 ≤

∫

Ω
|∇u|2. ª Û «
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�aë ÷2÷zø ç ��S"\YXL]�c7c;p'c;p�QTS"\eV�QqZ;Q�\^me\^O7Q-ª Þ «
UWVAZ;O�UomYme\%l�U Z;Q�\If%cgO"V�\%���"\^O"f%\c;peª O «k_�QTS"\bUoO"\%���[Z;roUoQ¢�®ª Ý «�UWVe\9ZgVT��Q�c�fqS"\%fq��p�cg]eVTUomYXLrW\�pv�LO"f^QTUWcgO"VIZ;O"l
QTS"\e�i\^O"\^]qZ;raf9ZgV�\Yp�cgroroc�`�V�xu��lL\^O"V�UoQ¢� ÙoÚ�O�Ü �/��S"\nXL]�c7c;p�c;pAª Û «�Z;rWV�c¡]�\^roUW\%V
cgObZ;O¡Z;XLXL]�c9juUomnZ;QTUWcgO�Z;]T�M�Lme\^O7Q9_"Z�VT�LUoQqZ;xLrW\tlL\^O"V�\
V��Lx"V�\^QaUWVaUoO7QT]�c7l��"f%\%l
UoO�QTS"\�rW\^mYmnZIxC\^rWc2`��(��S"\YZgV�VT�LmYXLQTUWcgO�cgO�Q�S"\�h�cgro�Lme\�UWV
QTS"\^O|�"V�\%l�Q�c
f%cgO"f^ro�"lL\M_/�"VTUoOL��.�\^roroUWfqSV³»VA��S"\%cg]�\^m cgO�QTS"\nVT�umYme\^QT]TUo©9\%l�x[Z;ror�Z;O"l�QTS"\
p�cgrorWc2`'UoOL�eUoO"\%�7�[Z;roUoQ¢�-`'SLUWfqS¤UWV�Z�l�Uo]�\%f^Q�f%cgO"V�\%���"\^O"f%\Ac;p'ª Þ «'Z;O"l�ª Ý «k�

||u∗ − v∗||L2(Ω∗) ≤ ||u− v||L2(Ω).

jE6uã�ã�: T * � *"äJå%æ f è å�ô�ì�ú ÷2÷ æDé�ò ÷ ò"òCå£ñiôMævîDó;å ø õuòGï%ævî ÷ ò�îDò H1
0 (Ω) ý � é�î�ïkéî ì%�2å^ë ÷�÷ ò ∂Ω ôgò ù îDò C0(Ω) ý � é�åkë�å Ω

î ì�ôgò ÷ �"åkò�ì%å^æ ÷zø êEò[îDæPå�ó ÷ ðöõuúnåîDò
Xδ ç¦� õ��N� ÷ ì%å
æDéuôiæ�æDé�å�ðWåkó;å^ð[ì%å^æDì ÷zø f ôgë�åtï ÷ ú^�Lôiï9æ/ì9å^æDì�FzåTþiï�åH�Cæ~úeôgü è å

{f = 0} I ÷zø únå�ô;ì�õuë�å��2å^ë ÷ ç8´ ò ù åkë�æDé�å�ì9å�ô;ì�ì�õuú%�Cævî ÷ òLì ý µ]
f

î ìAô è ì ÷ ðÿõ�æPåkðöüï ÷ ò[ævîDò ÷ õ7ì ý æDé�å�ì�ügú�únå^ævëkîx��å ù�ø õuòGï%ævî ÷ ò f∗ î ì�îDò H1
0 (Ω∗)

ôgò ù ì^ôMævî ì ê�å�ìKF6µ I ç
" ÷ ë�å ÷ ó;åkë ý îDò¡ï�ô;ì9å ÷zø å$#^õLôgðÿîDævü�î ò¶F6µ I ý æDé�å ÷ �"åkò�ì%å^æ {f > 0} î ì�ô è ôMð ð ç

�aë ÷2÷zø ç M¨\^Q Reg(f)
xC\aQTS"\'V�\^Q�c;pG]�\^�M�Lr Z;]�XCcgUoO7Q�VEc;p

f
`'SLUWfqSnZ;]�\�UoO"f^ro�"lL\%l

UoO {x ∈ Ω; f > 0} �·0a�¯ZgV�VT�LmYXLQTUWcgO¨_ Reg(f)
UWV�Z;O cgXC\^OßVq\^Q-c;p�pv�Lror

me\9ZgVT�L]�\�UoO {x ∈ Ω; f > 0} �Y,
V�Z-f%cgO"V�\%���"\^O"f%\M_�`a\YlL\%l��"f%\�QTS[Z;Q f∗ UWVf%cgO7QTUoO7�"cg�"VTro�Il�Us­�\^]�\^O7QTU Z;xLrW\tcgO�Z;O-cgXC\^O-V�\^Qac;p(pD�LrorGme\9ZgVT�L]�\�c;p {f∗ > 0}Z;O"l¤VqZ;QTUWVT�[\%V�QTS"\�UoO"\%���GZ;rsUoQ×��ª Û «�QTS[Z;OL��V�Q�cYQTS"\Af%ciZ;]�\9ZYp�cg]Tm��Lr ZnZ;O"l¡QTS"\
UWV�cgXC\^]TUome\^QT]TUWf'UsO[\^�7�[Z;roUoQ¢��ªD`a\a]�\kpv\^]~Q�c Ù � Ü pvcg]�mecg]�\'lL\^QqZ;UorWV�«k�;��\af%cgO"f^ro�"lL\
QTS[Z;Q {f > 0} UWV�Z-x[Z;ror��"VTUoOL�¤Z�lL\%f^]�\9ZgVTUoOL�¤V�\%�7�"\^O"f%\Yc;pa]�\^�M�Lr Z;]�hMZ;ro�"\%V`'SLUWfqS��ic7\%V/Q�c « Z;O"lAQTS"\?f9ZgV�\?c;p"\%���[Z;roUoQ¢��UoOAQTS"\EUWV�cgXC\^]TUome\^QT]TUWf�UoO"\%���[Z;roUoQ¢���
	�åkúeôgë�
 ® ç'&uç ��S"\'Vq\kQEc;pGpD�LO"f^QTUWcgO"VE`'SLUWfqSeV�Z;QTUWVzpD�AQTS"\�ZgVqVT�LmYXLQTUWcgO"VEc;pCQTS"\rW\^mYmnZ�Z;xCc2h�\bf%cgO7QqZ;UoO"VeQTS"\bVTmec7cgQTS pD�LO"f^QTUWcgO"Ve`'UoQTS¦f%cgmYX[Zgf^QIVT�LXLXCcg]TQ
Z;O"l-cgOLro�eO"cgO"lL\^�i\^O"\^]qZ;Q�\�f^]TUoQTUWf9Z;rCXCcgUoO7Q�V9_7QTS"\^]�\kp�cg]�\�UoQ�UWValL\^O"V�\�UoO

H1
0 (Ω)ªvV�\%\ Ù � Ü Z;O"lb]�\kp�\^]�\^O"f%\%V�S"\^]�\^UoOG«k�

	�åkúeôgë�
 ® çA`7ç N¢O�QTS"\'V�\%���"\^r£_;`a\�`'Uoror��"V�\aQTS"\¸*ufqS7`'Z;]T©�VT�umYme\^QT]TUo©2Z;QTUWcgOecgOf%cgO7h�\kj�lLcgmnZ;UoO"V�c;p
H

n `'S"cMV�\�QTS"\�h�cgro�Lme\�UWV�O"cgQ�ZgV�VT�Lme\%l�Q�c�xC\?�"OLUoQ�\M�7,XL]TUWcg]TU£_GQTS"\AO"cgO"lL\%f^]�\9ZgVTUoOL��*ufqS7`'Z;]T©�VT�7mYme\^QT]�Us©2Z;QTUWcgO|f9Z;OLO"cgQ
xC\�lL\k�"O"\%l
UoO¡QTSLUWV�V�\^QTQTUoOL�"_LS[c2`a\^hi\^]�QTS"\�UoO"\%�7�[Z;roUoQ¢�

∫

Ω∗
f∗g

∗ ≤
∫

Ω
fg

]�\^mnZ;UoO"V�QT]T�"\npvcg]�Zbpv�LO"f^QTUWcgO
f = F ◦ dx0

_/`'S"\^]�\
F
UWV�Z¡O"cgOLO"\^��Z;QTUoh�\

Z;O"l�O"cgO"lL\%f^]�\9ZgVTUoOL�nxCcg�LO"lL\%l�pv�LO"f^QTUWcgO¤VT�"fqS�QTS[Z;Q
F
UWV�f%cgO"VTQqZ;O7Q�cg�LQ�VTUWlL\

ZIf%cgmYX[Zgf^Q�V�\^Q9_GUsp�`a\�lL\k�"O"\
f∗
ZgV
f∗(x) =

{

(f |Ω∩B(x0,r))∗ if |x| < r
||f ||∞ otherwisep�cg]

r
r Z;]T�i\�\^O"cg�L�MS¨�



Ò"¶+1�ÀzÉ�2�³�¸¹½;À�¾;¶¹É4365�¶¹É71a¿kÉ83z¿�É�2^À:9�Á�¿�;�³�¶¹É;¼(¶¹É
¼�¾g³�3×À=<ÿ¿�´>;'¼ Í�Í
® ç'&uçLû ô è åkë¹ZwºAëTô;é�ò � òCå$#^õLôgðöîvævü
N¢O�QTSLUWV�V�\%f^QTUWcgO¨_�`a\a\kj�Q�\^O"l�QTS"\�wGZ;xC\^]zyP{t]qZ;SLOYUoO"\%���[Z;roUoQ¢��pD]�cgm QTS"\aV�\^QTQTUoOL�
c;p�VTmec7cgQTS¥xCcg�LO"lL\%l¥lLcgmnZ;UoO"VIQ�c�QTS"\¤Vq\^QTQTUoOL��c;p�f%cgO7h�\kj¦V�\^Q�VIc;pt�"OLUoQ�\
h�cgro�Lme\M�"��S"\tmnZ;UoO¡UoOuQ�\^]�\%VTQ�c;p�QTS"\�]�\%VT�LroQ�xC\^roc�`®UWV'QTS"\�fqS[Z;]�ZgfkQq\k]�Us©2ZgQTUWcgO
c;p~QTS"\�f9ZgVq\�c;p�\%���[Z;roUoQ¢���
��0;@��E@GH2F 82F @C< T *A@ ��� :L.E670����¡0�: â <¡�%<J6��¨,J:"BvF 8�1��9*"äJå^æ Ω è å'ô�ï ÷ ò"ógåTþtì%å^æîDò
Xδ ÷zø êEò"îvæPå�ó ÷ ðöõuúnå V0 ç! é�åJêEë�ìkæ(í�îDë�î�ïké�ðWå^æEå^îsñ�å^ò"ó�ôgðÿõ"å ÷zø Ω

ì^ôMævî ì êaåkì
λ1(Ω) ≥ λ∗1(V0)

� é�åkëqå λ∗1(V0)
ù å^ò ÷ æPå�ìYæDéLå�êEë�ìkæ�í�îDëkîvïké7ðoå%æ�åkîoñ�åkò"ó;ôgðöõ"å ÷zø ônñ�å ÷2ù å�ìkîvï è ôgð ð� îvæDé�ó ÷ ðÿõuúeå V0 ç!" ÷ ë�å ÷ ó;åkë ý æDé�å-å$#^õLôgðÿîDævü λ1(Ω) = λ∗1(V0)

î ú%�Gðÿî�åkìYæDéuôMæ
Ω
î ì�î ì ÷ únå^ævë�î�ï�æ ÷ ô�ñ�å ÷2ù å�ì�î�ï è ôgð ð ç	�åkúeôgë�
 ® ç ® ç ��S"\�fqS[Z;]qZgf^Q�\^]TUo©2Z;QTUWcgO�c;pEQTS"\�f9ZgVq\�c;p?\%���[Z;roUoQ¢�¡`'UoQTS"cg�LQ�ZgVzyVT�LmYUoOL��QTS[Z;Q

Ω
UWVYxCcg�LO"lL\%l(_�UWVef^]T�"f^U Z;r�UsO¯cg�L]YXL]�c7c;p�c;pt��S"\%cg]�\^m Ú � Ú _

