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Abstract

The goal of this paper is to present a generic multi-region nonlinear age—size structured fish pop-
ulation model, and to assess its mathematical well-posedness. An initial-boundary-value problem is
formulated. Existence and uniqueness of a positive weak solution is proved. Eventually, a comparison
result is derived: the population of all regions decreases as the mortality rate increases in at least one
region.
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1. Introduction

Fish population dynamics models are essential to provide assessment of the fish abun-
dance and fishing pressure. Their use forms the basis of scientific advice for fisheries
management. Discrete age-structured models are most of the time used for fisheries stock
assessmenfd1]. Indeed, ecologists, mathematicians and population biologists have ob-
served that the age structure provides more realistic results at reasonable computational
expense for a wide variety of biological populations (Eeé,15,16]).

In this paper we study a model, which was first designed to represent Atlantic big-
eye tuna populationgl0] but which is also generic enough to be potentially useful for
various fish species. Indeed, most fish populations share specific characteristics, which
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have to be taken into account in order to model their dynamics in a realistic
manner.

A first point concerning tuna fisheries is that they are highly heterogeneous in space and
time. This has an important impact on their functioning. Important migrations of fish occur
at various scales and fish movements have to be explicitly represented. Moreover, growth
potentially varies with space, that is to say, with the region of the ocean under consideration.
Hence, fishes of the same age can exhibit very different sizes depending on their various
histories. Consequently, a spatialized approach taking explicitly into account the potential
variability of growth in space has to be used.

A second point is that, because of nonuniform mortality over sizes, bias on both growth
and mortality estimates may result from simply adding a Gaussian size distribution to an
age-structured model as it is generally done. It is reasonable to think that the use of both
age and size as structure variables should enable to overcome this difficulty.

These are some of the principal problems of current stock assessment models. That is
why it is necessary to carry on the modeling effort by proposing and testing more complex
models. This paper follows this direction and its purpose is two-fold.

First we describe a synthetic and generic model of population dynamics in which both
age and size are taken as structure variables and in which fish movements among spatial
regions are explicitly represented. The model is a system of coupled partial differential
equations. Nonlocal nonlinearities appear in the boundary conditions modelling recruit-
ment, that is to say, the birth law or density-dependent fish reproduction. The relative
complexity of the model enables a direct and simultaneous comparison with all the data
available for tuna fisheries such as catches, fishing efforts, size frequencies, tagging data,
and otoliths increments. This paper does not aim at getting into all the details of the pa-
rameterizations used to represent a particular tuna population and we fdf@} far these
points.

Our second and most important goal is to assess the mathematical well-posedness of
the model. The paper is organized as follows. The equations of the model are presented in
Section 2. Sections 3-5 deal with the mathematical analysis of the model. In Section 3 we
formulate an initial-boundary-value problem, introduce a variational formulation and state
our main mathematical results. Existence of a unique weak solution is shown in Section
4. As often with nonlinear problems the proof uses a fixed point argument. The method-
ology follows the one proposed [i@] for a scalar equation. It has to be adapted in order
to be able to deal with our nonlinear system. We also show positivity of the solution and
give a comparison result in Section 5. That is, we prove that if the fish mortality rate
increases in at least one geographic region then the population globally decreases in all
regions.

2. The model

The dynamics of the population of fish is described through density functignsz, 1)
where timer € (0, T'), agea € (0, A) and lengthl € (0, L) are continuous variables and
the subscript € [1: N] refers to the geographic zone or region under consideration. The
number of fish of age between anday, and of length betweeh andi, at timer in region
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i is given by the integral

az prlo
/ / pi(t,a,l)dlda.
ay JI

Letussetl = (0,T) x (0, A) and2 = @ x (0O, L). The time evolution of the population
given by Eq. 1 includes the following processes.

In regioni, as time goes on and fishes grow older, their length increases with a growth
rate y;. In a fish population, individuals of the same age can often differ markedly in
size[13]. This variability in growth can result from many different mechanisms, including
genetic or behavioral traits that confer different performances to individuals, and factors
such as environmental heterogeneity and varialBityin fishery science, this variability is
usually taken into account in age-structured models using a length-at-age relation perturbed
by a Gaussian noise with a length-dependent standard deviation (see for ei&inflee
model discussed here is length structured and uses a diffusion term in the length variable
with dispersion ratd; to account for individuals having the same age but different lengths.
The advection—diffusion term in length can be seen as the limit of a random walk model
in which each individual grows with an average velocity, but has at each time step a small
binomial probability to grow faster or slower than this average (see the book by Qkzibo
for more detalils).

