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1. Existence and uniqueness

Exercise 1.1. Proof of the local existence and uniqueness theorem Suppose f : U →
Rd is continuous and suppose that there exists K > 0 such that, for any (t, x) ∈ U and

(t, y) ∈ U
‖f(t, x)− f(t, y)‖ ≤ K ‖x− y‖ .

1. Let ϕ : (t0 − α, t0 + α) → Rd be a continuous function. Prove that ϕ is a solution of

(PC) if and only if, for any t ∈ (t0 − α, t0 + α), we have (t, ϕ(t)) ∈ U and

ϕ(t) = x0 +

∫ t

t0

f(s, ϕ(s))ds.

2. For r > 0, we denote by B(x0, R) the closed ball of center x0 and of radius R > 0. We

denote by C0([t0−α, t0+α], B(x0, R)) the space of continuous function [t0−α, t0+α]→
B(x0, R) which is endowed with the norm de�ned by ‖ϕ‖∞ = supt∈[t0−α,t0+α] ‖ϕ(t)‖.
Recall that the space (C0([t0 − α, t0 + α], B(x0, R)), ‖.‖∞) is complete. Find α > 0
and R > 0 such that the following map is well de�ned and contracting for ‖.‖∞.

T : C0([t0 − α, t0 + α], B(x0, R)) → C0([t0 − α, t0 + α], B(x0, R))

ϕ 7→ (t 7→ x0 +
∫ t
t0
f(s, ϕ(s))ds)

3. Prove the local existence and uniqueness theorem using the Banach �xed point theo-

rem. We denote by ϕ this solution which is de�ned on [t0 − α, t0 + α].

4. Prove that, for any solution ψ of (PC) such that t0 ∈ J ⊂ [t0 − α, t0 + α], we have

ψ = ϕ|J .

Exercise 1.2. Example of computation of maximal solutions In this exercise, we want

to compute the maximal solutions of the following di�erential equation.

(E) y′ = y2x.

1. Find the constant solutions of (E).

2. Prove that, if ϕ is a nonconstant solution of (E), then the function ϕ has either positive

or negative values.

3. Find the maximal solutions of (E).

Exercise 1.3. Another example of computation of maximal solutions In this exercise,

we want to �nd the maximal solutions of the following di�erential equation.

(E) y′ + xy = x3y3ex
2

.

1. Prove that, if ϕ : I → R is a solution of (E) which is not the zero function, then

∀x ∈ I, ϕ(x) 6= 0.

2. Find the maximal solutions of (E).

Exercise 1.4. Necessity of the locally Lipschitz hypothesis We are interested in the

following di�erential equation

(E) y′ =
√
|y|.

1. Can we apply the existence and uniqueness theorem to this equation ? Why ?



2. Prove that there are multiple solutions to the following Cauchy problem.{
y′ =

√
|y|

y(0) = 0
.

Hint : use the function ϕ de�ned on R by

∀t > 0, ϕ(t) = 1
4 t

2

∀t ≤ 0, ϕ(t) = 0
.

Exercise 1.5. Proof of the global existence and uniqueness theorem Denote by

F = (ϕk)k∈K a family of maps ϕk which are each de�ned on an open interval Ik of R with

values in Rd. We say that the family F is compatible if{ ⋂
k∈K Ik 6= ∅
∀k, k′ ∈ K,ϕk|Ik∩Ik′ = ϕk′|Ik∩Ik′ .

1. Prove that any compatible family F has a unique upper bound ϕ : I → Rd, where I
is an open interval, for the order relation �, i.e.

� For any member ψ of the family F , ψ � ϕ.
� For any map ϕ′ : I ′ → Rd, where I ′ is an open interval, such that

∀ψ ∈ F , ψ � ϕ′,

we have ϕ � ϕ′.
Prove that this upper bound is locally the restriction of a member of F

2. Prove that the family F of solutions of (PC) de�ned on an open interval is a compatible

family.

3. Prove the global existence and uniqueness theorem.