`'S"\^O
δ = −1

��°�hi\^O�`'S"\^O�QTS"\tlLcgmnZ;UoObUWVaxCcg�LO"lL\%l(_LV�cgme\
]�\^�M�Lr Z;]TUoQ¢�-cgO
QTS"\exCcg�LO"l"Z;]��|UWVAO"\%\%lL\%l�Q�c¤lL\%l��"f%\nQTS"\If9ZgV�\nc;p�\%�7�[Z;roUoQ¢�i�JNPO"lL\%\%l�\9ZgfqS
x[Z;ror'`'UoQTS¦f^rWcMV�\%l¦V�\^Q�VYc;ptf9Z;X[Zgf^UsQ×��©9\^]�c�]�\^mec2hi\%l(_EVqZ;QTUWVz�[\%VYQTS"\bf9ZgV�\�c;p
\%�7�[Z;roUoQ¢�i�
�aë ÷2÷zø ç ��S"\�XL]�c7c;p�c;paQTS"\YUoO"\%���[Z;roUoQ¢��pvcgrorWc2`�V�pD]�cgm }�]�cgXCcMVTUoQTUWcgO Ý � Ú Z;O"l
lLc7\%V�O[cgQ�]�\^ro��cgOYQTS"\�f%cgO7h�\kjuUoQ¢��c;p

Ω
�-,
V~QTS"\'h�cgrs�"me\'c;p

Ω
UWV?ZgVqVT�Lme\%l�Q�c

xC\
�"OLUoQ�\M_�QTS"\t�
Uo]TUWfqSLrW\^Q�VTXC\%f^QT]T�Lm±c;p
Ω
UWV'l�UWVqf^]�\^Q�\ ÙoÚ�ª _lQacg]�cgror Z;]T� Ú�« � Ú�«�Ü

Z;O"l�QTS"\n\^Uo�i\^O�pv�LO"f^QTUWcgO"V�xC\^rWcgOL��Q�c
C∞(Ω) ∩ C0(Ω)

ÙP© _JQacg]qcgrsr Z;]T� � � ÚMÚ
Z;O"leQTS"\%cg]�\^m � � O-©�Ü ���Jc�XL]�c2h�\'QTS"\�f9ZgVq\�c;p(\%���[Z;roUoQ¢��_MUoQ?UWVE\^O"cg�L�MSIQ�c�XL]�c2hi\
QTS[Z;Q�QTS"\
�"]�V�Q�\^Uo�i\^O�pD�LO"f^QTUWcgO�ª�lL\^O"cgQ�\%lbx7�

f1
«�VqZ;QTUWVz�[\%V'QTS"\�ZgVqVT�LmYXLQTUWcgO"V

c;p�M/\^mYmnZ Ý � Ú _¨`'SLUWfqS�UWV�Zbf%cgO"V�\%�7�"\^O"f%\nc;p'QTS"\YrW\^mYmnZ¡xC\^rWc2`��/N¢O"lL\%\%l(_
QTS[Z;OL��V�Q�cYQTSLUWV�rW\^mYmnZnZ;O"l»*�Z;]�l�³»V���S"\%cg]�\^m¡_"QTS[\�V�\^Q�c;pEVTUoOL�M�Lr Z;]�hgZ;ro�"\%V
c;p
f1
UWV�Z¡f^rWcMV�\%l�V�\^Q�c;p'me\9ZgVT�L]�\n©9\^]�cL�J��S"\^O¨_/QTS[Z;OL�uVAQ�c¡QTS"\ep�Zgf^QAQTS[Z;Q

QTS"\ApD�LO[fkQ�UocgO
∆f1 = λ1f1

UWV�XCcMVTUoQTUoh�\�cgO
Ω
_[`a\�lL\%l��"f%\�QTS[Z;Qt\9ZgfqS�rW\^hi\^r

V�\^Q�c;p~QTS"\t�"]�VTQ�\^Uo�i\^O�pv�LO"f^QTUWcgO¤UWV�c;p�me\9ZgVT�L]�\�©9\^]�cL�
	�åkúeôgë�
 ® ç µ ç M¨\^Q��"V�]�\^mnZ;]T��QTS[Z;Q�QTS"\nZgV�VT�LmYXLQTUWcgO�cgO|QTS"\��"OLUoQ�\^O"\%V�VAc;pQTS"\�h�cgro�Lme\�UWV��"Vq\^l¤cgOLro��Q�ceXL]�c2h�\�QTS[Z;Q�QTS"\�xCcgQTQ�cgm c;p�QTS"\AVTXC\%f^QT]T�Lm UWV
Z;OR\^Uo�i\^O7hgZ;ro�"\M�~N¢Q�UWV�Z;rWV�c�QT]T�"\np�cg]�QTS"\IrW\^mYmnZ¤xC\^rWc2`G¼�`a\I`'Uorora�"V�\nQTSLUWV
p£Zgf^Q'UoO¡X[Z;]qZ;�M]qZ;XLS Ý � Þ �
jE6uã�ã�: T *A@�* ´ ò ù åkëeæDé�ånô;ì�ì�õuú^��ævî ÷ òLì ÷zø æDéLå��aë ÷ � ÷ ì�îvævî ÷ ò ® çx& æDé�å'êEë�ìkæí�î ëkîvï^é�ðoå%æYåkîoñ�åkò ø õ7òCï%ævî ÷ ò f1

÷ ò Ω
ïqôgò è å�ô;ìqì�õuúnå ù æ ÷ è åo� ÷ ìkîDævîDó;å�ôgò ù�Gë ÷ �"åkë�m ø^÷ ëAôgð ð s > 0 ý æDé�å�ì9å^æ f−1

1 ([s,+∞[)
î ì�ï ÷ ú%�Lôiï%æ ç�aë ÷2÷zø ç 0��-QTS"\�mnZ�juUom��Lm XL]TUoO"f^UoXLrW\M_"`a\�f%Z;O¤V��LXLXCcMV�\

f1
Q�cYxC\tXCcMV�UoQTUohi\M�

�Jc¤XL]�c2hi\nQTS"\IV�\%f%cgO"l�ZgVqV�\^]TQTUWcgO¨_JV�\^Q
y0
xC\-Zb�Lj�\%l�XCcgUoO7Q�c;p

Ω
_
R ≥ 1Z;O"l

x0 ∈ Ω \B(y0, 2R)
��.�\%f9Z;rorEªvV�\%\�p�cg]�UoO"VTQqZ;O"f%\ Ù+ª2Ü «�QTS[Z;Q�QTS"\^]�\�\kj�UWVTQ�V

Z�f%cgO"V�QqZ;O7Q
C(n)

VT�"fqS¡QTS[Z;Q��
∀x0 ∈ Xδ, ∀v ∈ H1

0

(

B(x0, 1)
)

, ‖v‖2
2n

n−2

≤ C(n)‖dv‖2
2

�
(∗)



Í�Ê Ò¨Ñ;ÓJ½�Â�´�ºiÔ�Õ�Ñ;ÖCÀ×´�µ�´P³�É;Á�Ô;ÖJÑMØC¿�¸·ÂM¿�¶·¼
�
cgQ�\¡QTS[Z;QIUoO¥l�Uome\^O"V�UWcgO

n = 2
_EQTSLUWVIUoO"\%���[Z;roUoQ¢�¯f9Z;O¥xC\¡]�\^XLr Zgf%\%l¥x7�

‖v‖2
4 ≤ C‖dv‖2

2

UoO�`'SGZ;Q�p�cgrorWc2`�V9�L,�VTQqZ;O"l"Z;]�l�§�cMVq\^]�³»V�UoQ�\^]qZ;Q�UocgO��MUoh�\%V
QTS"\^O¡�"V

f2
1 (x0) ≤ A(n)

(

1 + λ1

)γ(n)
∫

B(x0,1)
f2
1

ª½�i«
ªD`'S"\^]�\

A(n)
Z;O"l

γ(n)
Z;]�\-f^cgO[VTQqZ;O7Q�Q�S[Z;Q�lL\^XC\^O"l�cgOLro��cgO�Q�S"\Il�Usy

me\^O"VTUWcgO
n
_�V�\%\�Z;XLXC\^O"l�Usj_0dp�cg]�Z�XL]�c7c;p�«k_�Z;O"l¦pv]�cgm�`'SLUWfqS¥`�\¤UoO�pv\^]

QTS[Z;Q
sup

Ω\B(y0,2R)
f2
1 ≤ A(n)

(

1 + λ1

)γ(n)
∫

Ω\B(y0,R)
f2
1

`'SLUWfqS��MUoh�\%VAQTS"\If%cgmYX[Zgf^QTO"\%V�V�c;p�QTS"\IV�\^Q�V
f−1
1

(

[s,+∞[
) pvcg]�Z;ror

s > 0VTUoO"f%\ ∫
Ω\B(y0,R) f

2
1 → 0

`'S"\^O
R → ∞ Z;O"l

f1
UWV�f%cgO7QTUoO7�"cg�"VYcgO�QTS"\

f%cgO7h�\kjbV�\^Q
Ω
Z;O"lbUWV�\%���[Z;r¨Q�c

0
cgO

∂Ω
�

® çA`7ç �'ôMü;ò�å¹Zw� ÷ ðöüiô)Z7¾�å^î ò è åkë�ñ7å^ë � òCå�#%õ�ôgðÿîvævü
§��+*C��,
VTS7x[Z;�L�MS�Z;O"l|.A�»����0a\^OL�M�L]TU ZAXL]�c2h�\%leQTS[\�}~Z9�uO"\kyP}�cgro�7Z�y£��\^UoOuxC\^]zy
�i\^]�f%cgO)(T\%f^QT�L]�\ep�cg]AV�mec7cgQTS�xCcg�LO"lL\%l�V�\^Q�VAc;p'QTS"\n°E�"f^roUWlL\9Z;ORVTX[Zgf%\IZ;O"l
VTmec7cgQTS�Vq\^Q�VtUoO"f^ro�"lL\%l|UoO�Z;O|S"\^mYUWVTXLS"\^]�\ec;paQTS"\YVTXLS"\^]�\ ÙoÚ _ O�Ü ����\�O"\%\%l
Q�c�\kj�Q�\^O"l-QTSLUWV'UoO"\%���[Z;roUoQ¢�IQ�c¡ªDXCcMV�VTUoxLro�nO"cgO¡VTmec7cgQTSG«af%cgO7h�\kj-V�\^Q�V�UoO�QTS"\
VTX[Zgf%\tpvcg]Tm

Xδ ª δ ∈ {0, 1} «k�áAâ 6�@G0�6uã T * ��� �
:i1/<J6-�¿�
@GB 1C:��$À 67Fv<�.E6704¨G6�0��%</6f�¨,/:"BvF 8�1��9*täJå^æ
Ω è åô¯ï ÷ ò[ó;åTþ¦ì%å^æ ÷zø êEò"îvæPå�ó ÷ ðÿõ7únå V0

îDò
Xδ F

δ ∈ {0, 1} I ç§´ ò ù åkë�æDé�å�ì9åô;ì�ì�õuú^��ævî ÷ òLì ý æDé�å ø%÷ ð ð ÷)� î òuñeîDòCå$#^õLôgðöîvævünî ìtì^ôiævî ìDêaå ù ý
λ2

λ1
(Ω) ≤ λ∗2

λ∗1
(V0).