The model also describes mortality and migration of individuals. The mortality rate is
split into natural mortality:; and fishing mortalityf;. Let alsom;_, ; be the migration rate
of individuals going from regionto regionj (m;_, ; =0 if regionsi andj are not adjacent).

The density functiong; fori € [1: N] follow the balance law:

6fpi(t’ a, l) + aapi([» a, l)
=0i(di(t,a,)01pi(t, a,1)) — (y;(t,a,Dpi(t,a,l))

N N
+ > mji(ta, Dpit,a,l) = Y mij(t,al)] pit.a,l)
J# J#
—(ut,a, D)+ fitt,a, D)pi(t,a,l), (t,a,l)e2.
These equations have to be completed with initial and boundary conditions.
Homogeneous Neumann boundary conditions-at0 andL express the fact that the
length of individuals cannot reach negative values or values largefdthan

@)

Opi(t,a,0) =0;pi(t,a,L)=0, (t,a)¢€ 0. (2)
The initial age and size distribution is prescribed:

pi(0,a, 1) =pPa,l), (a,l)e (0, A) x(O,0L). 3)
We also need a boundary condition foe 0 that is to say a recruitment law. It is written as

pi(t,0,) =B, 1, Pi(t), (t,1)€(0,T)x(0,L). (4)

The length of recruited fish is assumed to lie between 0 and a small constant igngth
Moreover, we denote bl the minimal length of fish that have reached matuiityand
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Ly satisfy O< Lp < Ly < L. The stock spawning biomass is calculated as

A L
Pi(t)zf / w;(t,a,l)p;(t,a,l)dl da, (5)
0 Lm

wherew; is a weighing function. Finally, we use a Beverton and Higjltstock-recruitment
relation in each region and obtain

P

Bi(t. 1, P)="To,Lo)(DY; () 0.+ P’

(6)
wherel o1, is the usual characteristic functiofy, > O is a constant parameter ag(r)

is a given function of time used to parameterize fluctuations of the recruitment not taken
into account in the Beverton and Holt relation.

3. Main assumptions and preliminary results

In this section we set the mathematical frame in which the analysis is conducted. We
formulate the main assumptions that are made on the data of the model, give the definition
of a weak solution to the initial-boundary-value problem and state our results in Theorems
3.1and 3.2.

3.1. Functional spaces

Let us introduce the functional spaces that we use in the remainder of this work.

The vectorial notatiop=(p1, ..., py)" is used. The usual scalar product of two vectors
p, g € R" is denoted by.q and the norm op by |p|.

H andH! are the separable Hilbert spaces definedHby= (L2(0, L)) andH! =
(H(0, L))N respectivelyH is equipped with the scalar product

L
. Py = fo o().q() di.

We denote by|.||y4 the induced norm oHl.
H!is equipped with the scalar product

L L
P q)H1=/0 IO(l)-OI(l)dlﬂL/0 ap).,q(0) di.

We denote by|.||y1, the induced norm ok,

By < .,.> we denote the duality betweéft and its duafH1)’.

L?(0, H) (resp.L?(0, HY)) denotes the Hilbert space of measurable functiorwith
values inH (resp.H') such that

Pl z20.h) = (Jo 11P(2. @, )11 di da) ™ < oo (resp.|Ipl| 2o, h1y < 09)-
We also make use of the notatidh= L2(¢, H') and the dual space’ = L2(0, (H1)).
By < <.,.> > we denote the duality betwedhand its dualV’.

)1/2
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The partial derivatives, andd, denote differentiation it?’ (¢, (H)’) and D stands for
0 + 04.
We will have to use the following trace result.
Lemma 3.1. Letp, q € V such thatDp, Dg € V’. It holds that
Forall 1o € (0, T) and allag € (0, A), p has a trace at = 1 belonging to(L2((0, A) x
(0, L))V and ata = ag belonging to(L2((0, T) x (0, L)))". The trace applications are

continuous in the strong and weak topology. Moreottee following integration by parts
formula holds

A L
[1<pp.a>+<pap-dida= [ [“Ipacr.a.i) - pa@.a.nided
14 o Jo
T L
+ / / [p.q(t, A, 1) — p.q(t, 0, )] dr di.
o Jo
Proof. This result is the extension to dimensidnof Lemma 0 in[6]. Also sed8]. O
We will also have to consider the spac& = (L>°(2))N. L*(2) is a Banach space
equipped with the normi p; || = INf{M; |p; (¢, a, )| <M ae. in 2}. Similarly, L* is a
Banach space equipped with the ndifpi|ec = MaXe1:nl pilloo-
3.2. Assumptions on the data and preliminary transformation of the system
The movements rates;_, ; are assumed to satisfy
e mi(t,a,l)>0a.e.in2,m;_,; € L°(2).

We define the matrix of movements by

L= N
Mii=Y_S misg ifi=.
ki

Hence the term[Y"" . ;m; .ip; — (Zf;&imHO pil, in Eq. (1) can be written in matrix
form as(Mp);.

Concerning the diffusion coefficient, the growth rates; and the natural and fishing
mortality ratesu; and f;, we make the following assumptions for al€ [1: NT:

o di(t,a,1)>d°>0, a.e.in2,d; € L*(2),

e 7;(t,a,l) is differentiable with respect th andy;, 0;y; € L>*(2),

o u;(t,a,l), fi(t,a,1)>0, a.e.in2, ;, f; € L*°(2). We also make use of the notation
Zi =W+ fi-
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In the formulation of the recruitment process (Eq. (#))andw; satisfy:

e ;(r)=>0a.e.in(0, T) andy; € L*(0, T),
o wi(t,a,l)>0a.e.in2andw; € L*°(2).

The initial distributionsp?(a, 1) satisfy for alli € [1: N1
e p2a,l)>0a.ein2, p? e L?((0, A) x (0, L)).

In order to prove our existence result it is convenient to perform a change of unknown
function:p satisfies (1)—(4) if and only {§ = e *'p is a solution to the same system where
—(; + fi)pi is replaced by-(y; + fi + A)p;i in Eq. (1) andp; in the expression of the
boundary condition at = 0. (Eq. (4)) is replaced by

. 5 P (1)
(t, 1, Pi(1) =1 DY, (1) —————, 7
Bt 1. Bi(1)) =110, (DY, (1) T )
R A L
Pi(t)zf / w;(t, a,1)pi(t,a,l)dlda. (8)
0 Lm

In the remaining part of this paper this change of unknown is implicitly done and we omit
the p; notation. The constant will be fixed to a convenient value below. Moreover, the
possible nullification of the terrl;e=* + P, (t), invites us to define

P;
Bt 1. Pt = VoL DY 1) ©

e 4+ | Pi(t)] ®)

This formulation will be used in the following. We will show that if initial distributiorp;.o,,
are nonnegative thep, >0 a.e. in2; thus the two formulations are equivalent.

3.3. Variational formulation and weak solutions

Formally multiplying Eq. (1) by a functiog; and integrating by parts of®, L) yields
to the definition of the following linear forms. Fer, g; € H(0, L) let us define

L L L
bi(pi. qi) =f0 d; 0 pi0g; di +/O V; (01 pi)qi dl+/o (zi + 0ry; + A pigi di,
(10)
L
Ci(p,qz')=—/(; (Mp);q; di, (11)
ei (P, gi) =bi(pi,qi) +ci (P, qi). (12)

Summing ovei, we define fop, g € H* the bilinear forme(p, q) by

N

e@.q) = ei(p.qi). (13)

i=1
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Lemma 3.2. For /> ((1/2d°)||y||§o + ||61y||§o + N|IM|l), the bilinear forme(., .) is
continuous and coercive df! x H1, i.e. there exist constant, > 0 andC, > 0 such that

le(p, DI CalIpllylally,  ¥p, g € HY, (14)
e(p.p) = Callpl|3:, VpeHL (15)