" ÷ ëqå ÷ ógåkë ý æDé�å�å$#^õLôgðöîvævüeî ì�ôiïké7î�åkógå ù�÷ ò"ðÿü�î ø Ω
î ì
î ì ÷ únå^ævëkîvï�æ ÷ ô�ñ�å ÷2ù åkì�î�ï

è ôgð ð ç	�åkúeôgë�
 ® ç�Áiç ,�f^QT�[Z;roro�i_gZgVJUoO ÙoÚ _ O�Ü _�QTS"\�mecgO"cgQ�cgO7�AXL]�cgXC\^]TQTUW\%V�c;p[QTS"\�]qZ;QTUWc
λ1(B)/λ2(B)

`'UoQTS¡]�\%VTXC\%f^Q�Q�c�QTS"\�]qZgl�Uo�"V�c;p~QTS"\t�i\%c7lL\%VTUWf�x[Z;ror
B
c;p
XδmnZ;��\tQTSLUWV�QTS"\%cg]�\^m Z�l�Uo]�\%f^Q�f%cg]�cgror Z;]T�bc;p~QTS"\tpvcgrorWc2`'UoOL�n]�\%VT�LroQ

áAâ 6�@G0�6uã T *A@�*"äJå%æ Ω è å�ôYï ÷ ò[ó;åTþK�Gë ÷ �"åkë�ì%å%æ~î ò Xδ ç! é�å^ò¡æDé�å
ì>�"åTï9ævëTôgðñiô�� ÷zø Ω î ì�ì�úeôgðDðoåkë ÷ ë�å$#^õ�ôMð(æ ÷ λ2(B)−λ1(B)
F � é�åkë�å B î ìtô�ñ7å ÷2ù åkì�îvï

è ôgð ð�ì�õLïké�æDéuôiæ λ1(B) = λ1(Ω) I çv� ø æDéLåtì>�"åTï9ævëTôgð[ñiô��|î ì�å$#^õLôgð¨æ ÷ λ2(B)−
λ1(B) ý Ω

î ìtî ì ÷ úeå%ævë�î�ï�æ ÷ ô�ñ�å ÷2ù å�ì�î�ï è ôgð ð çM/\^Qt�"V
]�\^mnZ;]T�¤QTS[Z;Q�f%cgO7QT]qZ;]T��Q�cIQTS"\�f9ZgV�\%V
δ ∈ {0, 1} _GQTS"\�ZgVqVT�LmYX�yQTUWcgO"V'UoO¡��S"\%cg]�\^m Ý � O lLc�O"cgQ'UomYXLro�bZ;Ob�LXLXC\^]�xCcg�LO"lbcgObQTS"\th�cgro�Lme\�c;p

Ω
UoO

H
n ���\�`'UororEXL]�c2hi\Y��S"\%cg]�\^meV Ý � Ú Z;O"l Ý � O VTUom��LroQqZ;O"\%cg�"VTro���¨��S"\YV�fqS"\^me\

c;pJQTS"\tXL]�c7c;p�UWV�QTS"\tV�Z;me\�ZgV�UoO ÙoÚ _ O _ ÝgÜ _LVqc�`a\t`'Uoror(mnZ;UoOLro�npvc7f^�"Vq\tcgO�QTS"\
\kj�QT]qZIZ;]��M�Lme\^O7Q�VtO"\%\%lL\%l�UoO�cg�"]tV�\^QTQTUoOL�"�C��S"\A�GVT]TQ
V�Q�\^X�c;p?QTS"\�XL]�c7c;p�UWV
QTS"\tpvcgrorWc2`'UoOL�nXL]�cgXCcMVTUoQTUWcgO



Ò"¶+1�ÀzÉ�2�³�¸¹½;À�¾;¶¹É4365�¶¹É71a¿kÉ83z¿�É�2^À:9�Á�¿�;�³�¶¹É;¼(¶¹É
¼�¾g³�3×À=<ÿ¿�´>;'¼ ÍÂ?
��0;@��E@GH2F 82F @C< T *'S(*"äJå^æ Ω è å�ôgò ÷ �Låkò®ìkõ è ì%å^æ ÷zø Xδ FPî òGï%ðöõ ù å ù îDò�ôgò
é�åkú�î ì>�[éLåkë�å�î ø δ = 1 I � îvæDébì>�"å�ï%ævëTôgð¨ñiô�� ý u1

ôMò�åkîoñ�åkò ø õuòGï%ævî ÷ ò ÷Tø Ω ø^÷ ëæDé�å/êEë�ìkæ�åkîoñ�åkò"ó;ôgðÿõLå�ôgò ù g è å
ô�� ÷ ì�îvævî ó;å ý C1 è ü��Gî�å�ï�å�ì ø õuòGï%ævî ÷ ò ÷ ò [0,∞[F¢ôMò ù\� îDæDé lim inf+∞ g > 0
î ø Ω î ìeò ÷ æ è ÷ õuò ù å ù ç� é�å^ò æDé�åkë�å¡åTþgî ìkæDì-ô� ÷ î òGæ xm ∈ Xδ ì�õ�ï^é¡æDéuôMæ

λ2(Ω) − λ1(Ω) ≤
∫

Ω b
(

d(xm, y)
)

u2
1(y) dy

∫

Ω g
2
(

d(xm, y)
)

u2
1(y) dy

� é�åkëqå b = g′2 + n−1
s2
δ
g2 ç

�
cgQ�\YQTS[Z;Q�pvcg]�QTS"\�XL]�c7c;p�c;paQTS"\%cg]�\^m Ý � O _(`a\ef9Z;O�VT�LXLXCcMV�\YQTS[Z;Q�QTS"\
VTXC\%f^QT]qZ;r¨��Z;X¡UWV'O"cgO¡©9\^]�cL�
�aë ÷2÷zø ç ��S"\tmYUoO�y£mnZ�j¡XL]TUoO"f^UoXLrW\�UomYXLroUW\%V�QTS[Z;Q

λ2(Ω) − λ1(Ω) ≤
∫

Ω |∇P |2u2
1

∫

Ω P
2u2

1

,

p�cg]�\^hi\^]T�-O"cgO�y£©9\^]�cYpv�LO"f^QTUWcgO
P
VT�"fqS¡QTS[Z;Q

Pu1
UWV'UoO

H1
0 (Ω)

Z;O"l
∫

Ω Pu
2
1 = 0

�
��S"\¡O"\kj�QIVTQ�\^X¯f%cgO"VTUWV�Q�VeUoO¯fqS"c7cMVTUoOL�

n
V��LUoQqZ;xLrW\¡Q�\%VTQYpv�LO"f^QTUWcgO"V9�?N¢O

QTS[Z;Q�XL�L]TXCcMV�\
`a\
O"\%\%l-QTS"\�pvcgrorWc2`'UoOL�YrW\^mYmnZ�`'UWfqSb\kj�Q�\^O"lbZA]�\%VT�LroQ'c;p ÙoÚ _O _ ÝgÜ ªDQTS"\�XL]�c7c;p~UWV'XCcMVTQTXCcgO"\%l¡Q�cnZ;XLXC\^O"l�Usj\Q'«
jE6uã�ã�: T *'S(* û ÷ ë¤ôgò[ü u ∈ L2(Xδ)

F � îvæDé�ì�õ��N� ÷ ë^æAîDòßôgò¯é�å^ú�î ì>�Gé�åkë�åî ø δ = 1 I ôgò ù ôgò"ü g : R
+ → R

+ ï ÷ òGævî ò"õ ÷ õ7ì¤F è ÷ õ7ò ù å ù ôMò ù¤� îvæDé
lim inf+∞ g > 0

î ø u é�ô;ì�ò ÷ æ'ï ÷ ú%�Lôiï%æaìkõ���� ÷ ë^æ I ý æDé�åkë�å�î ì x ∈ Xδ ìkõ�ï^éæDéuôMæ
∫

Xδ

g
(

d(x, y)
)exp−1

x (y)

d(x, y)
u2(y) dy = 0TxXδ

�Jc�f%cgO"VTQT]T�"f^Q�QTS"\
Q�\%VTQ�pv�LO"f^QTUWcgO"V�`a\tZ;XLXLro�nQTSLUWV�rW\^mYmnZ�Q�c
u = u1.1ΩZ;O"l|Q�c

g
Z-O"cgOLO"\^��Z;QTUohi\M_¨UoO"f^]�\9ZgVTUoOL��Z;O"l�xCcg�LO"lL\%l|pv�LO"f^QTUWcgO¥ª

g
`'UorsrExC\

VTXC\%f^Us�[\%l�r Z;Q�\^]�«k����S"\�pD�LO"f^QTUWcgO
Pi = g(r)Xi

_�`'S[\k]q\
(r,Xi)

Z;]�\�QTS"\
�i\%c7lL\%VTUWf�f%c7cg]�l�UoO[Z;Q�\%V�Z;QbQTS"\�XCcgUoO7Q

xm
�MUoh�\^O®x7� rW\^mYmnZ Ý � Þ _�VqZ;QTUWVTpD�

∫

Ω Piu
2
1 = 0

p�cg]
\^h�\^]T�
i
�C�Jc-f%cgO"f^ro�"lL\�QTS[\�XL]�c7c;p�c;p?XL]�cgXCcMV�UsQ�UocgO Ý � Þ `a\(z�"VTQ�S[Z9h�\YQ�c¤VT�"m QTS"\
n
UoO"\%�7�[Z;QTUWcgO"V��MUohi\^O�x7��QTS"\nmYUoO�y£mnZ�j�XL]TUoO"f^UoXLrW\

Z;XLXLroUW\%l¡Q�c�QTS"\
Pi
Z;O"lb]�\^mnZ;]T��QTS[Z;Q ∑

i P
2
i = g2 Z;O"l ∑

i |∇Pi|2 = b
��
c2`�_�`a\|fqS"c7cMV�\�p�cg]

g
Z�]qZgl�U Z;rtpv�LO"f^QTUWcgO�VT�"fqS QTS[Z;Qb`a\�S[Z9hi\�QTS"\

\%�7�[Z;roUoQ¢�

λ2(B) − λ1(B) =

∫

B bz
2

∫

B g
2z2

`'S"\^]�\
z
UWV~Z'XCcMVTUoQTUoh�\E�"]�VTQJ\^Uo�i\^O�pv�LO"f^QTUWcgOYc;p

B
��NPQ/UWV�VTS"c2`'O�UoO ÙoÚ _ O _ ÝgÜ QTS[Z;Q

`a\Af9Z;O�fqS"c7cMV�\
g
XCcMVTUoQTUohi\M_"O"cgO"lL\%f^]�\9ZgVTUoOL�bZ;O"l¤f%cgO"VTQqZ;O7Q�cg�LQ�V�Uol"\

B
Z;O"l

VT�"fqS¤QTS[Z;Q
b
UWV�]qZgl�U Z;r£_[XCcMVTUoQTUoh�\�Z;O"l¡O"cgOLUoO"f^]�\9ZgVTUoOL�"�G��\�]�\%f9Z;rorJQTS[Z;Q

B
UWV



ÍzÎ Ò¨Ñ;ÓJ½�Â�´�ºiÔ�Õ�Ñ;ÖCÀ×´�µ�´P³�É;Á�Ô;ÖJÑMØC¿�¸·ÂM¿�¶·¼
VT�"fqSAQTS[Z;Q

λ1(B) = λ1(Ω)
�2NPQ¨]�\^mnZ;UoO"V/Q�c�f%cgmYX[Z;]�\?QTS"\EV�XC\%fkQ�]qZ;r���Z;X"V9�9w[cg]

QTS[Z;Q�XL�L]TXCcMV�\M_�`a\��"]qVTQt�"V�\�XL]�cgXC\^]TQTUW\%VAc;p�QTS"\/*ufqS7`'Z;]T©eVT�umYme\^QT]TUo©2Z;QTUWcgO
ªv}�]�cgXCcMVTUoQTUWcgO Ý � Ú «k�L��\t�i\^Q

∫

Ω
b u2

1 ≤
∫

Ω∗
b∗u∗21 ≤

∫

Ω∗
b u∗21

∫

Ω
g u2

1 ≥
∫

Ω∗
g∗u

∗2
1 ≥

∫

Ω∗
g u∗21 .��S"\nUoO"\%���[Z;roUoQ¢��UoO7h�cgroh7UoOL��QTS"\nO"cgOLUoO"f^]�\9ZgVTUoOL�Ã*ufqS7`�Z;]T©�VT�umYme\^QT]TUo©2Z;QTUWcgO

UWVnhMZ;roUWl¯`'UoQTS"cg�LQbZ;O7�¯ZgV�VT�LmYXLQTUWcgOßcgO¥QTS"\¤h�cgro�Lme\M_?QTS[Z;OL��VnQqc�]�\^mnZ;]T�
Ý � Þ �C��\�f%cgO"f^ro�"lL\��"VTUoOL�-QTS"\/Q�SLUoQTU�f%cgmYX[Z;]TUWV�cgO|]�\%VT�LroQ9_C`'SLUWfqS�Z;rorWc2`�V
Q�c
f%cgmYX[Z;]�\

z
`'UoQTS

u∗1
cgO

B
����SLUWV�f%cgmYX[Z;]TUWV�cgO�]�\%VT�LroQtUWVthMZ;roUWl|ZgVtVqc7cgO�ZgV

QTS"\a�"]�VTQ�\^Uo�i\^O�pv�LO"f^QTUWcgO
u1
VqZ;QTUWVT�[\%V~QTS"\'ZgVqVT�LmYXLQTUWcgO"VEc;pvM/\^mYmnZ Ý � Ú ªDQTSLUWV

S[ZgV?xC\%\^O-\%VTQqZ;xLroUWVTS"\%lnUoOnQTS"\�XL]�c7c;p/c;p¨}�]�cgXCcMVTUoQTUWcgO Ý � O Z;O"lnlLc7\%V�O"cgQ?]�\^ro�
cgO�Z;O7��ZgV�V��LmYXLQTUWcgO|cgO�QTS"\�h�cgro�Lme\2«k_C`a\�]�\kp�\^]
Q�c ÙoÚ _GX[Z;�i\%V O�Ú y O;ÝgÜ B T D6Äp�cg]'mecg]�\�lL\^QqZ;UorWV9�lÅ
VTUoOL�|Q�SLUoQTU/f%cgmYX[Z;]TUWVqcgO¡]q\^V��LroQ9_L`a\t�i\^Q ÙoÚ _LX[Z;�i\�� «Nª2Ü

∫

Ω∗
g u∗21 ≥

∫

B
g z2 Z;O"l ∫

Ω∗
b u∗21 ≤

∫

B
b z2

Z;O"leQTSLUWV�f%cgO"f^ro�"lL\�QTS"\�XL]�c7c;p¨c;p(QTS"\�UoO"\%�7�[Z;roUsQ×�i����S"\�f9ZgV�\�c;p¨\%�7�[Z;roUoQ¢��p�cgrsy
rWc2`�V~pD]qcgm QTS"\'fqSGZ;]qZgf^Q�\^]TUo©9ZgQTUWcgOIc;pCQTS"\'\%�7�[Z;roUoQ¢��UoOYQTS"\^Q�SLUoQTU[f%cgmYX[Z;]TUWV�cgO
]�\%VT�LroQ9�

]�*¨>A@(6�0;K�Fk�/F 8q1
��\�VTS"c2` QTS[Z;Q

λ1
ªD]�\%V�X¨�

λ1/λ2
«�UWVtf%c7\^]�f^Uoh�\�cgO|Z;X"XL]�cgXL]TU Z;Q�\YVT�Lx"V�\^Q�Vtc;p

C ����\
�"]�VTQ�O"\%\^l�Z�f%cgO7QT]�cgrJc;p�QTS"\�UoO�y£]qZgl�UoUJc;p�QTS"\�\^rW\^me\^O7Q�V�c;p C �

µ ç � ç�� òlZ¢ëTô ù îDõ7ì�å�ìkævîDúeôMæPå�îDò C
w[cg]�Z;O7��xCcg�LO"lL\%l�lLcgmnZ;UoO

Ω
UoO
Xδ _2rW\kQ InradΩ

xC\EQTS"\?mnZ�juUom��Lm ]qZgl�Uo�"V
c;pEZ��i\%c7lL\%VTUWf�x[Z;ror¨UoO"f^ro�"lL\%l¡UoO

Ω
�

��0;@��E@GH2F 82F @C<¡](* � *"äJå^æ
Ω è å�ô è ÷ õuò ù å ù ï ÷ ò[ó;åTþIì%å%æ?î ò Xδ ç� é�åkò

InradΩ ≥ π

2
√

λ1(Ω) + (n− 1)
ç

��SLUWV�XL]�cgXCcMVTUoQTUWcgO�S[ZgV�xC\%\^O�XL]�c2h�\%l�x7��}��VM(U?Z;O"lÆ*C�»���YÇ�Z;� ÙsÚ9Þ�Ü p�cg]
VTmec7cgQTS�lLcgmnZ;UoO"V
c;p~O"cgOLO"\^��Z;QTUoh�\Ame\9Z;O�f^�L]ThMZ;QT�L]�\Iª�V�\%\AZ;XLXC\^O"l�Usj¤� p�cg]
Z�XL]�c7c;pk«k�"NPQ�f9Z;O¡xC\t]�\9Zgl�Uoro��\kj�Q�\^O"lL\%lbQ�cnZ;O7�|ªDO"cgO¡V�mec7cgQTSG«�f%cgO7hi\kjblLc;y
mnZ;UoO"V��?UoO"lL\%\%l(_?pvcg]�Z;O7�

ε > 0
V�mnZ;ror�\^O"cg�L�MS¨_�QTS"\^]�\�\kj�UWVTQ�V-Z�V�mec7cgQTS

f%cgO7h�\kjRlLcgmnZ;UoO
Ωε

V��"fqS QTS[Z;Q
H1−ε(Ω) ⊂ Ωε ⊂ H1+ε(Ω)

_~`'S"\^]�\
HUWV�QTS"\�mnZ;X lL\k�"O"\%l x7� ª Ú «k_~X¨� � ªvV�\%\ ÙoÚ�« _�M/\kmYmnZ O � Þ � O�Ü p�cg]�QTS"\b°���y

f^roUWlL\9Z;O¯f9ZgV�\¡Z;O"lR�"V�\�QTS"\b{trW\^UoO¦XL]�c7(z\%f^QTUoh�\�mec7lL\^rWVnc;p�QTS[\�S7�7XC\^]TxCcgroUWf
VTX[Zgf%\AZ;O"lbQTS"\�cgXC\kO¤S"\^mYUWVTXLS"\^]�\�Q�c�UoO�p�\^]'QTSLUWV�XL]�cgXC\^]TQ¢��UoO

H
n Z;O"l

S
n «k���S"\�f%cgO7QTUoO7�LUoQ¢�bc;p

λ1
cgO C Z;roroc�`�V�Q�cYf%cgO"f^ro�"lL\M�



Ò"¶+1�ÀzÉ�2�³�¸¹½;À�¾;¶¹É4365�¶¹É71a¿kÉ83z¿�É�2^À:9�Á�¿�;�³�¶¹É;¼(¶¹É
¼�¾g³�3×À=<ÿ¿�´>;'¼ Í��
µ ç'&uç�È ÷ åkëTï%î ó9îvævü ÷zø λ1

*7�Lx"V�\%�7�"\^O7QTro�|`a\IlL\^O"cgQ�\nx7� CV0

QTS"\nV�\^Q�c;p�f%cgO7hi\kj�xCcg�LO"lL\%l�lLcgmnZ;UoO"V
Ω
c;p
Xδ `'UoQTS VolΩ = V0

Z;O"l
B(x0, InradΩ) ⊂ Ω

ªD]�\^mnZ;]T�¡QTS[Z;Q CV0f%cgO7QqZ;UoO"V9_u�LX-Q�cAUWVqcgme\^QT]T�i_�Z;rorCQTS"\
f%cgO7h�\kjnxCcg�LO"lL\%l�lLcgmnZ;UoO"V�c;p
Xδ `'UoQTSh�cgro�Lme\

V0
«k�Qacgm�xLUoOLUoOL�¢Qacg]�cgror Z;]T� O � Ú Z;O"l¡}�]�cgXCcMVTUoQTUWcgO Û � Ú _L`a\��i\^Q

>A@[0;@GBvBD:L0�1¤]�* � * û ÷ ë¡ôgò"ü M > 0 ý æDé�å�ì%å^æ ÷Tø åkðoå^úeå^ò[æDì Ω ÷zø C F£ë�å�ìH� ç
CV0

I � îvæDé Ω ⊂ B(x0,M)
ôgò ù λ1(Ω) ≤M

î ìAï ÷ ú%��ôiï9æ ç
µ ç'&uç � ç ï�ôgì%å δ=1 ç Qacg]�cgror Z;]T� Û � Ú V�S"c2`�V�QTS"\�f%cgmYX[Zgf^QTO"\%VqV|c;pIQTS"\�Vq\kQ
{Ω ∈ CV0/ λ1(Ω) ≤ M} �/��SLUWV�UomYXLroUW\%V�QTSGZ;Q λ1

UWV�f%c7\^]�f^Uohi\M��,�f^QT�[Z;roro�i_
CV0

UoQ�Vq\^rsp�UWV�f%cgmYX[Zgf^Q�ªvV�\%\�V�\%f^QTUWcgO\�i«k�
µ ç'&uçx&�ç�È ô;ì%å δ=0 ç NPOßQTSLUWV¡f9ZgV�\M_ {Ω ∈ CV0/ λ1(Ω) ≤ M} UWV¤Z;rWV�c Zf%cgmYX[Zgf^QEVq\kQEZ;O"lYV�c

λ1
UWV~f%c7\^]�f^Uoh�\M�MNPO[lL\%\^l�x7��}�]�cgXCcMVTUoQTUWcgO Û � Ú _iZ�f%cgO7h�\kj

lLcgmnZ;UoO
Ω
UoO�QTSLUWV�V�\^Q�f%cgO7QqZ;UoO"V�QTS"\ex[Z;ror

B(x0,
π

2
√

M+n−1
)
�J*u\^Q

y ∈ ΩVT�"fqS¯QTS[Z;Q
d(x0, y) = diamΩ/4

�·*7UoO"f%\
Ω
UWVnf%cgO7h�\kj�_?UsQ-f%cgO7QqZ;UoO"VIQTS"\

f%cgO7h�\kj S7�LrorAc;p
B(x0,

π
2
√

M
) ∪ {y} `'S"cMV�\�h�cgro�Lme\|m��"VTQbxC\|xCcg�LO"lL\%l

pv]�cgm�Z;xCc2hi\
x7�
V0
�7��\
lL\%l��"f%\
QTS[Z;Q

diamΩ
UWVaxCcg�LO"lL\%lIpv]�cgm�Z;xCc2h�\�x7�

Z�pv�LO"f^QTUWcgO¤c;p
M

Z;O"l
V0
����\�f%cgO"f^ro�"lL\�x7�¢Qacg]�cgror Z;]T� Û � Ú �

µ ç'&uç'`uç�È ô;ì%å δ=−1 ç ��\af9Z;OLO"cgQ?Z;]T�M�"\'ZgV�\9ZgVTUoro��ZgV�UoO�QTS[\�XL]�\^huUWcg�"V�f9ZgV�\
xC\%f9Z;�"V�\'UoO

H
n QTS"\'hicgro�Lme\�c;p�QTS"\�f%cgO7h�\kj�S7�Lror[c;p B(x0,

π
2
√

M+n−1
)∪{y}lLc7\%V�O"cgQtQ�\^O"l�Q�c ∞ `'UoQTS

d(x0, y)
�C��\�`'Uoror�XL]�c2hi\YVTUom��LroQqZ;O"\%cg�"VTro��QTS"\

f%c7\^]�f^Uoh7UoQ×��c;p
λ1
Z;O"lbQTS"\�XL]�cgXC\^]TQ¢�

inf
C′
λ1(Ω) > λ∗1(V0),

ª ª «
`'S"\^]�\ C′ = {Ω �LO7xCcg�LO"lL\%l¤f%cgO7h�\kjbV�\^Q�V�¼

vol(Ω) = V0}
�

��S"\%Vq\bQ¢`ac|p�Zgf^Q�VeXL]�c2h�\¡��S"\%cg]�\^m Ú � Ú �Ew�Uo]�VTQ9_�`a\¡O"\%\%l Q�c�\%VTQqZ;xLroUWVTS
V�cgme\�rW\^mYmnZ;QqZ��
jE6uã�ã�:�]�* � *"äJå%æ

Ω è å�ô ùi÷ úeôgîDò ÷zø ôIï ÷ ú%�GðWå^æPå8	�î�åkúeôgò[ò"îvôMòbúeôgò[î ø%÷ ð ù
(Mn, g) ç8 é�åkò ø%÷ ëYôgò"ü R ≥ 1 ý ôgò"ü α, γ ∈]0, 1[

ôgò ù ôgò"ü y0 ∈ M ý � åéuôgógå

min
[

λ1

(

Ω ∩B(y0, R)
)

, λ1

(

Ω \B(y0, γR)
)

]

≤ 1

(1 −R−α)2

[

λ1(Ω) +
8

(1 − γ)2R2(1−α)

]

� é�åkëqå λ1
ìkæ£ôMò ù ì ø%÷ ë�æDé�å è ÷ æ�æ ÷ ú ÷zø æDéLå�ì>�"åTï9ævë�õuú ý Ω ïqôgò è å ÷Tø îDò9êEò"îvæPåó ÷ ðÿõuúeå�ôgò ù
� å�éuôgó;å�ì9å^æ λ1(∅) = ∞ ç



ÍTÏ Ò¨Ñ;ÓJ½�Â�´�ºiÔ�Õ�Ñ;ÖCÀ×´�µ�´P³�É;Á�Ô;ÖJÑMØC¿�¸·ÂM¿�¶·¼
�aë ÷2÷zø ç ��S"\�XL]�c7c;p¨]�\^roUW\%V�cgOIQTS"\�hgZ;]TU Z;QTUWcgO[Z;r�fqS[Z;]�ZgfkQq\k]�Us©2ZgQTUWcgObc;p¨QTS"\��"]�V�Q\^Uo�i\^O7hMZ;ro�"\M�
��\-Vq\kQ

N = E(Rα) + 1
_
Br = B(y0, r)