Proof. Using Cauchy—Schwarz inequality we obtain

> bipi.ai)

1

< (lldlloe + 17lloo + l1zZlloe + [1017lloc + AIIPIIH2 A2

and

> cip g

which proves (14).
Again using Cauchy—Schwarz inequality yields

L
‘/ ;01 pi pi
0

Young’s inequality then gives for any> 0

L
= ZZ/O Mijpjqi dl| <|IM|lcoNIPIIH2llallHz,
i

dI<IYlleollO1pill 20, 1) Pill 20, 1)

L
o 2 1 2 2
‘/0 ;01 pi pi dl‘ <§ ||61Pi||L2(0’L) + % IIVIIOOIIPiIILz(OyU

Therefore, we have that
L
o 2 1 2 2
Xi: fo Vi0pipidl = — > lopllG — % 7115 HPITH-
Now, sincey; and f; are positive and; is bounded below by?, it follows that

o , 1
e(P. P> (@ = DIAPIE + (2= (- lpl1Z + 10711 + NIl 1Pl

It is possible to choose = d° and 4 such thati® = (1 — ((1/24%)|[y/12, + 107112, +
N|IM|ls)) > 0 andC, = min(@®/2, /9. O

We can now give the definition of a weak solution to the initial-boundary-value problem
(1)—(4) and state the results that are shown in Sections 4 and 5. A weak solution to the
initial-boundary-value problem (1)—(4) is a vector-valued funcfiaatisfying the follow-
ing problem (P):

Find

p € V, such thatDp € V/, (16)
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solution of
/<Dp,q> dtda—i—/e(p,q)dtda:O, vgqeV, a7
14 14
p(0,a,l) =p°a,l) ae. in (0,A) x (0, L), (18)
p,0,0)=f(,1,P@t)) ae in (0,T)x (0, L). (19)

In Section 4 it is proved that:
Theorem 3.1. There exists a unique solutignto problem(P).

Notation. p(t, a, ) andq(t, a, [) being vector-valued functionp,< q means thap; <g¢;
a.e.in2foralli e [1: N].

With this notation, it is proved in Section 5 that:

Theorem 3.2. The solutionp to problem(P) is nonnegative a.e. i2. Moreover let p!
(resp.p?) denote the solution to proble(®) associated with the vector of mortality rates
7! (resp.z?). If L <72 thenp? <pl.

4. Existence and uniqueness

The proof of existence and uniqueness consists of two main steps. First, we show the
result in the case of a constant recruitment (independent of the fish density). Second, a
fixed-point argument enables us to cope with the original nonlinear recruitment.

Lemma 4.1. Let b be fixed inL2((0, T) x (0, L))". There exists a uniqup satisfying
(16)—(18) of problem(P) in which the initial condition(19) is replaced byp(z, 0,1) =
b(t,1) a.e.in (0,T) x (O, L).

Proof. The proof is an adaptation of the results given for the scalar cd3$.We sketch
it for the sake of completeness. It consists of two steps.

Stepl: We prove that giveh € V' there exists a unique € V, Dp € V’ such that

/<Dp,q> dtda+/e(p,q)dtda=/<h,q> drda, VgeV (20)
0 0 14

andp(0,a,l) =p(,0,1) =0.

Let A° be the unbounded linear operator at?(2))" with domain D(A% = {p €
(L2(2)N, 0;p+04p € (L2(2)N, p(0,t,1)=p(t, 0,1)=0}, defined by € D(A?), A%p=
0P + 0aPp. Then—AP is the infinitesimal generator of a contraction semigrouiz)p,
7>0),in (L%(2)" (see[2]) and

- 5 - ,l f - 4 - ’l "@’
(S(r)pm,a,z):{g(’ SR e
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From this one can deduce that the unbounded linear opetdtom V to vV’ with domain
D(A)={peV, DpeV’, p(0,a,l)=np(t,0,1) =0} defined byAp = Dp is a maximal
monotone operator.