_
Ar,r′ = Ω ∩ (Br \ Br′)Z;O"l

rk = γR + (1 − γ)R k
N

p�cg]�Z;O7��UoO7Q�\^�i\^]
0 ≤ k ≤ N

���'S"\�pvcg]AZ;O7�
u ∈ H1

0 (Ω)
_�`a\�S[Z9h�\

∫

Ω
u2 ≥

N−1
∑

k=0

∫

Ark+1, rk

u2 ≥ N

∫

Ark0+1, rk0

u2

p�cg]AZ;Q�rW\9ZgVTQAcgO"\�UoO7Q�\^�i\^]
0 ≤ k0 ≤ N − 1

��M¨\^Q
r0 = (1 + k0

N )R
2

Z;O"l
φZ;O"l

ψ
xC\�QTS"\tQ×`ac�pv�LO"f^QTUWcgO"V�lL\k�"O"\%l¤cgO

R
+ x7�Y�

É φ UWV�O"cgO�yPlL\%f^]�\9ZgV�UoOL�"_ φ = 0
cgO

[0,
rk0

+rk0+1

2 ]
_
φ = 1

cgO
[rk0+1,∞[Z;O"l ‖∇φ‖∞ ≤ 2N

(1−γ)R

_

ψ
UWV�O"cgO�y£UoO"f^]�\9ZgVTUoOL�"_

ψ = 1
cgO

[0, rk0 ]
_
ψ = 0

cgO
[
rk0

+rk0+1

2 ,∞[
Z;O"l

‖∇ψ‖∞ ≤ 2N
(1−γ)R

_
w[cg]

g(x) = ψ
(

d(y0, x)
)

u(x)
Z;O"l

h(x) = φ
(

d(y0, x)
)

u(x)
`a\tS[Z9h�\

∫

Ω∩B rk0
+rk0+1

2

g2 +

∫

Ω\B rk0
+rk0+1

2

h2 =

∫

Ω
(g + h)2

≥
∫

Ω
u2 −

∫

Ark0+1, rk0

u2 ≥ N − 1

N

∫

Ω
u2

*7UoO"f%\ |dg + dh|2 = |(ψ + φ)du+ ud(ψ + φ)|2 `a\tS[Z9h�\

∫

Ω∩B rk0
+rk0+1

2

|dg|2 +

∫

Ω\B rk0
+rk0+1

2

|dh|2 =

∫

Ω
|dg + dh|2

≤ (1 +R−α)

∫

Ω
(φ+ ψ)2|du|2 + (1 +Rα)

∫

Ω
u2|dφ+ dψ|2

≤ (1 +R−α)

∫

Ω
|du|2 + (1 +Rα)

∫

Ark0+1, rk0

u2 4N2

(1 − γ)2R2

≤ (1 +R−α)

∫

Ω
|du|2 + (1 +Rα)

∫

Ω
u2 4N

(1 − γ)2R2
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¼�¾g³�3×À=<ÿ¿�´>;'¼ Í�£
��\tUoO�pv\^]

min
[

λ1

(

Ω ∩B(y0, R)
)

, λ1(Ω \B(y0, γR)
)

]

≤ min
(

∫

Ω∩B rk0
+rk0+1

2

|dg|2
∫

Ω∩B rk0
+rk0+1

2

g2
,

∫

Ω\B rk0
+rk0+1

2

|dh|2
∫

Ω\B rk0
+rk0+1

2

h2

)

≤

∫

Ω∩B rk0
+rk0+1

2

|dg|2 +
∫

Ω\B rk0
+rk0+1

2

|dh|2
∫

Ω∩B rk0
+rk0+1

2

g2 +
∫

Ω\B rk0
+rk0+1

2

h2

≤ 1

(1 −R−α)2

[

∫

Ω |du|2
∫

Ω u
2

+
8

(1 − γ)2R2(1−α)

]

��SLUWV�rW\^mYmnZYUomYXLroUW\%V�QTS"\tpvcgrorWc2`'UoOL�
jE6uã�ã�:�]�*A@�* û ÷ ë�ôMò"ü V0 > 0

æDé�å^ë�å åTþgî ìkæ
C(V0, n) > λ∗1(V0)

ôgò ù
R(V0, n) > 0

ì�õLïké¦æDéuôMæ ø%÷ ë¤ôgò"ü è ÷ õuò ù å ù ï ÷ ò"ó;åTþ�ì9å^æ Ω � é7îvïkéRì^ôMævî ì�Zêaå�ì
vol(Ω) ≤ V0

ôgò ù λ1(Ω) ∈ [λ∗1(V0), C(V0, n)] ý � å�éuôgó;å

λ1(Ω) ≤ λ1

(

Ω ∩B(x0, R)
)

≤ 1

(1 −R−α)2

[

λ1(Ω) +
32

R2(1−α)

]

ø%÷ ë�ôgò[ü α ∈]0, 1[ ý R ≥ R(V0, n, α)
ôgò ù x0

ì�õLïkéeæDé�ôMæ
B
(

x0, Inrad(Ω)
)

⊂
Ω ç�aë ÷2÷zø ç ��\�Vq\kQ r(V0, n) = π√

2λ∗
1(V0)+n−1

Z;O"l

C(V0, n) = min
[

2λ∗1(V0),
λ∗1(V0) + λ∗1

(

V0 − VolB(x0, r(V0, n)/2)
)

2

]

QTS"\^OAx7��}�]�cgXCcMVTUoQTUWcgO Û � Ú `�\�S[Z9h�\
B(x0, r(V0, n)/2) ⊂ Ω

Z;O"lAV�c
Vol

(

Ω\
B(x0, R/2)

)

≤ V0−VolB(x0, r(V0, n)/2)
p�cg]�Z;O7�

R ≥ r(V0, n)
�70a�AQTS"\

wGZ;xC\^]zyP{t]qZ;SLOnUoO"\%�7�[Z;roUoQ¢�i_MQTSLUWV�UomYXLroUW\%VEQTS[Z;Q
λ1

(

Ω \B(x0, R/2)
) UWV�r Z;]T�i\^]

QTS[Z;O
λ∗1
(

V0 −VolB(x0, r(V0, n)/2)
) �f��c2`¯`�\�f9Z;O-fqS"cMV�\

R(V0, n)
r Z;]T�i\

\^O"cg�L�MS�Q�cbS[Z9h�\ 1
(1−R−α)2

[

C(V0, n) + 32
R2(1−α)

]

≤ λ1

(

Ω \ B(x0, R/2)
)

p�cg]�Z;O7�
R ≥ R(V0, n)

�L��S"\GM/\^mYmnZ Û � Ú QTS"\^O�Z;XLXLroUW\%V2�
�
c2`�_�`a\YXL]�c2hi\¤ªvVTUom��LroQqZ;O"\%cg�"VTro�"«
QTS"\ef%c7\^]�f^Uoh7UoQ¢�|c;p

λ1
Z;O"l¦ª ª «k�V0��

lL\k�"OLUoQTUWcgO¡c;p/QTS"\�xCcgQTQ�cgm±c;p/QTS"\
VTXC\%f^QT]T�Lm¡_�UoQaUWV�VT���nf^UW\^O7Q�Q�c�XL]�c2h�\�QTS[Z;Q
\^h�\^]T�-Vq\%���"\^O"f%\�c;p~xCcg�LO"lL\%l¤f%cgO7hi\kjblLcgmnZ;UoO"V

(Ωi)
VT�"fqSbQTS[Z;Q

vol(Ωi) ≤
V0
Z;O"l

limi λ1(Ωi) = λ∗1(V0)
_[f%cgO7h�\^]T�i\%V9_"�"X¤Q�ceUWV�cgme\^QT]TUW\%VtZ;O"l¤\kj�QT]qZgfky

QTUWcgO¨_LQ�c
BV0

�M/\^Q
(Ωi)

xC\�VT�"fqSeZ�V�\%�7�"\^O"f%\M�)Å�X�Q�c
UoVqcgme\^QT]TUW\%V9_;`a\�f9Z;OYVT�LXLXCcMV�\aQTS[Z;Q
QTS"\��Lj�\%lnXCcgUoO7Q

x0 ∈ H
n VqZ;QTUWVz�[\%V?QTS"\�f%cgO"l�UoQTUWcgO B(x0, Inrad(Ωi)

)

⊂ Ωi
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p�cg]b\^h�\^]T�

i
��0a�¥QTS"\|ro\^mYmnZ¯Z;xCc2hi\�Z;O"lÊQacg]�cgror Z;]T� Û � Ú _'QTS"\|V�\%�7�"\^O"f%\

(

Ωi∩BR

)

i∈N

UWVJXL]�\%f%cgmYX[Zgf^Q~UoO C p�cg]~Z;ror R ≥ R(V0, n)
��Å�X�Q�c
Z�l�U Z;�icgO[Z;r

\kj�QT]qZgf^QTUWcgO¨_�`a\�f9Z;O O"c2`�VT�LXLXCcMV�\�QTS[Z;QIpvcg]bZ;O7�
n ∈ N

QTS"\�V�\%�7�"\^O"f%\
(

Ωi ∩ Bn

)

i∈N

f%cgO7h�\^]T�i\%V
Q�c�Z;O�\^rW\^me\^O7Q
Un

c;p C �¦Å
VTUoOL�-QTS"\�f%cgO7QTUoO7�LUoQ¢�c;p
λ1
Z;O"l¡c;p�QTS"\�h�cgro�Lme\�cgO C _�`a\�S[Z9h�\

λ∗1(V0) ≤ λ1(Un) ≤ 1

(1 − n−1/2)2

[

λ∗1(V0) +
32

n

]

Z;O"l
Vol (Un) ≤ V0

*uc
λ1(Un)

Q�\^O"lLV¨Q�c
λ∗1(V0)

Z;O"l�x7�
QTS"\EwGZ;xC\^]zyP{t]qZ;SLO�UoO"\%���[Z;roUoQ¢��_%`a\�m��"VTQ
S[Z9h�\

VolUn → V0
��§�cg]�\%c2hi\^]9_

(Un)n∈N

UWV�Z�O"cgO"lL\%f^]�\9ZgVTUoOL�nV�\%�7�"\^O"f%\tc;p
f%cgO7h�\kjßV�\^Q�V-p�cg]�QTS"\�UoO"f^ro�"V�UWcgO¨��,
V¡ZRf%cgO"V�\%���"\^O"f%\M_

Ω =
⋃

n Un
UWV¤Z

f%cgO7h�\kj�lLcgmnZ;UoO¤c;pJh�cgro�Lme\
V0
Z;O"l-�"]�V�Q'\^Uo�i\^O7hMZ;ro�"\

λ1(Ω) = λ∗1(V0)
��0��

}�]�cgXCcMVTUoQTUWcgO Ý � O _
Ω = B(x0, RV0)

Z;O"l|`a\YUoO�pv\^]�QTS[Z;QAQTS"\eV�\%�7�"\^O"f%\
Ωif%cgO7h�\^]T�i\%V�Q�c

B(x0, RV0)
UoO C �

Ë *¨>A@(6�0;K�Fk�/F 8q1¦@�¥�8 â 6
λ1/λ2

¥¢,�<JKM82FD@G<J:"B

Áiç � ç ïqô;ì9å δ = 0

��\
VTS"c2` QTS[Z;Q9_�cgO CV0

_
λ1/λ2

Q�\^O"lLV�Q�c
1
`'S"\^O

λ1
Q�\^O"lLV�Q�c ∞ ��0a�nVq\^fky

QTUWcgO Û � O � O _�x7�
infCV0

λ1/λ2 < 1
Z;O"lnx7��QTS"\�p�Zgf^Q�QTS[Z;Q

λ1/λ2
UWV?UoO7hgZ;]TU Z;OuQ

�LO"lL\^]�S"cgmecgQTS"\^QTUW\�cgObQTS[\�lLcgmnZ;UoO"V2_LQTSLUWV�UomYXLroUo\%V���S"\%cg]�\^m Ú � Ý UsO
R

n �0a��Z�f^r ZgV�VTUWf9Z;ra]�\%V��LroQ�l��"\-Q�c»­icgO"\%V9_Jp�cg]YZ;O7�
Ω ∈ CV0

QTS"\^]�\�\kj�UWVTQ�V
Z;OR\^roroUoX"V�cgUWl E VT�"fqS�QTS[Z;Q E ⊂ Ω ⊂ √

nE �J��\I\9ZgVTUoro��UoO�p�\^]�QTS[Z;Q�QTS"\^]�\UWVYZ¤O�y£]�\%f^QqZ;OL�MrW\
R
`'UoQTS \%l��i\%V�c;p�rW\^OL�MQTS"V

L1 ≤ · · · ≤ Ln
_�V��"fqS�QTS[Z;Q

R ⊂ Ω ⊂ nR
�L��S"UoV��MUoh�\%V

λ1(Ω) ≤ λ1(R) ≤ nπ2

L2
1

Z;O"l
V0 ≤ Ln−1

n nnL1
_ ª � «

Z;O"l V�c
Ln ≥

(

V0
√

λ1

πnn+1
2

)
1

n−1 �~w"cgrorWc2`'UoOL� ÙoÚMÚkÜ `�\�f9Z;ORQT]qZ;O"V�r Z;Q�\¡Z;O"l�]�c;y
QqZ;Q�\

Ω
V�c�QTS[Z;Q

R
xC\tf%\^O7QT]�\%lbUoO

(0, . . . , 0)
Z;O"l-QTS[\t\%l��i\�c;p

R
c;pJrW\^OL�MQTS

Ln
xC\nX[Z;]qZ;rorW\^r�Q�c¡QTS"\nr ZgVTQ�f%c7cg]�l�UoO[Z;Q�\�Z�j�UWV9�(��\nlL\^O"cgQ�\

Ω(y) = {x ∈
R

n−1/ (x, y) ∈ Ω} Z;O"l λ(y) = λ1

(

Ω(y)
) �C��S"\^O¨_GUsp

f
UWV�Z;O�\^Uo�i\^O�pD�LO"fky

QTUWcgO¤c;p
Ω
ZgVqV�c7f^U Z;Q�\%lbQ�cYQTS"\
�"]�V�Q�\^Uo�i\^O7hMZ;ro�"\M_"`a\tS[Z9h�\
∫

Ω
f2 =

∫

Ω

|∇f |2
λ1(Ω)

≥
∫

R

∫

Ω(y)

|∇xf(x, y)|2
λ1(Ω)

dxdy

≥
∫

R

λ1

(

Ω(y)
)

λ1(Ω)

∫

Ω(y)
|f(x, y)|2dxdy
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¼�¾g³�3×À=<ÿ¿�´>;'¼ ÍzÐ
��S7�"VtQTS"\^]�\�UWV

y
VT�"fqS�QTS[Z;Q

λ1(Ω) ≥ λ1

(

Ω(y)
) �v0a��f%cgO7hi\kj�UoQ¢��c;p

Ω
`a\

lL\%l��"f%\�QTS[Z;Q (
1 − (Ln

2 )−
2
3

)

Ω(y) × [y − (Ln
2 )

1
3 , y + (Ln

2 )
1
3 ]
UWV�f%cgO7QqZ;UoO"\%l

UoO
Ω
Z;O"l¡Vqc�QTS[Z;Q

λ1(Ω) ≤ λ2(Ω) ≤ λ2

(

(

1 − (
Ln

2
)−

2
3
)

Ω(y) × [y − (
Ln

2
)

1
3 , y + (

Ln

2
)

1
3 ]
)

≤ λ1

(

Ω(y)
)

(

1 − (Ln
2 )−

2
3

)2
+

2π2

(Ln
2 )

2
3

≤ λ1(Ω)
(

1 − (Ln
2 )−

2
3

)2
+

2π2

(Ln
2 )

2
3

ª © «
*7UoO"f%\'`a\aS[Z9h�\�VTS"c2`'OnZ;xCc2hi\�QTS[Z;Q

Ln → ∞ `'S"\^O
λ1 → ∞ `a\�cgxLQqZ;UoO

QTS[Z;Q
λ1/λ2

Q�\^O"lbQ�c
1
`'S"\^O

λ1
Q�\^O"l"V'Q�c ∞ �

	�åkúeôgë�
 Áiç � ç ��S"\�V�Z;me\-me\^QTS"c7l f%cg�LrWlRxC\-�"V�\%l�Q�c�VTS"c2`dQTS[Z;Q�pvcg]eZ;O7�
UoO7Q�\^�i\^]�V

p ≤ q
_
λp/λq

Q�\^O"lLVeQ�c
1
`'S"\^O

λ1
Q�\^O"lLVeQ�c ∞ cgO CV0

�~��\
f%cgOLro�"lL\EQTS[Z;Q(p�cg]/Z;O7�

p ≤ q
QTS"\^]�\?\kjuUWVTQ�V/Z'f%cgO7h�\kj�lLcgmnZ;UoOIªDQ�c�lL\^Q�\^]TmYUoO"\2«

`'SLUWfqS¡mYUoOLUomYUo©9\%V�QTS"\��7�"cgQTUW\^O7Q
λp/λq

�
	�åkúeôgë�
 Áiç'&uç ��S"\�UoO"\%���[Z;QTUWcgO"V�ª © «aUomYXLroUW\%V�QTS[Z;Q�p�cg]�Z;O7�-f%cgO7h�\kj�lLcgmnZ;UoO
Ω
c;p

R
n _�Z;Ou� x0 ∈ Ω

Z;O"lRZ;O7�
R > 0

VT�"fqS�Q�S[Z;Q
B(x0, R)

lLc7\%V�O"cgQ
f%cgO7QqZ;UoO

Ω
_L`a\tS[Z2hi\

λ1(Ω ∩B(x0, R)) ≤ λ2(Ω ∩B(x0, R)) ≤ λ1(Ω ∩B(x0, R))
(

1 − C(n)R− 2
3

)2
+
C(n)

R
2
3

Z;O"lnV�c
λ2(Ω∩B(x0, R))

Q�\^O"lLV?Q�c
λ1(Ω)

`'S"\^O
R
Q�\^O"lLV?Q�c ∞ �i��\�f%cgO�y

f^ro�"lL\�QTS[Z;Q�Znf%cgO7h�\kj�°��"f^roUWlL\9Z;O|lLcgmnZ;UoO�`'UoQTS�V�XC\^f^QT]�Z;r���Z;X�UWV�xCcg�LO"lL\%l
ªDS"\^O"f%\�S[ZgV�Z�l�UWV�f^]�\^Q�\�VTXC\%f^QT]T�LmI«-Z;O"l¥QTS[Z;Q-UoQ�V�l�U Z;me\^Q�\^]�UWVIxCcg�LO"lL\%l
pv]�cgm Z;xCc2hi\tx7�

C(n)
(

1+λ1
λ2−λ1

)3/2 �L��SLUWV'UomYXLroUW\%V�]�\9Zgl�Uoro�-QTS"\�f%c7\^]�f^Uoh7UoQ¢��c;p
λ1/λ2

cgO�QTS"\tV�\^Q�c;p�f%cgO7h�\kj-°��"f^roUWlL\9Z;O¤lLcgmnZ;UoO¡c;p¨�LjL\%l
λ1
_�pv]�cgmd`'SLUWfqS

`a\�UoO�pv\^]�QTS"\���S"\%cg]�\^m Ú � Û UoO
R

n �

Áiç'&uç�È ô;ì9å δ = 1

��S"\�f%c7\^]�f^UohuUoQ¢�
λ1/λ2

cgO®QTS"\�V�\^Q¡c;pYf%cgO7h�\kj lLcgmnZ;UoO"V¤`'UoQTS
λ1 = λp�cgrorWc2`�VbpD]�cgmÌM¨\^mYmnZ Û � Ú ����O CV0

UoQbpvcgrorWc2`�Vbpv]�cgm QTS"\�f%cgmYX[Zgf^QTO"\%V�V
c;p CV0

`'SLUWfqS¨_�x7�ÍQacg]�cgror Z;]T� Û � Ú UWV�Z¦f%cgO"V�\%���"\^O"f%\�c;pYQTS"\�UoO"\%���[Z;roUoQ¢�
InradΩ ≥ C(n)VolΩ

_�hMZ;roUWl-p�cg]�Z;O7��f%cgO7h�\kjblLcgmnZ;UoO¤c;p
S

n �w�Uo]�VTQ~]�\^mnZ;]T��QTS[Z;Q�pv]�cgm QTS"\aUoO"\%���[Z;roUoQ¢��ª � «k_gx[ZgV�\%l�cgO�QTS"\�­icgO"\%VE\^roroUoX�y
V�cgUWl(_g`a\��i\^QE\9ZgVTUoro��QTS[Z;Q~p�cg]EZ;O7��f%cgO7h�\kj�lLcgmnZ;UoOnf%cgO7QqZ;UoO"\%leUoOnZ��i\%c7lL\%V�UWf
x[Z;ror�c;p?]qZgl�Uo�"V

R
UoO

R
n `a\�S[Z9h�\ VolΩ ≤ nnRn−1InradΩ

�v�
c2`�_CVTUoO"f%\
S

n f9Z;O¤xC\�f%c2h�\^]�\%lbxu� 2(n+ 1)
x[Z;rorWV�c;p~]qZgl�Uo�"V

Rn = arccos( 1√
n+1

)
`a\

UoO�p�\^]�QTS[Z;Q�QTS"\^]�\�UWVtZYXCcgUoO7Q
x0
UoO

S
n VT�"fqS�QTS[Z;Q Vol

(

Ω ∩ B(x0, Rn)
)

≥
1

2(n+1)VolΩ
�JÅ�VTUoOL��QTS"\If9Z;O"cgOLUWf9Z;r�\^m�xC\%lLl�UoOL�|c;p

S
n UoO

R
n+1 _¨`a\If9Z;O

XL]�c7(T\%f^Q
B(x0, Rn)

cgO7Qqc-QTS"\�QqZ;OL�i\^O7Q�VTX[Zgf%\
Tx0S

n ªD�"VTUoOL�bQTS"\�cg]TUo�MUoO�c;p
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QTS"\�°��"f^roUWlL\9Z;O|VTX[Zgf%\2«k�G��SLUWV�mnZ;X

P0
UWV
Ze�7�[ZgVTUsy£UWV�cgme\^QT]T�bpD]�cgm QTS"\Ax[Z;ror

B(x0, Rn)
UoO

S
n Q�c�QTS"\?�i\%c7lL\%VTUWf�x[Z;ror B(x0,

√
n)
UoO�QTS"\�°��"f^roUWlL\9Z;OYVTX[Zgf%\M_

`'SLUWfqS¡XL]�\%Vq\^]Thi\%V�QTS"\�f%cgO7h�\kj�UoQ¢�i�"��S"\^O¨_L`a\�S[Z9hi\

InradSn Ω ≥ InradSn

(

Ω ∩B(x0, Rn)
)

≥ C1(n)InradTx0Sn P0

(

Ω ∩B(x0, Rn)
)

≥ C2(n)Vol Tx0SnP0

(

Ω ∩B(x0, Rn)
)

≥ C(n)Vol SnΩ.

ÁiçA`7ç�È ô;ì9å δ = −1 ç
N¢O|QTSLUWV�Vq\%f^QTUWcgO¨_(`a\YXL]�c2hi\eVTUom��LroQqZ;O"\%cg�"V�ro��QTS"\e��S"\%cg]�\^m Ú � Û _(QTS"\ef%c7\^]zy
f^UohuUoQ¢�nc;pJQTS"\�pv�LO"f^QTUWcgO[Z;r

λ1/λ2
cgO�xCcg�LO"lL\%l�f%cgO7h�\kj-lLcgmnZ;UoO"V�`'S"cMVq\�QTS"\

�"]�VTQ�\^Uo�i\^O7hgZ;ro�"\�UWV��LjL\%l¡Z;O"lbQTS"\�XL]�cgXC\^]TQ¢�

sup
C′
λ2(Ω) < λ∗2(λ),

ª Ú�« «
`'S"\^]�\ C′ = {Ω �LO7xCcg�LO"lL\%l¤f%cgO7h�\kjbV�\^Q�V�¼

λ1(Ω) = λ} ���\t`'Uoror¨�"V�\�QTS"\
jE6uã�ã�: Ë * � *"äJå%æ

Ω è åeô¤ï ÷ ò"ó;åTþ ùi÷ úeôgîDò�î ò H
n ìkõ�ï^é�æDéuôiæ'æDé�å è ÷ æ�æ ÷ ú÷zø æDé�å�ì>�"å�ï%ævëkõ7ú î ìYôgò åkîsñ7åkò"ó�ôgðÿõ"å çG é�å^ò ø^÷ ëYôgò[ütêJþ7å ù � ÷ îDò[æ x0 ∈ H

n ý� å�é�ôgó;å
lim

R→∞
λi(Ω ∩B(x0, R)) = λi(Ω), ø^÷ ë i = 1, 2 ç

��S[Z;OL��VbQ�cRQTSLUWVbrW\^mYmnZ®ªD`'SLUWfqS pvcgrorWc2`�V¡\9ZgVTUoro�¯pv]�cgm QTS"\�mYUoO�y£mnZ�j
XL]TUoO"f^UoXLrW\M_CV�\%\A��S[\^cg]q\kmÏÎtN�NTNk� Ú c;p ÙoÚ � Ü «'QTS"\%Vq\�Q¢`acnXL]�cgXC\^]TQTUW\%V
]�\%l��"f%\AQ�c
QTS"\�pvcgrorWc2`'UoOL��p�Zgf^Q��u°�h�\^]T�nV�\%�7�"\^O"f%\