With the bilinear forme(., .) we can define a linear bounded and coercive oper&tor
from V to V/ such thatc < Ep, q > > :f@ e(p,q)drda, Vp,q e V. SinceE is bounded
and coercive and is maximal monotone we conclude that for amy V' there exists a
uniquep € D(A) solutiontoAp+ Ep=h, which is an abstract formulation of our problem
because

<<Ap,q>>=f<Dp,q> dtda, Vpe D(A), Vgqe V.
@

Step2: Let us now introduce a sequence of functigrise (C*°(2))" such that

¢"(0,a,1) — p°a,1) in (L2((0, A) x (0, L))",
¢"(t,0,1) — b(t,I) in (L%((0,T) x (0, L)))N.

From step 1, we conclude that there exists a unagjum D(A) solution toAqQ"” + EQq" =
—A¢" —E¢". Thereforep”=q"+¢" is asolutionto (17) satisfying’ (0, a, [)=¢" (0, a, [)
andp”(t,0,1) = ¢"(¢,0,1).

Now takingp” as a test function in (17), integrating by parts using Lemma 3.1 and using
the coercivity ofe(., .) we obtain that

ny 2 1y 40 2 1y 40 2
C2||p ||V<i||¢ (0’a’l)”(LZ((O.A)x(O,L)))N +§||¢ (t,O, l)”(Lz((O,T)X(O,L)))N'

By the choice of¢” this implies thatp” is a bounded sequence ¥ Therefore, we can
extract a subsequence still denotedfiysuch thatp” — p weakly inV and Dp" — r
weakly inV’. Since the operatdb is continuous or%’ (¢, (H1)"), r = Dp. Moreover, since
E is continuousEp” — Ep. We conclude thap satisfies (17). The continuity of the trace
applications om =0 anda =0 implies thap(0, a, I) =p°(a, [) andp(z, 0, 1) =b(z, ). O

Lemma 4.2. Let
) 1/2
C3= (,max [AL2||z/z||§o||w||§o(e”/0,-)2]> :
i€[1l:N]
Then the application
(pi(t,a, D) — (B;(,1, P;(1))) (cf. Eqs(8) and (9)) defines a bounded nonlinear oper-

ator, lipschitz continuous fromi.2(¢/, H) to (L2((0, T') x (0, L))" with Lipschitz constant
Cs.

Proof. The applicationp; (¢, a,l) — P;(t) = fOA fLLm w; (t,a, ) pi(t,a,l)dadl, defines a
bounded linear operator froi?(2) to L2(0, 7). This follows from

A L A L
/ / wi(t,a,l)pi(t,a,l)dadll </ / lw;(t,a,D)pi(t,a,l)|dadl,
0 Lm 0 0
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and using Cauchy—Schwarz yields

-
/0|Pl-(r>|2dr<||W||§OAL||pi||iz(ﬂ).

The applicationp; (¢, a,l) — p;(t,1, P;(t)) defines a bounded nonlinear operator from

L2(2) to L2((0, T) x (0, L)). This follows from the fact that the application(s, P) =

P/(B;e* +|P]) from[0, T] x R to R satisfiesu; (z, P)| < (e’T /0;)| P| and therefore we
have

Tk 2 2 eiT ’ 2 2 2
| [ e pontara<imi (- ) iz asinis,
0 JO i

Lipschitz continuity follows from the fact th&t, P) — u; (¢, P) is lipschitz continuous in
P uniformly int € [0, T:

eZT
lui (£, PYY — u; (t, P?)] <0—|P1 —P?, vPL P?cR, VrelOT].
i

Hence, if top! (resp.p?) we associate! (resp.P?) it holds that
T oL
| [ s ptan - gt 2oy aa
o Jo

T pL
:/0 /0 [ﬂ[O,Lb](l)wi(t)(ui(t, Pl.l([)) —u;(t, PiZ(I)))]Z dr di,
eﬂ,T 2 T
<LWIHE"((J_) / |PH®) — PR dr,
i 0

2 2 2 eZT ’ 1 2,2
<ALWIEIWIE 5 ) 11PF = P2y O
1

Lemma 4.3. There exists a unique satisfying problengP).
Proof. Letp be given inV. With p we associate a vectop; (). Let us denoteZp =p
the solution to (16)—(18) and satisfyirig; (z, 0, 1)) = (B, (¢, 1, P;(t)).