(Ωi) ∈ C VT�"fqS-QTS[Z;Q limi λ1(Ωi) = λZ;O"l
limi λ2(Ωi) = λ∗2(λ)

_�f%cgO7hi\^]T�i\%V�ªD�LX Q�c�Z;O¦\kj�QT]qZgf^QTUWcgOG«�Q�c�Z�x[Z;ror
VT�"fqS¡QTS[Z;Q

λ1(B) = λ
�

w�Uo]�VTQ9_�`a\�VTS"c2`�QTSGZ;Q~Z�rWc2`a\^]�xCcg�LO"l�cgO�QTS"\�V�XC\%f^QT]qZ;ru��Z;X�UomYXLroUW\%V~V�cgme\
\%VTQTUomnZ;Q�\%V�cgO¡QTS"\t�"]�VTQ�\^Uo�i\^O�pv�LO"f^QTUWcgO¨�
jE6uã�ã�: Ë *A@�*"äJå%æ

Ω è å�ô è ÷ õuò ù å ù�ùi÷ úeôgîDò ÷zø H
n ç�� ø u ∈ H1

0 (Ω)
î ì�ìkõ�ïké

æDéuôMæ 4u = λ1(Ω)u
æDé�åkò|æDé�åkë�åAî ì�ô�� ÷ îDò[æ xm ∈ H

n ì�õLïké¡æDéuôiæ
(

λ2(Ω) − λ1(Ω) − n−1

sinh2(R)

)

∫

Ω\B(xm,R)
u2 ≤ n

R2

∫

Ω∩B(xm,R)
u2

ø%÷ ë
ôgò"ü R > 0 ç! é�î ì�î ú%�Gðÿî�åkì�æDéuôMæ ø%÷ ë
ôgò"ü R ≥ 2
√

n−1
λ2(Ω)−λ1(Ω)

� å�éuôgó;å

λ1(Ω) ≤ λ1

(

Ω ∩B(xm, R)
)

≤ (1 + 1
R2 )

1 − 4n
(λ2(Ω)−λ1(Ω))R2+4

)

(

λ1(Ω) +
4n

(λ2(Ω) − λ1(Ω))R2 + 4

)

.
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¼�¾g³�3×À=<ÿ¿�´>;'¼ Ê%Í
�aë ÷2÷zø ç }�]�cgXCcMVTUoQTUWcgO Ý � Þ Z;X"XLroUo\%l�Q�c g(s) = s/R

cgO
[0, R]

Z;O"l
g(s) = 1cgO

[R,∞[
�MUohi\%V�Z�XCcgUoO7Q

xm ∈ H
n VT�"fqS¡QTS[Z;Q

λ2(Ω)−λ1(Ω) ≤
n

R2

∫

Ω∩B(xm,R) u
2(x)dx+ n−1

sinh2 R

∫

Ω\B(xm,R) u
2(x)dx

∫

Ω\B(xm,R) u
2(x)dx

`'SLUWfqS¡�MUoh�\%V'QTS"\t�"]�VTQ�\%VTQTUomnZ;Q�\M�
w[cg]
QTS"\�Vq\%f%cgO"l�\%V�QTUomnZ;Q�\�`a\�Vq\^Q

ψ
QTS"\AO"cgO�y£UoO"f^]�\9ZgV�UoOL�¢M(UoX"V�fqS"UsQ�©^U Z;O

pv�LO"f^QTUWcgO�lL\k�"O"\%l�cgO
R

+ x7�
ψ = 1

cgO
[0, R/2]

_
ψ = 0

cgO
[R,∞[

Z;O"l
‖∇ψ‖∞ = 2

R

�L��S"\^O¡`a\�S[Z9h�\

|d(ψu)|2 = ψ2|du|2 + 2uψ(dψ, du) + u2|dψ|2

≤ (1 +
1

R2
)ψ2|du|2 + (1 +R2)|dψ|2u2

*ucY`a\tUoO�p�\^]

λ1

(

Ω ∩B(xm, R)
)

≤
∫

Ω∩B(xm,R) |d(ψu)|2
∫

Ω∩B(xm,R)(ψu)
2

≤ (1 +
1

R2
)

∫

Ω ψ
2|du|2

∫

Ω∩B(xm,R/2) u
2

+ (1 +R2)

∫

Ω |dψ|2u2

∫

Ω∩B(xm,R/2) u
2

≤ (1+
1

R2
)

∫

Ω |du|2
∫

Ω u
2

(

1+

∫

Ω\B(xm,R/2) u
2

∫

Ω∩B(xm,R/2) u
2

)

+4(1+
1

R2
)

∫

Ω\B(xm,R/2) u
2

∫

Ω∩B(xm,R/2) u
2
.

0a�IQTS"\t�"]�VTQ�\%VTQTUomnZ;Q�\�`a\�S[Z9h�\
∫

Ω\B(xm,R/2) u
2

∫

Ω∩B(xm,R/2) u
2
≤ 4n

(λ2(Ω) − λ1(Ω))R2 − 4(n− 1)

pv]�cgm�`'SLUWfqS¡`�\tUoO�p�\^]

λ1

(

Ω ∩B(xm, R)
)

≤ (1 + 1
R2 )
(

(λ2(Ω) − λ1(Ω))R2 + 4
)

(λ2(Ω) − λ1(Ω))R2 − 4(n− 1)

(

λ1(Ω)+
4n

(λ2(Ω) − λ1(Ω))R2 + 4

)

M/\^Q
Ωi ∈ C V��"fqS�QTS[Z;Q

limi λ1(Ωi) = λ
Z;O"l

limi λ2(Ωi) = λ∗2(λ)
�

��\nf9Z;O ZgV�VT�Lme\IQTS[Z;Q
λ2(Ωi) − λ1(Ωi) >

λ∗
2(λ)−λ

2 > 0
�J��cgQ�\nQTS[Z;Q�x7�

QTS"\�XL]�\%f%\%\%l�UoOL�-rW\^mYmnZe`a\�UoO�p�\^]�QTS[Z;Q�pvcg]
Z;O7�
R ≥ 4

√

n−1
λ∗
2(λ)−λ

`a\�S[Z9h�\
λ1

(

Ωi ∩ B(xi
m, R)

)

≤ C(λ, n)
ªD`'S"\^]�\

C(λ, n)
UWV�Z¡�LOLUoh�\^]�VqZ;r�pD�LO7QTUWcgO

Z;O"l
xi

m

UWV�QTS"\
f%\^O7Q�\^]'c;p¨mnZgV�V�c;p
Ωi
«k�u��SLUWV�UomYXLroUW\%V9_ux7�e}E]�cgXCcMVTUoQTUWcgO Û � Ú _

QTS[Z;Q�`�\If9Z;O�VT�LXLXCcMV�\�ªD�LX�Q�c¡UWVqcgme\^QT]T�L«
xi

m ∈ B
(

x0, 4
√

n−1
λ∗
2(λ)−λ

) Z;O"l
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B
(

x0, r(λ, n)
)

⊂ Ωi
pvcg]�Z;ror

i
�9�'S"\^OAQTS"\?V�\%���"\^O"f%\ (

Ωi∩B(x0, R)
) S[ZgV/UoQ�V

hMZ;ro�"\%V¨UoO�Z'f%cgmYX[Zgf^Q�V�\^Q/c;p C ªvVq\%\·Qacg]�cgror Z;]T� Û � Ú «k��0a�tl�U Z;�icgO[Z;ru\kjuQT]qZgf^QTUWcgO`a\�f9Z;OßVT�LX"XCcMV�\�QTS[Z;QIpvcg]bZ;O7�
k ∈ N

QTS"\�Vq\%���"\^O"f%\ (
Ωi ∩ B(x0, k)

)

f%cgO7h�\^]T�i\�Q�cnZ;O¡\^rW\^me\^O7Q
Uk

c;p C ��0a��f%cgO7QTUoO7�LUoQ¢�bc;p λ1
cgO C `a\�S[Z9h�\

λ ≤ λ1(Uk) = lim
i
λ1

(

Ωi ∩B(x0, k)
)

≤ lim
i
λ1

(

Ωi ∩B(xi
m, k − 4

√

n− 1

λ∗2(λ) − λ
)
)

≤ f(k, λ, n)

`'S"\^]�\
f(k, λ, n)

UWV�Z��LOLUohi\^]�V�Z;r[pv�LO"f^QTUWcgO-�MUohi\^OIxu�YQTS"\�XL]�\%f%\%l�UoOL��rW\^mYmnZ
Z;O"l-QTS[Z;Q�f^cgOuhi\^]T�i\tQ�c

λ
`'S"\^O

k
Q�\^O"lLV�Q�c ∞ ��*uc

λ1(Uk)
Q�\^O"lLV'Q�c

λ
��,�V

UoO-QTS"\
VT�Lx"V�\%f^QTUWcgO Û � O � Þ `a\
V�\^Q
Ω = ∪kUk

�7��S"\^O
Ω
UWV�Z�f^cgOuhi\kjIlLcgmnZ;UoO

`'UoQTS
λ1(Ω) = limk λ1(Uk) = λ

ª
Uk = Ω∩B(x0, k)

«�Z;O"l

λ2(Ω) = lim
k
λ2(Uk) = lim

k
lim

i
λ2(Ωi∩B(x0, k)) ≥ lim

i
λ2(Ωi) = λ∗2(λ).

��\tQTS"\^O¤f%cgO"f^ro�"lL\�x7�-�'S"\%cg]�\^m Ý � O �

+¤*C+ 890;F�¨[@C</@Cã�6i890gFDKbKi:"BDK�,JBv,JH
N¢O�QTSLUWV�Z;XLXC\^O"l�Usj�`a\YXC\^]zp�cg]Tm QTS"\nf9Z;rWf^�Lro�"V�c;p

l′(0)
Z;O"l

L′(0)
�"Vq\%l|UoO

QTS"\YXL]�c7c;p'c;p�rW\^mYmnZ O � Ú �(��\YlL\^O"cgQ�\ex7�
β
QTS"\YS[Z;rsp�Z;OL�MrW\IZ;Q

y0
c;p�QTS"\

�i\%c7lL\%VTUWf�lLcg�LxLrW\
f%cgO"\�QqZ;OL�i\^O7QaQ�c�QTS"\�x[Z;ror
B(x0, r)

��0a��QTS"\�r Z9` c;p¨V�UoO7�"V
`a\IS[Z2hi\

sinβ = sδ(r)

sδ

(

d(x0,y0)
)

Z;O[l sδ

(

l(t)
)

sin β =
sδ

(

l1(t)
)

sin t

_J`'S"\^]�\-`a\-S[Z9h�\
V�\^Q

l1
(

d(u0, v)
)

= d(x0, Z(v))
�¦0a�bmnZ;�uUoOL�

t
Q�\^O"l�Q�c

0
`a\��i\^Q

l′1(0) =

s2
δ

(

d(x0,y0)
)

sδ(r)

����OeQTS"\�cgQTS"\^]ES[Z;O"l(_MQTS"\�f%cMVTUoO7�"VEr Z9`�V��MUoh�\%V��"V�QTS"\�\%�7�[Z;QTUWcgO
cδ(l) = cδ(l1)cδ

(

d(x0, y0)
)

+ δsδ(l1)sδ

(

d(x0, y0)
)

cosβ
ªD]�\%VTX¨�

l2 = l21 +
(

d(x0, y0)
)2−2l1d(x0, y0) cosβ

Usp
δ = 0

«k_;`�S"cMV�\aQTS"\'lL\^]TUohgZ;QTUoh�\'Z;Q
t = 0�MUoh�\%V
QTS"\�]�\^r Z;QTUWcgO

l′(0) = −l′1(0) cosβ
�G��\�\9ZgVTUoro�¤lL\%l��[f^\�QTS"\�]�\^r Z;QTUWcgO

l′(0) = −sδ

(

d(x0, y0)
)

√

(

sδ

(

d(x0,y0)
)

sδ(r)