From Lemmas 4.1 and 4.2 we deduce that the nonlinear opefataapsV into itself.
Moreover, it follows from Lemma 3.1 that

A T
/<Dp,p> dr da > —%/ 1P%(a, JIIZ da—%/ lIp(t, 0, )13 dr.
O 0 0

The coercivity ofe(., .) leads to

A T
c2f6||p(r,a,.)||5.1dtda<%/o ||p0(a,.)|||2.|da+%/0 IIp(z, 0, )13 db.
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Lemma 4.2 then gives

A
CZ/@Hp(r,a,.>||a1dzda<%/o 1P%a D112 da + £ CallpliZz

and.Z is bounded fron.2(0, H) to V.

The solutions we are looking for are the fixed points/ofLet us show tha# is a strict
contraction inL2(¢, H).

Let p1 andp? be given inL2(¢, H) and letp! = Zp! andp? = Z p? be the associ-
ated solutions. The differenge= 7 p! — 7 p? satisfies (16) and (17p(0, a,/) = 0 and
(pi(1,0,) = (B¢, 1, PR(1)) — (1.1, PZ(1))).

At the end of the proof of Lemma 3.2, singes arbitrary, one can choose= /1 + A2
with 11 > (1/2d%)|[y11%, + 11017112, + N|IM|l« andz > 0 arbitrary. Hence,

e(p, p) = Callpll3: + A2l IplIG = A2llpllE.  ¥p e HL.

Now, using Lemma 3.1 once again we obtain

N T ,L
%2 / Ip(t.a, E drda<} Y f / B, 1, BX0)) — By (2, 1, B2 P al
¢ i=170 J0

and Lemma 4.2 gives
221111220 1y < 3C3IIPY = B2l 2(0,1)-

We can choosé; = C3 and sincgp = # pt — # p? this proves that is a strict contraction
on L2(0, H). Thus, it follows from Banach fixed-point theorem th&t admits a unique
fixed-pointp, which is the desired solution.[]

5. Positivity and comparison result

In this section we first show in Lemma 5.1 that the fish density population solution to
our model is positive. Then a comparison result is given in Lemma 5.2.

Lemma 5.1. The solutiorp to problem(P) is nonnegative a.e. i.

Proof. Asinthe proof of Lemma 4.3, I§tbe given inV and let7 p=p denote the solution
to (16)—(18) and satisfyingp; (¢, 0, 1)) = (p; (¢, 1, P;(1))). Let us also assume th@at= 0.

The negative parts gb; (0, a, /) and p; (¢, 0, 1) satisfy(p;(0,a,l))” = (plo(a, N~ =0
and(p;(¢,0,0)” = (B; (.1, Pi(1)))” =0.

One can then show using Lemma 3.1 (F&g that f, < Dp, p~ > dr da <O.

The bilinear forme can be decomposed a, p~) =e(p™, p~) —e(p~, p7), with

N
et P =) bilp p) + T, py).
i=1
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It holds that; (p;’, p; )=0since one can checkthalp;, p, )=—b;(p; , p, ). Moreover,
(P, p)=—fo Y01 MijpFp;di<0,sinceM;; pT p; >0fori # j andM;; p p; =
0.

We conclude tha¢(p™*, p~) <0.

Takingg = p~ in Eq. (17) yields

/<Dp, p- > dtda—i—/e(p+,p_)dtda—/e(p_,p_)dtdazo
0 0 0

so that we obtairf, e(p~, p~) dr da <0. The coercivity of gives,C2||p~||v <0, that is
to sayp is nonnegative.

If we define a sequence wifit = p andp™t! = Zp”, then from the previous lines we
deduce thap” is nonnegative for alk > 1. By Banach fixed-point theorem this sequence
converges to the solutign which is therefore nonnegative ]

Lemma 5.2. Letp! (resp.p?) denote the solution to proble¢®) associated with the vector
of mortality ratesz® (resp.z?). If 2 <z? thenp > p2.