)2
− 1

�!�
cgQ�\¡QTS[Z;Qep�cg]
L′(0)

`a\
(z�"VTQ'S[Z9hi\�Q�c�]�\^XLr Zgf%\

β
xu�

π − β
UoO¡`'S[Z;Q�XL]�\%f%\%\%l(�

5-*G+ÑÐ @[H9670-F 896�0;:�82FD@G<
N¢OnQTSLUWV�V�\%f^QTUWcgO-`a\�XL]�c2h�\�QTS"\�UsO[\^�7�[Z;roUoQ¢��ª½�i«��"V�\%lnUoOIQTS"\�XL]qc�c;pJc;p(rW\^mYmnZ
Ý � O � *u\^Q

0 ≤ η ≤ 1
Z C1 pv�LO"f^QTUWcgORVT�"fqS�QTS[Z;Q η ≡ 1

cgO
B(x0, αr)

ª pvcg]
α ∈]0, 1[

Z;O"l
1 ≥ r > 0

«k_
η ≡ 0

cgO
Xδ\B(x0, r)

Z;O"l |dη| ≤ 2/(1−α)r
�
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m > 0
Z;O"l

β ≥ 0
Z;O"l�V�\^Q

h = inf(m, f1)
_
u = f1h

β
2
Z;O"l

φ = η2hβf1 ∈ H1
0 (Ω)

�L��S"\^O¡`a\�S[Z9h�\

λ1

∫

Ω
η2u2 = λ1

∫

Ω
φf1 ≥

∫

Ω
(df1, dφ)

≥ β

∫

Ω
η2hβ |dh|2 +

1

2

∫

Ω
η2hβ |df1|2 − 2

∫

Ω
|dη|2hβf2

1 ,

`'S"\^]�\�`a\'�[V�\%l
2ηf1(df1, dη) ≥ −1

2η
2|df1|2−2f2

1 |dh|2
����SLUWV?UoO"\%���[Z;roUoQ¢��_

f%cgm�xLUoO"\%l¥`'UoQTS¥QTS"\¤UoO"\%���[Z;roUoQTUW\%V |d(ηu)|2 ≤ 2u2|dη|2 + 2η2|du|2 Z;O"l
|du|2 ≤ (1 + β)hβ(2β|dh|2 + |df1|2)

_L�MUohi\%V
∫

Ω
|d(uη)|2 ≤ (10 + 4λ1)(1 + β)

∫

Ω
u2(η2 + |dη|2).

¬
\^O"f%\tQTS"\�*ucgxCcgrW\^h�UoO"\%�7�[Z;roUsQ×�
(∗) Z;XLXLroUW\%lbQ�c uη UomYXLroUW\%V

(

∫

B(x0,αr)
h

(2+β)n
n−2

)
n−2

n ≤ 5C(n)(10 + 4λ1)(1 + β)

(1 − α)2r2

∫

B(x0,r)
f

(2+β)
1

��S"\^O�`a\nrW\^Q
m
Q�\^O"lLV�Q�c ∞ Z;O"l�V�\^Q

rk = 1

2
√

k

_
αk = 2

√
k−

√
k+1 Z;O"l

βk = 2
(

n
n−2

)k − 2
��0���m��LroQTUoXLro�7UoOL�IQTS"\

(2 + βk)
y£QTS�V����[Z;]�\�]�c7cgQ�c;p~QTS"\

UoO"\%�7�[Z;roUoQTUW\%V�cgxLQqZ;UoO"\%lbp�cg]
1 ≤ k ≤ K − 1

`a\�UoO�p�\^]
(

∫

B(x0,rK)
h2( n

n−2
)K
)

1

2(n/n−2)K ≤ A(n,K)(1 + λ1)
γ(K)

∫

B(x0,r)
f1

� UoQTS-cg�L]'fqS"cgUWf%\
c;p
rK

`a\�S[Z9h�\ [∫
B(x0,rK) f

2( n
n−2

)K
]

1

2(n/n−2)K Q�\^O"lLVaQ�c
f(x0)

`'S"\^O
K
Q�\^O"lLVaQ�c

+∞ _7me\9Z;O7`'SLUorW\
A(n,K)

Z;O"l
γ(K)

f%cgO7h�\k]��i\g_
`'SLUWfqS¡�MUoh�\%VAª½�i«^�

>e*¦��0;@�@¦¥�@�¥�BD67ã�ã�: T *'S
��SLUWV�rW\^mYmnZ�UWV�\%VqV�\^O7QTU Z;roro��XL]�c2h�\^O�UoO ÙoÚ _ O _ ÝgÜ pvcg]

u
`'UoQTS�f%cgmYX[Zgf^Q�VT�LX�y

XCcg]TQ�ªD`'SLUWfqS¯UoO"f^ro�"lL\bQTS"\¡f9ZgV�\
δ = 1

«�xL�LQe`a\b`'Uoror�Z;XLXLro��UoQYpvcg]
u
Z;O

\^Uo�i\^O�pv�LO"f^QTUWcgO�c;p?Zef%cgO7h�\kj�ªD�LO7xCcg�LO"lL\%l[«�lLcgmnZ;UoO
Ω
Z;O"l¤V�ce`a\�S[Z9h�\�Q�c

\kj�Q�\^O"lbUsQ�UoO¡QTS"\�f9ZgVq\
δ = 0,−1

�
N¢OIQTS"\�]�\^mnZ;UoOLUoOL�ec;p/QTS"\�XL]�c7c;p

X
lL\^O"cgQ�\%V

R
n cg]

H
n �7��\��Lj x0 ∈ XZ;O"l¡lL\k�"O"\

F : Tx0X → Tx0X

v 7→ d(exp−1
x0

)
(

∫

X
g
(

d(v̄, y)
)exp−1

v̄ (y)

d(v̄, y)
u2(y) dy

)
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`'S"\^]�\�`a\�S[Z9h�\�V�\^Q

v̄ = expx0
(u)

�i��\�V�\^Q
m = lim inf+∞ g

�fM¨\^Q
R1 > 0VT�"fqS�QTS[Z;Q ∫

X\B(x0,R1) u
2 ≤ min

(

m
32‖g‖∞ ,

1
2

) �/��S"\^O�p�cg]�Z;O7�
v ∈ Tx0X`'UoQTS |v| ≥ R1

`a\�\9ZgVTUoro�-S[Z9h�\
∣

∣

∣
F (v) − d(exp−1

x0
)
(

∫

B(x0,R1)
g
(

d(v̄, y)
)exp−1

v̄ (y)

d(v̄, y)
u2(y) dy

)
∣

∣

∣
≤ m

32
.

�
cgQ�\nQTS[Z;Q
d(exp−1

x0
) ◦ exp−1

v̄ (x0) = −v Z;O"l�V�c¤`a\nUoO�pv\^]�QTS[Z;Q�pvcg]�Z;O7�
v ∈ Tx0X

`'UoQTS |v| ≥ R1
`a\�S[Z9h�\

∣

∣

∣
F (v) + λ(v)

v

|v|
∣

∣

∣
≤ ‖g‖∞

∫

B(x0,R1)

∣

∣

exp−1
v̄ (x0)

d(v̄, x0)
− exp−1

v̄ (y)

d(v̄, y)

∣

∣ dy +
m

32

`'S"\^]�\-`a\IS[Z9h�\-V�\^Q
λ(v) =

∫

B(x0,R1) g
(

d(v̄, y)
)

u2(y) dy
Z;O"l��"V�\%l�QTS"\

p£Zgf^QeQTS[Z;Q
d(exp−1

x0
)
UWVIZ�f%cgO7QT]qZgf^QTUWcgO¨�a��S"\^O¯`a\¡S[Z9h�\

λ(v) ≥ m
4 > 0p�cg]YZ;O7�

v
`'UoQTS |v| ≥ R2 ≥ R1

��.�\^mnZ;]T��Z;rWV�c�QTS[Z;QYQTS"\����[Z;O7Q�UsQ×���LO�y
lL\^]eQTS"\bUoO7Q�\^�M]qZ;r�V�Us�MO¥Z;xCc2h�\�me\%VT�L]�\bQTS"\¡l�Us­(\^]�\^O"f%\bxC\^Q¢`a\%\^O¯QTS"\b�LOLUoQ
QqZ;OL�i\^O7QIh�\%f^Q�cg]�V-Z;Q

v̄
Q�c�QTS"\¤mYUoOLUomYUo©%UoOL���i\%c7lL\%VTUWf¡pD]�cgm

v̄
Q�c

x0
Z;O"l

y ∈ B(x0, R1)
��0a��QTS"\�r Z9`�c;ptf%cMVTUoO7�"V�`a\bf9Z;O \9ZgVTUoro��VTS"c2`�QTS[Z;Q�QTSLUWV

�7�[Z;O7QTUoQ¢�¯�LOLUspvcg]Tme\^ro�¥Q�\^O"lLV�Q�c�©9\^]�cRcgO
B(x0, R1)

`'S"\^O |v| Q�\^O"lLV-Q�c
+∞ ��¬
\^O"f%\�QTS"\^]�\�\kj�UWVTQ�V

R3 > 0
VT�"fqSIQTS[Z;Q?pvcg]aZ;O7�

v ∈ Tx0X
V��"fqSnQTS[Z;Q

|v| ≥ R3
_�`a\�S[Z9h�\

∣

∣

∣
F (v) + λ(v)

v

|v|
∣

∣

∣
≤ m

16

Z;O"l
λ(v) ≥ m

4
��\AS[Z9hi\�Q�c-VTS"c2`�QTS[Z;Q

F
UWV�©9\^]�c-V�cgme\^`'S"\^]�\M��NPpEUoQ�`'S"\^]�\�O[cgQ�QTS"\�f9ZgV�\

QTS"\^O¡QTS"\tpvcgrorWc2`'UoOL�-Z;XLXLroUWf9Z;QTUWcgORªD`'UoQTS
R > R3

«

G : B(0, 1) ⊂ Tx0X → S(0, 1) ⊂ Tx0X

v 7→ F (−Rv)
|F (−Rv)|

`acg�LrWlIxC\�f%cgO7QTUoO7�"cg�"V�Z;O"lIVqZ;QTUWVzpv� |G(v)− v| ≤ 2
∣

∣F (−Rv)+λ(−Rv)
∣

∣

|F (−Rv)| ≤ 4/3p�cg]�Z;O7�
v ∈ S(0, 1)

�L��\�f%cg�LrWl¡QTS"\^O¤\9ZgVTUoro�bf%cgO"VTQT]T�"f^Q
Z�]�\^QT]qZgf^QTUWcgO¡pv]�cgm
B(0, 2)

Qqc
S(0, 2)

�

��*G+ 0�67H2,�B 8Y@�¥%j?Fa:"<J=¡Ò�:",
jE6uã�ã�:¶��* ��� j?FA�$Ò�:",=�9*AäJå^æ

Ω
ô è ÷ õ7ò ù å ù ôgò ù ì�ú ÷9÷ æDé ùi÷ úYôMî ò � îvæDé� ÷ ì�îvævî ógå�únå�ôgò�ï^õuëkó�ôMævõuë�å�F ø%÷ ë�æDé�å�åTþMæPå^ë�î ÷ ë�ò ÷ ëkúeôgð I çY� ø f ôgò|åkîsñ7åkò ø õ7òCïCZævî ÷ ò�ô;ìqì ÷ ï^î�ôMæPå ù æ ÷ æDé�åaê?ëqì^æ'å^îsñ�å^ò"ó�ôgðÿõ"å ÷zø æDé�å�í�î ëkîvï^é�ðoå%æJ�Gë ÷ è ðWåkú ÷ ò Ω ýæDé�åkò � å�éuôgógå�m

|∇f |2 ≤ λ1(‖f‖2
∞ − f2)
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|∇f |2 ≤ (λ1 + n− 1)(‖f‖2
∞ − f2)î ø δ = −1 I ç

�aë ÷2÷zø ç M¨\^Q F = |∇f |2
β−f2

`'S"\^]�\
β = (1 + ε)‖f‖2

∞
�L��S"\^O¡`a\�S[Z9hi\

dF (v) =
2|∇f |2
β − f2

(Hess f( ∇f
|∇f | , v)

|∇f | +
fdf(v)

β − f2

)

NPp
x0
UWVtZeXCcgUoO7Qtc;p

∂Ω
QTS"\^O

ν = ∇f(x0)/|∇f(x0)|
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dF (ν) =
2|∇f |2
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(Hess f(ν, ν)

|∇f | +
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β − f2

)

≥ 0,

VTUoO"f%\ Hess f(ν,ν)
|∇f | = − 4 f
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