Proof. Stepl: Letp! andp? be given inV and satisfying & p1 <p2. Letp! = #p! and
p2 = 7 p? be the associated solutions defined as in the proof of Lemma 5.1. Let us show
thatp! < p2.
Itis clear thatﬁil(t) < 13i2(t) a.e.in(0, 7). Then since; (¢, P) is an increasing function
of P it holds thatp;(t, I, P*(1)) <B: (1,1, PA(t)) a.e. in(0, T) x (0, L). The difference
p = p? — p! satisfies (16) and (17) and

p0,1,a) =0, . .
p(t,0,a) = (B;(t,1, PA(1))) — (B;(t, 1, PL(1))) >0.

This is the same situation as in the first part of the proof of Lemma 5.1 and we conclude
thatp is nonnegative, that is to s@} <p?.

Step 2Let p>0 be given inV. To the vectors of mortality rates andz? (0<z! <7?)
we associate the bilinear forrasande? (see (10)—(12), note thq%(., )= cl?(., ) as well
as the nonlinear operatogs® and.Z 2 defined as in the proof of Lemma 5.1. They define
the solutionp? = Z1p andp? = Z2p. Let us show thap® > p2.

(p? — pt) satisfies

/ <D@E?—pY,q> drda + / [e2(p%, q) — e*(pt, q)]dt da = O, (21)
@] [

(P> - phH(0,a,1) =0, (22)

(p® —pH(t,0,1) =0. (23)
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Let us choose = (p? — pY)*. From the equality? p? — z} pt =z} (p2 — p}) + p?(z? — z})
it follows that

e2(p?, (p2 — phHH) — et pt, (p? — phH ™)
= ci((P?—phH*t, P2 - pH M) —ci(P*—phH ™, 2 - pHH)
+ bi(p2 = bt = b = bi(PE = pH ™, (bF = pH)

L
+ /0 P22 — fHp? — phtd. (24)

We have already shown in the proof of Lemma 5.1 thétp? — pb)~, (p? — pH ) <0
and that; (p? — pH~, (p? — pH™) = 0. Moreover sinc@? is nonnegative the last term
of equality (24) is nonnegative. Then we obtain that

(%, (p? —phH ) — et (p* — pHH = e ((* - phH T, (p* - pH™H).
Since(p? — p?) satisfies (22) and (23), it also holds that

/ <D@P?—-ph, (p? —phH* > drda>0,
0
so that

/((‘ H(p® = pH*, (p? - phHt) dr da <O,

and using the coercivity af! we finally obtainp? < p?.

Step3: Letp >0 be given inV. We define two sequencepl*"),@l and(pzv”)@l by
(pl,l — f), pl,n+l — g;lpl,n) and (32,1 — f)’ p2,n+1 — (a/‘;ZpZ,n)'

From Step 2 it follows thap2 > p22.

In addition top?3 = #1pt2 andp?3 = #2p?2, let us defing® = 7 2pt2.

The inequalityp®3> g follows from Step 2, whereas®3 < g2 follows from Step 1.
Thereforep’3>p?2. An induction then shows that>” >p?", Vn>1 and since the se-
quences converge to the solutiph andp? of problem (P) associated with the vector of
mortality ratesz! andz?, respectively, the proof is complete]

6. Concluding remarks

In this paper we have investigated a multi-region nonlinear age—size structured fish pop-
ulation model. The model was formulated in a generic way so that it can be potentially
used for various fish species. We formulated an initial-boundary-value problem and proved
existence and unigueness of a positive weak solution. We also proved a comparison result,
which shows that the variations in the mortality rate in each region have consequences on
the population of fish in every regions.

Other important problems need to be addressed now and are currently under progress.
The first one concerns the numerical implementation of this model. In order to integrate
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numerically system (1)—(4) we use the characteristic method. Indeed, this system can be
viewed as a collection of systems of parabolic equations on the characteristic lines

S={(to+s,a0+s); s € (0, smax(fo. a0))},

where(t, ag) € {0} x (0, A) U (0, T) x {0}. Each of these systems is then integrated in
time with an operator splitting method using the Lie formu14]).

The second problem concerns the estimation of the different poorly known parameters
of the model (growth, mortality and migration rates) from the data available for fisheries
and mentioned in the introduction. In order to solve numerically this inverse problem, the
implementation of a variational data assimilation method is under progress. The objective
is to obtain a synthetic representation of the real system combining theoretical knowledge
(the model) and experimental knowledge (the data).
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